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József Gáll
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Debrecen, 2006. december 22.

.................................
Dr. Pap Gyula
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Chapter 1

Introduction

In the past decades financial mathematics has become an important and rapidly
developing area of modern science, both mathematics (in particular probability
theory and statistics) and economics (in particular finance and microeconomics).
This is not surprising at all, since a great and growing variety of financial risks
and a large and growing class of financial assets can be observed in the modern
financial world, which imply many theoretical and practical problems, questions.
In order to deal with such problems (e.g. asset pricing, portfolio selection or risk
management issues) one needs to built up mathematical models to explain the
market behaviour. Considering the possible times of the asset price changes —
that is the trading times— during the time interval over which the models are
defined one can find two main classes of models in the literature: discrete time and
continuous time financial markets. Recall, for instance, the classical option pricing
problem, namely, the problem of determining the (fair) price of a European call
option written on a stock. We can mention two famous approaches to this problem
from the 70’s of the last century, which can undoubtedly be called milestones of
financial mathematics: one is the well known Black and Scholes model and pricing
formula (see [7]) and the other is the famous work of Cox, Ross and Rubinstein
[9] with their pricing formula. The first is based on a continuous time setting, the
latter is based on a discrete time approach. The relationship between discrete and
continuous time models was also an important subject of research in the literature
(see for instance [41]).

Most of my research activity in the past years was focused on certain financial
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2 1. Introduction

problems which are related with discrete time financial markets. In the present
thesis I show the main results I obtained on these fields. The basic research
problems were the following: construction of arbitrage free Heath-Jarrow-Morton
type random field models in discrete time case, that is, models where the forward
rate curves are driven by a random field; estimation of the parameters of random
field forward rate models and the properties of the estimators; limit behaviour
of some discrete time markets, in particular the case of multinomial tree models
and the case of random field forward rate models; comparison of the proportions
of financial assets in optimal portfolios, the case of dependent assets, and the
relationship between the demand of the assets and stochastic dominance of the
assets. For further results of the author on other topics see the list of publications
(page 114).

This work structures as follows.

In Chapter 2 we consider discrete time forward interest rate models. We focus
on random field forward interest rate models: we introduce a class of interest rate
models, where the forward rates curves (corresponding to different time to matu-
rity values) are driven by a certain random field. However, for our purposes we
start with more basic models, which are not random field models, that we shall
simply call classical. Some similar classical models are discussed in the literature,
but our aim is to derive some results in a general form so that they can be com-
pared with the same type of results in the random field case that we propose. In
both cases we derive several conditions under what arbitrage free setups can be
guaranteed.

In Chapter 3 we consider the estimation of the parameters in the discrete time
forward interest rate models introduced in Chapter 2. In this chapter the forward
rates are driven by a spatial autoregressive random field. More precisely, maximum
likelihood estimators are investigated throughout the chapter. First we pay special
interest on the estimation of the volatility parameter in Section 3.1, where we
derive the volatility estimator and study its asymptotic behaviour in various cases:
in stable and unstable cases, in martingale case and in a general case. After this we
turn to a general study of the maximum likelihood estimators of the parameters,
that is, given a forward interest rate model (with a particular structure of market
price of risk) we derive asymptotic results for the joint estimator of the model
parameters.

Some limiting connections between discrete time and continuous time financial
market models are considered in Chapter 4. It is well known for instance that one
can obtain the famous Black-Scholes market [7] as a limit case of the Cox-Ross-
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Rubinstein binomial market. A general description of the possible limit markets
of the binomial trees is given in [41]. In Chapter 4 we derive limit results for two
different types of discrete time markets. First, in Section 4.1 we consider more
general financial trees than the binomial one, where the stock price has more than
two possible futures values at each node of the tree, that is, the tree is not binary
any more. We note that such a setup may lead to incomplete financial markets. In
Section 4.2 we study the limits of some discrete time forward rate models, which
are introduced in Chapter 2.

Finally we turn to a fairly natural portfolio problem in a simple one step model:
“Why do people invest more money in a financial asset than in another one in their
optimal portfolio?”, “What features of the assets’ distributions or of the individu-
als can characterise the proportions (and thus the demand) in optimal portfolios?”.
In microeconomic terms one could say that we have, in fact, a problem of decision
making under uncertainty, where we study the individual demand for financial as-
sets. Hadar and Seo [23] gave answers to this question in the case of independently
distributed financial assets. In Chapter 5 we derive generalisations of the results
of Hadar and Seo for the case of dependent financial assets. For this, we introduce
some new types of stochastic dominance, which give us the tools to handle the
problem in markets where the assets’ distributions are not necessarily distributed
independently.

The results presented in the thesis are based on the following research papers of
mine: [17], where the general random field forward rate models we examine were
introduced; [13] and [14], where limit results for general tree models and random
field forward rate models are given; [15] and [18], where the ML estimation of some
forward rate models are discussed; and finally [16], where the proportions of finan-
cial assets in optimal portfolios and their relationship with stochastic dominance
are studied. These research papers are mostly joint works with my supervisor,
Prof. Gyula Pap (University of Debrecen, Hungary) and with Prof. Martien van
Zuijlen (Radboud University, Nijmegen, The Netherlands). Note that some nu-
merical questions regarding to the parameter estimation in forward rate models
are discussed in [19] and [20], however, these problems are out of the scope of the
thesis.
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Chapter 2

Discrete time forward rate

models

In this chapter we study the term structure of forward interest rates in discrete
time settings and bond pricing structures, which are based on the term structure.
We introduce a generalisation of the classical Heath-Jarrow-Morton (HJM) type
models: the forward rates corresponding to different time to maturity values will
be equipped with different driving processes, that is, we will consider discrete time
HJM forward interest rate models which are driven by random fields.

The main notions and assets of such a model can be summarised as follows.
Let fk,` denote the forward interest rate at time k with time to maturity date
` (k, ` ∈ Z+). Thus, this interest rate is supposed to hold for the time period
[k + `, k + ` + 1). Based on this we can define the bond price structure of the
market in the following way. At time k the price of a zero coupon bond having
maturity date ` is defined recursively by

Pk,` = exp



−

`−k−1∑

j=0

fk,j



 , 0 ≤ k ≤ `, (2.1)

where Pk,k := 1.

In this chapter we propose models with forward rate dynamics of the form

fk+1,j = fk,j + αk,j + βk,j (Sk+1,j − Sk,j) , (2.2)

5



6 2. Discrete time forward rate models

where {Sk,j}k,j∈Z+
is a random field and {αk,j , βk,j , Sk,j}k∈Z+

is adapted to a
certain filtration, say, {Fk}k∈Z+

for all j ∈ Z+. The key feature in our proposed
model is that the forward rates corresponding to different time to maturity values
can be driven by different discrete time processes, that is, the forward rates are
driven by a random field. Hence, different market ‘shocks’ may impact at the
different forward rate processes.

In the literature several authors have investigated discrete time forward rate
models. However, these are typically less complicated and less flexible models than
(2.2) in the following sense: consider for instance forward rates which are defined
as

fk+1,j = fk,j + αk,j + βk,j (Sk+1 − Sk) , (2.3)

where {Sk}k∈Z+
is a given sequence of random variables. In these ‘classical’ mod-

els one single process drives all forward rate processes. More generally, instead of
a single shock one could also consider finitely many shocks occuring at the trading
times. Thus, random field models are natural generalisations of the classical mod-
els. (We note that this generalisation does not simply lead to the K-factor models
in a discrete time setting.)

The main aim of this chapter is to study random field models and to build
up realistic financial models. For this in Section 2.4 we introduce a random field
model that we propose. Clearly, we are interested only in arbitrage free markets,
we derive several conditions under what arbitrage opportunities are excluded in
the models, that is, we derive no-arbitrage criteria for random field models (Section
2.5) in different setups. We also give examples for the driving random field (Section
2.6) and study the implications of no-arbitrage conditions in those special cases.
In particular, we shall study (Gaussian) autoregressive sheets.

In our financial models we consider a general stochastic discount factor process
which involves the spot interest rates of the market as well as market price of
risk factors. This discounting is to describe how the actors price the assets on
the market. We use this approach both in the classical and in the random field
case. Some papers in the literature consider the so-called ‘martingale’ models,
where the model is formulated directly under an equivalent measure, and hence
the bond prices discounted by the spot interest rates are martingales under the
measure. However, we formulate our model under the objective (real) measure
of the market. An important reason for choosing this approach is that one of
the aims of our further work will be to consider statistical problems (parameter
estimations) in such models. This was another reason for us to study the classical
models as well, in a more general setup than it is usual.
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Before turning to the discrete time random field model which we propose we
shall start with discussing more simple forward rate models. Namely, we will deal
with a more simple (not random field type) class of models —a classical type in
our terminology— (see Section 2.2), and derive no-arbitrage conditions in such
settings (Section 2.3). These models are of the form (2.3), which we only consider
as a ’case study’ before turning to the proposed random field models. However, we
do not aim to give a detailed and unified study and comparison of the various ’not-
random-field-driven’ discrete time HJM models of the literature. (The difference
between classical and random field models will be discussed in the next section.)
We can mention three important reasons for starting with this classical case: firstly,
we would like to derive and formulate some important results in the classical case
from our ’model-building’ point of view; secondly, in this way we give a chance for
a better comparison of classical and random field models in a unified way; thirdly,
most of the forward rate models known in the literature are continuous time ones,
on the other hand the discrete time models are fairly specific settings, and hence
our general approach may help to point out the main general features that we shall
need. Therefore, we emphasise that we will only consider a general framework for
the classical model and derive some simple general results (drift conditions) for
the sake of comparison. The detailed study of certain special cases (e.g. some well
known models of the literature) is out of the scope of this work, since our aim is
to study different problems in random field models that we propose.

2.1 Motivation and historical remarks

In the literature one can find several approaches to the formulation of interest rate
structures and based on them one can derive prices of bonds and other interest
rate dependent financial assets. An overview on this subject is given e.g. in [39].

Our approach is based on the idea of Heath, Jarrow and Morton [26]. They con-
structed a continuous time model for the so-called forward interest rate structures
and derived the bond prices from this structure. Later on many authors studied
similar models. We note that there are different parametrisations of these models.
We follow the so-called Musiela parametrisation (see [37] and [6] for more). We
can summarise the basic HJM type models as follows.

Let f(t, x) denote the instantaneous forward rate at time t with time to ma-
turity x, where x, t ∈ R+. In the HJM model the forward rates are assumed to
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follow the dynamics

dtf(t, x) = α(t, x) dt+ β(t, x) dW (t), (2.4)

where {W (t)}t∈R+
is a standard Wiener process (which may be one or more gen-

erally finite dimensional). In an integral form, we have

f(t, x) = f(0, x) +

∫ t

0

α(u, x) du+

∫ t

0

β(u, x) dW (u). (2.5)

We emphasise again that we follow the Musiela parametrisation, and hence x
is time to maturity and not time of maturity. Having defined the forward rate
dynamics, they proposed the following definition for the bond price. Denoting the
price of a zero coupon bond at time t with maturity date s by P (t, s), they defined
the bond price by

P (t, s) = exp

{
−
∫ s−t

0

f(t, u) du

}
, 0 ≤ t ≤ s. (2.6)

One should emphasise that for any value x ≥ 0 in (2.4), the forward interest
rate process {f(t, x)}t∈R+

is driven by the same Wiener process. Considering,
for instance, the case where β(u, x) is deterministic, this means that the same
‘shocks’ have effect to all of the forward rates, which seems not to be very realistic.
Therefore it is natural to generalise the model by introducing a random driving
field instead of the driving process. In this way forward rates with different time
to maturity can be driven by different processes.

Such generalisation of the continuous time model has been proposed by Kennedy
[34]. Later, Goldstein [22] and Santa-Clara and Sornette [46] studied such models.
We can formulate the main idea as follows. Let {Z(t, s)}t,s∈R+

be a random field
and suppose that for each fixed x ∈ R+, the forward rate dynamics is given by

dtf(t, x) = α(t, x) dt+ β(t, x) Z(dt, x), (2.7)

where {Z(t, s)}t∈R+
is an appropriate semimartingale for any s ≥ 0, and α and β

have appropriate regularity properties so that the above integrals exist. Writing
(2.7) in an integral form, we have

f(t, x) = f(0, x) +

∫ t

0

α(u, x) du+

∫ t

0

β(u, x) Z(du, x). (2.8)
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In contrast to a ‘random field’ model like (2.7), a model of the form (2.4) will be
called ‘classical’.

A major task in defining such a model is to find appropriate driving processes
or driving fields for the forward rates. Although in the classical models, Brownian
motion is the most commonly used driving process (see e.g. [26]), more general
models are also known in the literature. Schmidt [42] proposed for instance a
natural alternative of the Brownian motion, namely, the Ornstein-Uhlenbeck pro-
cess, which can be considered as the natural analogue of an AR(1) process in
discrete time. Sometimes, some further considerations can be taken into account
—especially in the random field case—, which help us to find appropriate and
more realistic candidates. Typically, the covariance structure of the driving field
can be restricted by further assumptions, as described e.g. in [22] and [46]. Know-
ing the classical models, it is not surprising to see that Brownian sheets and also
integrated Brownian sheets and Ornstein-Uhlenbeck sheets are quite usually used
in the random field case. See Kennedy [34], Goldstein [22] or Santa-Clara and
Sornette [46]. Note that in [46] some further examples are also studied.

The HJM model (see [26]) as well as the models studied in [34], [22] and [46]
are continuous time models. One can find several works on the discrete versions
of the classical HJM models. Here we mention [25], [32], [40]. Like in the classical
case, it is reasonable and sensible to model and investigate possible discrete time
counterparts of the continuous time random field models of the form (2.7).

As we described in the introduction of this chapter, our main aim in this
chapter is to construct discrete time forward interest rate models which are driven
by random fields, i.e. we will study the discrete time counterpart of model (2.7).
Such models may be used in several areas of modern finance: these models can form
the base of pricing of interest rate derivatives, furthermore, they might be used as
a part of more complex market models (which involve further financial assets), or
one can mention the more and more important area of risk management.

Recently Cont [8] discussed many practical and theoretical issues regarding to
forward rate curves, which gives many ideas (e.g. model features) for the specifi-
cation of a forward rate model (especially for our future work). We also mention
that Hamza, Jacka and Klebaner gave fairly general no-arbitrage conditions for
forward rates in continuous time, including a random field case. We shall consider
general no-arbitrage criteria for our proposed models in Section 2.3 and Section
2.5.

There are, of course, several interesting financial and mathematical questions in
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forward rate models, in particular in random field models. Here we mention some
which were our main sources of motivation for proposing and studying discrete
time forward rates driven by random fields.

First of all, fitting the model and estimating the parameters of the model are
clearly important issues. Putting it in a more general context we note that model
selection problems are not always discussed in a statistically rigorous way. Deriving
statistical properties of the estimators of the model parameters can be a first step
toward model selection issues. In Chapter 3 we show some results in this area.

For dealing with some general random field models one needs to develop rigor-
ous (random field) stochastic tools. However, in certain cases (e.g. for stochastic
integrals appearing in no-arbitrage conditions) the necessary rigorous definitions
of some notions of the continuous counterpart models have not been worked out
yet in the literature, because of certain technical or theoretical difficulties caused
by the change from the classical models to random field structures. Discrete ap-
proximation may provide a promising way or at least may help at solving these
problems. We find discrete time approach and the study of discrete-continuous
transition questions very helpful in such problems. In Section 4.2 we show some
some early results of ours in this area.

2.2 Some classical HJM-type models

First we shall describe the type of financial market which is the subject of our study
in this chapter. The main purpose is to give and study a model for the zero coupon
bonds with different maturity times. For this purpose one should introduce first
the forward interest rate processes. Moreover, we need to construct models for the
discount factor process of the market. This is needed for any pricing question in
such a market and it is also important to emphasise that the no-arbitrage criterion
can only be written by taking the discount factor into account.

Having given the definition of the forward rates, we introduce the bond price
processes and the discount factors. We mention again that we only derive some
simple general results in the classical framework in this section and in the next
section.

Let (Ω,F ,P) be a probability space with a filtration {Fk}k∈Z+
. We will assume

that F = σ{⋃k∈Z+
Fk}.

For what follows, fk,j will denote the instantaneous forward rate at time k
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with time to maturity j, where k, j ∈ Z+. We assume that the initial values f0,j ,
j ∈ Z+, are F0-measurable, since they are known at time 0. Next, we suppose
that after time 0 the forward rates are given by the following equations:

fk+1,j = fk,j + αk,j + βk,j (Sk+1 − Sk) (2.9)

for k, j ∈ Z+, where {Sk}k∈Z+
is adapted to the filtration {Fk}k∈Z+

. For the
increments of the process we use the notation ∆Sk := Sk+1 − Sk, k ∈ Z+. Fur-
thermore, αk,j and βk,j are random variables which are supposed to be measurable
with respect to Fk for all j ∈ Z+ and k ∈ Z+. Equivalently with (2.9), one can
use the form

fk,j = f0,j +

k−1∑

i=0

αi,j +

k−1∑

i=0

βi,j∆Si. (2.10)

Now, it is natural to define the interest rate, holding for the period [k, k + 1),
by rk := fk,0 for all k ∈ Z+. Having defined the interest rate one can introduce
the discount factor as usual, i.e. we write

Dk := exp



−

k−1∑

j=0

rj



 , k ∈ Z+. (2.11)

Note that we formulate the returns of assets and also the discount factor using a
continuous compounding convention, which leads in fact to a certain exponential
form. In other words, the logreturns (the logarithm of the returns) are modeled
directly and not the returns. This looks very much like the continuous formulation.
On the other hand, technical convenience and tractability of the models are also
important reasons for us to use the continuous compounding.

Let Pk,` denote the price of a zero coupon bond at time k with maturity ` for
all 0 ≤ k ≤ `. Hence we put Pk,k := 1 and in general we define

Pk,`+1 = Pk,` exp {−fk,`−k} , 0 ≤ k ≤ `,

or, to put it in another way,

logPk,k+j+1 = logPk,k+j − fk,j , k, j ∈ Z+.

Thus, one has Pk,` = exp
{
−∑`−k−1

j=0 fk,j

}
, 0 ≤ k ≤ `.
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It is assumed that there is a stochastic market discount factor process in
the market, say {Mk}k∈Z+

, which is the key process in order to price the fi-
nancial assets in the market. First, set M0 := 1 and we will suppose that
E(exp{φk∆Sk}) < ∞ for all k ∈ Z+ where φk is an Fk-measurable random vari-
able for all k ∈ Z+. Now we define

Mk+1 = Mk
exp {−rk + φk∆Sk}
E
(
exp {φk∆Sk}

∣∣Fk

) , k ∈ Z+. (2.12)

One can also write

Mk =
exp

{
−∑k−1

i=0 ri +
∑k−1

i=0 φi∆Si

}

∏k−1
j=1 E

(
exp {φj∆Sj}

∣∣Fj

) , k ∈ Z+.

The discount factor process {Dk}k∈Z+
and the market discount factor process

{Mk}k∈Z+
are certainly both stochastic processes. The first is predictable to the

filtration {Fk}k∈Z+
, whereas the latter is ‘only’ adapted. The market discount

factor compared to the discount factor involves an extra term with the factors
φk that will be called the market price of risk factors, which correspond to the
market. The role of them is to explain how the actors of the market determine
the assets’ prices. Throughout the chapter we shall often suppose the following
property (restriction) of the market price dynamics, which will be important for
the exclusion of arbitrage in the market.

Property 2.1 The market discounted value process of the bond {MkPk,`}0≤k≤` is
a P-martingale for each ` ∈ N.

In the literature of bond markets we find in many papers different restrictions
(settings) from that of ours: the HJM type models are usually supposed to be
‘martingale’ models, that is the models are already formulated under an equivalent
measure. This means that the D-discounted asset price processes {DkPk,`}0≤k≤`

are claimed to form martingale under a certain equivalent measure. Thus, martin-
gale models clearly exclude arbitrage opportunities (see Remark 2.3 for details),
but we note that it is not necessary to choose that way of formulating the model in
order to obtain no-arbitrage models. Nevertheless, this approach is often used for
bond markets in the literature since they are easily tractable in this way. We note
that such a martingale approach cannot be easily used for statistical questions.
Hence, we prefer in this chapter to work under the objective measure (P) of the
market and for this we assume Property 2.1.
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The approach we prefer in this chapter is different from the martingale ap-
proach. In the following we show that arbitrage opportunities are also excluded
if Property 2.1 is fulfilled by the market (see Proposition 2.2). Therefore we can
build up general models such that no-arbitrage is still assured as well as they re-
main technically still tractable. Here we mention that for statistical problems our
formulation (under the objective measure of the market) is more helpful.

Proposition 2.2 Define Λ0 = 1 and

ΛK+1 =
exp

{∑K
k=0 φk∆Sk

}

∏K
k=0 E

(
exp {φk∆Sk}

∣∣Fk

) for all K ∈ Z+.

Let P∗
K be the probability measure on (Ω,FK) such that

dP
∗

K

dPK
= ΛK , K ∈ Z+, where

PK is the restriction of P to FK .

Then the measures {P∗
K}K∈Z+

are compatible, i.e. P∗
K1

(A) = P∗
K2

(A) for all
K1 ≤ K2 and A ∈ FK1

, and there exists a probability measure P∗ on (Ω,F) such
that it coincides with P∗

K on FK for all K ∈ Z+ and it is equivalent to P.

Furthermore, Property 2.1 holds if and only if the discounted bond price process
{DkPk,`}0≤k≤` is a P∗-martingale for all ` ≥ 1.

Proof. Note that {ΛK}K∈Z+
is a martingale and thus for A ∈ FK1

, K1 ≤ K2 we
have

P∗
K1

(A) =

∫

A

ΛK1
dP =

∫

A

E (ΛK2
|FK1

) dP =

∫

A

ΛK2
dP = P∗

K2
(A).

Hence the measures {P∗
K}K∈Z+

are compatible, indeed. Due to F = σ{⋃K∈Z+
FK}

we conclude that there exists a probability measure P∗ on (Ω,F) such that it co-
incides with P∗

K on FK for all K ∈ Z+.

Now suppose that {MkPk,`}0≤k≤` is a P-martingale. We have

Mk =
exp

{
−∑k−1

i=0 ri +
∑k−1

i=0 φi∆Si

}

∏k−1
i=0 E

(
exp {φi∆Si}

∣∣Fi

) = ΛkDk for all k ∈ Z+,

and hence using the abstract version of the Bayes formula (see Lemma A.0.4 in
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[37]) we obtain

E∗ (Dk+1Pk+1,`

∣∣Fk

)
=

E
(
Dk+1Pk+1,` Λk+1

∣∣Fk

)

E
(
Λk+1

∣∣Fk

) =
E
(
Mk+1Pk+1,`

∣∣Fk

)

E
(
Λk+1

∣∣Fk

)

=
MkPk,`

Λk
= DkPk,`,

where E and E∗ denotes expectation taken with respect to P and P∗, respectively.
Thus {DkPk,`}0≤k≤` is a P∗-martingale. One can prove similarly that the mar-
tingale property of {DkPk,`}0≤k≤` implies that {MkPk,`}0≤k≤` is a P-martingale.
For this we only note that dPK

dP∗

K

= Λ−1
K a.s. for all K ∈ Z+. �

Under the existence of a measure P∗ described in Proposition 2.2, the market
excludes arbitrage. In the following remark we summarise this well known result
for our case.

Remark 2.3 A financial strategy, say π, in the market is defined as a sequence of
portfolios πn = (βn

0 , β
n
1 , . . . , β

n
N ), n ∈ Z+, where N is a positive integer, σ(βn

i ) ⊂
Fn (0 ≤ i ≤ N), and βi denotes the number of bonds with maturity date n + i
in the portfolio at time n. The value of the portfolio of such a strategy at time
n is Xπ

n =
∑N

i=0 β
n
i Pn,n+i. Furthermore, the strategy π is called self-financing

if it is predictable, i.e. σ(βn
i ) ⊂ Fn−1 (0 ≤ i ≤ N), and we have Xπ

n−1 =∑N
i=0 β

n
i Pn−1,n+i. This means that the portfolio πn is chosen at time n− 1 using

only the available capital Xπ
n−1 =

∑N
i=0 β

n−1
i Pn−1,n+i−1 at that time, that is

neither additional investment nor any withdrawal takes place. The self-financing
property can be equivalently formed as

∑N−1
i=0 (βn

i −βn−1
i+1 )Pn−1,n+i+β

n
NPn−1,n+N−

βn−1
0 Pn−1,n−1 = 0 (n > 0). It is easy to see that the discounted value process

{DnX
π
n}n∈Z+

of a self-financing π forms a martingale under a measure P∗ if the
discounted bond processes {DkPk,`}0≤k≤` are martingales under P∗ for ` ∈ Z+.
Therefore, under such circumstances, Xπ

0 = 0 implies E∗Xπ
n = 0 for n ∈ Z+, and

thus P∗(Xπ
T ≥ 0) ≥ 0 together with P∗(Xπ

T > 0) > 0 cannot be fulfilled for a
fixed T . That is, arbitrage strategy cannot be constructed provided that P∗ is an
equivalent measure with the objective measure P of the market.

2.3 No-arbitrage criteria in the classical model

The most important property one requires to make the model realistic is the no-
arbitrage condition of the market. In the previous section Proposition 2.2 and
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Remark 2.3 explain that a model admitting Property 2.1 is appropriate for our
purpose. Therefore, in this section our aim is to find sufficient conditions such
that our model fulfills Property 2.1, that is, we shall present different forms of
no-arbitrage conditions.

In the following, we shall write simply a.s. instead of P-a.s. and E is to denote
expectation under the objective measure P.

Theorem 2.4 Suppose that the moment generating function of ∆Sk under the
measure P exist over the whole real line. Then the no-arbitrage Property 2.1 is
equivalent to

Gk


φk −

`−k−2∑

j=0

βk,j


 = Gk (φk) exp



rk − fk,`−k−1 +

`−k−2∑

j=0

αk,j



 a.s.

(2.13)
for all 0 ≤ k < `, where Gk denotes the conditional moment generating function
of ∆Sk with respect to Fk under the measure P.

Proof. First note that

Pk+1,`

Pk,`
= exp



fk,`−k−1 −

`−k−2∑

j=0

αk,j − ∆Sk

`−k−2∑

j=0

βk,j



 ,

0 ≤ k < `. Now, write Pk+1,`Mk+1 = Pk,`MkA(k, `), where

A(k, l) :=
exp

{
−rk + fk,`−k−1 −

∑`−k−2
j=0 αk,j +

(
φk −∑`−k−2

j=0 βk,j

)
∆Sk

}

E
(
exp {φk∆Sk}

∣∣Fk

) .

Hence, the no-arbitrage condition is equivalent to

E(A(k, `)|Fk) = 1 a.s. for all 0 ≤ k < `. (2.14)

Calculate now the left hand side of (2.14):

E(A(k, `)|Fk) = exp



−rk + fk,`−k−1 −

`−k−2∑

j=0

αk,j





E (exp {gk,`∆Sk} |Fk)

E
(
exp {φk∆Sk}

∣∣Fk

) ,
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where gk,l := φk −∑`−k−2
j=0 βk,j . To show (2.13), it remains to note that gk,` is

measurable with respect to Fk and to recall that ∆Sk is independent of Fk. Hence

E (exp {gk,`∆Sk} |Fk) = Gk(gk,`) a.s.

and
E (exp {φk∆Sk} |Fk) = Gk(φk) a.s.

for 0 ≤ k < `. �

Corollary 2.5 If for all k ≥ 0, the r.v. ∆Sk is P-independent of Fk and they
have standard normal distribution under the measure P then we can write the
no-arbitrage condition in the form

fk,m = rk +

m−1∑

j=0

αk,j −
1

2




m−1∑

j=0

βk,j




2

+φk

m−1∑

j=0

βk,j , a.s., k ≥ 0, m ≥ 0. (2.15)

Moreover,

fk,m = f0,m+k +

k−1∑

i=0

ai,k+m−i−1 +

k−1∑

i=0

βi,k+m−i−1∆Si, a.s. (2.16)

for k,m ∈ Z+, where ai,` := βi,`

[∑`−1
j=0 βi,j − φi + 1

2βi,`

]
, for i, ` ∈ Z+.

Proof. Indeed, due to the fact that the standard normal moment generating
function is Gk(z) = exp{ 1

2z
2} we have

rk − fk,`−k−1 +

`−k−2∑

j=0

αk,j =
1

2


φk −

`−k−2∑

j=0

βk,j




2

− 1

2
φ2

k a.s.

for 0 ≤ k < `. Then, with m = `− k − 1 we obtain (2.15).

To derive formula (2.16) we use (2.15) to obtain for i ≥ 0 and ` ≥ 0

fi,`+1 − fi,` = αi,` + φiβi,` −
1

2


∑̀

j=0

βi,j




2

+
1

2




`−1∑

j=0

βi,j




2

= αi,` + φiβi,` − βi,`

`−1∑

j=0

βi,j −
1

2
β2

i,`.
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Substitution of αi,` in this expression by using (2.9) leads to

fi+1,` − fi,`+1 = βi,`∆Si + βi,`




`−1∑

j=0

βi,j − φi +
1

2
βi,`


 = βi,`∆Si + ai,` (2.17)

and hence to (2.16). �

Fix a maturity time T and suppose that we are interested in the interest rate
corresponding to the interval [T, T + 1). Before T , we do not know rT . If we are
at time k then our ‘prediction’ for rT is fk,m, where m = T − k. Thus, formula
(2.16) explains how the first prediction f0,T is modified period by period up to
time k in order to arrive finally at the value fk,m.

2.4 A new model, based on random fields

First we shall describe the type of financial market which is the subject of our study
in this chapter. The main purpose is to propose and study a model for the zero
coupon bonds with different maturity times. Like in the Heath-Jarrow-Morton
type models, for this purpose one should introduce first the forward interest rate
processes. Moreover, we need to construct models for the discount factor process
of the market. This is needed for any pricing question in such a market and it is
also important to emphasise that the no-arbitrage criterion can only be written by
taking the discount factor into account. Having given the definition of the forward
rates, we introduce the bond price processes and the discount factors.

Definitions and assumptions

Let (Ω,F ,P) be a probability space and suppose that {Fk}k∈Z+
is a filtration

on it.

Suppose that {Sk,`}k,`∈Z+
is a random field, i.e. Sk,` is a random variable for

all k, ` ∈ Z+, such that {Sk,`}k∈Z+
is adapted to the filtration {Fk}k∈Z+

for each
` ∈ Z+. We will use the notation ∆1Sk,` := Sk+1,` − Sk,`.

In most of the examples we shall assume that E (Sk,`)
2 <∞, in which case we

shall write
c(k, `1, `2) := Cov (∆1Sk,`1 , ∆1Sk,`2)

and
d2

k,` := c(k, `, `) = Var∆1Sk,`.
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Note that for practical purposes one may assume furthermore that c(k, `1, `2)
does not depend on k. This would mean that the covariance of the increments is
independent of the time parameter.

Now, we define the instantaneous forward rate fk,j at time k with time to
maturity j as follows:

fk+1,j = fk,j + αk,j + βk,j∆1Sk,j , (2.18)

where k ∈ Z+, j ∈ Z+. One can write equivalently

fk,j = f0,j +

k−1∑

i=0

αi,j +

k−1∑

i=0

βi,j∆1Si,j . (2.19)

In (2.18) and (2.19) the αk,j ’s and βk,j ’s are all random variables for k, j ∈ Z+.
We shall suppose that for all j ∈ Z+, the processes {αk,j}k∈Z+

and {βk,j}k∈Z+
are

adapted to the filtration {Fk}k∈Z+
, i.e., αk,j and βk,j are all Fk-measurable.

Thus we have a model where the forward interest rate value fk,j can be con-
sidered to be announced at time k since fk,j is measurable with respect to Fk.

Like in Section 2.2, having defined the forward rate dynamics we can define
some basic instruments of the market in the same way, that is: the interest rate,
holding for the period [k, k + 1) is rk = fk,0 for k ∈ Z+, the discount factor

is certainly defined in the same way as in (2.11), i.e. Dk := exp
{
−∑k−1

j=0 rj

}
,

k ∈ Z+, furthermore, recall that Pk,` denotes the price of a zero coupon bond at
time k with maturity ` for all 0 ≤ k ≤ `. Put Pk,k := 1 and as in (2.1) we have

Pk,`+1 = Pk,` exp {−fk,`−k}, if 0 ≤ k ≤ `, that is, Pk,` = exp
{
−∑`−k−1

j=0 fk,j

}
,

0 ≤ k ≤ `.

Note that we use again a continuous compounding convention, which leads in
fact to a certain exponential form. In other words, the logreturns (the logarithm
of the returns) are modeled directly and not the returns.

It is assumed that there is a stochastic market discount factor process in the
market, say {Mk}k∈Z+

, which is the key process in order to price the financial
assets in the market. It is supposed to have the following dynamics: M0 := 1 and

Mk+1 = Mk

exp
{
−rk +

∑∞
j=0 φk,j∆1Sk,j

}

E
(
exp

{∑∞
j=0 φk,j∆1Sk,j

} ∣∣Fk

) , k ∈ Z+, (2.20)
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where φk,j is an Fk-measurable random variable for k, j ≥ 0, and we shall take
the following assumption.

Assumption 2.6 The series
∑∞

j=0 φk,j∆1Sk,j converges in probability, further-

more E exp{∑∞
j=0 φk,j∆1Sk,j} <∞ for all k ∈ Z+.

The discount factor process {Dk}k∈Z+
and the market discount factor process

{Mk}k∈Z+
are certainly both stochastic processes. The first is predictable to the

filtration {Fk}k∈Z+
, whereas the latter is ‘only’ adapted. The market discount

factor compared to the discount factor involves an extra term with the factors φk,`

that will be called the market price of risk factors, which correspond to the market.
The role of them is to explain how the actors of the market determine the assets’
prices. In fact, (2.20) allows the discount factors to be also modified at time k by
each of the shocks corresponding to time k. Similar stochastic discount processes
were considered in [46]. Throughout the chapter we shall suppose the following
property (restriction) of the market price dynamics, which will be important for
the exclusion of arbitrage in the market.

Property 2.7 For each ` ∈ Z+, the market discounted value process of the bond
{MkPk,`}0≤k≤` is a P-martingale.

In the literature of bond markets we find in many papers different restrictions
(settings) from that of ours: usually the HJM type models are already formulated
under an equivalent measure. This means that the D-discounted asset price pro-
cesses {DkPk,`}0≤k≤` are claimed to form martingale under a certain equivalent
measure. Thus, such models clearly exclude arbitrage opportunities (see Remark
2.3 for details), but we note that it is not necessary to choose that way of formulat-
ing the model in order to obtain no-arbitrage models. Nevertheless, this approach
is often used for bond markets in the literature since they are easily tractable
in this way. We note, however, that such an approach cannot be easily used for
statistical questions.

Hence, we prefer in this chapter a different approach, namely, working under
the objective measure P of the market and for this we assume Property 2.7. In the
following we show that arbitrage opportunities are also excluded if Property 2.7
is fulfilled by the market (see Proposition 2.9). Therefore we can build up general
models such that no-arbitrage is still assured as well as they remain technically
still tractable. We mention that for statistical problems our formulation (under
the objective measure of the market) is more helpful.
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Remark 2.8 Note that to guarantee the L2-convergence of
∑∞

j=0 φk,j∆1Sk,j , k ∈
Z+ (and hence convergence in probability as well), one can find some sufficient
conditions which can be relatively easily checked. Such conditions will be useful
for us for instance in case of Gaussian driving fields. Consider now the case where

∆1Sk,j is independent of Fk for k, j ∈ Z+. Then the condition
∑∞

j=0 dk,j

√
Eφ2

k,j <

∞, k ∈ Z+, is sufficient for the L2 convergence of the series at issue. Indeed, take
0 ≤ m ≤ n. Then by the independence and the Cauchy-Schwarz inequality we
have

E




n∑

j=m

φk,j∆1Sk,j




2

=

∣∣∣∣
n∑

j1=m

n∑

j2=m

Eφk,j1φk,j2E∆1Sk,j1∆1Sk,j2

∣∣∣∣

≤
n∑

j1=m

n∑

j2=m

√
Eφ2

k,j1
Eφ2

k,j2
d2

k,j1
d2

k,j2

=




n∑

j=m

dk,j

√
Eφ2

k,j




2

−→ 0 as m→ ∞.

Proposition 2.9 Define Λ0 := 1 and

ΛK+1 :=
exp

{∑K
k=0

∑∞
i=0 φk,i∆1Sk,i

}

∏K
k=0 E

(
exp {∑∞

i=0 φk,i∆1Sk,i}
∣∣Fk

) for all K ∈ Z+.

Let P∗
K be the probability measure on (Ω,FK) such that

dP
∗

K

dPK
= ΛK , K ∈ Z+, where

PK is the restriction of P on FK .

Then the measures {P∗
K}K∈Z+

are compatible, i.e. P∗
K1

(A) = P∗
K2

(A) for all
K1 ≤ K2 and A ∈ FK1

, and there exists a probability measure P∗ on (Ω,F) such
that it coincides with P∗

K on FK for all K ∈ Z+ and it is equivalent with P.

Furthermore, Property 2.7 holds if and only if the discounted bond price process
{DkPk,`}0≤k≤` is a P∗-martingale for all ` ≥ 1.

Proof. Note that {ΛK}K∈Z+
is a martingale and thus for A ∈ FK1

, K1 ≤ K2 we
have

P∗
K1

(A) =

∫

A

ΛK1
dP =

∫

A

E (ΛK2
|FK1

) dP =

∫

A

ΛK2
dP = P∗

K2
(A).
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Hence the measures {P∗
K}K∈Z+

are compatible, indeed. Due to F = σ{⋃K∈Z+
FK}

we conclude that there exists a probability measure P∗ on (Ω,F) such that it co-
incides with P∗

K on FK for all K ∈ Z+.

Now suppose that {MkPk,`}0≤k≤` is a P-martingale. We have

Mk =
exp

{
−∑k−1

i=0 ri +
∑k−1

i=0

∑∞
i=0 φk,i∆1Sk,i

}

∏k−1
i=0 E

(
exp {∑∞

i=0 φk,i∆1Sk,i}
∣∣Fi

) = ΛkDk for all k ∈ Z+,

and hence using the abstract version of the Bayes formula (see Lemma A.0.4 in
[37]) we obtain

E∗ (Dk+1Pk+1,`

∣∣Fk

)
=

E
(
Dk+1Pk+1,` Λk+1

∣∣Fk

)

E
(
Λk+1

∣∣Fk

) =
E
(
Mk+1Pk+1,`

∣∣Fk

)

E
(
Λk+1

∣∣Fk

)

=
MkPk,`

Λk
= DkPk,`,

where E and E∗ denotes expectation taken with respect to P and P∗, respectively.
Thus {DkPk,`}0≤k≤` is a P∗-martingale. One can prove similarly that the mar-
tingale property of {DkPk,`}0≤k≤` implies that {MkPk,`}0≤k≤` is a P-martingale.
For this we only note that dPK

dP∗

K

= Λ−1
K a.s. for all K ∈ Z+. �

Proposition 2.9 clearly plays the same role in random field forward rate models
we are discussing as the role played by Proposition 2.2 in classical models: first
of all, these statements show that the setups we introduced exclude arbitrage,
furthermore they also give a construction of an equivalent martingale measure.
For this recall Remark 2.3 which can be repeated literally in the new model, since
it is based only on the fact that we can find an equivalent martingale measure in
the bond market, but it does not use the fact that the type of the forward rates
behind the bond structure is classical.

Finally we note that the approach we have chosen is not the only possible way,
of course, in order to obtain flexible general forward rate structures. Here we
refer to two recent works by Filipović and Zabczyk [10] and by Akahori, Aoki and
Nagata [1] where general Markovian term structures and a finite factor general
framework are studied in discrete time as counterparts of the continuous time
HJM framework.
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2.5 No-arbitrage criteria

In this section we give results on the exclusion of arbitrage in the proposed random
field type HJM model.

Theorem 2.10 Property 2.7 is valid if and only if we have a.s. for all 0 ≤ k < `

E

(
exp

{∑∞
j=0 ψ`(k, j)∆1Sk,j

}∣∣∣∣Fk

)

E
(
exp

{∑∞
j=0 φk,j∆1Sk,j

} ∣∣Fk

) = exp



rk − fk,`−k−1 +

`−k−2∑

j=0

αk,j



 ,

(2.21)
where

ψ`(k, j) :=

{
φk,j − βk,j , if 0 ≤ j ≤ `− k − 2

φk,j , if `− k − 1 ≤ j.

If, furthermore, φk,j = 0 for j > N , where N ∈ Z+ is fixed then the no-
arbitrage condition (2.21) can be written as

Gk,N∨(`−k−2)(ψ`(k, 0), . . . , ψ`(k,N ∨ (`− k − 2)))

Gk,N∨(`−k−2)(φk,0, . . . , φk,N∨(`−k−2))

= exp



rk − fk,`−k−1 +

`−k−2∑

j=0

αk,j



 ,

(2.22)

where Gk,i is the joint conditional moment generating function of the random
vector (∆1Sk,0, . . . ,∆1Sk,i) with respect to Fk under the measure P.

Proof. First note that Pk+1,`Mk+1 = Pk,`MkA(k, `), 0 ≤ k < l, where

A(k, `) = exp {−rk + fk,`−k−1}

×
exp

{∑`−k−2
j=0 αk,j −

∑`−k−2
j=0 βk,j∆1Sk,j +

∑∞
j=0 φk,j∆1Sk,j

}

E
(
exp

{∑∞
j=0 φk,j∆1Sk,j

} ∣∣Fk

) .

Now, the process {Pk,`Mk}0≤k≤` is a martingale if and only if

E (A(k, `)|Fk) = 1 a.s. for 0 ≤ k < `.
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It only remains to be mentioned thatB(k, `) = exp
{
fk,`−k−1 −

∑`−k−2
j=0 αk,j − rk

}

is measurable with respect to Fk. Thus we get (2.21).

Next, (2.22) is also immediate in case of the independence of the increment
∆1Sk,j (j ∈ Z+) of Fk. �

Corollary 2.11 Assume that the random vector (∆1Sk,0,∆1Sk,1, . . . ,∆1Sk,j) is
normally distributed with respect to P and P-independent of Fk for all k, j ∈ Z+.
Assume further that φk,j is deterministic, E∆1Sk,j = 0 for k, j ∈ Z+, and∑∞

j1=0

∑∞
j2=0 |φk,j1φk,j2c(k, j1, j2)| < ∞. Then the no-arbitrage Property 2.7 im-

plies

fk,m −
m−1∑

j=0

αk,j − rk +
1

2

∞∑

j1=0

∞∑

j2=0

[
ψm+k+1(k, j1)ψm+k−1(k, j2)

− φk,j1φk,j2

]
c(k, j1, j2) = 0 a.s.

(2.23)

for k,m ∈ Z+. Furthermore,

fk,m = f0,m+k +

k−1∑

i=0

ai,m+k−i−1 +

k−1∑

i=0

βi,m+k−i−1∆1Si,m+k−i−1, (2.24)

where

ai,` = βi,`

[
−

∞∑

j=0

φi,jc(i, j, `) +

`−1∑

j=0

βi,jc(i, j, `) +
1

2
d2

i,`βi,`

]
i, ` ∈ Z+.

Proof. Note that
∑∞

j=0 φk,j∆1Sk,j is independent of Fk and Gaussian with

mean 0 and variance
∑∞

j1=0

∑∞
j2=0 φk,j1φk,j2c(k, j1, j2), k ∈ Z+, furthermore,∑∞

j=0 ψ`(k, j)∆1Sk,j is conditionally Gaussian with mean 0 and its variance can
be calculated similarly. Hence, recalling the moment generating function of a
normal distribution and applying (2.21) by setting m = `−k−1 one obtains (2.23)
directly. (For the calculation of the conditional moment generating function note
that

∑∞
j=0 ψ`(k, j)∆1Sk,j contains only finitely many volatilities, and recall that

they are adapted.)
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Now we turn to the derivation of (2.24). For this, we start by writing (2.23) in
the form

fk,m = rk +
m−1∑

j=0

αk,j −
1

2




∞∑

j=0

φ2
k,jd

2
k,j − 2

m−1∑

j=0

φk,jβk,jd
2
k,j +

m−1∑

j=0

β2
k,jd

2
k,j




−
[ ∞∑

j1=0

∞∑

j2=j1+1

φk,j1φk,j2c(k, j1, j2) −
m−1∑

j1=0

∞∑

j2=j1+1

βk,j1φk,j2c(k, j1, j2)

+

m−2∑

j1=0

m−1∑

j2=j1+1

βk,j1βk,j2c(k, j1, j2) −
m−2∑

j1=0

m−1∑

j2=j1+1

φk,j1βk,j2c(k, j1, j2)

]
.

Hence for i ≥ 0, ` ≥ 0 we have

fi,`+1 − fi,` = αi,` + d2
i,`φi,`βi,` −

1

2
β2

i,`d
2
i,` +

∞∑

j2=`+1

βi,`φi,j2c(i, `, j2)

−
`−1∑

j1=0

βi,j1βi,`c(i, j1, `) +

`−1∑

j1=0

φi,j1βi,`c(i, j1, `).

Substitution of αi,` in this expression by using (2.18) leads to

fi+1,` − fi,`+1 = βi,`

[
∆1Si,` −

∞∑

j=0

φi,jc(i, `, j) +

`−1∑

j=0

βi,jc(i, `, j) +
1

2
d2

i,`βi,`

]

= βi,`∆1Si,` + ai,`,

and hence we obtain (2.24). �

2.6 Examples for the driving process

In the following examples we shall suppose that {ηi,j}i,j∈Z+
form a white noise

system, i.e., let ηi,j be i.i.d. random variables with mean zero and variance 1 for
i, j ∈ Z+. We shall, furthermore, define Fk := σ (ηi,j | i ≤ k, j ∈ Z+).
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Example 2.12 Define the driving process as a partial sum of the ηk,`’s, that is,

Sk,` :=

k∑

i=0

∑̀

j=0

ηi,j k, ` ∈ Z+.

It gives Sk+1,`+1 = Sk,`+1 + Sk+1,` − Sk,` + ηk+1,`+1.

For each ` ∈ Z+, the independence of the ηi,j ’s together with Eηi,j = 0 im-
ply that {Sk,`}k∈Z+

is a martingale with respect to {Fk}k∈Z+
for each ` ∈ Z+.

Furthermore, we have

Cov(∆1Sk,`1 ,∆1Sk,`2) =

`1∑

j1=0

`2∑

j2=0

Eηk+1,j1ηk+1,j2

=

`1∧`2∑

j=0

E (ηk+1,j)
2

= (`1 ∧ `2) + 1 := c(`1, `2).

Hence this driving process fulfills the required assumptions, furthermore, the co-
variance function c is independent of the time parameter k.

Example 2.13 (AR model) Fix a constant ρ ∈ R. We define the driving pro-
cess by

Sk,` :=

k∑

i=0

∑̀

j=0

ρ`−jηi,j , k, ` ∈ Z+,

that is

∆1Sk,` =
∑̀

j=0

%`−jηk+1,j . (2.25)

To put it in a different form we have Sk+1,`+1 = Sk,`+1 +ρSk+1,`−ρSk,` +ηk+1,`+1

for k, ` ∈ Z+, that is we can write ∆1Sk,`+1 = ρ∆1Sk,` + ηk+1,`+1, which means
that {∆1Sk,`}`∈Z+

is an autoregressive process (AR(1)) with coefficient ρ. In this
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case we have

Cov(∆1Sk,`1 ,∆1Sk,`2) =

`1∑

j1=0

`2∑

j2=0

%`1+`2−j1−j2Eηk+1,j1 , ηk+1,j2

=

`1∧`2∑

j=0

%`1+`2−2j =





%`1+`2+2 − %|`1−`2|

%2 − 1
for % 6= ±1,

(
(`1 ∧ `2) + 1

)
%`1+`2 for % = ±1.

(2.26)

Note that we have obtained again a covariance function that does not depend on
the time parameter k, therefore, in such a case we will simply write

c(`1, `2) := Cov(∆1Sk,`1 ,∆1Sk,`2). (2.27)

Clearly, for ρ = 1 we have the model studied in Example 2.12. We mention
that by the choice ρ = 0 we obtain ∆1Sk,j = ηk+1,j , k, j ∈ Z+. In this case
the process {Sk,j}k∈Z+

is a random walk. Moreover, Sk,j1 and Sk,j2 are evolving
independently for j1 6= j2 and hence this setup is not very realistic.

Proposition 2.14 Consider an AR model, where the ηi,j ’s are independent, stan-
dard normally distributed (i, j ∈ Z+), % ∈ (−1, 1), and the volatility structure is
simply βi,j = β a.s. (i, j ∈ Z+) with β ∈ R. Suppose that the market price of risk
factors are of the form φk,j = bqj , k, j ∈ Z+, with b ∈ R and q ∈ (−1, 1).

Then Assumption 2.6 is fulfilled and under the no-arbitrage Property 2.7 we
have the following forward rate structure:

fk,` − fk−1,`+1 − %(fk,`−1 − fk−1,`) = βηk,` +
β2

2

2∑̀

i=0

%i − βbq`

1 − %q
,

and hence

fk,`−1 − fk−1,` = β

`−1∑

i=0

%`−i−1ηk,i +
β2

2

(
`−1∑

i=0

%i

)2

− βb

1 − %q

`−1∑

i=0

%`−i−1qi

for k ≥ 1, ` ≥ 1.

Proof. Using the results of Corollary 2.11 one can get the above statements after
some direct calculations. �



Chapter 3

Maximum likelihood

estimation in random field

forward rate models

In this chapter we recall the discrete time random field forward rate models that
were introduced in Section 2.4. We shall consider certain special cases of the
general model in which our aim is to study the estimation of the parameters.
Throughout the chapter we will deal with maximum likelihood method for the
estimations and we will examine the asymptotic properties of the estimators. First
we shall study the estimation of volatility in certain special cases (Section 3.1),
later we turn to the joint estimation of all parameters of a random field model
(Section 3.2). In both cases we will consider a simple volatility structure: we will
suppose that the volatility (βk,`) is deterministic, furthermore it does not depend
on time (k) neither on time to maturity value (`).

As we already discussed in the introduction of random field models, one can
build up several driving fields for the forward rates. In this chapter —based on
the results of the previous chapter— the forward rates corresponding to different
times to maturity are driven by a Gaussian type random field, which is built up
by a system of i.i.d. Gaussian random variables. We will take also into account
the consideration and motivation on the possible continuous time random fields
related to discrete counterparts (see Section 2.1). We will study, therefore, models

27
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which are equipped with the natural discrete time analogues of some continuous
time fields, namely, we will study a Gaussian field built up in an autoregressive
way as in Example 2.13. With a special choice of this driving process, one can
get back the classical models as well as a simple discrete spatial Gaussian lattice,
which could be the most natural analogue of some continuous time random field
models for forward rates. (For some further remarks on the choice of the driving
field see Section 2.1.)

Thus, the common features of the forward rates in the models we consider in
this chapter can be summarised as follows. Let {ηi,j : i, j ∈ Z+} be a set of i.i.d.
standard normal random variables on a probability space (Ω,F ,P). Introduce the
filtration

Fk := σ
(
ηi,j : 0 ≤ i ≤ k and j ∈ Z+

)
, k ∈ Z+.

Recall the doubly geometric spatial autoregressive process {Sk,` : k, ` ∈ Z+} de-
fined in Example 2.13, which is generated by




Sk,` := Sk−1,` + %Sk,`−1 − %Sk−1,`−1 + ηk,`,

Sk,−1 = S−1,` = S−1,−1 := 0,
k, ` ∈ Z+,

where % ∈ R. Let {αk,` : ` ∈ Z+} be Fk–measurable random variables and f0,` ∈ R
for all ` ∈ Z+. Let β ∈ R denote the deterministic volatility. We will assume that
the volatilities of the forward rate curves satisfy

βk,` =: β, k ∈ N, ` ∈ Z+,

where β 6= 0. Then the discrete time forward interest rate curve model with initial
values {f0,` : ` ∈ Z+}, with coefficients {αk,` : k, ` ∈ Z+} and β, and with driving
process {Sk,` : k, ` ∈ Z+} is given by the (stochastic) difference equation

fk+1,` := fk,` + αk,` + β∆1Sk,`, k, ` ∈ Z+. (3.1)

The remaining features of the models shall be specified later, since we will con-
sider different cases. For instance, different stochastic discount factor processes
({Mk : k ∈ Z+}) will be considered in this chapter. Here we note that in order
to make the models realistic, one has to assure that the market excludes arbitrage
opportunities. In the previous chapter such models have been proposed and also
no-arbitrage conditions have been derived for these models. Therefore, throughout
this chapter we will always assume that the interest rate curves exclude arbitrage
opportunities (for this we recall the no arbitrage conditions obtained in Section
2.4 and Section 2.5).
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3.1 Estimation of volatility

First, we will focus in our study to the so-called ‘martingale’ case (see Subsections
3.1.1 and 3.1.2), where the market measure is an equivalent measure. Such an
approach appears in derivative pricing problems in the literature, among others in
[12], [11]). In our case this assumption implies a drift condition (see [17]).

In this setting, our aim is to find an appropriate estimator for the volatility
parameter of the model and to study its asymptotic behaviour. We will find
the maximum likelihood estimator of the volatility parameter (Subsection 3.1.1)
together with its asymptotic distribution (Subsection 3.1.2). Depending on the
value of the autoregression parameter, we will separate the stable and unstable
(or nearly unit root) case and obtain results for both cases.

Furthermore, in contrast to the martingale case we will study a, say, ‘general’
case in Subsection 3.1.3. For this, a more complicated model must be used, in
which market price of risk will be introduced as a new factor. Again, based on
the no-arbitrage conditions, we will see that the technique applied in Subsections
3.1.1 and 3.1.2 can be used to derive similar results as in the ‘martingale’ case.

3.1.1 ML estimation in martingale models

In this section first we will study volatility estimation in the so-called ‘martingale’
case, where the real measure of the market is assumed to be a martingale measure.
Thus we suppose that the stochastic discount factor process {Mk : k ∈ Z+} is given
by M0 := 1 and Mk+1 = e−fk,0Mk, k ∈ Z+.

Although this assumption is usually not realistic, it is useful to start with this
simple case first, since we will see later that the general (i.e. not martingale) case
can be handled very similarly as long as we develop some tools in the martingale
case. We refer here to Föllmer and Sondermann [12], Föllmer and Schweizer [11],
where the same terminology was used in some other financial problems.

As in the previous chapter, we are interested only in models where arbitrage
opportunities are excluded in the market. Therefore we recall the martingale
assumption that Property 2.7 holds. We know that due to this a drift condition
occurs in the model, which makes the volatility estimation complicated. Namely,
for our martingale case and under the assumption that the common distribution of
{ηi,j : i, j ∈ Z+} is the standard normal distribution, we have proved in Corollary
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2.11 that the no-arbitrage criterion implies

fk,`+1 = fk,0 +
∑̀

j=0

αk,j −
β2

2

∑̀

j1=0

∑̀

j2=0

c(j1, j2) (3.2)

for all k, ` ∈ Z+. From (3.2) one can obtain the difference equation

fk,`+1 = fk,` + αk,` −
1

2
β2c(`, `) − β2

`−1∑

j=0

c(`, j), (3.3)

Together with (3.1), we obtain

fk+1,` − fk,`+1 =
1

2
β2c(`, `) + β2

`−1∑

j=0

c(`, j) + β∆1Sk,`, (3.4)

where recall that βk,` = β, k, ` ∈ Z+, in our case.

In the lemma below we will obtain, based on the forward rates, an explicit
expression for the maximum likelihood estimator (of the square) of the volatility.

Lemma 3.1 Consider a forward interest rate curve model described in the section.
Assume that the parameter % is known. Let K and L be positive integers. Then

the maximum likelihood estimator β̂2
K,L of β2 based on the sample

{fk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L}

is given by

β̂2
K,L :=

−BK,L +
√
B2

K,L + 4AK,LCK,L

2AK,L
,

where

AK,L :=
K

4

L−1∑

`=0

(
2∑̀

i=0

%i

)2

+
1

4

K∑

k=1

1

k




k−1∑

j=0

2L+2j∑

i=0

%i




2

,

BK,L := K(L+ 1), and CK,L :=
K∑

k=1

L−1∑

`=0

g2
k,` +

K∑

k=1

1

k
g̃2

k,L,
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with

gk,` :=

{
fk,` − fk−1,`+1 − %

(
fk,`−1 − fk−1,`

)
for k, ` ≥ 1,

fk,0 − fk−1,1 for k ≥ 1 and ` = 0,

g̃k,L := fk,L − f0,k+L − %
(
fk,L−1 − f0,k+L−1

)
for k, L ≥ 1.

Proof. The aim of the following discussion is to find the joint density of {fk,` :
1 ≤ k ≤ K, 0 ≤ ` ≤ L}. By (3.4) we have

fk+1,` − fk,`+1 =
1

2
β2c(`, `) + β2

`−1∑

j=0

c(`, j) + β∆1Sk,`, k, ` ∈ Z+.

Clearly
∑`−1

j=0 c(`, j) =
∑`−1

j=0

∑j
i=0 %

`+j−2i, hence

c(`, `) + 2

`−1∑

j=0

c(`, j) =

(∑̀

i=0

%i

)2

.

Using (2.25) we observe

fk+1,` − fk,`+1 =
β2

2

(∑̀

i=0

%i

)2

+ β
∑̀

j=0

%`−jηk+1,j ,

hence

fk+1,` − fk,`+1 − %
(
fk+1,`−1 − fk,`

)
=
β2

2

2∑̀

i=0

%i + βηk+1,` (3.5)

for k ≥ 0, ` ≥ 1. Consequently fk+1,` can be expressed by fk,`+1, fk+1,`−1, fk,`

and ηk+1,`, and the conditional distribution of fk+1,` given fk,`+1, fk+1,`−1 and
fk,` is a normal distribution with mean

fk,`+1 + %
(
fk+1,`−1 − fk,`

)
+
β2

2

2∑̀

i=0

%i

and variance β2. Moreover

fk+1,0 − fk,1 =
β2

2
+ βηk+1,0, k ≥ 0, (3.6)
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hence the conditional distribution of fk+1,0 given fk,1 is a normal distribution with
mean fk,1 + β2/2 and variance β2. Finally

fk+1,` = f0,k+`+1 +
β2

2

k∑

j=0

(
`+j∑

i=0

%i

)2

+ β
k∑

j=0

k+`−j∑

i=0

%k+`−j−iηj+1,i, (3.7)

which implies

fk+1,` − f0,k+`+1 − %
(
fk+1,`−1 − f0,k+`

)

=
β2

2

k∑

j=0

2`+2j∑

i=0

%i + β

k∑

j=0

ηj+1,k+`−j .

Consequently fk+1,` can be expressed by f0,k+`+1, fk+1,`−1, f0,k+` and {ηj+1,k+`−j :
0 ≤ j ≤ k}, and the conditional distribution of fk+1,` given f0,k+`+1, fk+1,`−1 and
f0,k+` is a normal distribution with mean

f0,k+`+1 + %
(
fk+1,`−1 − f0,k+`

)
+
β2

2

k∑

j=0

2`+2j∑

i=0

%i

and variance (k + 1)β2. For {fk,` : 1 ≤ k ≤ K, 1 ≤ ` ≤ L − 1} we use the
first conditional distribution, for {fk,0 : 1 ≤ k ≤ K} the second one, and for
{fk,L : 1 ≤ k ≤ K} we use the third one. By the independence of {ηi,j : i, j ∈ Z+}
we obtain that the joint density h(xk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L) of {fk,` : 1 ≤ k ≤
K, 0 ≤ ` ≤ L} has the form

1

(2πβ2)(L+1)K/2(K!)1/2
exp

{
− 1

2β2

K∑

k=1

L−1∑

`=0

(
yk,` −

β2

2

2∑̀

i=0

%i

)2

− 1

2β2

K∑

k=1

1

k


ỹk,L − β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




2}
,

where yk,` and ỹk,L are defined by

yk,` :=

{
xk,` − xk−1,`+1 − %(xk,`−1 − xk−1,`) for k, ` ≥ 1,

xk,0 − xk−1,1 for k ≥ 1 and ` = 0,

ỹk,L := xk,L − x0,k+L − %(xk,L−1 − x0,k+L−1) for k, L ≥ 1,
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and x0,` := f0,` for ` ≥ 0.

Thus the maximum likelihood estimator β̂2
K,L of β2 can be obtained by mini-

mizing

K(L+1) logβ2+
1

β2

K∑

k=1

L−1∑

`=0

(
yk,` −

β2

2

2∑̀

i=0

%i

)2

+
1

β2

K∑

k=1

1

k


ỹk,L − β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




2

.

Taking the derivative with respect to β2 we obtain

K(L+ 1)

β2
− 1

β4

K∑

k=1

L−1∑

`=0

(
yk,` −

β2

2

2∑̀

i=0

%i

)2

− 1

β2

K∑

k=1

L−1∑

`=0

(
yk,` −

β2

2

2∑̀

i=0

%i

)
2∑̀

i=0

%i

− 1

β4

K∑

k=1

1

k


ỹk,L − β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




2

− 1

β2

K∑

k=1

1

k


ỹk,L − β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




k−1∑

j=0

2`+2j∑

i=0

%i

=
K(L+ 1)

β2
− 1

β4

K∑

k=1

L−1∑

`=0

(
yk,` −

β2

2

2∑̀

i=0

%i

)(
yk,` +

β2

2

2∑̀

i=0

%i

)

− 1

β4

K∑

k=1

1

k


ỹk,L − β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




ỹk,L +

β2

2

k−1∑

j=0

2L+2j∑

i=0

%i




=
K(L+ 1)

β2
− 1

β4

K∑

k=1

L−1∑

`=0


y2

k,` −
β4

4

(
2∑̀

i=0

%i

)2



− 1

β4

K∑

k=1

1

k


ỹ2

k,L − β4

4




k−1∑

j=0

2L+2j∑

i=0

%i




2

 .

Consequently, β̂2
K,L is a solution of the equation

AK,Lβ
4 +BK,Lβ

2 − CK,L = 0.
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This is a second order equation for β̂2
K,L, and its positive root gives the maximum

likelihood estimator of β2. �

3.1.2 Asymptotic behaviour of the volatility estimator

Consider a sequence of discrete time forward interest rate curve models {f (n)
k,` :

k, ` ∈ Z+}, n ∈ N with initial values {f (n)
0,` : ` ∈ Z+}, with coefficients {α(n)

k,` , β
(n)
k,` :

k, ` ∈ Z+}, and with driving process {S(n)
k,` : k, ` ∈ Z+} with parameter %n. Assume

that there exists βn ∈ R, βn 6= 0 such that β
(n)
k,` = βn a.s. for all k, ` ∈ Z+.

Suppose that the common distribution of {η(n)
i,j : i, j ∈ Z+}, n ∈ N, is the standard

normal distribution for each model {f (n)
k,` : k, ` ∈ Z+}, n ∈ N, and the no-arbitrage

condition (3.2) is satisfied in the models.

We shall study two important cases regarding to the behaviour of the autore-
gression parameter %n. First we consider a so-called nearly unit root (or unstable)
case: we will assume that the autoregression parameter %n tends to 1. (Note that
in general unit root case refers to %n → ±1.) Secondly, we study the stable case,
where the sequence %n (n ∈ N) has a limit % with |%| < 1. Theorem 3.2 summarises
our main result achieved in the unstable case.

Theorem 3.2 Consider the maximum likelihood estimator β̂2
Kn,Ln

of β2
n based

on a sample {f (n)
k,` : 1 ≤ k ≤ Kn, 0 ≤ ` ≤ Ln}, where Kn = nK + o(n) and

Ln = nL+o(n) as n→ ∞ with some K,L > 0. Assume that %n = 1+γ/n+o(n−1)
as n→ ∞, where γ ∈ R, and lim infn∈N |βn| > 0. Then

n2β−1
n

(
β̂2

Kn,Ln
− β2

n

)
D−→ N

(
0, 4σ2

)
, (3.8)

where

1

σ2
:= K

∫ L

0

(∫ 2t

0

e
γv

dv

)2

dt+

∫ K

0

1

s

(∫ s

0

∫ 2L+2u

0

e
γv

dv du

)2

ds. (3.9)

Proof. We have

β̂2
K,L − β2 =

2(CK,L − β4AK,L − β2BK,L)

BK,L + 2β2AK,L +
√
B2

K,L + 4AK,LCK,L

. (3.10)



3.1. Estimation of volatility 35

Clearly we also have

AKn,Ln
=
n4

4

(
1

σ2
+ o(1)

)
, (3.11)

BKn,Ln
= n2(KL+ o(1)) (3.12)

as n→ ∞. Moreover,

CK,L =
K−1∑

k=0

(
fk+1,0 − fk,1

)2

+

K−1∑

k=0

L−1∑

`=1

(
fk+1,` − fk,`+1 − %(fk+1,`−1 − fk,`)

)2

+

K−1∑

k=0

1

k + 1

(
fk+1,L − f0,k+L+1 − %(fk+1,L−1 − f0,k+L)

)2
.

Applying (3.5), (3.6) and (3.7) we obtain

CK,L − β4AK,L = β2
K−1∑

k=0

L−1∑

`=0

η2
k+1,` + β2

K−1∑

k=0

1

k + 1




k∑

j=0

ηj+1,k+L−j




2

+ β3
K−1∑

k=0

L−1∑

`=0

ηk+1,`

2∑̀

i=0

%i (3.13)

+ β3
K−1∑

k=0

1

k + 1

k∑

j=0

ηj+1,k+L−j

k∑

j=0

2L+2j∑

i=0

%i.

Dividing by n2, the first two terms converge in probability to some deterministic
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limit, since

1

n2

Kn−1∑

k=0

Ln−1∑

`=0

(
η
(n)
k+1,`

)2 L1−→ KL,

1

n2

Kn−1∑

k=0

1

k + 1




k∑

j=0

η
(n)
j+1,k+`−j




2

L1−→ 0.

Dividing by n2, the third and fourth terms have a limit in distribution, namely,

1

n2

Kn−1∑

k=0

Ln−1∑

`=0

η
(n)
k+1,`

2∑̀

i=0

%i
n

D
= N


0,

1

n4

Kn−1∑

k=0

Ln−1∑

`=0

(
2∑̀

i=0

%i
n

)2



D−→ N
(

0,K

∫ L

0

(∫ 2t

0

e
γv

dv

)2

dt

)
,

and

1

n2

Kn−1∑

k=0

1

k + 1

k∑

j=0

η
(n)
j+1,k+Ln−j

k∑

j=0

2Ln+2j∑

i=0

%i
n

D
= N


0,

1

n4

Kn−1∑

k=0

1

k + 1




k∑

j=0

2Ln+2j∑

i=0

%i
n




2



D−→ N


0,

∫ K

0

1

s

(∫ s

0

∫ 2L+2u

0

e
γv

dv du

)2

ds


 .

Independence of the third and fourth terms implies

1

β3
nn

2

(
CKn,Ln

− β4
nAKn,Ln

− β2
nBKn,Ln

) D−→ N (0, 1/σ2) (3.14)

since lim supn∈N 1/|βn| <∞. Furthermore,

1

β2
nn

4

(
BKn,Ln

+ 2β2
nAKn,Ln

)
→ 1

2σ2
as n→ ∞. (3.15)
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Finally,

B2
Kn,Ln

+ 4AKn,Ln
CKn,Ln

= (BKn,Ln
+ 2β2

nAKn,Ln
)2

+ 4AKn,Ln

(
CKn,Ln

− β4
nAKn,Ln

− β2
nBKn,Ln

)
,

hence
1

β2
nn

4

√
B2

Kn,Ln
+ 4AKn,Ln

CKn,Ln

P−→ 1

2σ2
. (3.16)

By (3.14), (3.15) and (3.16) we obtain the statement. �

Remark 3.3 If βn → β with β 6= 0 then

n2
(
β̂2

Kn,Ln
− β2

n

)
D−→ N (0, 4β2σ2).

Moreover, for γ = 0 we have

1

σ2
=
K

12
(16L3 + 24KL2 + 16K2L+ 3K3),

and for γ 6= 0

1

σ2
=
K

γ2

∫ L

0

(
e
2γt − 1

)2
dt+

1

γ2

∫ K

0

1

s

(∫ s

0

(e2γ(L+u) − 1) du

)2

ds.

The following statements can be useful to derive asymptotic interval estimation
for the volatility.

Corollary 3.4 Under the assumption of Theorem 3.2 we have

n2β̂2
−1/2

Kn,Ln

(
β̂2

Kn,Ln
− β2

n

)
D−→ N

(
0, 4σ2

)
.

Proof. To show this, first note that

β2
n

β̂2
Kn,Ln

P−→ 1. (3.17)

Indeed, from Theorem 3.2 one can easily obtain that β−2
n

(
β̂2

Kn,Ln
− β2

n

)
P−→

0. Now, (3.17) and (3.8) together with Slutsky’s Lemma lead us to the desired
statement. �

Next, we turn to the study of the stable case. Our main result regarding to
the stable case is presented in the following theorem.
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Theorem 3.5 Consider the maximum likelihood estimator β̂2
Kn,Ln

of β2
n based

on a sample {f (n)
k,` : 1 ≤ k ≤ Kn, 0 ≤ ` ≤ Ln}, where Kn = nK + o(n) and

Ln = nL + o(n) as n → ∞ with some K,L > 0. Assume that %n → %, where
% ∈ (−1, 1) and βn → β ∈ R as n→ ∞. Then

n
(
β̂2

Kn,Ln
− β2

n

)
D−→ N

(
0,

2β4

2β2λ+KL

)
, (3.18)

where

λ :=
K(2L+K)

8 (1 − %)
2 . (3.19)

Proof. To obtain the desired result, as in the proof of Theorem 3.2, we will study
the asymptotics of the terms appearing in (3.10). First note that

AKn,Ln
=

Kn

4(1 − %n)2

(
Ln − 2%n

1 − %2Ln
n

1 − %2
n

+ %2
n

1 − %4Ln
n

1 − %4
n

)

+
1

4(1− %n)2

Kn∑

k=1

1

k

(
k − %2Ln+1

n

1 − %2k
n

1 − %2
n

)2

=
K(2L+K)

8(1− %)2
n2 + o(n2)

(3.20)

and BKn,Ln
= KLn2 +o(n2) as n→ ∞. Next, define for 0 ≤ k < Kn, 0 ≤ ` ≤ Ln,

n ∈ N,

ξ
(n)
k,` :=





β3
nη

(n)
k+1,`

∑2`
i=0 %

i
n + β2

n

((
η
(n)
k+1,`

)2

− 1

)
if 0 ≤ ` < Ln,

β3
n

1√
k+1

∑k
j=0 η

(n)
j+1,k+L−j

1√
k+1

∑k
j=0

∑2Ln+2j
i=0 %i

n

+β2
n

((
1√
k+1

∑k
j=0 η

(n)
j+1,k+L−j

)2

− 1

)
if ` = Ln.

Recalling (3.13) one can write

CKn,Ln
− β4

nAKn,Ln
− β2

nBKn,Ln
=

Kn−1∑

k=0

Ln∑

`=0

ξ
(n)
k,` .

It is easy to see that

1

n2
Var

(
CKn,Ln

− β4
nAKn,Ln

− β2
nBKn,Ln

)
→ K(2L+K)β6

2(1 − %)2
+ 2KLβ4 (3.21)
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and

1

n4

Kn−1∑

k=0

Ln∑

`=0

E
(
ξ
(n)
k,`

)4

→ 0 (3.22)

as n → ∞. Hence, by Lyapounov’s Limit Theorem we obtain from (3.21) and
(3.22) that

1

n

(
CKn,Ln

− β4
nAKn,Ln

− β2
nBKn,Ln

) D−→ N
(

0,
K(2L+K)β6

2(1− %)2
+ 2KLβ4

)
.

(3.23)
Furthermore,

1

n2

(
BKn,Ln

+ 2β2
nAKn,Ln

)
→ KL+

K(2L+K)β2

4(1 − %)2
, (3.24)

and
1

n2

√
B2

Kn,Ln
+ 4AKn,Ln

CKn,Ln

P−→ KL+
K(2L+K)β2

4(1 − %)2
(3.25)

as n→ ∞. By combining (3.23), (3.24) and (3.25) we obtain the statement. �

In order to derive asymptotic interval estimation for the volatility in the stable
case one can apply the following corollary.

Corollary 3.6 Under the assumption of Theorem 3.5 suppose that β 6= 0. Then
we have

n

(
2β̂2

Kn,Ln
λ+KL

2(β̂2
Kn,Ln

)2

)1/2 (
β̂2

Kn,Ln
− β2

n

)
D−→ N (0, 1) (3.26)

with λ given by (3.19).

Proof. It can be obtained as an easy consequence of (3.18) that β̂2
Kn,Ln

P−→ β2,
thus Slutsky’s Lemma and (3.18) lead to (3.26). �

In the next subsection we turn to the discussion of a general case, where market
price of risk will be involved as well. However, we note that even in the martingale
case one could, of course, consider a large number of further cases. Here we refer
to [38] where also a volatility (scale) parameter estimation is studied based on our
model with a more general volatility structure. (Namely, the volatility is of the
form βk,`+1 = a`+1βk,` with an appropriate sequence {a` ∈ R}`∈N an initial value
βk,0 = β ∈ R.)
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3.1.3 A general case

As we mentioned in the introduction, our main focus in the previous subsections
was on studying the so-called martingale case. In this subsection we turn to the
consideration of the general case, where the asset price processes discounted by the
corresponding interest rates are no longer supposed to be martingales. Instead,
we recall the general form of the market discount factor (see (2.20) in Section 2.4),
where ‘market price of risk’ modifies (and generalises) the discount factor.

For this, consider again the Gaussian autoregressive field used in the martingale
case and take φj ∈ R for j ∈ Z+ such that

∑∞
j=0 φj∆1Sk,j is convergent with

probability one. Note that e.g.
∑∞

j=0 φ
2
j < ∞ and |%| < 1 would be sufficient

for this convergence, but one can certainly find other sufficient conditions. As is
usual, one should claim the market to exclude arbitrage. Thus we assume again
that the no-arbitrage condition for the model at issue, derived in Corollary 2.11,
is fulfilled, that is we have

fk,`+1 =fk,` + αk,` −
1

2
β2

k,`c(`, `) − βk,`

`−1∑

j=0

βk,jc(`, j)

+ βk,`

∞∑

j=0

φjc(`, j) k, ` ∈ Z+,

(3.27)

where c(`, j), `, j ∈ Z+, are defined in (2.26) and (2.27). Note that (3.27) is the
generalisation of equation (3.3) in the martingale case.

Since the driving fields follow an autoregressive structure, which implies a ‘geo-
metric’ feature (see e.g. (2.25)), we shall suppose in this subsection that the market
price of risk parameters behave in a similar way. Therefore, in the remaining part
of the section we assume that

φj = βbqj , j ∈ Z+, (3.28)

where b ∈ R and |q| < 1 such that |q%| < 1. Note that the latter condition is
sufficient for the convergence of

∑∞
j=0 φj∆1Sk,j with probability one. The param-

eter b is included for the sake of generality, although the assumption b = 1 would
already lead to a quite general model. The reason why φj is defined relative to β
will be discussed later on.

Now we turn to the maximum likelihood estimator of the volatility.
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Lemma 3.7 Consider a forward interest rate curve model {fk,` : k, ` ∈ Z+} de-
scribed above (with the no-arbitrage condition (3.27) and (3.28)). Assume that
%, b, q are known. Then under the assumptions of Lemma 3.1 taken on the pa-

rameters and the sample the maximum likelihood estimator β̂2
K,L of β2 is given

by

β̂2
K,L :=

−BK,L +
√
B2

K,L + 4AK,LCK,L

2AK,L
,

where

AK,L :=
K

4

L−1∑

`=0

[
2∑̀

i=0

%i − 2b
q`

1 − q%

]2

+
1

4

K∑

k=1

1

k




k−1∑

j=0

2L+2j∑

i=0

%i − 2b
qL
(
1 − qk

)

(1 − q%) (1 − q)




2

and BK,L, CK,L are the same as in Lemma 3.1.

Proof. One can derive the statement of this lemma by following the steps of the
proof of Lemma 3.1, where one should use (3.27) instead of (3.3) of course. Hence
we omit here the details of the proof. �

The market price of risk is defined relative to the volatility in our setup. One
could of course parametrise the market price of risk without the inclusion of the
volatility. However, we remark that with the inclusion of the volatility, the max-
imum likelihood estimator will not be a solution of a second order equation and
cannot be expressed explicitly. On the other hand, it is important to emphasize
that this way does not cause any loss of generality, it is, in fact, just a matter of
parametrisation.

Next, we should like to examine the asymptotics of the estimator given in
Lemma 3.7. For this, like in Subsection 3.1.2, consider again a sequence of discrete

time forward interest rate curve models {f (n)
k,` : k, ` ∈ Z+}, n ∈ N (with parameters

βn, %n, bn, qn) which fulfill (3.27) with market price of risk of the form (3.28).

Theorem 3.8 Let us suppose that ∃ limn→∞ bn =: b ∈ R and ∃ limn→∞ qn =: q
with |qn| < 1, |qn%n| < 1 for all n ∈ N. Furthermore, let us assume that the
driving process Sn and the sample size parameters Kn, Ln are as in Theorem 3.2.
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(a) If |q| < 1 and the parameters βn, %n are as in Theorem 3.2, then statement
(3.8) remains valid with σ2 given by (3.9).

(b) If |q| < 1 and the parameters βn, %n are as in Theorem 3.5, then statement
(3.18) remains valid with λ given by (3.19).

(c) If qn = 1 − κ/n + o(n−1), with some κ ∈ R (and hence q = 1), and the
parameters βn, %n are as in Theorem 3.2 with κ > γ, then statement (3.8)
is valid with

1

σ2
:= K

∫ L

0

(∫ 2t

0

e
γv

dv − 2be−κt

κ− γ

)2

dt

+

∫ K

0

1

s

(∫ s

0

∫ 2L+2u

0

e
γv

dv du− 2be−κL

κ− γ

∫ s

0

e
−κv

dv

)2

ds.

(d) If qn = 1 − κ/n + o(n−1), with some κ ∈ R (and hence q = 1), and the
parameters βn, %n are as in Theorem 3.5 then statement 3.18 is valid with

λ :=
K

4 (1 − %)
2

(
L− 2b

∫ L

0

e
−κt

dt

)2

+
1

4 (1 − %)
2

∫ K

0

1

s

(
s− 2be−κL

∫ s

0

e
−κt

dt

)2

ds.

Proof. For the proof one can follow and repeat the steps of the proofs of Theorem
3.2 and Theorem 3.5. The only part we should like to emphasize is the asymptotic
behaviour of AKn,Ln

. In case (a) the limit of n−4AKn,Ln
remains the limit given

in (3.11) despite the fact that AKn,Ln
is now given by Lemma 3.7. Similarly, the

limit of n−2AKn,Ln
in case (b) remains the limit given in (3.20). In case (c)

and case (d), however, we obtain different limits for n−4AKn,Ln
and n−2AKn,Ln

,
respectively, which leads to the normal limit distributions given above. �

We mention again [38], where volatility estimation is studied in some further
cases, based on some more general volatility structure.

We note finally that one could, of course, take some other forms for the market
price of risk. Even much simpler models than (3.28) could be examined. E.g.,
finitely many factors φ0, . . . , φN 6= 0 could be considered (with φj = 0 for j > N)
or even a single factor case, i.e. φ0 6= 0, φj = 0, j > 0, could be of interest. In
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this sense, the classical (not random field based) models are all such single factor
models. In the literature authors suggest that the market price of risk parameter(s)
could be observed in the market possibly by the aid of other financial assets (since
they should be considered as some common feature of the market). For a general
discussion on the role of the market price of risk one can consult e.g. [6].

3.2 A joint estimation of the parameters

In this section the asymptotic properties of the joint maximum likelihood estima-
tors of parameters are studied in detail, where the non i.i.d. observations are taken
from no–arbitrage models containing a general stochastic discounting factor.

Our model contains the following parameters: one is the volatility, another
one corresponds to the autoregressive (AR) driving field and finally a vector of
parameters describes the market price of risk structure and hence some general
features of the market.

We show strong consistency of estimators of all the parameters, as well as
the joint asymptotic normality of the estimators, though, with some interesting
differences in their behaviour.

We note that the sample taken in the market certainly leads us again to a
non-i.i.d. situation. Furthermore, the complexity of the likelihood function does
not give us a chance to get an explicit form for the estimators. However, we show
that the asymptotic properties mentioned above can still be derived successfully.
Hence, numerical procedures should be used for reaching the ML estimators, for
which some nice asymptotic behaviour is guaranteed as our results show.

We develop some general tools that might be applied to derive similar results
in other random field models. We hope that the results will form the basis of
further studies on goodness-of-fit and model selection problems as well as on risk
management questions of bond and related markets.

For the sake of convenience when dealing with certain problems —in particular
with derivative pricing— many authors start modeling interest rate and bond
markets under an equivalent martingale measure. In that way one can use some
’calibration techniques’ to ’fit’ a model to real data, though statistical properties of
the parameter estimations are often cannot be discussed in that way. Throughout
this section, like in the previous one, we work under the real (objective) measure of
the market and we consider a general stochastic discounting factor, which involves
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the market price of risk (see Subsection 3.2.1). Then, we propose to estimate the
parameters corresponding directly to the forward rate dynamics (e.g. volatility)
and the market price of risk parameters jointly. In Subsection 3.2.3 we discuss the
use of our results regarding to goodness-of-fit problems, model selection as well as
risk management.

3.2.1 The model and the no-arbitrage criterion

We suppose that there is a stochastic discount factor process {Mk : k ∈ Z+} in
the market given by M0 := 1 and

Mk+1 := Mk

exp
{
−rk +

∑J
j=0 bj∆1Sk,j

}

E
(
exp

{∑J
j=0 bj∆1Sk,j

} ∣∣Fk

) , k ∈ Z+,

where rk := fk,0 are the spot interest rates. Here the factors bj ∈ R are the
market prices of risk parameters. They play an important role in the market
when determining the market prices of assets. This role is discussed in detail
in [17], where the reasoning for the choice of the special form of the stochastic
discount factors is given and their relationship to no-arbitrage pricing can also be
found. In what follows we shall use the notation b := (b0, b1, . . . , bJ). In general,
given J + 1 market price of risk factors (or their estimators) the corresponding
vector of them will always be denoted by bold typeface style, i.e. we will write
b̂ := (̂b0, b̂1, . . . , b̂J), or b̃ := (b̃0, b̃1, . . . , b̃J).

As is natural in financial mathematics, we are interested only in models where
arbitrage opportunities are excluded in the market. Therefore we recall the martin-
gale assumption (Property 2.7) taken in the previous chapter: the Mk-discounted
bond price processes {MkPk,`}06k6` are P-martingales for all ` ∈ Z+. Under this
assumption no-arbitrage property can be guaranteed, as is shown in the previ-
ous chapter. It can be also seen from Corollary 2.11 that under the assumption
that the common distribution of the ηi,j ’s, for i, j ∈ Z+, is standard normal, the
no–arbitrage criterion is equivalent with

fk,` − fk−1,`+1 − %(fk,`−1 − fk−1,`) = βηk,` +
β2

2

2∑̀

i=0

%i − β

J∑

j=`

bj%
j−`, (3.29)
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and hence

fk,`−1 − fk−1,` = β

`−1∑

i=0

%`−i−1ηk,i +
β2

2

(
`−1∑

i=0

%i

)2

− β

J∑

j=0

bj

j∧(`−1)∑

i=0

%`+j−1−2i

(3.30)
for k ≥ 1, ` ≥ 1. Furthermore, we have

fk,` − f0,k+` =

k∑

n=0

[
β2

2

(
k+`−n∑

i=0

%i

)2

+ β

k+`−n∑

i=0

%k+`−n−iηn,i

− β

J∑

j=0

bj

j∧(k+`−n)∑

i=0

%k+`−n+j−2i

] (3.31)

and

fk,` − f0,k+` − %(fk,`−1 − f0,k+`−1)

= β

k∑

j=1

ηj,k+`−j +
β2

2

k∑

j=1

2(k+`−j)∑

i=0

%i − β

J∑

j=0

bjqj,k,`

(3.32)

for k ≥ 1, ` ≥ 1, where

qj,k,` :=

{∑j−`
n=0∨(j−k−`+1) %

n for j ≥ `

0 otherwise.
(3.33)

Based on a sample {fk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L}, our main task in this
section is to estimate the parameters (β, %, b0, . . . , bJ) jointly. We intend to study
the maximum likelihood estimators of the parameters in this section.

By the help of equations (3.29) and (3.32) one can obtain the joint density
function of {fk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L} similarly as in the previous section
(recall the proof of Lemma 3.1) and in our case in this way we obtain that the
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likelihood function is

LK,L(xk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L; β, %,b) =
1

(2πβ2)(L+1)K/2(K!)1/2

× exp

{
− 1

2β2

K∑

k=1

L−1∑

`=0

(
yk,`(%) −

β2

2

2∑̀

i=0

%i + β

J∑

j=`

bj%
j−`

)2

− 1

2β2

K∑

k=1

1

k

(
ỹk,L(%) − β2

2

k∑

j=1

2(k+L−j)∑

i=0

%i + β
J∑

j=0

bjqj,k,`

)2
}
,

where

yk,`(%) :=

{
xk,` − xk−1,`+1 − %(xk,`−1 − xk−1,`) for 1 ≤ ` ≤ L− 1,

xk,0 − xk−1,1 for ` = 0,

ỹk,L(%) := xk,L − x0,k+L − %(xk,L−1 − x0,k+L−1)

for all k, L ≥ 1, and x0,` := f0,` for ` ≥ 1. Thus the loglikelihood function is

LK,L(xk,` : 1 ≤ k ≤ K, 0 ≤ ` ≤ L; β, %,b) = −K(L+ 1)

2
log(2πβ2)

− 1

2
log(K!) − 1

2β2

K∑

k=1

L−1∑

`=0

(
yk,`(%) −

β2

2

2∑̀

i=0

%i + β

J∑

j=`

bj%
j−`

)2

− 1

2β2

K∑

k=1

1

k

(
ỹk,L(%) − β2

2

k∑

j=1

2(k+L−j)∑

i=0

%i + β

J∑

j=0

bjqj,k,`

)2

.

(3.34)

Note that qi,k,` (see (3.33)) is bounded over a compact subset of (−1, 1) (since
clearly |qi,k,`| ≤ 1/(1−|%|)). Moreover recall that qi,k,` vanishes for large `. These
facts will simplify many problems in the following subsections where we focus on
the asymptotics of the likelihood estimators.

In the next subsection we will study the maximum likelihood estimators of the
parameters. Unfortunately the loglikelihood function is too complicated, hence
one cannot hope to get an explicit solutions for the estimators of the parameters.
However we mention that knowing the true values of some parameters it is possible
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to give an explicit formulae for the estimator(s) of the remaining parameter(s).
Such a case is considered in [15], where the volatility estimator is studied. Thus,
in general one has to use numerical procedures to maximise (3.34). We will see
in the next subsection that in spite of the lack of an explicit formulae for the
estimators we can show some nice asymptotic properties of the estimators, namely,
consistency and asymptotic normality. We note that due to the complexity of the
model we face in fact a non-classical (e.g. non-i.i.d.) maximum likelihood problem.
It will turn out that compared to the other two parameters the market price of
risk parameters have a different asymptotic behaviour. For more on numerical
results we refer the interested reader to [19], where the speed of convergence has
also been tested in different cases and fairly good behaviour of the estimators has
been observed in this sense.

3.2.2 Parameter estimation

Notation. For simplicity, in what follows we will write

Ln(β, %,b) = LKn,Ln
(fk,` : 1 ≤ k ≤ Kn, 0 ≤ ` ≤ Ln;β, %,b)

and

∂i1
1 ∂

i2
2 ∂

i3
j1
∂i4

j2
Ln(β, %,b)

=
∂i1∂i2∂i3∂i4LKn,Ln

(xk,` : 1 ≤ k ≤ Kn, 0 ≤ ` ≤ Ln;β, %,b)

∂βi1∂%i2∂bi3j1∂b
i4
j2

∣∣∣∣
xk,`=fk,`

,

where i1, i2, i3, i4, j1, j2 are nonnegative integers and 0 ≤ ji ≤ J for i = 1, 2.
Furthermore,

∂3∂3∂3Ln(β, %,b) =




∂3Ln(β, %,b)
∂4Ln(β, %,b)

...
∂J+3Ln(β, %,b)


 .

Theorem 3.9 Let H ⊂ RJ+3 be a compact set such that for all (β, %,b) ∈ H
we have β > 0, % ∈ (−1, 1). Let (β0, %0, b0) denote the true parameters, where
we write b0 = (b0,0, b0,1,..., b0,J) and we assume that (β0, %0, b0) lies in the
interior of H. Let Kn, Ln, n ∈ N, be positive integers such that Kn = nK + o(n)
and Ln = nL + o(n) as n → ∞ with some K > 0 and L > 0. For each n ∈ N
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let (β̂n, %̂n, b̂n) denote a maximum likelihood estimator of (β0, %0,b0) maximising

LKn,Ln
over H, where we write b̂n = (̂bn,0, b̂n,1, . . . , b̂n,J).

Then the maximum likelihood estimators (β̂n, %̂n, b̂n) of (β0, %0,b0) are strongly
consistent, i.e.,

(β̂n, %̂n, b̂n) → (β0, %0,b0) a.s. as n→ ∞. (3.35)

Proof. First we show strong consistency of β̂n, and %̂n. For this, the aim of
the following discussion is to derive an asymptotic expansion for the sequence of
random variables

Ln(β, %,b) = LKn,Ln
(fk,` : 1 ≤ k ≤ Kn, 0 ≤ ` ≤ Ln; β, %,b), n ≥ 1.

We have

Ln(β, %,b) = −Kn(Ln + 1)

2
log(2πβ2) − 1

2
log(Kn!) − 1

2β2

Kn∑

k=1

Ln−1∑

`=0

ξ2k,`(β, %,b)

− 1

2β2

Kn∑

k=1

k−1




k∑

j=1

ξj,k+Ln−j(β, %,b)




2

,

(3.36)
where

ξk,`(β, %,b) := gk,`(%) −
β2

2

2∑̀

i=0

%i + β

J∑

j=`

bj%
j−` (3.37)

with

gk,`(%) :=

{
fk,` − fk−1,`+1 − %(fk,`−1 − fk−1,`) for ` ≥ 1,

fk,0 − fk−1,1 for ` = 0,
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for all k ≥ 1. Since we have gk,`(%) = gk,`(%0) + (%0 − %)(fk,`−1 − fk−1,`), ` ≥ 1,
by applying formula (3.30) we obtain

ξk,`(β, %,b) = β0ηk,` +
β2

0

2

2∑̀

i=0

%i
0 −

β2

2

2∑̀

i=0

%i

− β0

J∑

j=`

b0,j%
j−`
0 + β

J∑

j=`

bj%
j−`

+ (%0 − %)

[
β0

`−1∑

i=0

%`−i−1
0 ηk,i +

β2
0

2

(
`−1∑

i=0

%i
0

)2

− β0

J∑

j=0

b0,j

j∧∑̀

i=0

%`+j−2i
0

]
.

(3.38)

We have

Eξk,`(β, %,b) =
β2

0

2

2∑̀

i=0

%i
0 −

β2

2

2∑̀

i=0

%i − β0

J∑

j=`

b0,j%
j−`
0 + β

J∑

j=`

bj%
j−`

+ (%0 − %)


β

2
0

2

(
`−1∑

i=0

%i
0

)2

− β0

J∑

j=0

b0,j

j∧∑̀

i=0

%`+j−2i
0


→ m(β, %)

as `→ ∞, where

m(β, %) :=
β2

0

2(1 − %0)
− β2

2(1 − %)
+

(%0 − %)β2
0

2(1− %0)2
. (3.39)

Hence supk,` |Eξk,l(β, %,b)| <∞. Moreover,

Varξk,`(β, %,b) = β2
0

(
1 + (%0 − %)2

`−1∑

i=0

%
2(`−i−1)
0

)
→ σ2(%)

as `→ ∞, where

σ2(%) := β2
0

(
1 +

(%0 − %)2

1 − %2
0

)
. (3.40)
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Hence supk,` |Varξk,l(β, %,b)| < ∞. Since ξk,`(β, %,b) has a normal distribution
for all k ≥ 1, ` ≥ 0, we conclude supk,` Eξ8k,l(β, %,b) <∞. Furthermore,

n−2
Kn∑

k=1

Ln−1∑

`=0

Eξ2k,`(β, %,b) → KL(σ2(%) +m2(β, %))

as n → ∞. Obviously the sets {ξk,`(β, %,b) : ` ∈ N}, k ∈ N, are independent,
hence by Lemma 3.15 we obtain

n−2
Kn∑

k=1

Ln−1∑

`=0

ξ2k,`(β, %,b) → KL(σ2(%) +m2(β, %)) a.s. as n→ ∞. (3.41)

Clearly {ξj,k+Ln−j(β, %,b) : 1 ≤ j ≤ k} are independent for all k, n ∈ N, hence

E




k∑

j=1

ξj,k+Ln−j(β, %,b)




2

=

k∑

j=1

Varξj,k+Ln−j(β, %,b)

+




k∑

j=1

Eξj,k+Ln−j(β, %,b)




2

.

Applying the above formulas for Eξk,`(β, %,b) and Varξk,`(β, %,b) it follows that

n−2
Kn∑

k=1

k−1E




k∑

j=1

ξj,k+Ln−j(β, %,b)




2

→ K2m2(β, %)

2

as n→ ∞, hence by Lemma 3.19 we obtain

n−2
Kn∑

k=1

k−1




k∑

j=1

ξj,k+Ln−j(β, %,b)




2

→ K2m2(β, %)

2
(3.42)
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a.s. as n→ ∞. Now, equations (3.41) and (3.42) lead us to

Ln(β0, %0,b0) −Ln(β, %,b)

=
KLn2

2

(
β2

0

β2
− 1 − log

β2
0

β2

)
+
KL (%0 − %)

2
β2

0n
2

2β2 (1 − %2
0)

(3.43)

+
K(K + 2L)n2

16β2

(
β2

0 (%0 − %)

(1 − %0)
2 +

β2
0

1 − %0
− β2

1 − %

)2

+ o(n2) a.s. as n→ ∞.

Furthermore, notice that (3.43) holds uniformly in (β, %,b) overH , due to the spe-
cial from of the likelihood function. We show the details of the proof of uniformity
in Remark 3.14 in Appendix A.

For a fixed n, one can now consider a maximum likelihood estimator of the
parameters (β0, %0,b0), say (β̂n, %̂n, b̂n), which is the maximizer of Ln(β, %,b) over

H . Hence, after replacing (β, %,b) by (β̂n, %̂n, b̂n) in (3.43) one can easily see that
the left hand side is nonpositive with probability one, that is a.s. Ln(β0, %0,b0)−
Ln(β̂n, %̂n, b̂n) ≤ 0. On the other hand the leading terms of the right hand side of

(3.43) are nonnegative and at least one of them is positive if (β̂n, %̂n) 6= (β0, %0).

Therefore, as n→ ∞, equation (3.43) can be kept only if (β̂n, %̂n) → (β0, %0) a.s.,
since the right hand side of (3.43) would not tend to 0 as n→ ∞ for ω ∈ Ω if we

had
(
β̂n(ω), %̂n(ω)

)
6→ (β0, %0). That is, the strong consistency of the maximum

likelihood estimators of (β, %) holds.

Now we turn to showing strong consistency of b̂n. Consider the system of
equations determined by the first order conditions ∂j+3Ln(β̂n, %̂n, b̂n) = 0 for
j = 0, 1, . . . , J . For large n (e.g. for Ln > J , for this recall that due the remark
made on the vanishing qj,k,`’s at the end of Subsection 3.2.1 only the second line
of the right hand side of (3.34) will contain the market price of risk parameters)
we can rewrite this system of equations in the simple form (see (3.36) and (3.37))

Kn∑

k=1

j∑

i=0

ξk,i(β̂n, %̂n, b̂n)%̂ j−i
n = 0 for j = 0, 1, . . . , J,

which can be reduced to

Kn∑

k=1

ξk,j(β̂n, %̂n, b̂n) = 0 for j = 0, 1, . . . , J. (3.44)
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Now, taking (3.44) for j = J we obtain

Kn∑

k=1

[
β0ηk,J +

β2
0

2

2J∑

i=0

%i
0 −

β̂2
n

2

2J∑

i=0

%̂ i
n − β0b0,J + β̂n b̂n,J + (%0 − %̂n) c

(2)
k,J

]
= 0,

(3.45)
where for k, ` ∈ Z+, k > 0 we write

c
(2)
k,` := β0

`−1∑

i=0

%`−i−1
0 ηk,i +

β2
0

2

(
`−1∑

i=0

%i
0

)2

− β0

J∑

j=0

b0,j

j∧∑̀

i=0

%`+j−2i
0 . (3.46)

Notice that the random variable c
(2)
k,` does not depend on (β̂n, %̂n, b̂n) and {c(2)k,`}k>1

are i.i.d. for a fixed ` ∈ Z+. Reordering (3.45) we obtain

b̂n,J − b0,J =
β0 − β̂n

β̂n

b0,J − β2
0

2β̂n

2J∑

i=0

%i
0 +

β̂n

2

2J∑

i=0

%̂ i
n

− 1

Knβ̂n

Kn∑

k=1

[
β0ηk,J + (%0 − %̂n) c

(2)
k,J

]
.

Hence, by the SLLN and the consistency of (β̂n, %̂n) we obtain that b̂n,J → b0,J

a.s., i.e. b̂n,J is strongly consistent. In a similar way, recursively we can ob-

tain the consistency of b̂n,J−1, b̂n,J−2, . . . , b̂n,1. Indeed, given the consistency of

b̂n,J−1, b̂n,J−2, . . . , b̂n,j+1, consider again (3.44) from which we can obtain

b̂n,j − b0,j =
β0 − β̂n

β̂n

b0,j +

J∑

i=j+1

(
β0

β̂n

b0,i%
i−j
0 − b̂n,i %̂

i−j
n

)

− β2
0

2β̂n

2j∑

i=0

%i
0 +

β̂n

2

2j∑

i=0

%̂ i
n − 1

Knβ̂n

Kn∑

k=1

[
β0ηk,j + (%0 − %̂n) c

(2)
k,j

]
,

from which the consistency of b̂n,j follows and thus the proof of Theorem 3.9 is
complete. �

Theorem 3.10 Under the assumptions of Theorem 3.9 we have


n(β̂n − β0)
n(%̂n − %0)√
n(b̂n − b0)


 D−→ N (0,Λ), as n→ ∞, (3.47)
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such that Λ is of the form

Λ =

[
Λ1 0
0 Λ2

]
,

where

Λ1 =

[
σ1,1 σ1,2

σ2,1 σ2,2

]−1

=
(
σ1,1σ2,2 − σ2

1,2

)−1
[
σ2,2 −σ1,2

−σ1,2 σ1,1

]

with

σ1,1 =
2KL

β2
0

+
K(K + 2L)

2 (1 − %0)
2 , σ2,2 =

KL

1 − %2
0

+
K(K + 2L)β2

0

2 (1 − %0)
4 , (3.48)

σ1,2 = σ2,1 =
K(K + 2L)β0

2 (1 − %0)
3 , (3.49)

furthermore, Λ2 of size (J + 1) × (J + 1) has the form

Λ2 =
1

K




1 + %2
0 −%0 0 0 0 . . . 0

−%0 1 + %2
0 −%0 0 0 . . . 0

0 −%0 1 + %2
0 −%0 0 . . . 0

...
...

...
0 0 . . . 0 −%0 1 + %2

0 −%0

0 0 . . . . . . 0 −%0 1



.

Proof. We apply again Taylor’s expansion for the gradient vector of Ln(β, %, b)
up to order 2. Write



n−1∂1Ln(β̂n, %̂n, b̂n)

n−1∂2Ln(β̂n, %̂n, b̂n)

n−1/2∂3∂3∂3Ln(β̂n, %̂n, b̂n)


−



n−1∂1Ln(β0, %0,b0)
n−1∂2Ln(β0, %0,b0)
n−1/2∂3∂3∂3Ln(β0, %0,b0)




= (An + Bn)



n(β̂n − β0)
n(%̂n − %0)√
n(b̂n − b0)




(3.50)

where An and Bn are (J + 3) × (J + 3) matrices defined as follows. Write An :=
(an

i,j)i,j=1,...,J+3 and define

an
i,j := nli,j∂i∂jLn(β0, %0,b0),
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where

li,j :=





−2 if i ∨ j ≤ 2

−1 if i ∧ j ≥ 3

−3/2 otherwise.

Denoting the ith row of Bn by Bi
n we will write it in the form Bi

n = D>
nR

i
n, where

the superscript > denotes the transposed,

D>
n := (β̂n − β0, %̂n − %0, b̂n − b0),

Ri
n :=

(
rn,i
j1,j2

)
j1,j2=1,2,...,J+3

and

rn,i
j1 ,j2

:=
1

2
nli,j2∂i∂j1∂j2Ln(β̃, %̃, b̃)

with appropriate (β̃, %̃, b̃) taking values —coordinate-wise— between (β0, %0,b0)

and (β̂n, %̂n, b̂n).

Under the assumptions of Theorem 3.9 we will need the following lemmas on
the terms introduced in (3.50). The proofs of these lemmas are given in Appendix
A.

Lemma 3.11 Under the assumptions of Theorem 3.9 we have



n−1∂1Ln(β0, %0,b0)
n−1∂2Ln(β0, %0,b0)
n−1/2∂3∂3∂3Ln(β0, %0,b0)


 D−→ N (0,Σ), (3.51)

where Σ = (σi,j)i,j=1,...,J+3 with σi,j for i ∨ j ≤ 2 defined in (3.48) and (3.49) in
Theorem 3.10,

σi+3,j+3 = K

i∧j∑

k=0

%i+j−2k for i, j = 0, 1, . . . , J,

and the remaining entries of Σ are zero.

Lemma 3.12

An −→ −Σ a.s. as n→ ∞.
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Lemma 3.13 For i = 1, 2, . . . , J + 3 we have

Bi
n

P−→ 0.

Clearly, the first term on the left hand side of (3.50) tends to zero almost surely,
in fact it takes value 0 a.s. for large n due to Theorem 3.9. Hence, by Slutsky’s
Lemma the limit distribution of the left hand side of (3.50) is N (0,Σ), which
is given in Lemma 3.11. Lemma 3.12 and Lemma 3.13 together with Slutsky’s
Lemma give

An +Bn
P−→ −Σ.

Having these asymptotic results and recalling (3.50) we can apply Lemma 3.22 to
obtain (3.47). For this note that Λ = Σ−1 where Σ is given in Lemma 3.11. Thus,
for the proof of Theorem 3.10 there remains to prove Lemma 3.11, Lemma 3.12
and Lemma 3.13. For this see Appendix A. �

3.2.3 Concluding remarks on the joint MLE

In this section we presented statistical results for discrete time HJM type forward
rate models which are driven by AR random fields. We considered some natural
questions that arise when fitting such a model. Our aim was to examine the joint
behaviour of the maximum likelihood estimator of all parameters of our model.
That is, we considered the estimation of the AR field parameter %, the volatility
parameter β and the market price of risk parameters b0, b1, ..., bJ .

The challenge we faced was to derive good properties of the estimators (con-
sistency, asymptotic normality) in a model where the observations are neither
independent nor identically distributed. Furthermore, as a consequence of the
complexity of the likelihood function there is no hope for deriving explicit solu-
tions of the maximum likelihood estimators, which complicated the task.

Therefore, given a real market data set of forward rates, in order to fit the model
one needs first to use numerical procedures to reach the maxima of the likelihood
function (3.34). Note that due Theorem 3.9 one can reach the maxima by the use of
first order conditions. On the other hand, due to the same theorem we are assured
that the estimators are consistent. We also showed that joint asymptotic normality
of the estimator holds like in the well-known cases of MLE for i.i.d. samples
(under certain conditions). We emphasize here that the estimators had surprisingly
different normalising factors in Theorem 3.10. Namely, the market price of risk
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parameters differ in the normalizing factor from the usual (’square-root’) factor
(of the well-known i.i.d. cases) as the sample size goes to infinity. (For this notice
that the sample size we took was of order n2). Another interesting property of
these parameters is that their estimators are asymptotically uncorrelated from
the estimators of β and %. For this recall the structure of the sample’s Fisher
information Σ in Theorem 3.11.

Gáll, Pap and Peeters [19] discussed more on the numerical problems and gave
numerical results of the estimations at issue. It was shown by the tests that even
in case of small sample sizes the behaviour of the estimators was still very good,
the estimators converged fairly fast. Due to this one can have good hope to fit the
model well to real data.

Related models and future work

In [17] we proposed a general setup for discrete time forward rate curves driven
by random fields. In this section we studied a special case that we find important.
However, we mention that this is certainly not the only interesting specification
of the model one can study. More complicated volatility structures, other forms
of market price of risk as well as different random fields can also be the subject
of further research. We believe that in order to derive similar statistical results
for several modifications of the recent model the methods we used for the proof
would also work. For this Appendix B contains some useful tools. We appreciate
very much the works [48], [49] of Ying. Though we did not apply directly any
of Ying’s specific results, his methods and ideas were especially fruitful during
the development of the proof of our main theorems. We also note that other
methods might have been also applied to derive the asymptotic results. Here we
mention among others the excellent papers of Heijmans and Magnus [27] and [28].
However, the way we chose (motivated by Ying’s approach) has turned out to be
fairly appropriate and effective in our case.

The asymptotic results we have found can form the basis of hypothesis tests
that we intend to develop in our forthcoming studies. In this way one can hope to
test the goodness of fit of the model and possibly to compare the fits of different
models. For model selection, information criteria might also be used. We find these
problems important since, unlike in many fields of econometrics, the goodnesses
of fit of recently applied financial market models are often not justified at all by
empirical means (tests, information criteria). They are often ’just parametrised to
be rich enough’ so that the model produces (derivative) asset prices being ’close
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enough’ to market data. However, overparametrised models or misspecified models
may occur in this way.

Forward rate models are, of course, not only used for pricing interest rate
derivatives. We hope that by finding the appropriate models and testing tools, risk
management of firms entering to markets of bonds and interest rate related assets
can be also better supported. (Here we also refer to the fact that for derivative
pricing one need not necessarily take our way of parameter estimation —under
the objective measure—, but one can alternatively use well-known calibration
techniques to fit the models.) However, for many problems (e.g. risk management,
goodness of fit) we suggest to take our approach to fit and test the model.

3.2.4 Appendix A

In this subsection we give the proof of an assertion and lemmas that were stated
and used in the proofs of Theorem 3.9 and Theorem 3.10. Recall that these lemmas
are all valid under the assumptions of Theorem 3.9.

Remark 3.14 (Uniformity in (3.43)) In the derivation of (3.43) in fact we
have shown that for any fixed point (β, %,bbb) ∈ H we have

n−2

(
Ln(β, %,bbb) +

1

2
log(Kn!)

)
−→ A(β, %), a.s.,

where, recalling notations (3.39) and (3.40), the (deterministic) function A is de-
fined as

A(β, %) = −KL
2

log
(
2πβ2

)
− KL

(
σ2(%) +m2(β, %)

)

2β2
− K2m2(β, %)

4β2
,

for (β, %) ∈ R2, with β > 0 and % ∈ (−1, 1).

Now, defining c
(1)
` (β, %,bbb) := β2%2`+1

2(1−%) + β
∑J

j=` bj%
j−` and c

(3)
` :=

β2
0

2

∑2`
i=0 %

i
0 −

β0

∑J
j=` b0,j%

j−` we can rewrite (3.38) as

ξk,`(β, %,b) = β0ηk,` −
β2

2 (1 − %)
+ c

(1)
` (β, %,bbb) + (%0 − %)c

(2)
k,` + c

(3)
` , (3.52)

where c
(2)
k,` is given in (3.46). Notice that c

(2)
k,` is a random variable, c

(3)
` is a constant

and these latter two terms depend only on (β0, %0, bbb0) but not on (β, %,bbb). In
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this way of writing ξk,` we have displayed only the parts which depend on the
parameters (β, %,bbb). We can see that this dependence is relatively simple and, say,
fairly separated from the random parts.

Now take the square of ξk,`(β, %,b) based on (3.52) and substitute it in (3.36).
In the followings we will consider the terms we obtain in the square of ξk,`(β, %,b).

We mention that in (3.52) we displayed the term − β2

2(1−%) rather than embedding

it in c
(1)
` (β, %,bbb). The reason for that was that the terms (of the loglikelihood

function) which contain c
(1)
` (β, %,bbb) will be shown to vanish uniformly as n → ∞

unlike the terms containing − β2

2(1−%) .

By the application of Lemmas 3.15, 3.16, 3.19 and their corollaries (see Sub-
section 3.2.5) we can easily see that for m = 1, 2 the terms

n−2
Kn∑

k=1

Ln−1∑

`=0

(ηk,`)
m , n−2

Kn∑

k=1

k−1




k∑

j=1

ηj,k+Ln−j




m

,

n−2
Kn∑

k=1

Ln−1∑

`=0

(
c
(2)
k,`

)m

, n−2
Kn∑

k=1

k−1




k∑

j=1

c
(2)
j,k+Ln−j




m

,

n−2
Kn∑

k=1

Ln−1∑

`=0

ηk,`c
(2)
k,`, n−2

Kn∑

k=1

k−1ηj,k+Ln−jc
(2)
j,k+Ln−j

all have an almost sure limit. Therefore, let Γβ0,%0,bbb0 ⊂ Ω denote the set over which
these terms all converge to the their limits (given by Lemmas 3.15, 3.16, 3.19 and
their corollaries). Thus, P(Γβ0,%0,bbb0) = 1. We will show that the uniformity of the
almost sure convergence at issue is fulfilled over this set.

Next consider the terms we obtain in (3.36) after taking the square of ξk,`(β, %,b)

based on (3.52) which contain c
(1)
` . According to our assumptions sup(β,%,bbb)∈H |%| <

1. Hence observe that
∣∣∣
∑Ln−1

`=0 c
(1)
`

∣∣∣ and
∣∣∣k−1

∑k
j=1 c

(1)
k+Ln−j

∣∣∣ are both bounded

above for k, n. Therefore for m = 1, 2 the terms n−2
∑Kn

k=1

∑Ln−1
`=0

(
c
(1)
`

)m

,

n−2
∑Kn

k=1 k
−1
(∑k

j=1 c
(1)
k+Ln−j

)m

vanish uniformly over H .

Furthermore, the cross product terms containing c
(1)
` all vanish uniformly in



3.2. A joint estimation of the parameters 59

H . One can see this by applying the Cauchy-Schwartz inequality. For instance,

∣∣∣∣∣n
−2

Kn∑

k=1

Ln−1∑

`=0

c
(1)
` c

(2)
k,`

∣∣∣∣∣ ≤
[
n−2

Kn∑

k=1

Ln−1∑

`=0

(
c
(1)
`

)2
]1/2 [

n−2
Kn∑

k=1

Ln−1∑

`=0

(
c
(2)
k,`

)2
]1/2

−→ 0 as n→ ∞ uniformly in H .

It is easy to check that the remaining terms we obtained in (3.36) also converge
almost surely and uniformly over H .

Summarising the above results we obtain that on the one hand ∀ω ∈ Γβ0,%0,bbb0 ,
∀(β, %,bbb) ∈ H we have

n−2

(
Ln(β, %,bbb) +

1

2
log(Kn!)

)
−→ A(β, %), (3.53)

and on the other hand the uniformity of the convergences detailed in the last
paragraphs imply that (3.53) holds uniformly overH , which means that the almost
sure expansion (3.43) holds uniformly in (β, %,bbb) ∈ H , indeed.

Proof of Lemma 3.11. First we will show that

Zn :=



n−1∂1Ln(β0, %0, bbb0)
n−1∂2Ln(β0, %0, bbb0)

n−1/2∂∂∂3Ln(β0, %0, bbb0)




can be considered as a martingale with respect to an appropriate filtration. Namely,
rewriting the terms of Zn in an appropriate order we will obtain the form

Zn =

Kn(Ln+1)∑

m=1

M (n)
m ,

where M
(n)
m is defined below. The idea of reordering the terms is simple: starting

with and fixing k = 0 we increase ` step by step (as m increases) from 0 to Ln.
When ` = Ln is reached after Ln + 1 steps than we consider the next value of k
(= 1) and we take again the possible values of ` from 0 to Ln. We continue this
as long as k = Kn is reached. Thus the number of summands is Kn(Ln +1). This
means that in each step a new ηk,` will occur in the martingale sum (which is
independent of the previous terms). The case ` = Ln is a little bit special, since it
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involves a number of new variables, namely, ηk,Ln
, ηk−1,Ln+1, ... η1,Ln+k−1 (which

are also independent of the previous terms).

Let us turn now to the rigorous definition of the martingale difference M
(n)
m ,

and the corresponding filtration. Fix n ∈ N and notice that for any positive integer
m there exist uniquely determined integers km, `m such that m = (km − 1)(Ln +
1)+ `m +1 with 0 < km and 0 ≤ `m ≤ Ln. We remark that km and `m depend on
n as well, however, for simplicity we omit to denote their dependence on n. Now,

define G(n)
0 := {∅,Ω} and

G(n)
m :=




σ
{
G(n)

m−1

⋃
σ {ηkm,`m

}
}

if 0 ≤ `m < Ln,

σ
{
G(n)

m−1

⋃
σ {ηkm−i,Ln+i | 0 ≤ i < km}

}
if `m = Ln.

Furthermore, write M
(n)
m := (M

1,(n)
m ,M

2,(n)
m , . . . ,M

J+3,(n)
m )> and

η̄k,Ln
:=

k−1∑

j=0

ηj+1,k+Ln−j−1,

η̃k,Ln
:=

k−1∑

j=0

k+Ln−j−1∑

i=0

%k+Ln−j−i−1
0 ηj+1,i.

(3.54)

For the sake of convenience and better readability, in the following definition of

M
i,(n)
m we will simply write ` instead of `m and k instead of km. Define

M1,(n)
m :=





1
nβ0

[
η2

k,` − 1 + ηk,`

(
β0

∑2`
j=0 %

j
0 −

∑J
j=` b0,j%

j−`
0

)]
if 0 ≤ ` < Ln,

1
nβ0k

[
η̄2

k,Ln
− k + η̄k,Ln

(
β0

∑k−1
j=0

∑2(k+Ln−j−1)
i=0 %i

0

)]
if ` = Ln,
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M2,(n)
m :=





1
nηk,`

[∑`−1
j=0 %

`−j−1
0 ηk,j

+β0

2

(∑`−1
j=0 %

j
0

)2

+ β0

2

∑2`
j=1 j%

j−1
0

−β0

∑J
j=0 b0,j

∑j∧(`−1)
i=0 %`+j−1−2i

0

−β0

∑J
j=`+1 b0,j(j − `)%j−`−1

0

]
if 0 ≤ ` < Ln,

1
nk η̄k,Ln

[
η̃k,Ln

+ β0

2

∑k−1
j=0

(∑k+Ln−j−2
i=0 %i

0

)2

+β0

2

∑k−1
j=0

∑2(k+Ln−j−1)
i=1 i%i−1

0

−∑k−1
i=0

∑J
j=0 b0,j

∑j
n=0 %

j+k+Ln−i−1−2n
0

]
if ` = Ln,

and for j = 0, . . . , J

M j+3,(n)
m :=

{
− �

{j>`}n
−1/2%j−`

0 ηk,` if 0 ≤ ` < Ln,

0 if ` = Ln.

Now, by the independence of the ηk,l’s, it is easy to see that

E
(
M (n)

m |G(n)
m−1

)
= 0

for 1 ≤ m ≤ Kn(Ln + 1). Hence, we can see that
{
M

(n)
m | 1 ≤ m ≤ Kn(Ln + 1)

}

are martingale differences w.r.t. the filtration
{
G(n)

m | 0 ≤ m ≤ Kn(Ln + 1)
}
. Fur-

thermore, recalling (3.29), (3.30), (3.31) and (3.32) we can see that for sufficiently
large n (s.t. Ln > J) we clearly have

Zn =

Kn(Ln+1)∑

m=1

M (n)
m .

Next observe that the sequence consisting of the conditional covariances of

M
(n)
m tends to Σ in probability, i.e. for i, j = 1, 2, . . . , J + 3 we have

γ
(n)
i,j :=

Kn(Ln+1)∑

m=1

E
(
M i,(n)

m M j,(n)
m | G(n)

m−1

)
P−→ σi,j , (3.55)
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as well as the conditional Liapounov condition holds, i.e.

Kn(Ln+1)∑

m=1

E

(∥∥∥M (n)
m

∥∥∥
4

| G(n)
m−1

)
P−→ 0. (3.56)

In fact, we will show more: the convergence results in (3.55) and (3.56) are valid
even in almost sure sense. For what follows (for the martingale limit theorem that
we shall apply), however, the convergence in probability is sufficient.

To show how to check (3.55) we only demonstrate two cases. Firstly, for i = 1
and j = 2 write

δk,` :=

`−1∑

i=0

%`−i−1
0 ηk,i +

β0

2

(
`−1∑

i=1

%i
0

)2

+
β0

2

2∑̀

i=1

i%i−1
0 , (3.57)

δ̃k,Ln
:= η̃k,Ln

+
β0

2

k−1∑

j=0

(
k+Ln−j−2∑

i=0

%i
0

)2

+
β0

2

k−1∑

j=0

2(k+Ln−j−1)∑

i=1

i%i−1
0 . (3.58)

Thus we obtain

γ
(n)
1,2 =

1

β0n2

Kn∑

k=1

Ln−1∑

`=0

δk,`Eηk,`

(
η2

k,` − 1 + β0ηk,`

2∑̀

i=0

%i
0

)

+
1

β0n2

Kn∑

k=1

1

k2
δ̃k,Ln

Eη̄k,Ln


η̄2

k,Ln
− k + β0η̄k,Ln

k−1∑

j=0

2(k+Ln−j−1)∑

i=0

%i
0


+o(1)

=
KL

β0

[
β0

2 (1 − %0)
2 +

β0

2 (1 − %0)
2

]
β0

1 − %0

+
1

β0n2

Kn∑

k=1

1

k2

[
β0k

2 (1 − %0)
2 +

β0k

2 (1 − %0)
2

]
β0k

2

1 − %0
+ o(1) −→ σ1,2

a.s. as n → ∞. Note that all the terms containing the market price of risk
parameters vanish, i.e. their order is o(n2), hence we omit to display these terms.

Secondly, take i, j ∈ {0, 1, . . . , J} and consider γ
(n)
i+3, j+3. Now we obtain

γ
(n)
i+3, j+3 = n−1Kn

i∧j∑

`=0

%i+j−2`
0 Eη2

k,` −→ σi+3,j+3 a.s. as n→ ∞.
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The remaining cases can be derived in a similar way.

To show (3.56) notice that even

nz

Kn(Ln+1)∑

m=1

E

((
M i,(n)

m

)4

| G(n)
m−1

)

has an almost sure limit, where z = 2 for i = 1, 2, and z = 1 for 3 ≤ i ≤ J + 3.
This can be shown easily by the application of Lemmas 3.15, 3.16, 3.19 and their
corollaries. From this (3.56) is immediate.

Finally, it is known that according to the martingale limit theorem (see [31],
Theorem VIII.3.33.) (3.55) and (3.56) are together sufficient to imply (3.51). �

Proof of Lemma 3.12. First consider the case i ∨ j ≤ 2. Then one can easily
show that

1

n2
E∂i∂jLn(β0, %0,b0) −→ −σi,j as n→ ∞.

Hence, by Lemma 3.15, Lemma 3.19 (with κ = 2) and/or by the corollaries fol-
lowing from these lemmas one can easily see that

1

n2
∂i∂jLn(β0, %0,b0) −→ −σi,j a.s. as n→ ∞.

To demonstrate the method, consider the most complicated case, where i = 1,
j = 2. Recalling notations (3.54), (3.57) and (3.58) we have a.s.

∂1∂2Ln(β0, %0,b0) = −
Kn∑

k=1

Ln−1∑

`=0

ηk,`

[
2

β0
δk,` −

2∑̀

i=1

i%i−1
0

]
+

Kn∑

k=1

Ln−1∑

`=0

δk,`

2∑̀

i=1

%i
0

−
Kn∑

k=1

1

k
η̄k,Ln


 2

β0
δ̃k,Ln

−
k−1∑

j=0

2(k+Ln−j−1)∑

i=1

i%i−1
0




+

Kn∑

k=1

1

k
δ̃k,Ln

k−1∑

j=0

2(k+Ln−j−1)∑

i=0

%i
0 + o(n2).

Note that all the terms containing the market price of risk parameters vanish, i.e.
their order is o(n2), hence we omit to display these terms. For the expected values
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we have

1

n2
E∂1∂2Ln(β0, %0,b0) = −β0

n2

Kn∑

k=1

Ln−1∑

`=0

[
2∑̀

i=0

%i
0

]
1

2

(
`−1∑

i=0

%i
0

)2

+
1

2

2∑̀

i=0

i%i−1
0




− β0

n2

Kn∑

k=1

1

k




k−1∑

j=0

2(k+Ln−j−1)∑

i=1

%i
0




×


1

2

k−1∑

j=0

(
k+Ln−j−2∑

i=0

%i
0

)2

+
1

2

k−1∑

j=0

2(k+Ln−j−1)∑

i=1

i%i−1
0


+ o(1)

= −β0KL

1− %0

[
1

2

1

(1 − %0)
2 +

1

2

1

(1 − %0)
2

]

− β0K
2

2 (1 − %0)

[
1

2

1

(1 − %0)
2 +

1

2

1

(1 − %0)
2

]
+ o(1) −→ −σ1,2

as n→ ∞.

Now consider the case i ∨ j > 2. Then in a similar way one can easily show
that

1

n
E∂i∂jLn(β0, %0,b0) −→ λ as n→ ∞,

where λ ∈ R and λ = −σi,j for i ∧ j > 2. Hence, by the application of Lemma
3.16, Lemma 3.19 (with κ = 1) one can easily see that

1

n
∂i∂jLn(β0, %0,b0) −→ −σi,j a.s. as n→ ∞

for i ∧ j > 2, and

1

n3/2
∂i∂jLn(β0, %0,b0) −→ 0 = −σi,j a.s. as n→ ∞

for i ∧ j ≤ 2. For instance, taking i, j ∈ {0, 1, . . . , J} we have

∂i+3∂j+3Ln(β0, %0,b0) = −Kn

i∧j∑

`=0

%i+j−2`
0 ,
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from which the statement is immediate. The remaining cases can easily be calcu-
lated in a similar way. �

Proof of Lemma 3.13. Based on Lemma 3.15, Lemma 3.16, Lemma 3.19 one
can show that

1

2
nli,j2∂i∂j1∂j2Ln (β, %,b)

has an almost sure limit uniformly in (β, %,b) ∈ H . This can be shown similarly to
the uniform convergence in (3.43). (Recall also Remark 3.14 for this. Notice that
in fact the higher order derivatives of the likelihood function will have at most the
same speed of convergence as the first order ones in their asymptotic expansion
due to its relatively easy dependence on the parameters.) Thus, by Lemma 3.21
we obtain that rn,i

j1 ,j2
is stochastically bounded for all 1 ≤ j1, j2 ≤ J + 3. On the

other hand, the estimators β̂n, %̂n, b̂n are proved to be strongly consistent and thus
D>

n −→ 0 a.s. as n→ ∞. Hence we obtain that Bi
n = D>

nR
i
n converges to zero in

probability. �

3.2.5 Appendix B

In what follows we summarise some useful but simple lemmas that are often used
in the proofs of the main results.

Lemma 3.15 Let ξk,`,n, k, `, n ∈ N, be random variables such that for each
n ∈ N the sets {ξk,`,n : ` ∈ N}, k ∈ N, are independent (i.e., the σ-algebras
σ(ξk,`,n : ` ∈ N), k ∈ N, are independent), and supk,`,n∈N

Eξ8k,`,n < ∞. Let
Kn, Ln, n ∈ N, be positive integers such that Kn = nK+o(n) and Ln = nL+o(n)
as n→ ∞ with some K > 0 and L > 0. Then

n−2
Kn∑

k=1

Ln∑

`=1

(
ξ2k,`,n − Eξ2k,`,n

)
−→ 0 a.s. as n→ ∞.

Proof. It suffices to show that for all ε > 0 we have

∞∑

n=1

P(|ζn| > εn2) <∞,

where

ζn :=

Kn∑

k=1

Ln∑

`=1

(
ξ2k,`,n − Eξ2k,`,n

)
.



66 3. Maximum likelihood estimation in random field forward rate models

By Markov inequality we obtain P(|ζn| > εn2) ≤ ε−4n−8Eζ4
n, hence it is enough

to show that Eζ4
n = O(n7−δ) as n→ ∞ with some δ > 0. We have

Eζ4
n =

Kn∑

k1, k2, k3, k4 =1

Ln∑

`1, `2, `3, `4 =1

Eζk1,`1,nζk2,`2,nζk3,`3,nζk4,`4,n,

where ζk,`,n := ξ2k,`,n − Eξ2k,`,n. By the Cauchy–Schwartz inequality

|Eζk1 ,`1,nζk2,`2,nζk3,`3,nζk4,`4,n| ≤
(
Eζ4

k1,`1,nEζ4
k2,`2,nEζ4

k3,`3,nEζ4
k4 ,`4,n

)1/4
.

Moreover

Eζ4
k,`,n = E(ξ2k,`,n − Eξ2k,`,n)4 ≤ 23

(
Eξ8k,`,n + (Eξ2k,`,n)4

)
≤ 16Eξ8k,`,n ≤ 16M8,

where M8 := supk,`,n∈N
Eξ8k,`,n <∞ by the assumptions. Hence we conclude

|Eζk1 ,`1,nζk2,`2,nζk3,`3,nζk4,`4,n| ≤ 16M8.

By the assumptions the sets {ζk,`,n : ` ∈ N}, k ∈ N, are independent for each
n ∈ N, and Eζk,`,n = 0 for all k, `, n ∈ N, hence

Eζ4
n =

Ln∑

`1, `2, `3, `4 =1

(
Kn∑

k=1

Eζk,`1 ,nζk,`2,nζk,`3,nζk,`4,n

+ 6
∑

16k1<k26Kn

Eζk1 ,`1,nζk1,`2,nζk2,`3,nζk2,`4,n

)
.

Consequently we obtain Eζ4
n = O(n6) as n→ ∞. �

Lemma 3.16 Let ξk,n, k, n ∈ N, be random variables such that for each n ∈ N
the random variables ξk,n, k ∈ N, are independent and supk,n∈N

Eξ4k,n < ∞. Let
Kn, n ∈ N, be positive integers such that Kn = nK + o(n) as n → ∞ with some
K > 0. Then

n−1
Kn∑

k=1

(ξk,n − Eξk,n) −→ 0 a.s. as n→ ∞.

Proof. This statement can be proved almost readily in the same way as Lemma
3.15. �
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Corollary 3.17 Let ξk,`,n and ζk,`,n, k, `, n ∈ N, be random variables such that
for each n ∈ N the sets {ξk,`,n, ζk,`,n : ` ∈ N}, k ∈ N, are independent (i.e., the σ-
algebras σ(ξk,`,n, ζk,`,n : ` ∈ N), k ∈ N, are independent), and supk,`,n∈N E(ξ8k,`,n+

ζ8
k,`,n) < ∞. Let Kn, Ln, n ∈ N, be positive integers such that Kn = nK + o(n)

and Ln = nL+ o(n) as n→ ∞ with some K > 0 and L > 0. Then

n−2
Kn∑

k=1

Ln∑

`=1

(ξk,`,nζk,`,n − Eξk,`,nζk,`,n) −→ 0 a.s. as n→ ∞.

Proof. Clearly

ξk,`,nζk,`,n − Eξk,`,nζk,`,n =
1

4

[{
(ξk,`,n + ζk,`,n)2 − E(ξk,`,n + ζk,`,n)2

}

−
{
(ξk,`,n − ζk,`,n)2 − E(ξk,`,n − ζk,`,n)2

}]
,

and we can apply Lemma 3.15 for {ξk,`,n+ζk,`,n : k, `, n ∈ N} and {ξk,`,n−ζk,`,n :
k, `, n ∈ N}. �

Corollary 3.18 Let ξk,`,n, k, `, n ∈ N, be random variables such that for each
n ∈ N the sets {ξk,`,n : ` ∈ N}, k ∈ N, are independent (i.e., the σ-algebras
σ(ξk,`,n : ` ∈ N), k ∈ N, are independent), and supk,`,n∈N Eξ8k,`,n < ∞. Let
Kn, Ln, n ∈ N, be positive integers such that Kn = nK+o(n) and Ln = nL+o(n)
as n→ ∞ with some K > 0 and L > 0. Then

n−2
Kn∑

k=1

Ln∑

`=1

(ξk,`,n − Eξk,`,n) → 0 a.s. as n→ ∞.

Proof. Corollary 3.17 applies with ζk,`,n = 1, k, `, n ∈ N. �

Lemma 3.19 Let κ ∈ {1, 2}. Let ξk,j,n, k, j, n ∈ N, be random variables such
that for each n ∈ N the sets {ξk,j,n : k ∈ N}, j ∈ N, are independent (i.e., the
σ-algebras σ(ξk,j,n : k ∈ N), j ∈ N, are independent), and supk,j,n∈N

Eξ4κ
k,j,n <∞.

Let Kn, n ∈ N, be positive integers such that Kn = nK + o(n) as n → ∞ with
some K > 0. Then

n−κ
Kn∑

k=1

k−1






k∑

j=1

ξk,j,n




κ

− E




k∑

j=1

ξk,j,n




κ
→ 0 a.s. as n→ ∞.
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Proof. Consider the case κ = 2. Clearly




k∑

j=1

ξk,j,n




2

− E




k∑

j=1

ξk,j,n




2

=
k∑

j1=1

k∑

j2=1

(ξk,j1 ,nξk,j2 ,n − Eξk,j1 ,nξk,j2 ,n).

As in the proof of Lemma 3.15 it suffices to show that Eζ4
n = O(n7−δ) as n→ ∞

with some δ > 0, where

ζn :=

Kn∑

k=1

k−1
k∑

j1=1

k∑

j2=1

ζk,j1,j2,n

with
ζk,j1,j2,n := ξk,j1 ,nξk,j2 ,n − Eξk,j1 ,nξk,j2,n.

We have

ζ4
n =

Kn∑

k1, k2, k3, k4 =1

(k1k2k3k4)
−1

k1∑

j1, j2 =1

k2∑

j3, j4 =1

k3∑

j5, j6 = 1

k4∑

j7, j8 =1

E[ζk1 ,j1,j2,n

×ζk2,j3,j4,nζk3,j5,j6,nζk4,j7,j8,n].

As in the proof of Lemma 3.15 we obtain

|Eζk1,j1,j2,nζk2,j3,j4,nζk3,j5,j6,nζk4,j7,j8,n| ≤ 16M8,

where M8 := supk,j,n∈N Eξ8k,j,n < ∞ by the assumptions. By the independence
of the sets {ξk,j,n : k ∈ N}, j ∈ N, we obtain that

Eζk1,j1,j2,nζk2,j3,j4,nζk3,j5,j6,nζk4,j7,j8,n = 0

if one of the sets {j1, j2}, {j3, j4}, {j5, j6}, {j7, j8} is disjoint from the other
three sets. Consequently

k1∑

j1, j2 =1

k2∑

j3, j4 = 1

k3∑

j5, j6 =1

k4∑

j7, j8 = 1

Eζk1 ,j1,j2,nζk2,j3,j4,nζk3,j5,j6,nζk4,j7,j8,n = O(n6)

as n→ ∞. Using
∑n

k=1 k
−1 = O(log n) we conclude Eζ4

n = O
(
n6(logn)4

)
as

n→ ∞.

The case κ = 1 can be proved almost readily in the same way. �
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Corollary 3.20 Let ξk,j,n, ζk,j,n, k, j, n ∈ N, be random variables such that for
each n ∈ N the sets {ξk,j,n : k ∈ N}, j ∈ N, are independent (i.e., the σ-algebras
σ(ξk,j,n, ζk,j,n : k ∈ N), j ∈ N, are independent), and supk,`,n∈N E(ξ8k,`,n+ζ8

k,`,n) <
∞. Let Kn, n ∈ N, be positive integers such that Kn = nK + o(n) as n→ ∞ with
some K > 0. Then

n−2
Kn∑

k=1

k−1
k∑

j=1

(ξk,j,nζk,j,n − Eξk,j,nζk,j,n) → 0 a.s. as n→ ∞.

Proof. Similar to the proof of Corollary 3.17. �

Lemma 3.21 Let Hn : Rn+1 → R, n ∈ N, be measurable functions and {ξn}n∈N

be a sequence of random variables. Suppose that H : R → R is continuous and C
is a compact subset of R such that

sup
α∈C

|Hn(ξ1, . . . , ξn, α) −H(α)| −→ 0 P-a.s.

Then, given random variables αn, n ∈ N, with P (αn ∈ C) = 1, the sequence

{Hn(ξ1, . . . , ξn, αn)}n∈N

is stochastically bounded in the following sense:

lim
R→∞

lim sup
n→∞

P (|Hn(ξ1, . . . , ξn, αn)| > R) = 0. (3.59)

Proof. Let R > 0. We have

P (|Hn(ξ1, . . . , ξn, αn)| > R)

≤ P (|Hn(ξ1, . . . , ξn, αn) −H(αn)| + |H(αn)| > R)

≤ P

(
|Hn(ξ1, . . . , ξn, αn) −H(αn)| > R

2

)
+ P

(
|H(αn)| > R

2

)

≤ P

(
sup
α∈C

|Hn(ξ1, . . . , ξn, α) −H(α)| > R

2

)
+ P

(
sup
α∈C

|H(α)| > R

2

)
,

(3.60)

hence, taking in both sides of (3.60) first the ’lim sup’ as n → ∞ and then the
limit as R → ∞, one gets the desired statement. �
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Let us remark that stochastic boundedness is not necessarily defined as in
(3.59) in the literature. However, it suffices for our purpose. For this, we note
that given a sequence of random variables, say {Xn}n∈N, with limit 0 in the sense
of convergence in probability and given a stochastically bounded (in the sense of
(3.59)) sequence of r.v.’s, say {Yn}n∈N, one easily gets that Xn · Yn converges to 0
in probability, as well.

Lemma 3.22 Let {Xn}n∈Z+
, {Yn}n∈Z+

and {Zn}n∈Z+
be sequences of random

matrices of type m × 1, m × m and m × 1, respectively, such that Xn = YnZn,

where m ∈ N. Suppose that Xn
D−→ X, Yn

P−→ A, where A is a non-degenerate

matrix. Then Zn
D−→ A−1X.

Proof. Define

Y �

n :=

{
Y −1

n if Yn invertible,

0 otherwise.

Clearly, we have P(Y �
n = Y −1

n ) → 1, as n→ ∞. Hence,

P(||Y �

n −A−1|| ≥ ε) ≤ P(||Y −1
n −A−1|| ≥ ε and Y �

n = Y −1
n )+P(Y �

n 6= Y −1
n ) −→ 0

as n→ ∞, that is Y �
n

P−→ A−1. By Slutsky’s Lemma, Y �
n Xn

P−→ A−1X . Further,

P(Zn = Y �
n Xn) → 1, and hence Zn

P−→ A−1X . Thus, the proof of Lemma 3.22 is
completed, and so is the proof of Theorem 3.9. �



Chapter 4

Limiting results for discrete

time markets

In this chapter we consider the limit behaviour of certain discrete time financial
markets. For this we concentrate on two different markets. Firstly we consider a
natural generalization of the famous binary trees. In this part of the chapter we
only study the limit distribution of the stock price at a certain (fixed) future time
point (e.g. maturity) and we examine the consequences of the results on the limit
of certain (financially interesting) functions of the stock price. Secondly, we recall
the random field forward interest rate models which were introduced in Section
2.4. Under some assumptions we derive a functional limit theorem for a sequence
of such models.

4.1 Limiting behaviour of some stock price trees

In this section, we consider stock price models which are simple generalizations of
the binary models. We consider the case when more then two jumps are possible
at each trading time. This assumption leads us to incompleteness of the market.
Then, on the analogy of the classical case we study the possible limit laws for
the stock price at the terminal date as the number of the trading times goes to
infinity and the possible jumps converge to certain limits. We show that normal

71



72 4. Limiting results for discrete time markets

and Poisson laws and also their certain combinations are possible in this case and
give necessary and sufficient conditions for such limit laws.

4.1.1 Stock price trees

The classical option pricing formulae, the Cox-Ross-Rubinstein [9] on binary secu-
rities markets or the celebrated Black-Scholes formula on a continuous setting [7],
have been derived many years ago, both on complete markets. The convergence
of the discrete models have also been investigated in such markets (see [9], [41]).
However, market models often show incompleteness.

Such an incomplete model can be achieved by taking a simple generalization
of binary models, namely, by letting the stock price process have more than two,
say N , possible jumps at each trading time. For this, consider the following set-
up. Recall that the adjective ‘binary’ means that at each trading time there are
only two possible new prices, and in fact this is the property which causes the
completeness of such markets.

As it is usual, suppose that S0 > 0 is a constant representing the initial value
of the stock price at time 0, T > 0 is a terminal date and the trading times are
tnk = kT/n for k = 0, . . . , n and n ∈ N. The trading time tnk is meant to be the
kth one in the nth market. These are the time points when the new price of the
stock is announced in the market, i.e., when the price can change in our discrete
settings. Furthermore, let N > 1 be a fixed integer.

The value of the stock price process in the nth market at time tnk is defined by

Sn
k = S0(1 + ρn,1)(1 + ρn,2) . . . (1 + ρn,k)

for n ∈ N and k = 1, . . . , n, where ρn,k’s are row-wise independent triangular
system of random variables with

P(ρn,k = an,k
i ) = pn,k

i , i = 1, . . . , N,

such that
∑N

i=1 p
n,k
i = 1 and

an,k
N > an,k

N−1 > · · · > an,k
1 > −1.

The term ρn,k is the (random) rate of return on the stock over the time interval
[tnk−1, t

n
k ].
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Furthermore, we shall use notations

Xn,k := ln(1 + ρn,k),

where the Xn,k’s are called logreturns and we denote their possible values by

bn,k
i := ln(1 + an,k

i ).

Note that considering the different interest of the parties of a financial deriva-
tive contract, different (buyer’s and seller’s) prices (see in [45]) for the derivative
security can be constructed using some arguments on the analogy of the complete
cases. In this case the pricing problem reduces to a simple extremum problem
with certain constraints. (See for instance [37].)

One can then consider the convergence of such discrete time markets to con-
tinuous models by letting n tend to infinity, like in the binomial case [41]. This
means that we have more and more trading times as n → ∞. We shall see that
different cases (depending on the jump values an,k

i at the trading times) might
lead us to certain ‘normal or Poisson type of markets’. We shall investigate the
possible limit models, i.e. limit laws, and give necessary and sufficient conditions
for getting these different types of limits.

For instance, it is known that the stock price in the Black-Scholes market is
a geometric Brownian motion which can be gained as the limit of stock prices in
discrete time markets (see e.g. [41]).

First, we show (Theorem 4.1) that normal limit law can be achieved in our case
as well. Let us mention here that we are interested in the limit distribution of Sn

n

(the price at T ) but one could also consider the whole interval [0, T ] and investigate

the limit process of the stock price processes
{
Sn

[tn/T ]

}
t∈[0,T ]

(as n → ∞). The

latter problem is out of the scope of this report and we only consider now the first
problem.

Secondly, we shall consider the case when the limit law is a convolution of a
normal distribution and some Poisson distributions (Theorem 4.4).

Such statements might be used for different purposes. One could investigate
the question of the convergence of certain formulae (derived from the stock price)
of the form EPf(Sn

n), where f : R 7→ R is a Borel function. In option theory
or portfolio management one might face this type of problems quite often. For
instance, f can be a certain payoff function, e.g., take (Sn−K)+ = max(0, Sn

n−K)
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in case of European call option with strike price K. Then it is known that EPf(Sn
n)

is a fair price of the option provided that P denotes an appropriate (martingale)
measure in the market.

Uniform asymptotic negligibility (UAN). A triangular systemXn,k (n = 1, 2, . . .
and k = 1, 2, . . . , n) satisfies the uniform asymptotic negligibility (or infinitesimal-
ity) if for all ε > 0 we have

lim
n→∞

max
1≤k≤n

P (|Xn,k| ≥ ε) = 0. (4.1)

In the following we shall consider stock value processes where the logreturns
ln
(
1 + ρn,k

)
satisfy the condition (4.1). We shall use the classical limit theo-

rem of Gnedenko and Kolmogorov (see [21]) for arrays of random variables. Now
we present a version of this theorem which can be found in [36] (p. 321).

Theorem A Let Xn,k (n ∈ N and k = 1, . . . , n) be a rowwise independent
triangular system of random variables such that (4.1) is fulfilled and let X be a
random variable.

Then the family of limit laws of
∑n

k=1 Xn,k coincides with the family of laws
with characteristic function Φ defined by

Φ(u) = exp

(
iuα+

∫ ∞

−∞

(
eiux − 1 − iux

1 + x2

)
1 + x2

x2
dψ(x)

)
, u ∈ R,

where α ∈ R and ψ is a distribution function up to multiplicative constant.

Furthermore,
n∑

k=1

Xn,k
D−→ X

such that X has characteristic function Φ if and only if αn → α and ψn →c ψ,
where

αn :=

n∑

k=1

(
an,k +

∫ ∞

−∞

x

1 + x2
dF̄n,k(x)

)
,

ψn(x) :=

n∑

k=1

∫ x

−∞

y2

1 + y2
dF̄n,k(y), x ∈ R,

an,k :=

∫ ∞

∞
x

�

{|x|<τ} dFn,k(x), with F̄n,k(x) = Fn,k(x+ an,k),



4.1. Limiting behaviour of some stock price trees 75

and τ > 0 is arbitrary fixed, where Fn,k denotes the distribution function of Xn,k.
Here, ψn →c ψ means that the pointwise convergence of ψn to ψ holds at the
continuity points of ψ and at ∞.

4.1.2 Normal case

Theorem 4.1 Suppose that

lim
n→∞

max
1≤k≤n

∣∣∣bn,k
i

∣∣∣ = 0, ∀i = 1, . . . , N. (4.2)

Let
zn,k := bn,k

1 pn,k
1 + . . .+ bn,k

N pn,k
N = E ln

(
1 + ρn,k

)
,

αn :=

n∑

k=1

zn,k +

n∑

k=1

N∑

i=1

pn,k
i

bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2 , (4.3)

and

σ2
n :=

n∑

k=1

N∑

i=1

pn,k
i

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 . (4.4)

Then, under (4.2) the weak limit of ln (Sn/S0) can only be normally distributed.
Furthermore,

ln

(
Sn

S0

)
D−→ N (α, σ2)

if and only if αn → α and σ2
n → σ2.

Proof. First, we mention that (4.1) follows from assumption (4.2).

Let τ > 0 be fixed. If n is large enough then, from (4.2), we have

an,k =

∫ ∞

−∞
x

�

{|x|<τ} dFn,k(x) =

∫ ∞

−∞
x dFn,k(x) = E Xn,k =

N∑

i=1

bn,k
i pn,k

i = zn,k,

∫ ∞

−∞

x

1 + x2
dF̄n,k(x) =

N∑

i=1

pn,k
i

bn,k
i − an,k

1 +
(
bn,k
i − an,k

)2 ,
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and

αn =

n∑

k=1


zn,k +

N∑

i=1

pn,k
i

bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2




=
n∑

k=1

N∑

i=1


bn,k

i +
bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2


 pn,k

i .

(4.5)

Furthermore,

∫ x

−∞

y2

1 + y2
dF̄n,k(y) =

∑

i : 1≤i≤N

bn,k
i

−zn,k<x

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i .

Since
max

1≤k≤n

∣∣∣bn,k
i − zn,k

∣∣∣ −→ 0, as n→ ∞,

for each x > 0 there exists an nx such that for n ≥ nx we have

ψn(x) =
n∑

k=1

N∑

i=1

pn,k
i

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 = σ2
n.

Thus, ψn has a limit ψ if and only if σn tends to a limit, and we have

ψ(x) =

{
0, x ≤ 0,

σ2, x > 0,

where σ = limn→∞ σn. �

Note that (4.2) can be equivalently written as limn→∞ max1≤k≤n

∣∣∣an,k
i

∣∣∣ = 0,

for all i = 1, . . . , N .

Example 4.2 Let us assume that ρn,1, . . . , ρn,n are i.i.d. r.v.’s and

bn,k
i = bni = ci

√
T

n
= ci

√
h, with ci ∈ R, (i = 1, . . . , N),
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pn,k
i = pi, ∀n, k.

Case 1. Suppose that E ln
(
1 + ρn,k

)
= 0 (i.e.,

∑N
i=1 cipi = 0). Then zn,k = 0,

and using L’Hospital’s rule it is easy to see that

αn = n

N∑

i=1

bni

1 + (bni )
2 pi =

T

h

N∑

i=1

pici
1 + c2ih

2
→ 0, as n→ ∞

and

σ2
n = n

N∑

i=1

pi
c2i T/n

1 + c2iT/n
=

N∑

i=1

pic
2
iT

1 + c2i T/n
−→

N∑

i=1

pic
2
iT as n→ ∞.

Hence, the limit distribution of ln(Sn/S0) is N
(
0,
∑N

i=1 pic
2
iT
)
.

Case 2. Now, suppose that
∑N

i=1 cipi 6= 0, for instance, consider the case when
this sum is positive. If n is sufficiently large then we have

1 ≥

∣∣∣∣∣∣
ci
√
h−

√
h

N∑

j=1

cjpj

∣∣∣∣∣∣

for each i = 1, . . . , N and thus

αn =
√
nT

N∑

i=1

cipi +
√
nT

N∑

i=1


 cipi

1 +
(
ci
√
h−

√
h
∑N

j=1 cjpj

)2




−
√
nT

N∑

i=1

pi

∑N
j=1 cjpj

1 +
(
ci
√
h−

√
h
∑N

j=1 cjpj

)2

≥
(
√
nT

N∑

i=1

cipi

)(
1 +

1

2
− 1

)
,

which implies αn → ∞ as n → ∞. Similarly, we would get αn → −∞ as n → ∞
if we had

∑N
i=1 cipi < 0.

Now, we summarize the assertions taken in the previous example.
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Corollary 4.3 (Homogeneous market with constant jump probabilities)

Consider again the setup of Example (4.2). Let h = T/n, bn,k
i = ci

√
h, with ci ∈ R,

and pn,k
i = pi(∈ (0, 1)), ∀n, k (i = 1, . . . , N).

Then
∑n

k=1 Xn,k is weakly convergent if and only if
∑N

i=1 cipi = 0. Further-

more, in case of convergence the limit law is N
(
0,
∑N

i=1 pic
2
iT
)
.

In particular,
∑N

i=1 ci = 0 (e.g. in case of ‘symmetric’ logreturn values, i.e.,

when ci = cN−i+1), and pn,k
i = 1/N (‘uniformly weighted jumps’) lead to a normal

limit law, which is N
(
0, T

N

∑N
i=1 c

2
i

)
.

Note that the above corollary does not remain valid in general homogeneous
market, i.e., if pi’s depend on n.

4.1.3 Mixed case

In this subsection we show that not only normal laws can occur as the limit of
discrete time markets but one can get a mixture (more rigorously convolution) of
a normal and a finite number of Poisson laws. We shall see that this is the case
when some of the logreturn values converge to limits which do not vanish.

If a random variable X has Poisson distribution with parameter d > 0 and
λ ∈ R, then we will denote the distribution of λX by λP(d).

Theorem 4.4 Consider now price processes with the following features. Let us
assume that there exist constants λi, i = 1, . . . , N , such that

λi = lim
n→∞

max
1≤k≤n

bn,k
i = lim

n→∞
min

1≤k≤n
bn,k
i , ∀i = 1, . . . , N, (4.6)

and

λN ≥ λN−1 ≥ . . . ≥ λj2+1 > λj2 = λj2−1 = . . . = λj1 = 0 > λj1−1 ≥ . . . ≥ λ1,

where 1 ≤ j1 ≤ j2 ≤ N . Write I := {1, . . . , j1 − 1, j2 + 1, . . . , N} and assume,
furthermore, that

lim
n→∞

max
1≤k≤n

∑

i∈I

pn,k
i = 0. (4.7)

Let zn,k :=
∑j2

i=j1
bn,k
i pn,k

i .
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Then ln(Sn/S0) is weakly convergent if and only if the following limits exist:

di := lim
n→∞

n∑

k=1

pn,k
i , i ∈ I

b := lim
n→∞

j2∑

i=j1

n∑

k=1

pn,k
i


bn,k

i +
bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2


 , (4.8)

and

σ2 := lim
n→∞

n∑

k=1

j2∑

i=j1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i . (4.9)

In case of convergence the limit distribution of ln(Sn/S0) has the form

λ1P(d1) ∗ . . . ∗ λj1−1P(dj1−1) ∗ N (b, σ2)

∗λj2+1P(dj2+1) ∗ . . . ∗ λNP(dN ),

where ∗ denotes convolution.

Proof. First we mention that condition (4.6) for i /∈ I implies that (4.7) is
equivalent with (4.1) in our case.

Step 1. Choose τ ∈ (0,min (λj2+1,−λj1−1)). Then for large n,

zn,k =

∫ ∞

−∞
x

�

{|x|<τ} dFn,k(x) =

j2∑

i=j1

bn,k
i pn,k

i . (4.10)

Moreover, ∫ ∞

−∞

x

1 + x2
dF̄n,k(x) =

N∑

i=1

bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2 p
n,k
i , (4.11)

where F̄n,k is the distribution function of Xn,k − zn,k. Thus, we have again

αn =
n∑

k=1


zn,k +

N∑

i=1

pn,k
i

bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2


 . (4.12)
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Step 2. Consider

∫ x

−∞

y2

1 + y2
dF̄n,k(y) =

∑

i : 1≤i≤N

bn,k
i

−zn,k<x

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i ,

and

ψn(x) =
n∑

k=1

∫ x

−∞

y2

1 + y2
dF̄n,k(y).

Let us suppose now that there exists a function ψ with ψn →c ψ, as n → ∞. We
have

max
1≤k≤n

|zn,k| = max
1≤k≤n

∣∣∣∣∣∣

j2∑

i=j1

bn,k
i pn,k

i

∣∣∣∣∣∣
≤

j2∑

i=j1

max
1≤k≤n

|bn,k
i | → 0 as n→ ∞.

If x > λN then, from ψn(x) → ψ(x), it follows that

∃ lim
n→∞

n∑

k=1

N∑

i=1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i .

Similarly, for λu−1 < x < λu we have that the limit

lim
n→∞

n∑

k=1

u−1∑

i=1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i ,

exists, where u satisfies either 1 < u ≤ j1 or j2 < u ≤ N . Hence, there exists a
function ψ with ψn →c ψ, as n→ ∞ if and only if the following limits exist

σ2 = lim
n→∞

n∑

k=1

j2∑

i=j1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i ,

d′i := lim
n→∞

n∑

k=1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 p
n,k
i , i ∈ I. (4.13)
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Furthermore, ∃d′i if and only if ∃ limn→∞
∑n

k=1 p
n,k
i (for i ∈ I). (For this note

that clearly max1≤k≤n

∣∣∣∣
(bn,k

i
−zn,k)

2

1+(bn,k
i

−zn,k)
2 − λ2

i

1+λ2
i

∣∣∣∣→ 0 as n→ ∞.)

Step 3. If (4.13) holds then it is easy to see from (4.6) and (4.12) that
∃ limn→∞ αn if and only if ∃b in (4.8), since for i ∈ I we have

n∑

k=1

bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2 p
n,k
i −→ λi

1 + λ2
i

di.

�

One can clearly rewrite (4.6) as

lim
n→∞

max
1≤k≤n

|bn,k
i − λi| = 0,

i.e. {bn,k
i − λi}1≤k≤n,n≥1 ’unifromly vanishes’ for all i ∈ I . Similarly, (4.7) can be

interpreted as
lim

n→∞
max

1≤k≤n
pn,k

i = 0

for all i ∈ I , i.e. {pn,k
i }1≤k≤n,n≥1 ’vanishes uniformly’ for all i ∈ I .

Remark.

If we had j2 = j1 − 1 (which means that none of the λi’s is zero) then (4.1)

would imply max1≤k≤n

∑N
i=1 p

n,k
i < 1 for large n and hence this case is impossible.

Given, however, j1 = j2 (which means that only one of the λi’s is zero) we
obtain σ2 = 0 in (4.9) and condition (4.8) taken on b reduces to the existence of

b = limn→∞
∑n

k=1 b
n,k
j1

. To see this, note that
∑n

k=1 p
n,k
i is convergent for i 6= j1

(as n→ ∞), and hence
∑n

k=1

(
1 − pn,k

j1

)
is convergent as well. Furthermore, from

(4.7) we have that max1≤k≤n p
n,k
i → 0 as n→ ∞ for i 6= j1. Thus,

σ2 ≤ lim
n→∞

n∑

k=1

(
bn,k
j1

)2 (
1 − pn,k

j1

)2

1 +
(
bn,k
j1

)2 (
1 − pn,k

j1

)2 = 0 ,

since max1≤k≤n |bn,k
j1

| → 0 as n → ∞. Similar calculation shows that from (4.8)
we get

b = lim
n→∞

n∑

k=1

bn,k
j1
pn,k

j1
= lim

n→∞

n∑

k=1

bn,k
j1
.
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Finally we mention that since (4.7) claims that the probability of big jumps
should converge to zero, hence it could be interpreted as a condition which guaran-
tees the chance of the ‘extremal changes’ in the stock price to be fairly decreased
in short periods.

4.1.4 The expectation of payoff and other functions

We have examined so far the weak convergence of discrete time stock price values.
Now, we turn to some terms derived from such distributions and we shall consider
the convergence of such terms.

For this, let f : R → R+ be a Borel measurable function and consider EPn
f(Sn).

Here EPn
denotes the expectation with respect to the probability law Pn. One can

now ask whether this expectation has a limit (as n→ ∞) given that the sequence
of laws Pn fulfills the conditions of one of the previously presented theorems and
thus has limit distribution, say P.

One might be interested in such type of formulae in several financial problems,
like in option theory, where f can be the payoff of the underlying option. Similar
forms of expectations are considered in other different areas of finance where f is a
utility function. In both of these cases, however, the function f is not likely to be
bounded and hence the existence of the limit limn→∞ EPn

f(Sn) is not necessarily
a direct consequence of the convergence of the underlying distributions.

To get sufficient condition for the convergence, first we introduce some further

notations. Define the probability measures P̃n and ˜̃Pn as follows.

P̃n

(
ρn,k

i = an,k
i

)
= p̃n,k

i :=
1 + an,k

i

1 + zn,k
1

pn,k
i , with zn,k

1 = EPn
ρn,k,

and

˜̃Pn

(
ρn,k

i = an,k
i

)
= ˜̃pn,k

i :=
1 + an,k

i

1 + zn,k
2

p̃n,k
i , with zn,k

2 = E
P̃n
ρn,k,

respectively.

We shall investigate functions f which can be majorized by a linear function
g : R → R on the positive part of the real line. For instance, the classical payoff
functions of option contracts, like the payoff of the European call (f(x) = (x−K)+,
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where K is the strike price), or all the concave (most frequently used) utility
functions can be majorized in such a way.

Now, we shall set further conditions up in order to show the convergence of the
expectations at issue. For this, we want to get

lim
R→∞

lim sup
n→∞

EPn

�

(R,∞)(f(Sn)) = 0, (4.14)

provided that the law of Sn is weakly convergent, say to S, as n→ ∞, since then
it is known that limn→∞ EPn

f(Sn) = EPf(S) follows from (4.14) (see [47], II.,
§2.2.). For the same purpose, one can check the alternative condition

sup
n∈N

EPn
f(Sn)2 <∞. (4.15)

Now, let R > 0 and write

EPn
Sn

�

{Sn>R} =
∑

Sn>R

S0

( ∏

k∈A1

(
1 + an,k

1

)
pn,k
1

∏

k∈A2

(
1 + an,k

2

)
pn,k
2 . . .

×
∏

k∈AN

(
1 + an,k

n

)
pn,k

N

)

= S0P̃n(Sn > R)
n∏

k=1

(
1 + zn,k

1

)
,

(4.16)

where, given a trajectory of the stock price, Ai is the set of indices k (1 ≤ k ≤ n)

for which an,k
i belongs to the trajectory. Similarly, we have

EPn
S2

n =
∑

S2
0

( ∏

k∈A1

(
1 + an,k

1

)2

pn,k
1

∏

k∈A2

(
1 + an,k

2

)2

pn,k
2 . . .

×
∏

k∈AN

(
1 + an,k

n

)2
pn,k

N

)

= S2
0

n∏

k=1

(
1 + zn,k

1

) n∏

k=1

(
1 + zn,k

2

)
,

(4.17)
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where the sum in the first line of (4.17) is taken over all the possible trajectories
of the stock price. Now take a general function f of the form explained above
and combine (4.14) and (4.15) with (4.16) and (4.17), respectively. We can now
summarize our assertions as follows.

Let us suppose that f : R → R+ is a (payoff) function such that there exists a
linear function g with f(x) ≤ g(x), for all x > 0. Assume that

(a): {Sn}∞n=1 is weakly convergent with respect to {Pn}∞n=1 ,

(b): the sequence
∏n

k=1

(
1 + zn,k

1

)
is bounded.

If, furthermore, either condition
(c): {Sn}∞n=1 is weakly convergent with respect to {P̃n}∞n=1 ,

or condition
(c’): the sequence

∏n
k=1

(
1 + zn,k

2

)
is bounded,

is satisfied then limn→∞ EPn
f(Sn) = EPf(S), where S is a weak limit of Sn (the

existence of which is assured by (a)).

Example 4.5 In this example we show a simple application of our above-taken
assertion to an option price problem. Consider a European call or put option
with maturity T and denote its known payoff by f . Let us suppose that we
have a sequence of discrete time (incomplete) markets such that the stock price
value process is equipped with an equivalent martingale measure which is used
to calculate the option price by EPn

f(Sn). We shall assume that this stock price
sequence is like in Theorem 4.1 and thus the law of its value at maturity is weakly
convergent. Finally, let r > 0 and let rn = r/n be the interest rate of the riskless
asset, say bond, of the market for a period [tnk , t

n
k+1] for all 0 ≤ k ≤ n−1. We shall

show that the above setup implies the convergence of the option prices without
any more extra condition taken on the market. For this we only have to show the
validity of (b) and (c).

Now, replacing pn,k
i by p̃n,k

i in (4.3) and (4.4) we get

α̃n =

n∑

k=1

zn,k
2 +

n∑

k=1

N∑

i=1

p̃n,k
i

bn,k
i − zn,k

2

1 +
(
bn,k
i − zn,k

2

)2 ,

and

σ̃n =
n∑

k=1

N∑

i=1

p̃n,k
i

(
bn,k
i − zn,k

2

)2

1 +
(
bn,k
i − zn,k

2

)2 .
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In this setup we have that
1+an,k

i

1+zn,k
1

tends to 1 uniformly in k and i as n → ∞.

Hence, if the sequences αn and σn are convergent then the sequences α̃n and
σ̃n are convergent as well. This implies the weak convergence of ln(Sn/S0) with
respect to P̃n according to Theorem 4.1 and thus (c) is valid indeed.

Finally, we mention that zn,k
1 = rn if the underlying measure Pn is an equivalent

martingale measure. Thus
∏n

k=1

(
1 + zn,k

1

)
→ er, as n → ∞ i.e. it is clearly

bounded, which is claimed in condition (b).

4.2 Limiting results for some discrete time for-

ward rate models

In this section we consider again the discrete time random field models which
were introduced in Section 2.4. Our main aim is to investigate the relationship
between such a discrete time forward interest rate curve model and its continuous
time counterpart. Our aim is to derive a functional limit theorem for a sequence
of discrete time forward interest rate models driven by random fields. We give
special focus on the nearly unit root spatial autoregression model.

Consider a sequence of discrete time forward interest rate curve models {f (n)
k,` :

k, ` ∈ Z+}, n ∈ N of the form (2.18) (introduced in Section 2.4) with initial values

{f (n)
0,` : ` ∈ Z+} with coefficients {α(n)

k,` , β
(n)
k,` : k, ` ∈ Z+}, and with driving fields

{S(n)
k,` : k, ` ∈ Z+}. We will assume that the volatility β

(n)
k,` is deterministic for all

k, ` ∈ Z+. Note that we will note assume no-arbitrage properties for the forward
rates in this subsection.

We would like to prove a functional limit theorem for the sequence {f (n)
k,j :

k, j ∈ Z+}, n ∈ N, of discrete time forward interest rates. The appropriate
function spaces are the following Skorokhod type spaces. Define D([0, 1]2) to be
the set of all functions f : [0, 1]2 → R for which limu↑s, v↑t f(u, v), limu↓s, v↑t f(u, v),
limu↑s, v↓t f(u, v) exist and f(s, t) = limu↓s, v↓t f(u, v). The set D([0, 1]2) can
be endowed with a metric making it a complete and separable space (Bickel and
Wichura [4]). Convergence of probability measures onD([0, 1]2) will be understood
relative to this metric. The space D([0, 1]) is defined similarly. We denote by
C([0, 1]) and by C([0, 1]2) the spaces of continuous functions endowed with the
supremum norm ‖ · ‖∞.
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It is natural to look for conditions such that the random step functions

f̃n(s, t) :=
1

n
f

(n)
bnsc,bntc, s, t ∈ [0, 1], n ∈ N,

converge to some limit process.

Theorem 4.6 Suppose that the coefficients {β(n)
k,j : k, j ∈ Z+} are determin-

istic. Furthermore, suppose that there exists a random element f̃(0) with values
in C([0, 1]), a random element α̃ with values in C([0, 1]2), a stochastic process

{S̃(s, t) : s, t ∈ [0, 1]} with trajectories in D([0, 1]2) such that {S̃(s, t) : s ∈ [0, 1]}
is a continuous semimartingale for all t ∈ [0, 1] and a deterministic element
σ̃ ∈ C([0, 1]2) with ∂1σ̃ ∈ C([0, 1]2) such that

(i)
(
f̃

(0)
n , α̃n, S̃n

)
D−→ (f̃ (0), α̃, S̃) in D([0, 1]) ×D([0, 1]2)2, where

f̃ (0)
n (t) :=

1

n
f

(n)
0,bntc, α̃n(s, t) := α

(n)
bnsc,bntc , and

S̃n(s, t) :=
1

n
S

(n)
bnsc,bntc,

(ii) β̃n → β̃ in D([0, 1]2), where β̃n(s, t) := β
(n)
bnsc,bntc, and finally

(iii) β̃′
n → ∂1β̃ in D([0, 1]2), where

β̃′
n(s, t) := n

(
β

(n)
bnsc,bntc − β

(n)
bnsc−1,bntc

)

with β
(n)
−1,j := 0 for j ∈ Z+.

Then

f̃n
D−→ f̃ in D([0, 1]2),

where

f̃(s, t) := f̃(0, t) +

∫ s

0

α̃(u, t) du+

∫ s

0

β̃(u, t) S̃(du, t), s, t ∈ [0, 1], (4.18)

with f̃(0, t) = f̃ (0)(t), t ∈ [0, 1].
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Proof. We will show that f̃n = Φn(f̃
(0)
n , α̃n, β̃n, β̃

′
n, S̃n) with some measurable

mappings Φn : D([0, 1]) × D([0, 1]2)4 → D([0, 1]2) such that Φn → Φ in an
appropriate sense, where Φ : D([0, 1]) ×D([0, 1]2)4 → D([0, 1]2) is a measurable

mapping, implying f̃n
D−→ f̃ in D([0, 1]2).

Note that

f̃n(s, t) =
1

n


f (n)

0,bntc +

bnsc−1∑

i=0

α
(n)
i,bntc +

bnsc−1∑

i=0

β
(n)
i,bntc∆1S

(n)
i,bntc


 .

Clearly we have
1

n
f

(n)
0,bntc = f̃ (0)

n (t), (4.19)

and

1

n

bnsc−1∑

i=0

α
(n)
i,bntc =

1

n

bnsc−1∑

i=0

α̃n

( i
n
, t
)

=

∫ bnsc/n

0

α̃n(w, t) dw. (4.20)

Moreover

k−1∑

i=0

β
(n)
i,j ∆1S

(n)
i,j =

k∑

i=1

β
(n)
i−1,jS

(n)
i,j −

k−1∑

i=0

β
(n)
i,j S

(n)
i,j

= β
(n)
k−1,jS

(n)
k,j −

k−1∑

i=0

(
β

(n)
i,j − β

(n)
i−1,j

)
S

(n)
i,j .

Hence

1

n

bnsc−1∑

i=0

β
(n)
i,bntc∆1S

(n)
i,bntc

= β̃n

(
s− 1

n
, t

)
S̃n (s, t) −

∫ bnsc/n

0

β̃′
n(w, t)S̃n(w, t) dw.

(4.21)

Collecting (4.19), (4.20) and (4.21) we obtain f̃n = Φn(f̃
(0)
n , α̃n, β̃n, β̃

′
n, S̃n) with

Φn(x, y, z, u, v)(s, t)

:= x(t) +

∫ bnsc/n

0

y(w, t) dw + z

(
s− 1

n
, t

)
v(s, t) −

∫ [ns]/n

0

u(w, t)v(w, t) dw.
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We want to show that

Φn(f̃ (0)
n , α̃n, β̃n, β̃

′
n, S̃n)

D−→ Φ(f̃ (0), α̃, β̃, ∂1β̃, S̃) in D([0, 1]2),

where the measurable mapping Φ : D([0, 1])×D([0, 1]2)4 → D([0, 1]2) is defined
by

Φ(x, y, z, u, v)(s, t) := x(t) +

∫ s

0

y(w, t) dw + z(s, t)v(s, t) −
∫ s

0

u(w, t)v(w, t) dw.

Since almost all trajectories of the limit process

{(f̃ (0)(t), α̃(s, t), σ̃(s, t), ∂1σ̃(s, t), S̃(s, t)) : s, t ∈ [0, 1]}

are continuous, in view of the continuous mapping theorem, it suffices to check
that

Φn(xn, yn, zn, un, vn) → Φ(x, y, z, u, v) in D([0, 1]2) (4.22)

if x ∈ C([0, 1]), y, z, u, v ∈ C([0, 1]2), xn ∈ D([0, 1]), yn, zn, un, vn ∈ D([0, 1]2)
with xn → x in D([0, 1]), yn → y, zn → z, un → u and vn → v in D([0, 1]2)
as n → ∞. Then we have ‖xn − x‖∞ → 0, ‖yn − y‖∞ → 0, ‖zn − z‖∞ → 0,
‖un − u‖∞ → 0 and ‖vn − v‖∞ → 0 as n→ ∞ (see Billingsley [5, (14.11)] and
Bickel and Wichura [4]), which clearly implies (4.22). Thus we obtain

f̃n
D−→ f̃ in D([0, 1]2),

where

f̃(s, t) = f̃ (0)(t) +

∫ s

0

α̃(u, t) du+ β̃(s, t)S̃(s, t) −
∫ s

0

∂1β̃(w, t)S̃(w, t) dw.

Obviously ∫ s

0

∂1β̃(w, t)S̃(w, t) dw =

∫ s

0

S̃(w, t) β̃(dw, t),

and by Itô’s formula we have

β̃(s, t)S̃(s, t) −
∫ s

0

S̃(w, t) β̃(dw, t) =

∫ s

0

β̃(w, t) S̃(dw, t)

for all t ∈ [0, 1], which completes the proof of Theorem 4.6. �

One can see that the limit f̃ in (4.18) of discrete forward rate models driven by
random fields gives a continuous forward rate model of the form (2.8). Note that
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our aim was to find a system of conditions for the convergence f̃n
D−→ f̃ which

can be relatively easily verified. However, one could certainly find other sufficient
conditions as well. For instance, limit theorems of stochastic integrals (see e.g.
[31]) could be applied to derive other appropriate conditions. Such approaches are
out of the scope of this thesis.

Example 4.7 Nearly unit root autoregression case. Consider a sequence of dis-

crete time forward interest rate curve models {f (n)
k,j : k, j ∈ Z+}, n ∈ N with initial

values {f (n)
0,j : j ∈ Z+}, with coefficients {α(n)

k,j , β
(n)
k,j : k, j ∈ Z+} and with spatial

autoregression driving processes {S(n)
k,` : k, ` ∈ Z+} defined as in Example 2.13 with

parameters %n ∈ R and with systems of i.i.d. random variables {η(n)
i,j : i, j ∈ Z+},

where η
(n)
i,j has mean zero and variance 1 for all i, j ∈ Z+, n ∈ N. Introduce the

random step processes

S̃n(s, t) :=
1

n
S

(n)
bnsc,bntc =

1

n

[ns]∑

i=0

[nt]∑

j=0

%[nt]−j
n η

(n)
i,j , s, t ∈ [0, 1], n ∈ N.

In the nearly unit root case, i.e., where

%n = 1 +
γ

n
+ o

(
1

n

)
as n→ ∞

with some γ ∈ R, Arató, Pap and van Zuijlen [2] proved, applying the functional
central limit theorem on the space D([0, 1]2) (see Bickel and Wichura [4, Theorem
5]), that

S̃n
D−→ S̃ in D([0, 1]2),

where

S̃(s, t) :=

∫∫

[0,s]×[0,t]

e
γ(t−v)W (du, dv), s, t ∈ [0, 1],

and {W (s, t) : s, t ∈ [0, 1]} is a standard Wiener sheet. We remark that this can be
also proved by showing finite dimensional convergence (applying the central limit
theorem) and showing tightness (applying the technique used in Bhattacharyya,

Richardson and Franklin [3]). The process {S̃(s, t) : s, t ∈ [0, 1]} is called an
Ornstein–Uhlenbeck sheet.
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Remark 4.8 Consider again the nearly unit root case discussed in Example 4.7.
Then the limit process f̃ in Theorem 4.6 can also be written in the form

f̃(s, t) = f̃(0, t) +

∫ s

0

α̃(u, t) du+

∫∫

[0,s]×[0,t]

σ̃(u, t)eγ(t−v)W (du, dv), s, t ∈ [0, 1].



Chapter 5

Proportions of financial

assets in optimal portfolios:

a case of dependent

distributions

We study the proportions of financial assets in optimal portfolios, where the port-
folio is optimized by the maximization of expected utility. Our main goal is to
investigate the magnitude of the proportions provided that the assets’ distribu-
tions display a certain type of stochastic dominance. Our main question: “Why do
people buy more of an asset than of another one?” We introduce and study new
notions of stochastic dominance. We derive new versions and generalizations of
the results of Hadar and Seo [23]. Our results apply to not necessarily independent
returns as well. We give several examples.

5.1 Optimal portfolios, notations

A widely studied area of econometrics is the problem of finding optimal portfolios
under uncertainty. The basic setup is the following: we are given a market with

91
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financial assets and a certain capital to be invested. Now, many approaches are
known on how to invest our capital. In this chapter we study the expected utility
approach, i.e. the possible portfolios are ordered according to the expected utility
of their future value, and thus an optimal portfolio (‘best allocation’ of our money)
can be taken.

The different notions of stochastic dominance provide tools to compare the
future value and the riskiness of financial assets. Now, one can formulate the main
questions of this chapter generally as follows: ”What conditions lead the investors
to invest more in an asset than in another one?” and ”How are the proportions of
the financial assets in the optimal portfolios related to the riskiness of the assets?”

To put the questions in a more precise way, we first summarize some notations
and fundamental results in literature.

Securities market. Let us consider a securities market where the individuals
are trying to invest their money (capital) and thus to create their portfolio by
allocating their money among the different financial assets available in the market.
We shall suppose that the number of assets is finite, say n. Now the market is
modeled by a set

{r1, r2, . . . , rn},
where ri is a random variable, with property P(−1 ≤ ri) = 1 (i = 1, . . . , n),
representing the rate of return of stock i at some future time point T . We assume
that the individual does not intend to reallocate the portfolio before T , hence
the ri’s contain all the information available on the market at the time of the
investment decision. Put Xi = 1 + ri for i = 1, . . . , n.

Portfolios. A portfolio will be denoted by

π = (β1, β2, . . . , βn), (βi ∈ R),

where βi is the amount of money invested in asset i. Let X0 > 0 be the initial
capital to be invested by the individual. Denote the value of portfolio π at time
T by Xπ

T . Thus,

Xπ
T =

n∑

i=1

βi(1 + ri) =

n∑

i=1

βiXi,

where
∑n

i=1 βi = X0.

Now, the individuals are supposed to perform rationally in the market and thus
to choose the optimal portfolio according to their preferences. The individual’s
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preferences shall be given by his or her utility function U . Thus, we shall call a
portfolio optimal if it is promising the largest possibly expected utility. Here we
mention that it is just one of the several definitions for optimality of the portfolio
known in literature. (For this and other approaches see e.g. [29], [30] or [35].)

In other words, we shall call a portfolio optimal and denote it by

π∗
U = (β∗

1,U , β
∗
2,U , . . . , β

∗
n,U ) (5.1)

if
E U

(
X

π∗

U

T

)
= sup

π∈CX0

E U (Xπ
T ) , (5.2)

where CX0
is the set of portfolios which can be set up from initial capital X0, i.e.

CX0
=

{
π

∣∣∣∣∣ π = (β1, β2, . . . , βn) ∈ Rn,

n∑

i=1

βi = X0

}
.

Note that no selling or buying restrictions are imposed (π ∈ Rn). If it does not
cause any misunderstanding, we will omit to indicate the utility function U in the
solution (5.1).

We shall suppose in this chapter that X0 = 1. In fact, this assumption does not
lead to any loss of generality. Indeed, given X0 and a utility function U , one can
reformulate the problem of maximizing EU(Xπ

T ) as follows. Define Ū(x) = U(X0x)
(x ∈ R) and then maximize EŪ(Xπ

T ) provided that the initial capital is 1. If we
have a solution (β∗

1,Ū
, . . . , β∗

n,Ū
) of this problem then (X0β

∗
1,Ū

, . . . , X0β
∗
n,Ū

) is a

solution of the original problem.

Hence, given the assumption X0 = 1 we can consider the value βi as the
proportion of asset i in the portfolio.

Stochastic dominance versus proportions. In this chapter our main focus is on
investigating the features of securities which lead the individuals to invest more in
an asset than in another one.

For this we discuss the relations between stochastic dominance and the propor-
tions of the asset. The notion of stochastic dominance between the returns of the
financial assets shall be used to express that an asset is better or less risky —in a
certain sense— than another one. Now, it would be natural to claim risk averse
investors to invest more of the less risky asset. However, easy counter-examples
can be given (see e.g. [23] and [29]). Therefore, our main purpose is to derive con-
ditions —especially for dependently distributed asset price returns— under which
more money will be invested in the less risky asset, indeed.
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Take first the example where in a two-securities market {r1, r2}, the distribu-
tion of the rate of return of the first asset displays first order stochastic dominance
over the second one. It is known that under this condition an individual —even
if he is risk averse, e.g. he has concave utility function (see [29])— shall not nec-
essarily invest more in asset one than in asset two (see [23]). Hadar and Seo have
shown (Theorem 4, [23]) that for risk averse individuals with nondecreasing utility
function U the following two statements are equivalent:

(1) β∗
1 ≥ β∗

2 for each independent r1 and r2 with r1 <FSD r2,

(2) the function x 7→ xU ′(x) is nondecreasing over its domain,

where r1 <FSD r2 denotes that r1 displays first order stochastic dominance over
r2.

There remains, however, the question of the dependent case in the problem
considered by Hadar and Seo which is the subject of our next results. For this, first
we introduce a new notion of stochastic dominance which is one way to represent
the dependence of the rates of return of the assets.

We shall also consider the problem at issue for other types of stochastic domi-
nance and for the case of more than two assets.

5.2 A strong version of the first order stochastic

dominance

Next, we introduce a new notion of stochastic dominance.

Given a random variable ξ, the measure Pξ will denote its distribution.

Definition 5.1 The random variable ξ is said to display strong first order stochas-
tic dominance (SFSD) over the random variable η, which is denoted by ξ <SFSD η,
if Fξ|η(x|y) ≤ Fη(x) for all x ∈ R and Pη-a.e. y ∈ R, where Fη is the distribution
function of η and Fξ|η is a regular conditional distribution function of ξ given η.

Secondly, strong second order stochastic dominance (SSSD) of ξ over η is de-
fined by

∫ x

−∞
[
Fξ|η(u|y) − Fη(u)

]
du ≤ 0 for all x ∈ R and y ∈ R. Notation:

ξ <SSSD η.
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Given random variables ξ1, ξ2, . . . , ξn, n > 2, we say that ξ1 conditionally dom-
inates ξ2 in the sense of strong first order stochastic dominance, and we write
ξ1|ξ3, . . . , ξn <SFSD ξ2|ξ3, . . . , ξn, if

Fξ1|ξ2,...,ξn
(x|x2, . . . , xn) ≤ Fξ2|ξ3,...,ξn

(x|x3, . . . , xn)

for all x ∈ R and Pξ2,...,ξn
-a.e. (x2, . . . , xn) ∈ Rn−1, where Fξ1|ξ2,...,ξn

and
Fξ2|ξ3,...,ξn

are regular conditional distribution functions.

In the definition we use regular conditional distributions. One can find the
definition of regularity e.g. in [44].

Now, we summarize some easy properties of SFSD.

Theorem 5.2 (Some features of SFSD)

(i) For any r.v.’s ξ and η, ξ <SFSD η implies ξ <FSD η.

(ii) If ξ and η are independent r.v.’s then ξ <SFSD η is equivalent with ξ <FSD

η.

(iii) For any random variables ξ and η, ξ <SFSD η holds if and only if we have
E (g(ξ)|η) ≥ Eg(η) a.s. for all nondecreasing function g : R → R with
E|g(ξ)| <∞ and E|g(η)| <∞.

Proof.

(i) Let Pη be the distribution of η. Now, notice that for any x ∈ R
∫

R

Fξ|η(x|y) Pη(dy) =

∫

R

P (ξ < x|η = y) Pη(dy) = P(ξ < x) = Fξ(x). (5.3)

Hence, Fξ|η(x|y) ≤ Fη(x), x ∈ R, Pη-a.s. y ∈ R, together with (5.3) implies
Fξ(x) ≤ Fη(x), which is equivalent with ξ <FSD η (see 1.A.1. in [43]).

(ii) By the independence of the r.v.’s. we have Fξ|η(x|y) = Fξ(x) for x ∈ R
and Pη-a.s. y ∈ R.

(iii) By the definition of the SFSD there is a set A ∈ R with Pη(A) = 1 such
that we have Fξ|η(x|y) ≤ Fη(x) for all x ∈ R and for all y ∈ A. Fix y ∈ A and
take a r.v. ζ with cdf Fζ(x) = Fξ|η(x|y), x ∈ R. The SFSD property implies
ζ <FSD η. Secondly, recall that ζ <FSD η if and only if E|g(ζ)| ≥ E|g(η)| for all
non-decreasing function g : R → R (see 1.A.1. in [43]). �
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Note that (iii) in Theorem 5.2 can also be read as follows: in fact we have
shown that

∫
R
g(x)Fξ|η(dx, y) ≥

∫
R
g(x)dFη(x) for y ∈ A. Notice that A does not

depend on the function g.

For more on first and second order stochastic dominance and also on other
known notions of stochastic dominance see [43] and [33].

Next, we collect some basic facts on the SSSD property.

Theorem 5.3 (Some features of SSSD)

(i) For any r.v.’s ξ and η, ξ <SSSD η implies ξ <SSD η.

(ii) If ξ and η are independent r.v.’s then ξ <SSSD η is equivalent with ξ <SSD η.

(iii) For any r.v.’s ξ and η, ξ <SSSD η holds if and only if we have E (g(ξ)|η) ≥
Eg(η) a.s. for all nondecreasing, concave function g : R → R with Eg(ξ) <∞
and Eg(η) <∞.

Proof. The proof of this theorem is fairly analogous to the proof of Theorem
5.2. The description of SSD (see Chapter 5 in [30]) gives further hint for proving
statement (iii).

5.3 A generalization of the theorem of Hadar and

Seo

Theorem 5.4 Let U : R 7→ R be differentiable, concave and nondecreasing. Then
the following statements are equivalent:

(i) β∗
1 ≥ β∗

2 in any two-securities market {r1, r2} with r1 <SFSD r2, and Eri <
∞ for i = 1, 2,

(ii) the function x 7→ xU ′(x) is nondecreasing.

Proof. (i) =⇒ (ii) Take markets {r1, r2} with independent returns r1, r2. Now
statement (ii) in Theorem 5.2 together with a theorem of Hadar and Seo (Theorem
4. in [23]) directly implies (ii).
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(ii) =⇒ (i) As in the proof of Theorem 4 in [23], we can show β∗
1 ≥ β∗

2 by
proving that

∂E Xπ
T

∂β1

∣∣∣∣
β1=1/2

= E (X1 −X2)U
′
(
X1 +X2

2

)
≥ 0 (5.4)

(which is equivalent with β∗
1 ≥ β∗

2). To check this first write

∫ ∫
(x− y)U ′

(
x+ y

2

)
PX1,X2

(dx, dy)

=

∫ ∫
xU ′

(
x+ y

2

)
PX1|X2

(dx|y) PX2
(dy)

−
∫
x

∫
U ′
(
x+ y

2

)
PX1|X2

(dy|x) PX2
(dx).

(5.5)

Now, note that both the function x 7→ −U ′(x) and the function x 7→ xU ′ (x+y
2

)

for y ≥ 0 are nondecreasing and hence (iii) of Theorem 5.2 can be applied to both
terms of the second line in (5.5) to obtain

∫
xU ′

(
x+ y

2

)
PX1|X2

(dx|y) ≥
∫
xU ′

(
x+ y

2

)
PX2

(dx) (5.6)

for PX2
-a.e. y ∈ R and

∫
U ′
(
x+ y

2

)
PX1|X2

(dy|x) ≤
∫
U ′
(
x+ y

2

)
PX2

(dy) (5.7)

for PX2
-a.e. x ∈ R. Finally, (5.4) follows directly from the combination of (5.5)

with (5.6) and (5.7). �

Theorem 5.4 can be literally rewritten for the case of second order stochastic
dominance and thus we get Theorem 5.5. One can easily generalize the statement
of Theorem 5.4 for n-securities market as well (Theorem 5.6).

Theorem 5.5 Let U : R 7→ R be differentiable, concave and nondecreasing. Then
the following statements are equivalent:

(i) β∗
1 ≥ β∗

2 in any two-securities market {r1, r2} with r1 <SSSD r2, and Eri <
∞ for i = 1, 2,
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(ii) the function x 7→ xU ′(x) is concave and nondecreasing.

Since the proof of this theorem is analogous to the proof of Theorem 5.4, one
can readily derive it and hence we omit its proof here.

Theorem 5.6 Let U : R 7→ R be differentiable, concave and nondecreasing. Then
the following statements are equivalent:

(i) β∗
1 ≥ β∗

2 in any n-securities market {r1, . . . , rn} with r1|r3, . . . , rn <SFSD

r2|r3, . . . , rn, and Eri <∞ for i = 1, 2,

(ii) the function x 7→ xU ′(x) is nondecreasing.

Proof. First we mention that instead of (5.4) this time it is sufficient to show
that for all (β3, . . . , βn) ∈ Rn−2 we have

0 ≤ E(X1 −X2)U
′
(
βX1 + βX2 +

n∑

i=3

βiXi

)
,

where β = (1 −∑n
i=3 βi) /2. One can write

E(X1 −X2)U
′(βX1 + βX2 +

n∑

i=3

βiXi) =

∫
. . .

∫ [∫ ∫
(x1 − x2)U

′(βx1 + βx2 +
n∑

i=3

βixi)

PX1|X2,...,Xn
(dx3, . . . , dxn)PX2|X3,...,Xn

(dx3, . . . , dxn)

]
PX3,...,Xn

(dx3, . . . , dxn).

The remaining part of the proof can be carried out in a similar way as in the proof
of Theorem 5.4, thus we omit the details here. �

We can see that having proved Theorem 5.4, it was easy to find its ‘multi-
security’ version, namely, Theorem 5.6. One could, of course, define the conditional
strong second order stochastic dominance in the way the first order one was defined
and then the multi-security case of Theorem 5.5 could also be written immediately,
but we shall not consider this case in this chapter.
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In the Introduction we assumed that there are no trading constraints and hence
the proportions in the portfolios can take negative values as well. Hence, one
needs utility functions defined on the whole real line in such case since Xπ

T can
be negative. One can, of course, handle also the case where the utility function is
defined only on [0,∞) or (0,∞). In the first case, we have to assume furthermore
that there are trading constraints, namely, let βi ≥ 0 (i = 1, . . . , n). The later case
can also be handled by assuming the same trading constraints and, furthermore,
the positivity of the asset values: P(Xi > 0) = 1 (i = 1, . . . , n). Thus Theorem
5.4 can be literally rewritten for U defined on [0,∞) or (0,∞).

In the theorems of Hadar and Seo and also in our theorems the monotonicity
of xU ′(x) turned out to be a crucial property. Hence, it should be mentioned that
commonly used utility functions have such a property. Here are some of them:
logarithmic utility (U(x) = log(x), x > 0); exponential (U(x) = c exp(dx) for
x ≥ 0 with c, d < 0); power type (also known as Cobb-Douglas utility function)
(U(x) = xα, x > 0, 0 < α ≤ 1).

5.4 Examples for the SFSD property

In this section we give several examples where the SFSD property is fulfilled and
examine some commonly used families of distributions as well. We try to study
distributions which seem to be realistic to play the role of the rates of returns
(ri’s) or of the future market prices (Xi = (ri + 1)’s). For this, we note that the
SFSD (or SSSD) property is preserved if r1 and r2 are shifted by a constant c,
i.e. when Xi is replaced by Xi + c for all i. We will assume that Xi + c ≥ 0 for
all i. Thus, in the following examples one can choose an appropriate value for the
constant c to make the market more realistic.

Just to show that SFSD can easily occur, first we give a fairly simple example.

Example 5.7 Consider a two-securities market {r1, r2} where both of the market
prices concentrate on two atoms, 0 and 1, as follows. Take an ε ∈ [− 1

12 ,
1
12 ] and

put

p1,1 =
2

6
+ ε, p1,0 =

2

6
− ε, p0,1 =

1

6
− ε, p0,0 =

1

6
+ ε,

where pi,j = P(X1 = i, X2 = j).

Clearly, independence of the two rates of returns occur if and only if ε = 0.
Note, moreover, that X1 <FSD X2 since we have P(X1 = 0) = 1

3 < P(X2 = 0) =
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1
2 .

Furthermore, we can easily check that X1 <SFSD X2. Indeed, we have

FX1|X2
(x|y) =

1/6 + ε

1/2
≤ Fx2

(x) =
1

2
,

for 0 ≤ y < 1 and 0 < x ≤ 1, and

FX1|X2
(x|y) =

1/6− ε

1/2
≤ Fx2

(x) =
1

2

for 1 ≤ y and 0 < x ≤ 1. The remaining cases are trivial.

The following example shows that one can find the SFSD property among the
absolutely continuous distributions as well.

Example 5.8 Let ε be a constant in [−1/2, (
√

3− 1)/2] and take a two-securities
market {r1, r2}, where the joint density function of X1 and X2 is

f(x, y) =

{
x+ 2εy + 1

2 − ε, if (x, y) ∈ [0, 1] × [0, 1],

0, otherwise.

Then the cdf of X1 is FX1
(x) = x(x + 1)/2 for x ∈ [0, 1], whereas the cdf of X2

is FX2
(x) = εx2 + (1 − ε)x over [0, 1] and hence X1 displays first order stochastic

dominance over X2 due to FX1
(x) ≤ FX2

(x) for x ∈ R. Note that the case ε = 0
is equivalent again with the independence of the two returns.

Turning to the verification of the SFSD property notice that a conditional
distribution function of X1 given X2 is

FX1|X2
(x|y) =





1
2
x(x+1)+ε(2xy−x)

1+ε(2y−1) , if (x, y) ∈ [0, 1]× [0, 1]

1, if x > 1, y ∈ [0, 1],

0, otherwise.

(5.8)

Thus, it remains to check the following inequality

FX1|X2
(x|y) ≤ FX2

(x), ∀x, y ∈ [0, 1]. (5.9)

It’s easy to see that (5.9) is equivalent with

ε2(2y − 1) + ε− 1

2
≤ 0 for y ∈ [0, 1],

which is fulfilled due to the choice of ε.
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5.5 Preferred stocks

In the previous section we have shown examples for the SFSD property introduced
in Definition 5.1. It should be mentioned that the way we gave a modification for
the first order stochastic dominance in Definition 5.1 in order to keep the statement
of the theorem of Hadar and Seo is not necessarily the only possibility. Although
it was easy to construct examples to fulfill the definition, many of the commonly
used classical two-dimensional distributions cannot satisfy the required property or
lead to the independent case. For instance, taking a two-dimensional exponential
distribution defined by the survival function

P(X1 > x,X2 > y) = F̄ (x, y) =

{
exp(−λ1x− λ2y − λ1,2 max(x, y)) for x, y > 0

0 otherwise

(5.10)
(λ1, λ2 > 0, λ1,2 ≥ 0), one can check that we have X1 <SFSD X2 if and only if
λ1,2 = 0 and λ1 ≥ λ2. However, these two conditions are met if and only if the
coordinates are independent and X2 is dominated by X1 in the sense of first order
stochastic dominance. Thus, it is a case for which the Definition 5.1 is not fruitful.

Therefore, still having in mind the purpose to understand the reasons that
could lead someone to prefer one asset to another one, we go on seeking for another
possible notion of stochastic dominance.

First, we introduce a new notion and then we show that it is also appropriate for
our purposes and finally we give examples of two-dimensional distributions with
the new property. We show that in these examples the new type of stochastic
dominance is fulfilled, although the strong first order dominance is not satisfied in
most of the cases, that is, further two-dimensional distributions can be studied in
our portfolio problems by the aid of the new notion.

Definition 5.9 Given two nonnegative random variables, X and Y , we say that
X is preferred to Y if

E(X − Y )f (X + Y ) ≥ 0 (5.11)

for all decreasing differentiable function f : [0,∞) → [0,∞). If X is preferred to
Y then we write X <PR Y .

In Definition 5.9 the condition taken on the derivative of the function f seems
to be unnecessary, since in (5.11) no term involves the derivative. Therefore one
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could claim less in the definition. However, as we shall see, for our purposes the
way we chose seems to be the most appropriate one.

Note that X <PR Y implies X + c <PR Y + c for c ∈ R provided that X + c
and Y + c remain nonnegative.

Theorem 5.10 Let X and Y be two random variables such that

X :=
V +W

2
and Y :=

V −W

2
,

where, given A > 0 and −A ≤ B < C ≤ A, V and W are independent random
variables with

P(V ≥ A) = P(W ∈ [B,C]) = 1.

Then we have the following statements:
(a) X and Y are nonnegative.
(b) X <PR Y ⇐⇒ EW ≥ 0 ⇐⇒ EX ≥ EY .
(c) If, furthermore, V is unbounded (i.e., P(V ≥ x) > 0 for all x ∈ R) then
X �SFSD Y .

Proof.

(a) Since P((V,W ) ∈ [A,∞) × [B,C]) = 1, we have V +W
2 ≥ A+B

2 ≥ 0 and
V −W

2 ≥ A−C
2 ≥ 0.

(b) If f : [0,∞) → [0,∞) then by the independence of V and W we obtain

E (X − Y )f

(
X + Y

2

)
= E(X − Y )Ef

(
X + Y

2

)
.

Since Ef
(

X+Y
2

)
≥ 0 for nonnegative functions f we have X <PR Y if and only if

E(X − Y ) ≥ 0.

(c) Due to the construction FX(x) < 1 and FY (x) < 1 for all x ∈ R. However,
fixing y ∈ R+, to satisfy both x + y ∈ [A,∞) and x − y ∈ [B,C] the value of x
must lie in [B+ y, C + y]. Hence, the conditional distribution of X given {Y = y}
is concentrated in a bounded interval which means that FX|Y (x|y) = 1 if x is large
enough. For such x we have FX|Y (x|y) > FY (x). �

Theorem 5.11 Given a two-securities market {r1, r2} with

1 + r1 <PR 1 + r2
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we have
β∗

1,U ≥ β∗
2,U

for all nondecreasing, concave and twice differentiable utility function U , where
(β∗

1,U , β
∗
2,U ) denotes the optimal portfolio with respect to the utility function U .

Proof. Given a nondecreasing, concave and twice differentiable utility function
U , we have

E (X1 −X2)U
′
(
X1 +X2

2

)
≥ 0

by the Definition 5.9. Hence, the statement is immediate (see also [23]). �



Summary

In the present thesis I dealt with financial mathematical problems occurring
in discrete time markets. As the subtitles show basically the problems discussed
can be classified into three areas of mathematical finance: forward interest rate
curve models driven by random fields, limiting behaviour of discrete time financial
models, and stochastic dominance in optimal portfolios.

In the past years the main focus of my research was on forward interest rate
models. I proposed with my co-authors, G. Pap and M. van Zuijlen (see [17]),
discrete time Heath-Jarrow-Morton type forward rate curve models where the
forward rates corresponding to different time to maturity values are driven by a
random field. Our motivation was based on the following ideas. This way one can
build up more general and hence more flexible interest rate models than in the
case of classical models (which are driven by a single process). On the other hand,
one has the chance of finding an appropriate structure to describe interest rate
behaviour such that the models are not necessarily overparametrised or overfitted
as in many cases of financial applications. Last but not least, the idea of random
field models occurred in the literature of continuous time interest rate models,
however, certain difficulties with financial calculus suggest that one could benefit
from a discrete time approach, which may help later the development of continuous
time models as well.

First I turned to the introduction of discrete time random field forward rate
models at issue in Chapter 2. After the definition of necessary fundamental notions
the main aim was to derive sufficient conditions for models under what arbitrage
opportunities are excluded in the market. Such conditions are often called drift
conditions (or no-arbitrage conditions) in the literature of forward rate models,
since one can interpret them as an extra condition for the form of the drift term,
more precisely, under such a condition the drift term can be determined by the
rest of the model features. In this chapter drift conditions are derived for a general
forward rate structure and drift conditions are also given in the interesting case
of Gaussian driving fields. For this the existence of a general stochastic (market)
discount factor, which contains market price of risk parameters, is assumed. The
role of this factor is to describe how the market sets up the prices, more precisely,
it describes how the market adjusts the prices by taking into account certain
risk preferences. Following this one can find two examples for the random field
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structure which the statistical studies of the following chapter are based on. In
this chapter one can also get a comparison of the random field and the classical
structures, since first a simple structure (called classical model) is considered,
where the forward rates corresponding to different time to maturity values are
driven by the same stochastic process.

In Chapter 3 some specific case of the models introduced in Chapter 2 are con-
sidered: the forward rates are driven by a spatial autoregressive type of Gaussian
random field, it is supposed that the volatilities of the model do not depend on
time and time to maturity. Assuming the no-arbitrage conditions (derived in the
previous chapter) the maximum likelihood estimation of the parameters is studied
in such models. First only the estimator of the volatility is considered in various
cases (see Section 3.1): the likelihood function is derived and an explicit form
of the estimator is given, furthermore, depending on the behaviour (or value) of
the autoregression parameter of the driving field the asymptotic normality of the
estimator of the square of the volatility is shown both in the so-called stable case,
where the autoregression parameter lies in (−1, 1), and in a nearly unit root case,
where the sequence of the autoregression parameters (of a sequence of forward
rate models) tends to 1. Though asymptotic normality is proven, the two cases
are fairly different: among others one needs to emphasise that the norming factors
in the asymptotic results have different rates in the two cases. Such results are first
given in the so-called martingale models, where market price of risk factors do not
occur, afterwards, some more general cases involving market price of risk factors
are the object of study as well, where it is shown that using the tools applied in
the previous results one can obtain similar results. Several cases are studied here
depending on the behaviour of the autoregression parameter and the market price
of risk parameters.

For practical applications it is more important to study the joint estimation of
all parameters of forward rate models. In Section 3.2 such a problem is studied.
For this, a vector of market price of risk parameters is involved in the stochastic
discount factor. Furthermore, the model contains the volatility and the autore-
gression parameter. In such a situation an explicit form of the estimators cannot
be given due to the complexity of the likelihood function. We also mention that
the estimations are based on samples consisting of not independent and not identi-
cally distributed random variables, which cause further difficulties. However, first
strong consistency of the parameter estimators was shown and using this result
the asymptotic normality of the joint estimator has also been shown. Hence, nu-
merical procedures are suggested to find the maximum likelihood estimators which
show good asymptotic properties according to our results. We emphasise that in
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this chapter only a few specific models have been investigated. One can, of course,
choose different model features regarding to the volatility structure, the structure
of the driving field or to the market price of risk structure. We hope that the
methodology (applied in 3.2.2 and 3.2.4) and some general lemmas (derived in
3.2.5) we used can help at obtaining similar results for various models.

In Chapter 4 the limit behaviour of sequences of certain type of discrete time
financial models is studied. First, some tree models for stock prices are considered,
that is, generalisations of the well-known binary (e.g. binomial) tree models. For
this, different cases depending on the asymptotic behaviour of the possible rates
of returns of the stock price were investigated. It is shown that provided that the
possible logreturns vanish uniformly the logreturns of the stock price can only be
asymptotically normal, furthermore, necessary and sufficient condition is given for
the existence of the limit. In other words, in this case the limit is a Black-Scholes
type model. More generally, given that the possible logreturn values converge to
some limits in a certain way we could show that the logreturns of the stock price
asymptotically can only be distributed as a convolution of normal and Poisson
distributions, and necessary and sufficient condition is given for the existence of a
limit in this case as well. Some consequences of the limit results are also studied
in the final remarks of the section in which sufficient conditions are given for the
convergence of payoff values and other functions of the stock price.

In the second part of Chapter 4, in Section 4.2 the general framework of forward
rates in discrete time settings are recalled. Given a sequence of such models, under
the assumption that the volatilities are deterministic a functional limit theorem is
derived to describe the convergence of the sequence to a continuous time random
field forward rate model. As an example, a nearly unit root autoregression case
is studied as well, where it is supposed that the driving fields are of the same
autoregression form as in the previous chapter: in this case that the limit model,
which is a continuous time forward rate model, is driven by an Ornstein-Uhlenbeck
sheet.

Finally, in Chapter 5 I dealt with a classical problem of portfolio management
(which can also be considered, in fact, as a microeconomic problem of optimal
choice under uncertainty). The main question is the following: what properties of
the individual utility function and of the distribution of the stock prices of the mar-
ket can imply that an individual invests more in a financial asset then in another
one. For this new notions of stochastic dominance are introduced, which are called
strong first order stochastic dominance (SFSD) and strong second order stochastic
dominance (SSSD) and some basic properties of the notions are described. Based
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on SFSD and SSSD some generalisations of the results of Hadar and Seo [23] are
derived for the case of not necessarily independent stocks. The main results of
this part can be summarised as follows: an individual who prefers more to less
(monotone increasing utility function U) and who is risk averse (concave utility)
will always invest more in dominating stocks in SFSD or SSSD sense in her or
his optimal portfolio if and only if the function x 7→ U ′(x)x is nondecreasing or
concave nondecreasing, respectively.

The results summarised in the thesis are based on [13], [14], [15], [16], [17],
[18]. Except for [13], these papers of mine are joint works with my co-authors,
Prof. G. Pap (University of Debrecen, Hungary) and Prof M. van Zuijlen (Radboud
University, The Netherlands).



Összefoglalás

Ezen doktori értekezésben tárgyalt problémák mind diszkrét idejű piacokon
vizsgált pénzügyi matematikai kérdések. Ahogy az alćımekben is látható, alap-
vetően az alábbi három pénzügyi matematikai területre sorolhatóak be a vizsgált
kérdések: véletlen mezők által hajtott forward kamatlábmodellek, diszkrét idejű
modellek konvergenciája, és sztochasztikus dominancia optimális portfóliókban.

Az utóbbi években elsősorban forward kamatlábmodellek jelentették a kutatá-
som fő területét. Szerzőtársaimmal, Pap Gy. és M. van Zuijlen professzorokkal
olyan (ld. [17]) Heath-Jarror-Morton t́ıpusú forward kamatlábmodelleket javasol-
tunk, melyekben a különböző lejáratig hátralevő idő különböző értékeihez tartozó
forward rátákat egy véletlen mező hajtja meg. Ebben a következő megfontolások
jelentettek motivációt számunkra. Ezen az úton általánosabb és ı́gy rugalmasabb
kamatlábmodellek alkothatóak, mint a klasszikus modellek esetén (amelyeket e-
gyetlen folyamat hajt meg). Másrészt ı́gy lehetővé válhat, hogy a kamatlábak léı-
rására alkalmas modelleket találjunk úgy, hogy azok ne legyenek túlparaméterezve
vagy túlillesztve, ahogy az számos pénzügyi alkalmazás esetében tapasztalható.
Végül, de nem utolsó sorban megemĺıtjük, hogy a véletlen mezős kamatlábmo-
dellek ötlete a folytonos idejű kamatlábmodellek irodalmában merült először fel,
azonban az ezekhez tartozó pénzügyi kalkulussal kapcsolatban jelentkező bizonyos
problémák azt sugallják, hogy a diszkrét idejű megközeĺıtés ezen problémákban is
seǵıthet és ı́gy akár a folytonos idejű modellek fejlődéséhez is hozzájárulhat.

Először a szóbanforgó diszkrét idejű véletlen mezős kamatlábmodellek beveze-
tését tettem meg a 2. fejezetben. A szükséges alapvető fogalmak definiálása után
a fő cél olyan elégséges feltételek levezetése volt ezen modellekhez, amelyek mellett
a piacok kizárják az arbitrázs lehetőségeket. Ezeket a feltételeket gyakran drift
(vagy arbitrázsmentességi) feltételeknek is nevezik a kamatlábmodellek irodalmá-
ban, hiszen azokat úgy is értelmezhetjük, hogy egy további feltételt adnak a drift
tag alakjára vonatkozóan, pontosabban, ilyen feltételek mellett a drift tag meg-
határozható a modell egyéb tulajdonságai által. Ebben a fejezetben egy általános
forward kamatlábstruktúra esetében adok drift feltételt, továbbá egy érdekes e-
setben, Gauss meghajtó mezők esetére is adok drift feltételt. Ezen modellekben
feltételezem egy általános sztochasztikus piaci diszkont faktor folyamat létezését,
amely ún. piaci kockázati felár (market price of risk) paramétereket is tartalmaz.
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Ezen faktor szerepe az, hogy léırja, hogy a piac hogyan alaḱıtja ki az árakat, ponto-
sabban: hogy hogyan korrigálódnak az árak adott kockázati preferenciák figyelem-
bevételével. Ezt követően két példát adok véletlen meghajtó mezőkre, amelyeket a
statisztikai vizsgálatok során is alkalmazok. Ebben a fejezetben egyben lehetőség
nýılik a klasszikus és a véletlen mezős struktúrák egy összehasonĺıtására, hiszen
először egy egyszerű struktúrát vizsgálok, melyet klasszikus modellnek nevezek,
melyben a lejáratig hátralevő idő különböző értékeihez tartozó kamatlábgörbéket
ugyanazon sztochasztikus folyamat hajtja meg.

A 3. fejezetben a 2. fejezetben bevezetett modell néhány speciális esetét vizsgá-
lom: a forward rátákat egy térbeli autoregressziós t́ıpusú véletlen mező hajtja meg,
továbbá feltettem, hogy a volatilitás sem az időtől, sem a lejáratig hátralevő időtől
nem függ. Ezekben a modellekben, az (előző fejezetben levezetett) arbitrázsmen-
tességi feltételek mellett a paraméterek maximum likelihood becslését vizsgálom.
Először a volatilitás becslését tanulmányozom különböző esetekben (ld. 3.1. al-
fejezet): levezetem a likelihood függvény alakját, a volatilitás becslésének egy
explicit alakját, továbbá a meghajtó mező autoregressziós paraméterének viselke-
désétől (vagy értékétől) függően a volatilitás-paraméter négyzetének aszimptotikus
normalitását bizonýıtom be mind az ún. stabilis esetben, ahol az autoregressziós
paraméter a (−1, 1) intervallumban van, mind egy közel egységgyök esetben, a-
hol az autoregressziós paraméterek sorozata (mely forward kamatlábmodellek egy
alkalmas sorozatához tartozik) tart 1-hez. Bár mindkét esetben bizonýıtom az
aszimptotikus normalitást, a két eset meglehetősen különböző: többek között kie-
melendő, hogy a két esetben különböző normáló tényezők mellett bizonýıthatóak
az aszimptotikus eredmények. Először ún. martingál modellekben vezetek le ilyen
eredményeket, ahol a piaci felár paraméterei nem jelennek meg, majd néhány ennél
általánosabb, piaci felár paramétereket is tartalmazó esetben is levezetek hasonló
eredményeket, ahol látható, hogy a korábbi esetekben kifejlesztett eszközök itt
is alkalmasak hasonló eredmények bizonýıtására. Az autoregressziós paraméter
és a piaci felár paraméterek viselkedése alapján több esetet is tárgyalok ebben a
részben.

A gyakorlati alkalmazások szempontjából sokkal fontosabb a forward kamat-
lábmodellek összes paraméterének együttes becslését vizsgálni. A 3.2. alfejezetben
egy ilyen kérdést vizsgálok. Ebben az esetben a piaci felárak paramétereinek adott
egy vektora, mely megjelenik a piaci sztochasztikus diszkonttényezőben. Továb-
bá a volatilitás és az autoregressziós paramétereket tartalmazza még a vizsgált
modell. A likelihood függvény bonyolultságának következtében ebben az esetben
a becslésekre explicit alakot nem lehet meghatározni. Továbbá jegyezzük meg,
hogy a becsléseket olyan mintákból kell nyerni, melyek nem független és nem a-



110 Összefoglalás

zonos eloszlású valósźınűségi változókból állnak, mely további nehézségeket okoz.
Ennek ellenére először bizonýıtottam a becslések erős konzisztenciáját majd ezen
eredmény alapján az együttes becslések aszimptotikus normalitását. Ennélfogva
numerikus eljárásokat használva ajánlott a maximum likelihood becslések megha-
tározása, amelyek jó aszimptotikus tulajdonságait a bizonýıtott eredmények ga-
rantálják. Hangsúlyozandó, hogy ebben a fejezetben csak néhány speciális modellt
vizsgáltam. Természetesen a volatilitás, a meghajtó mező és a piaci felár struktú-
ráit illetően más tulajdonságú modelleket is választhatnánk. Remélhető, hogy a
technikai módszertan (melyet a 3.2.2. és 3.2.4. részekben alkalmaztam) és néhány
általános segédtétel (melyeket a 3.2.5. részben vezettem le) alkalmas arra, hogy
számos hasonló modellben hasonló eredmények legyenek bizonýıthatóak.

A 4. fejezetben bizonyos t́ıpusú diszkrét idejű pénzügyi modellek határértékét
vizsgálom. Először részvényárak famodelljeit tekintem, azaz olyan modelleket, a-
melyek a jól ismert bináris (például binomiális) famodellek általánośıtásai. Ehhez
különböző eseteket vizsgálok az alapján, hogy milyen az aszimptotikus viselkedé-
se a részvényár lehetséges hozamrátáinak. Megmutattam, hogy ha a lehetséges
loghozamok egyenletesen eltűnnek, akkor a részvényár loghozama csak normális
eloszlású lehet aszimptotikusan, továbbá szükséges és elégséges feltételt adok a ha-
tárérték létezésére. Más szóval, ebben az esetben a határmodell egy Black-Scholes
t́ıpusú modell. Általánosabban azt mutattam meg, hogy ha a lehetséges logho-
zam értékek konvergálnak (bizonyos értelemben), akkor a részvényár loghozama
aszimptotikusan csak olyan eloszlású lehet, mely eloszlás normális és Poisson el-
oszlások konvolúciójaként feĺırható, továbbá szükséges és elégséges feltételt adok
a határérték létezésére ebben az esetben is. Végül az alfejezet záró megjegyzései-
ben néhány következményét tárgyalom a fenti határeloszlás-eredményeknek, ame-
lyekben elégséges feltételeket adok a részvényár kifizetési és egyéb függvényeinek
konvergenciájára.

A 4. fejezet második részében, a 4.2. alfejezetben ismét a diszkrét idejű forward
kamatlábmodellek általános modelljét vizsgálom. Ilyen modellek egy sorozata e-
setén egy funkcionális határeloszlástételt bizonýıtok, amely determinisztikus vola-
tilitást feltételezve léırja a modellsorozat konvergenciáját egy folytonos idejű vé-
letlen mezős forward kamatlábmodellhez. Példaként egy közel egységgyök t́ıpusú
autoregressziós esetet is vizsgálok, ahol azt feltételezem, hogy a meghajtó mező
ugyanolyan autoregressziós formájú, mint az előző fejezetben: ebben az esetben
a határmodellt, amely egy folytonos idejű forward kamatlábmodell, egy Ornstein-
Uhlenbeck mező hajtja meg.

Végül az 5. fejezetben a portfólió menedzsment egy klasszikus problémájával
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foglalkoztam (amelyre egyben tekinthetünk úgy is, mint egy bizonytalan körülmé-
nyek közötti választási problémára a mikroökonómia tárgyköréből). Az alapkérdés
a következő volt: melyek az egyéni hasznosságfüggvénynek és a piaci részvényárak
eloszlásának azok a tulajdonságai, amelyek következtében az egyén többet fektet
be egy pénzügyi eszközbe, mint egy másikba. Ennek érdekében új sztochasztikus
dominancia fogalmakat vezettem be, amelyeket erős elsőrendű sztochasztikus do-
minanciának (SFSD) és erős másodrendű sztochasztikus dominanciának (SSSD)
nevezek, és ezen fogalmak néhány tulajdonságát mutatom meg. Az SFSD és a
SSSD fogalmak seǵıtségével Hadar és Seo eredményeinek (ld. [23]) néhány általá-
nośıtását bizonýıtom be arra az esetre, amikor a részvényárak eloszlása nem feltét-
lenül független. Ennek a résznek a fő eredménye az alábbi módon foglalható össze:
egy egyén, aki a többet a kevesebbel szemben preferálja (azaz az U hasznosság-
függvénye monoton növekvő) és aki kockázatkerülő (azaz a hasznosságfüggvénye
konkáv) pontosan akkor fog többet fektetni az SFSD vagy SSSD értelemben domi-
náns értékpaṕırba, ha az x 7→ U ′(x)x függvény monoton növekvő, illetve konkáv
és növekvő.

Az ebben a doktori értekezésben található eredmények alapját a [13], [14], [15],
[16], [17], [18] munkáim jelentik. Ezek, a [13] munka kivételével, közös publiká-
ciók szerzőtársaimmal, Pap Gyula (Debreceni Egyetem) és Martien van Zuijlen
(Radboud Egyetem, Hollandia) professzorokkal.



Symbol description

N the set of positive integers
Z the set of integers
Z+ the set of nonnegative integers
R the set of real numbers
R+ the set of nonnegative real numbers
E ξ expected value of ξ
Varξ variance of ξ
Cov(ξ, η) covariance between ξ and η
fk,` forward interest rate at time k with time to maturity `
Pk,` price of a zero coupon bond at time k with maturity `
∆1Sk,` := Sk+1,` − Sk,`

X 4FSD Y Y dominates X in first order sense
X 4SSD Y Y dominates X in second order sense
X 4SFSD Y Y dominates X in strong first order sense
X 4SSSD Y Y dominates X in strong second order sense
X 4PR Y Y is preferred to X
D−→ convergence in distribution
P−→ convergence in probability
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(2005): “Analysis of summer epidemic progress of apple scab at different
apple production systems in the Netherlands and Hungary”, Phytopathology,
95(9), 1001–1020.

(vi) Gáll, J., G. Pap and M. v. Zuijlen (2006): ‘Forward interest rate curves
in discrete time settings driven by random fields”, Computers & Mathematics
with Applications, 51(3-4), 387–396.
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Értekezés a doktori (Ph.D.) fokozat megszerzése érdekében a matematika
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Az értekezés b́ırálói:
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