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Abstract. The combined Rényi-Fisher entropy product of electrons plus holes

displays a minimum at the charge neutrality points. The Stam-Rényi difference and the

Stam- Rényi uncertainty product of the electrons plus holes, show maxima at the charge

neutrality points. Topological quantum numbers capable of detecting the topological

insulator and the band insulator phases, are defined. Upper and lower bounds for the

position and momentum space Rényi-Fisher entropy products are derived.

PACS numbers: 03.65.Vf, 03.65.Pm,

1. Introduction

Information theoretical concepts have significant impact on research in physics. In

this paper we show how Rényi-Fisher entropy product [1] can recognize topological

phase transitions. Two-dimensional topological insulators have attracted attention

in last years. They were theoretically predicted by Kane and Mele [2] using a two

dimensional material with a spin-orbit interaction and was observed experimentally

in several materials (see [3, 4] and references therein). The 2D Dirac equation

has been used to describe low energy electronic properties of several topological
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insulators; among others 2D gapped Dirac materials such as silicene, germanene

or tinene. These 2D materials were studied both experimentally and theoretically

[5, 6, 7, 8, 9, 10, 11, 12, 13, 2, 14, 15, 16, 17, 18, 19, 20, 21] and they are similar

to graphene but with a bluckled structure (with buckling length l and a significant spin-

orbit coupling, ∆so). This buckling length gives the possibility to control the structure

by applying an electric field perpendicular to the layer and allows these systems undergo

a topological phase transition (TPT) from a topological insulator (TI) to a trivial band

insulator (BI). TI- BI transitions are characterized by a band inversion with a level

crossing at some critical value of a control parameter (p. e. the electric field) .

It has already been shown that information theoretical concepts are powerful in

analyzing quantum phase transitions [22, 23, 24, 25, 26, 27, 28]. Furthermore, it

has also turned out that Shannon, Kullback-Leibler, Fisher information and Rényi

entropies, uncertainty relations are distinctive indicators of topological phase transitions

[29, 30, 31, 32, 33, 34, 35]. In this paper we point out that the Rényi-Fisher entropy

product detects topological phase transitions. Namely, the combined Rényi-Fisher

entropy product of electrons plus holes displays minimum at the charge neutrality points

(CPA). Furthermore, Stam uncertainty relations and Stam- Rényi uncertainty products

can be utilized in constucting quantities for electrons and holes that exhibit maxima

at CPA. Upper and lower bounds for the position and momentum space Rényi-Fisher

entropy products are derived. Moreover, we define topological quantum numbers capable

of detecting the topological insulator and the band insulator phases.

The layout of the paper is as follows: topological phase transitions in 2D gapped

Dirac materials is reviewed in the following section. In Section 3, first, analytical results

for the Rényi-Fisher entropy product are summarized, then calculations for the silicene

are presented and a topological quantum number is defined. Section 4. presents Stam

uncertainty relations and Rényi-Stam uncertainty products and topological quantum

numbers. Conclusions can be found in the last section.

2. Eigenvalue problem in the vicinity of the Dirac point

Our investigation is limited to the vicinity of the Dirac point, where the effective

Hamiltonian takes the form [13]

Hξs = vF (σxpx − ξσypy)−
1

2
ξs∆soσz +

1

2
∆zσz. (1)

The inequivalent corners K and K ′ of the Brillouin zone are distinguihed by the

parameter ξ: ξ = 1( ξ = −1) stands for K (K ′). σj denotes the Pauli matrices and vF
is the Fermi velocity of the Dirac fermions. There is an external magnetic field B and

an electric field Ez applied perpendicular to the silicene plane. Ez produces a potential

difference ∆z = lEz between sub-lattices with a separation l. ∆so is the band gap

generated by intrinsic spin-orbit interaction and results a mass to the Dirac fermions

[15, 16, 17, 12]. s = ±1 stands for spin up and down, respectively. In the Landau
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gauge A = (−By, 0, 0), and the momentum operator can be written as p̂i → p̂i + qAi.

Therefore, the low energy effective Hamiltonian reads as

Ĥsξ =

(
∆sξ vF [ξ(p̂x − e

c
By)− ip̂y]

vF [ξ(p̂x − e
c
By) + ip̂y] −∆sξ

)
, (2)

where

∆sξ =
1

2
(∆z − sξ∆so). (3)

There exists a topological phase transition from the phase TI with |∆z| < ∆so to the

phase BI with |∆z| > ∆so. The effective gap |∆sξ| becomes zero at the charge neutrality

points [13, 29, 30, 31, 32, 20]. The eigenvalue equation can be rewritten as [15, 16, 17, 12]

Ĥψ = εψ. (4)

The sublattices A and B are characterized by the components ψA and ψB of the wave

function

ψ =

(
ψA
ψB

)
. (5)

The choice of the vector potential A = (−By, 0, 0) preserves the translational invariance

along the x-axis. The eigenvalues and eigenfunctions take the form

εsξn =

 sgn(n)
√
|n|h̄2ω2 + ∆2

sξ, n 6= 0,

−ξ∆sξ, n = 0,
(6)

and

|n〉sξ =

(
−iAsξn ||n| − ξ+〉
Bsξ
n ||n| − ξ−〉

)
, (7)

respectively. ω = vF
√

2eB/h̄ is the cyclotron frequency. |n〉 stands for the orthonormal

Fock eigenstates of the harmonical oscillator with n = 0,±1,±2, . . . and ξ± = (1± ξ)/2.

The constants Asξn, and Bsξ
n in Eq. (7) are [20]

Asξn =

 sgn(n)

√
|Esξn |+sgn(n)∆sξ

2|Esξn |
, n 6= 0,

ξ−, n = 0,

(8)

Bsξ
n =


√
|Esξn |−sgn(n)∆sξ

2|Esξn |
, n 6= 0,

ξ+, n = 0
.

The Fock states in position space have the form

〈x|n〉 =
ω1/4√

2nn!
√
π
e−ωx

2/2Hn(
√
ωx), (9)

where Hn are the Hermite polynomials of degree n. The density corresponding to the

eigenstate (7) reads as

ρsξn (x) = (Asξn )2|〈x||n| − ξ+〉|2 + (Bsξ
n )2|〈x||n| − ξ−〉|2. (10)
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The momentum space Fock states are

γsξn (p) = (Asξn )2|〈p||n| − ξ+〉|2 + (Bsξ
n )2|〈p||n| − ξ−〉|2, (11)

where

〈p|n〉 =
ω−1/4√
2nn!
√
π
e−ωx

2/2Hn(p/
√
ω). (12)

Note the similar forms of the position and momentum space densities. They differ

only in the appearance of
√
ω: in the nominator (denominator) in the argument of the

Hermite polynomials in position (momentum) space.

3. Rényi-Fisher entropy product

The Rényi entropy of order α for a probability density function f(x) normalized to one

is defined by [36]

Rα
f ≡

1

1− α
ln
∫
fα(x)dx for 0 < α <∞ α 6= 1. (13)

The limit α→ 1 gives the Shannon entropy [37]

Sf ≡ −
∫
f(x) ln f(x)dx. (14)

The Rényi entropy power of order α is defined by

Nα
f ≡

(
α

2α− 1

) 2α−1
α−1 1

2π
exp

(
2Rα

f

)

= β1/(1−β) 1

2π
exp

(
2Rα

f

)
, (15)

where β is given by the equation α−1 + β−1 = 2. The limit α→ 1 leads to the Shannon

entropy power

Nf ≡
1

2πe
e2Sf . (16)

The Rényi entropy power has the property [39]

Nα
f > Nα′

f α < α′. (17)

The Rényi entropy and the Rényi entropy power can be constructed in both the

position and the momentum spaces: Rα
ρ , Nα

ρ , Rα
γ and Nα

γ , respectively, with the position

(ρ) and momentum (γ) densities. The Rényi uncertainty relation [38] can be expressed

in terms of Rényi entropy power in a compact form by

Nα
ρ N

β
γ ≥ 1/4. (18)

The Fisher information of the probability density function f is given by [40, 41]

If ≡
∫ 1

f(x)

(
df(x)

dx

)2

dx. (19)



Rényi-Fisher entropy product as a marker of topological phase transitions 5

The Stam uncertainty principle has the form [42]

Iρsξn ≤ 4σγsξn (20)

in position space and

Iγsξn ≤ 4σρsξn (21)

in momentum space. σf stands for the variance of the density f .

The Rényi-Fisher information product is defined as

Pα
f = Nα

f If with α ∈ (1/2, 1]. (22)

There exist an important inequality, the Rényi-Fisher relation

Pα
f ≥ 1 with α ∈ (1/2, 1]. (23)

Combining inequalities (20), (21) and (23) we arive at the uncertainty relations [1]

Nρα ≥
1

4σγ
, α ∈ (1/2, 1] (24)

and

Nα
γ ≥

1

4σρ
, α ∈ (1/2, 1]. (25)

We calculated the Rényi entropy with the probability density functions ρsξn (10)

and γsξn (11), respectively. We can take advantage of the fact that the densities in

position and momentum spaces take almost the same form. The difference appears in

the presence of
√
ω in the nominator (denominator) in the argument of the Hermite

polynomials in position (momentum) space. Introducing the new variable y = x
√
ω, it

can be easily shown that

Rα
ρsξn

=
1

1− α
ln
[∫ ∞
−∞

(ρsξn (x))αdx
]

= R̃α
ρsξn
− 1

2
ln (ω) (26)

and

R̃α
ρsξn

=
1

1− α
ln
[∫ ∞
−∞

(ρ̃sξn (y))αdy
]
, (27)

where ρ̃sξn is the normalized density obtained after the variable change y = x
√
ω.

The Rényi entropy power reads as

Nα
ρsξn

=
1

2πω

(
α

2α− 1

) 2α−1
α−1

[∫ ∞
−∞

(ρ̃sξn (y))αdy
]2/(1−α)

. (28)

On the other hand, in the momentum space the Rényi entropy takes the form

Rα
γsξn

=
1

1− α
ln
[∫ ∞
−∞

(γsξn (p))αdp
]

= R̃α
γsξn

+
1

2
ln (ω) , (29)

where

R̃α
γsξn

=
1

1− α
ln
[∫ ∞
−∞

(γ̃sξn (y))αdy
]

(30)

and γ̃sξn is the normalized momentum density obtained after the variable change

y = x/
√
ω.
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The Rényi entropy power can be written as

Nα
γsξn

=
ω

2π

(
α

2α− 1

) 2α−1
α−1

[∫ ∞
−∞

(γ̃sξn (y))αdy
]2/(1−α)

. (31)

The Fisher information reads as

Iρsξn =
∫ ∞
−∞

(
(ρsξn (x))′

)2

ρsξn (x)
dx = ω

∫ ∞
−∞

(
(ρ̃sξn (y))′

)2

ρ̃sξn (y)
dy = ωĨρsξn (32)

in position space and

Iγsξn = ω−1
∫ ∞
−∞

(
(γ̃sξn (y))′

)2

γ̃sξn (y)
dy = ω−1Ĩγsξn (33)

in momentum space.

The Rényi-Fisher product takes the form

Pα
ρsξn

= Nα
ρsξn
Iρsξn =

(
α

2α− 1

) 2α−1
α−1

[∫ ∞
−∞

(ρ̃sξn (y))αdy
]2/(1−α)

Ĩρsξn (34)

and

Pα
γsξn

= Nα
γsξn
Iγsξn =

(
α

2α− 1

) 2α−1
α−1

[∫ ∞
−∞

(γ̃sξn (y))αdy
]2/(1−α)

Ĩγsξn (35)

in position and momentum spaces, respectively. It follows form Eqs. (10) and (11)

that ρ̃sξn = γ̃sξn . Therefore, Ĩρsξn = Ĩγsξn , ωNα
ρsξn

= ω−1Nα
γsξn

and Pα
ρsξn

= Pα
γsξn

. That is, the

position and momentum space Rényi-Fisher products are equal. We determined the

Rényi-Fisher products for several values of α. Fig. 1. presents Pα
ρsξn

for the Landau

levels |n| = 1, 2, 3, 4 as a function of ∆z/∆so with α = 0.75, s = ±1 and ξ = 1. The

calculations presented here were done with B = 0.1T . Other values of B resulted similar

behaviour.

Then we calculated the sum of the Rényi-Fisher product for electrons and holes

P̂α
fsξn

= Pα
fsξn

+ Pα
fsξ−n

(36)

for several values of α. The combined Rényi-Fisher product P̂α
fsξn

is plotted in Fig. 2.

for silicene as a function of the ratio ∆z/∆so for Landau levels |n| = 1, 2, 3, 4 for spin

up and spin down in the valley ξ = 1. In Eq. (36) f stands either the position (ρ) or

the momentum (γ) space density. The curves exhibit minimum at the charge neutrality

points ∆z = ∆so (∆z = −∆so) for spin up (down) case. Furthermore, we can also

observe that the slopes of the spin up and down curves have the same sign in the phase

BI (|∆z| > ∆so) and have different sign in the phase TI (|∆z| < ∆so). Analogously

to the Chern number, based on the combined Rényi-Fisher product we can define a

topological quantum number to identify the different phases:

C1
fsξn

= sgn

∂P̂α
fsξn

∂∆z

∂P̂α
f−sξn

∂∆z

 . (37)

This quantity can be considered a topological charge:

C1
fsξn

(∆z) = { 1 , |∆z| > ∆SO BI − 1, |∆z| < ∆SO TI. (38)



Rényi-Fisher entropy product as a marker of topological phase transitions 7

Figure 1. Rényi-Fisher product for the Landau levels |n| = 1, 2, 3, 4, as a function of

∆z/∆so for spin up (blue lines) and spin down (green lines) and α = 0.75 in the valley

ξ = 1. Solid (dashed) lines represent electrons (holes). fn stands for the Landau levels

|n|.

Figure 2. Combined Rényi-Fisher product for the Landau levels |n| = 1, 2, 3, 4, as a

function of ∆z/∆so for spin up (solid lines) and spin down (dashed lines) and α = 0.75

in the valley ξ = 1. fn stands for the Landau levels |n|.
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4. Stam-Rényi uncertainty relations

Consider now the uncertainty relation (24) and define the differences

Sα
ρsξn

= Nα
ρsξn
− 1

4σγsξn
≤ 0 (39)

and

Sα
γsξn

= Nα
γsξn
− 1

4σρsξn
≤ 0. (40)

in position and momentum spaces, respectively. Then the sum of these differences are

constructed for electrons and holes:

Ŝα
ρsξn

= Sα
ρsξn

+ Sα
ρsξ−n
≤ 0 (41)

and

Ŝα
γsξn

= Sα
γsξn

+ Sα
γsξ−n
≤ 0. (42)

Eqs. (28) and (29) lead to

ωŜα
ρsξn

= ω−1Ŝα
γsξn
. (43)

ωŜα
ρsξn

is plotted in Fig. 3. for silicene as a function of the ratio ∆z/∆so for Landau

levels |n| = 1, 2, 3, 4 for spin up and spin down in the valley ξ = 1. We obtained exactly

the same figure for ω−1Ŝα
γsξn

. The curves exhibit maxima at the charge neutrality points

∆z = ∆so (∆z = −∆so) for spin up (down) case. Furthermore, the slopes of the spin

up and down curves possess the same sign in the phase BI (|∆z| > ∆so) and different

sign in the phase TI (|∆z| < ∆so). Consequently, we can construct another topological

quantum number that detects the different phases as the Chern number does:

C2
ρsξn

= sgn

∂Ŝαρsξn
∂∆z

∂Ŝα
ρ−sξn

∂∆z

 . (44)

This quantity can also be recognized as a topological charge:

C2
ρsξn

(∆z) = { 1 , |∆z| > ∆SO BI − 1, |∆z| < ∆SO TI. (45)

Moreover, we can immediately see that this topological quantum number can be

obtained in momentum space, as well:

C2
γsξn

= sgn

∂Ŝαγsξn
∂∆z

∂Ŝα
γ−sξn

∂∆z

 = C2
ρsξn
. (46)

Define now the Stam-Rényi uncertainty products as

Tα
ρsξn

= Nα
ρsξn

4σγsξn (47)

and

Tα
γsξn

= Nα
γsξn

4σρsξn . (48)
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Figure 3. Combined difference Ŝα
ρsξn

for electrons and holes as a function of ∆z/∆so

for Landau levels |n| = 1, 2, 3, 4 for spin up (solid lines) and spin down (dashed lines)

in the valley ξ = 1 in case of α = 0.75.

In the previous section we proved that Pα
ρsξn

= Pα
γsξn

. A similar proof can be given to the

the assertion Tα
ρsξn

= Tα
γsξn

. Combining the relations (22), (23), (24) and (25) we arrive at

the inequalities:

1 ≤ Pα
fsξn
≤ Tα

fsξn
. (49)

That is, the Stam-Rényi uncertainty products Tα
fsξn

act as an upper limit to the Rényi-

Fisher entropy products Pα
fsξn

. Now, we construct the combined Stam-Rényi uncertainty

product for holes and electrons:

T̂α
fsξn

= Tα
fsξn

+ Tα
fsξ−n

(50)

In Eq. (50) f stands either the position (ρ) or the momentum (γ) space density. The

combined Stam-Rényi uncertainty product T̂α
fsξn

is plotted in Fig. 4. for silicene as a

function of the ratio ∆z/∆so for Landau levels |n| = 1, 2, 3, 4 for spin up and spin down

in the valley ξ = 1. The curves exhibit maxima at the charge neutrality points ∆z = ∆so

(∆z = −∆so) for spin up (down) case. Furthermore, we can also observe that the slopes

of the spin up and down curves have the same sign in the phase BI (|∆z| > ∆so) and have

different sign in the phase TI (|∆z| < ∆so). Consequently, we can define a topological

quantum number (similar to the Chern number) to identify the different phases utilizing

the combined Stam-Rényi uncertainty products:

C3
fsξn

= sgn

∂T̂αfsξn
∂∆z

∂T̂α
f−sξn

∂∆z

 . (51)
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Figure 4. Combined Stam-Rényi uncertainty products T̂α
fsξn

for electrons and holes

as a function of ∆z/∆so for Landau levels |n| = 1, 2, 3, 4 for spin up (solid lines) and

spin down (dashed lines) in the valley ξ = 1 in case of α = 0.75.

This quantity can be recogized as a topological charge:

C3
fsξn

(∆z) = { 1 , |∆z| > ∆SO BI − 1, |∆z| < ∆SO TI. (52)

5. Conclusions

Rényi-Fisher entropy product has here been presented as a marker of topological phase

transitions in silicene. In this 2D Dirac gapped material, there is a topological phase

transition from the phase TI with |∆z| < ∆so to the phase BI with |∆z| > ∆so.The

Rényi-Fisher entropy product of electrons plus holes displays minimum at the charge

neutrality points ∆z = ∆so (∆z = −∆so) for spin up (down) case. This quantity

can be used to define a topological quantum number capable to identify the different

phases. We have proved that the position and momentum space Rényi-Fisher entropy

products are equal. We have constructed the Stam-Rényi difference of the electrons

plus holes that shows a maximum at the charge neutrality points. This quantity is also

suitable for composing a topological quantum number. We have also defined the Stam-

Rényi uncertainty poduct that has the same value in both the position and mometum

spaces. Furthermore, it provides an upper bound to the Rényi-Fisher entropy product.

Relation (49) gives upper and lower bounds for the Rényi-Fisher entropy product. We

have shown that the combined Stam-Rényi uncertainty poduct for electrons plus holes

exhibit a maximum at the charge neutrality points. This quantity has been utilized in

defining a topological quantum number.
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[36] A. Rényi, in Proceedings of Fourth Berkeley Symp. on Mathematics, Statistics and Probability,

vol.1. Univ. California Press, Berkeley, 1961, pp.547.
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