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ABSTRACT

The aim of the thesis is the geometric design, CAD modelling and TCA of spur gear pairs having
normal teeth based on the modification of the pressure angle. The first task is the geometric design and
CAD modelling of the gear pairs (5 pairs are designed) where only the pressure angle is modified beside
the constancy of the other initial parameters. The second task is to analyse the comparison possibility
and the accuracy similarity of the 2D and the 3D models by the Hertz (equivalent) stress analysis.
Finally, I give analysis of the maximum equivalent stress, normal stress and contact pressure for each
pair while three teeth are rolling down on each other.
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1. INTRODUCTION

The TCA is a special sub area of the FEM analysis where the mechanical parameters are
analysed on different types of toothed gear pairs on the tooth contact zone due to the
loads [8].

The main property of the spur gear pairs having normal teeth is the application of the
addendum modification that is why the tooth connection is established on the rolling
circles [4–8, 11, 12]. Consequently, the base angle (ap) is different from the pressure angle
(aw), which is interpreted between the common tangent line of the rolling circles and the
common tangent line of the base circles (Fig. 1). The common tangent line of the base
circles, which goes through the C main point, is called line of action. This line and the
common tangent line of the rolling circles (rw1, rw2) always from an aw angle that is the
pressure angle (Fig. 1). Due to the modification of the centre distance (a) this angle will be
also modified based on Fig. 1. The centre distance can be calculated by the following
formula [4–8, 11, 12]:

a ¼ rw1 þ rw2 ¼ rp1$
cosap

cosaw
þ rp2$

cosap

cosaw
¼ a0$

cosap

cosaw
(1)

where

rb ¼ rp$cosap ¼ rw$cosaw (2)

The basic rack profile contains the base parameters of the normal section (circular pitch,
whole depth, base profile angle and clearance). This profile has infinite number of teeth along
a line. The base profile of an involute gear is standardized (Fig. 2).

The phenomenon when the tool center line and the tool reference line are not same is
called gear having addendum modification. This process is also called addendum modifi-
cation. This parameter can be calculated by the following formula [4–8, 11, 12].
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x$m (3)

The x can be positive when the basic profile is moved
from the gear axis (Fig. 3b). The x can be negative
when the basic profile is moved to the gear axis
(Fig. 3a). If x 5 0, the tool center line and the tool
reference line are the same. Such type of gear pair is

called spur gear drive with no addendum modification
[4–8, 11, 12, 13].

In a general way the basic theorem of the gear connection
is the multiplication of the relative velocity vector and the
normal vector is zero on the contact points of the gears [7, 8]:

n1R
�!$ v1R

�! ¼ n2R
�!$ v2R

�! ¼ 0 (4)
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Fig. 1. Connection of the involute curves in case of different centre distances
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Fig. 3. The connection possibilities of the tool base profile and the gear profile
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2. GEOMETRIC DESIGN AND THE MODELLING
OF TOOTHED GEAR PAIRS

The geometric establishment of the spur gear drive having
normal teeth can be seen in Fig. 4. Addendum modification
is used, thus the tooth connection occurs on the rolling circle
diameters ðdp ≠ dwÞ [4–8, 11, 12]. The elementary and the
normal center distances are not equal ða0 ≠ aÞ [4–8, 11, 12].
The initial parameters for the design process are z1, z2, c00, l,
ap and aw. Gear I is the pinion that is assembled on the
input shaft. This element drives Gear II, which is called
gear (Fig. 4).

Based on the geometric formulas of the literature I have
developed a computer software in Matlab programming
language to determine the geometric parameters and the
involute profiles of the pinion and the gear. The program
can save the profile points of the gear pairs into a txt file.

This file can be imported into the SolidWorks software where
an interpolated B-spline can be fit on these points [1–3].
Considering the received geometric results and the profile
curves, the computer aided (CAD) models of the elements
can be built up. Finally, the connection-correct gear assembly
can be made (Fig. 5) [1–3].

I have designed five gear pairs. The initial geometric
parameters can be seen in Table 1. I have only modified the
aw pressure angle beside the constancy of the other initial
geometric parameters.

The shape of the involute profile is unchanged since the
base circle diameters are constant. The profile curve is
generated from this circle. In spite of that, the shapes of the
teeth are different because of the geometric parameters. The
tooth connections take place on different dw rolling circle
diameters.

3. COMPARATIVE FINITE ELEMENT ANALYSIS
OF 2D AND 3D MODELS

The aim of the analysis is to compare the accuracy similarity
between the 2D and the 3D models beside the constancy of
the load and boundary conditions by static structural anal-
ysis. The analysed model is the Gear drive III in Table 1. The
material type can be seen in Table 2. Frictionless contact is
defined between the connecting surfaces of the teeth. The
load moment is 80 Nm, which can be selected by experience.

I have created the 2D model by SpaceClaim software,
where the thickness (l 5 50mm tooth length) is considered
for the analysis (Fig. 6).

Coordinate systems are adapted into the middle points of
the gears while local coordinate systems are defined in the
contact point of the teeth.
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Fig. 4. The geometric establishment of the spur gear drive having
normal teeth

Fig. 5. The CAD model of the gear pair (z1 5 20, z2 5 30, m 5
6mm, aw 5 218)

Table 2. The applied material

Name Steel

Linear Elastic Isotropic Elasticity
Young's Modulus (E) 210$103 MPa
Poisson's Ratio (ν) 0.3

Table 1. The initial geometric parameters of the designed toothed
gear pairs

Geometric
parameters

Gear
drive I

Gear
drive II

Gear
drive III

Gear
drive IV

Gear
drive V

aw [8] 20 21 22 23 24
m [mm] 6
z1 20
z2 30
ap [8] 20
c00 0.2
u 1.5
l [mm] 50
c [mm] 1.2
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The main problem of the comparison is the mesh type
and the element size. It is well-known that the smaller the
mesh size is, the longer the calculation process takes. In
addition, if we use different element sizes for the two models
the results will be different [9, 10]. It is known that a much
smoother mesh can be useable in the case of the 2D model
than in the case of the 3D model. Because of the computer’s
capacity, the mesh of the 3D model can be smoothed until a
certain limit, which is bigger than in the case of the 2D
model. Otherwise, the computer could not calculate the FEM
problem. That is why I have to find an optimized mesh where
the FEM results of the 2D and 3D models are comparable.

3.1. The analytic determination of the contact stress

The maximum Hertz stress (Equivalent stress) can be
calculated in the case of toothed gear pairs by the following
formula [11]:

σ
2
H ¼ 0:35$

Fn
l
$
1
r1
þ 1

r2
1
E1
þ 1

E2

(5)

Consequently, the characteristic of the involute curve is
that the common normal line of the connecting tooth curves
touches the base circle diameters (db1, db2) from which the
involute curve can be generated (Fig. 6).

The Pythagorean theorem can be useable for the O1N1C
and the O2N2C rectangular triangles to determine the r1 and
r2 involute curvatures on the common contact point which
is the common tangent point of the rolling circles (Fig. 7):�

dw1;2
2

�2

¼ r21;2 þ
�
db1;2
2

�2

→ r1;2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dw1;2
2

�2

�
�
db1;2
2

�2
s

(6)

r1 ¼ 22:778mm; r2 ¼ 34:169mm

The load moment from the pinion affects the gear along
the perimeter of the rolling circle diameter of the pinion. The
circumferential force can be calculated by the following
formula:

M ¼ Fc$
dw1
2

→ Fc ¼ 2$M
dw1

¼ . . . ¼ 1315:594N (7)

Based on Fig. 8 the normal force is

Fn ¼ Fc
cosaw

¼ . . . ¼ 1418:914N (8)

Substituting the calculated results into (5) and extracting
of square root from (5), the calculated maximum Hertz
stress on the contact zone is σH ¼ 276:239MPa.

3.2. Approach by Normal Lagrange formulation

I calculated the simulation result by Augmented Lagrange
formulation. When I compared the calculated results for the
2D and 3D models I got different values. Having checked the
received reaction force in the software and the calculated
results, I found that they are identical. I applied a parametric
study for generalized plain strain 2D behaviour. I got much
lower results than what I had calculated manually.

That is the reason why I have to approach the problem
by Normal Lagrange formulation. The Normal Lagrange

Fig. 6. The 2D model for the FEM analysis
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Fig. 7. The connection of involute curves
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formulation adds an extra degree of freedom (contact
pressure) to satisfy contact compatibility. Consequently,
instead of resolving contact force as contact stiffness and
penetration, contact force (contact pressure) is solved
explicitly as an extra degree of freedom. This process can
enforce zero/nearly-zero penetration. Normal contact stiff-
ness is not required. It requires Direct Solver, which can be
more computationally expensive (Fig. 9) [14].

I also run the convergence analysis to decide the appli-
cable element size, and to estimate the sphere radius for
meshing. I cannot get significant changes after the 7th step.
The result can be seen in Fig. 10. The maximum equivalent
stress is 288.36MPa. The 2D behaviour is plain stress.

Based on Fig. 10, I can measure the element size
(0.025mm) in the red contact zone for the other analysis.

After that, I make parametric study on the 2D model to
optimize the element size and the sphere radius for the
meshing. The results can be seen in Fig. 11.

I select the 7th line on Fig. 11 for setting it on the 3D
model for meshing since I got the same result as with the
calculation. The length is reduced to one tenth of the total
length, that is why the load moment is 8 Nm. The element
size inside the sphere is 0.025mm. The number of divisions
is 15 pieces. The results can be seen in Fig. 12. I got a lower
result than the calculated and the received ones on the 2D
model version.

αw

CFc

Fn

Fig. 8. The relation between the normal force and the circumfer-
ential force

Fig. 9. The concept of the Normal Lagrange formulation

Fig. 10. The results of the convergence analysis using Normal Lagrange

Fig. 11. The results of the parametric study on the 2D model using Normal Lagrange in case of plain stress behaviour
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I select another line, which is the 3rd line (Figs 10 and
13). The initial parameters are the same as in the previous
case except for the sphere radius (1.1mm). The results can
be seen in Fig. 13. In the engineering practice, 10–12% error

tolerance is acceptable. The results of the 2D model (Fig. 14)
and the 3D model (Fig. 13) are within this acceptable zone.

I had the reaction forces calculated by the software (Fig. 15).
This result and the calculated result are identical. Consequently,

Fig. 12. The results on the 3D model using Normal Lagrange (7th line)

Fig. 13. The results on the 3D model using Normal Lagrange (1st line)

Fig. 14. The results on the 2D model using Normal Lagrange (1st line)
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the key for the comparative simulation is the optimization of the
element size to compare the results of the 2D and the 3D
models. The software can calculate the reaction forces correctly,
regardless of the meshing density, since the simulation force

result and the calculation force result are the same. It had the
same result in the case of Augmented Lagrange formulation too.

The stress distributions on the contact surfaces on the
pinion and the gear can be seen in Fig. 16.

Fig. 15. The reaction forces on the 2D model

Fig. 16. The stress distributions on the contact surfaces
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4. COMPARATIVE TCA IN THE FUNCTION OF
THE PRESSURE ANGLE

4.1. Making the CAD models

Three-three teeth connections are analysed on all of the
pairs according to Table 1. In order to make the calculation
easier, the CAD models have to be simplified on each pairs
(Fig. 17). I created sub elements, which are inserted into the
teeth to generate dense meshing on the contact surfaces.

4.2. Setting the mesh, the load and the boundary
conditions

The applied material is selected based on Table 2. The
analysis type is static structural. The half tooth length is used

for the reduction of the calculation time. The applied load
moment is 40 Nm with which the pinion is loaded.

Augmented Lagrange formulation is used for the anal-
ysis. The setting of the contacts can be seen in Fig. 18.
Frictionless contact type is selected.

I have defined cylindrical joints for the pinion and the
gear. Only the rotations around the axis of rotations are
enabled. The other degrees of freedom are fixed.

Dense meshing (Fig. 19) is used on the sub elements
(element size 0.2mm). The number of divisions is 5 along
the tooth length for the sweep method. The free face mesh
type is quadratic and triangular combined. Automatic
meshing is used on the outside areas.

The number of both the initial sub steps and the mini-
mum sub steps are set for 100. The maximum sub steps are
set for 1,000 steps. Frictionless support is used on the head
surfaces. Only the rotations around the axis of rotations are

Fig. 17. The CAD models of the connecting elements (Gear drive III)

Fig. 18. The setting of the contacts

Fig. 19. The establishment of the mesh
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Fig. 20. The equivalent stress results (t 5 0.5 s)

Fig. 21. The average results of the maximum equivalent stresses
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Fig. 22. The distribution of the maximum normal stress (t 5 0.5 s)

Fig. 23. The average results of the maximum normal stresses
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Fig. 24. The distribution of the maximum contact pressure (t 5 0.5 s)

Fig. 25. The average results of the maximum contact pressure
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enabled. During the analysis, the three teeth are continu-
ously rolling down on each other.

4.3. Evaluation of the results

The equivalent and the normal stress, as well as the contact
pressure are calculated by the software for each pair during
the rolling down. The simulations are calculated in the global
coordinate system. The results of the equivalent stress can be
seen in Fig. 20 on an intermediary status (t 5 0.5 s). I have to
use average values due to the limitations of the computer
capacity and the meshing. The average results can be seen in
Fig. 21. The lowest result is received in the case of aw 5 218.
The highest result is in the case of aw 5 208 (Fig. 21).

The results of the normal stress can be seen in Fig. 22 in
an intermediary status (t 5 0.5 s). The average results can be
seen in Fig. 23. The lowest result is received in the case of aw
5 208. The highest result is in the case of aw 5 228 (Fig. 23).

The results of the contact pressure can be seen in Fig. 24
in an intermediary status (t 5 0.5 s). The average results can
be seen in Fig. 25. The lowest result is received in the case of
aw 5 228. The highest result is in the case of aw 5 238
(Fig. 25).

5. CONCLUSION

This study looks into the field of CAD and TCA of spur gear
pairs. The TCA is a subfield of the FEM. This area is the
comprehensive research field of the connection analysis of
various types of toothed gears where the tooth contact zone
is analysed in mechanical and dynamical aspects based on
different loads.

I have designed five types of spur gear pairs having
normal teeth where only the pressure angle was different
beside the constancy of the other initial parameters. I created
a computer software in Matlab language to simplify the
calculation and the designing process. Knowing the geo-
metric parameters and the involute profile curves, the CAD
models can be constructed. After that, the assembly and the
beat examinations can be done by SolidWorks software to
check the geometric accuracy.

Plenty of simulations can be performed by the Ansys
software. Based on the references I worked on the Static
Structural option which is mainly used in the field of
connection analysis of toothed gear pairs.

I did comparative FEM analysis for a given geometry
(aw 5 228) among the Hertz (equivalent) stresses of the 2D
and 3D models and the manual calculation. I approached
the problem by Augmented Lagrange and Normal Lagrange
formulations. The Normal Lagrange formulation proved
better since the results were closer to the manual result.
During the analysis I did parametric studies and conver-
gence analyses to determine the comparative meshing pos-
sibility and the element size. Finally, I managed to get equal
stress results, which are within 10–12% tolerance limit for
the 2D and 3D models compared to the manual result. I also
checked the similarity of the reaction forces on the FEM

models and the manual calculation. I received the same
results.

Considering the five types of gear pairs, I compared the
effect of modification of the pressure angle on the me-
chanical parameters (maximum equivalent and normal
stress, and maximum contact pressure). I applied three
connecting teeth for each pairs. I divided the 1 s duration of
rolling down for 100 pieces for which I got the results
calculated. I made diagrams to evaluate the average results
by MS Excel program.

I created a unique FEM model and analysis process to
compare these gear pairs as a function of the modification
of the pressure angle. By refining the meshing better re-
sults can be achieved but a stronger computer would be
required for this purpose. The used computer capacity was
the following: Processor: Intel(R) Core(TM) i5-8300H
CPU @ 2.30 GHz, Memory (RAM) size: 16,0 GB, System
type: 64 bit operation system, Windows version: Windows
10 Enterprise. It is well-known that by smoothing the
element size of the meshing, the calculation time is
increasing exponentially, which would require more
developed computer apparatus too.
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licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited, a link to the CC
License is provided, and changes – if any – are indicated. (SID_1)

Symbol Unit Parameter

r1 [mm] Curvature radius of the involute curve
on the pinion

r2 [mm] Curvature radius of the involute curve
on the gear

σH [MPa] Hertz (Equivalent) stress
ap [8] Base profile angle (ap 5 208)
aw [8] Pressure angle
c00 Clearance factor (c00 ¼ 0:25)
a [mm] Normal center distance
a0 [mm] Elementary center distance
CAD Computer Aided Design
da1 [mm] Outside circle diameter of the pinion

(continued)

Continued

Symbol Unit Parameter

da2 [mm] Outside circle diameter of the gear
db1 [mm] Base circle diameter of the pinion
db2 [mm] Base circle diameter of the gear
df1 [mm] Root circle diameter of the pinion
df2 [mm] Root circle diameter of the gear
dp1 [mm] Pitch circle diameter of the pinion
dp2 [mm] Pitch circle diameter of the gear
dw1 [mm] Rolling circle diameter of the pinion
dw2 [mm] Rolling circle diameter of the gear
E1 [MPa] Young modulus of the pinion
E2 [MPa] Young modulus of the gear
Fc [N] Circumferential force
FEM Finite Element Analysis
Fn [N] Normal force
h [mm] Whole depth
ha [mm] Addendum
hf [mm] Dedendum
l [mm] Tooth length
m [mm] Transverse module
pp [mm] Circular pitch on the pitch circle
pw [mm] Circular pitch on the rolling circle
rp1 [mm] Pitch circle radius of the pinion
rp2 [mm] Pitch circle radius of the gear
rw1 [mm] Rolling circle radius of the pinion
rw2 [mm] Rolling circle radius of the gear
sp1 [mm] Tooth (arc) thickness of the pinion on

the pitch circle
sp2 [mm] Tooth (arc) thickness of the gear on the

pitch circle
sw1 [mm] Tooth (arc) thickness of the pinion on

the rolling circle
sw2 [mm] Tooth (arc) thickness of the gear on the

rolling circle
TCA Tooth Contact Analysis
u Tooth ratio
x Addendum modification coefficient
x1 Addendum modification coefficient of

the pinion
x2 Addendum modification coefficient of

the gear
z1 Number of teeth of the pinion
z2 Number of teeth of the gear
u1 [1/s] Angular velocity on the pinion
n2R
�! Normal vector of the gear
v2R
�! Relative velocity vector of the gear
n1R
�! Normal vector of the pinion
v1R
�! Relative velocity vector of the pinion
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