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examine some operators involving generalized Mittag-Leffler-type functions in the
kernels, employing the generalized Fox-Wright function in specific circumstances.
Furthermore, we investigate some of the commonly utilized generalized fractional
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Laplace transform integral operators in fractional calculus. Moreover, a numerical technique is
Fractional calculus developed to solve fractional differential equations of both kinds, linear and
Confluent hypergeometric function nonlinear. The graphic results of the examples show how effective this method is at
Mittag-Leffler function solving fractional differential equations. Lastly, various effects and implications of
Integral operator these results are thoroughly examined.
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1. Introduction

Throughout the 20th century, fractional calculus and its associated special functions emerged as powerful

tools in analysis and mathematical models. These concepts found wide-ranging applications in various fields

of physics, mathematics, and engineering. A fundamental branch of applied mathematics, fractional calculus

employs non-integer order integrals and derivatives in both real and complex domains. In essence, it extends

the traditional integer-order calculus. This field employs both left-sided and right-sided differential integrals,

corresponding to left and right derivatives. The two most well-known fractional operators are the Riemann-
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Liouville integral and derivative operators, both on the right and left sides, as well as the Caputo fractional
derivative operators.

Interestingly, the history of fractional calculus dates back to the same era as the development of classical
calculus by Newton and Leibniz in the seventeenth century. It was in a letter from Leibniz to L'Hospital
in 1695 that the concept of a semi-derivative was first discussed. More precisely, Leibniz and L’Hospital’s
correspondence revolved around the idea of extending the principle of differentiation to non-integer orders,
particularly to orders such as one-half.

Numerous mathematicians, including Euler, Lagrange, Laplace, Fourier, Abel, Liouville, Riemann, Griin-
wald, and others, played pivotal roles in establishing the initial systematic foundations of fractional calculus.
For more details, please refer to [33] and [49].

Advanced calculus and virtually all fields of mathematics rely on special functions which represent specific
mathematical processes. There exist several well-known types of special functions that prove to be invaluable
in solving a wide range of problems related to fractional differential equations. Indeed, the application of
special functions is fundamental in the context of fractional calculus [24]. Specifically, this study explores
the concepts and techniques for solving fractional differential equations, also known as differential equations
involving fractional derivatives.

One of the first and most fundamental fractional calculus function is the Gamma function, originally
introduced by Euler in 1729. It serves as a factorial formula that has been extended to cover positive integers
as well as complex numbers. The exponential function, denoted as e*, plays a key role in constructing this
function, as discussed in [306]:

L(y) = / tY=letdt, (Y €C, R) >0). (1.1)
0

Following that, Legendre and Euler established the Beta function, a crucial function that is closely connected
to the Gamma function, [36] as follows:

B(1h,w) = / -1 (1= e, (Wyw € C, R($) > 0, R(w) > 0). (1.2)
0
Further,
_TW)TI'(w) " _

On the other hand, the Pochhammer symbol (rising factorial), related to I'(¢), is denoted by (¥), and
defined as:

(¥)e = W,

Since then, there has been a substantial increase in interest in applying the Gamma function in all special

(£ € C\Zy). (1.4)

functions up to the present. More specifically, solutions to fractional differential equations are primarily
discussed using the Laplace transform approach. The following research is motivated by this generalization,
aiming to pursue more creative solutions that result in various formulations of Mittag-Leffler-type functions
and fractional operators, see [3], [6], [27] and [38]. Physical rules might also be used to derive physical
phenomena of an exponential nature using Mittag-Leffler type functions (power-law) ([4] and [8]).

Riemann-Liouville fractional integral and derivative formulas are the most fundamental concepts in frac-
tional calculus. These are defined as follows:
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x

PR = [ @0 T 0d R >0, (15)
and
FEDLf () = A (REDE (1) R(a) 20, mi= [R(a) + 1. (1.6)

The expansions of the exponential function in relation to the Gamma function, also known as Mittag-
Leffler type functions, have a fascinating role to play in the applications of fractional calculus. Many scholars
have focused on the behavior of Mittag-Leffler-type functions in physics and math-related difficulties and
have expanded their results into the complex domain due to the successful and diversified applications of
Mittag-Leffler-type functions correlated with fractional calculus, [12], [15], [32], [40] and [43].

The distinguished Mittag-Leffler function E, (z), proposed and investigated by Mittag-Leffler, is defined
as

k

Ea (2) :Zm (z€C;R(a)>0). (1.7)

Following that, Wiman [52] and [53] developed a 2-parameter generalization of E, (z) as stated below:

Eax(2) = kzzo kT (a, A€ C; R(a) > 0). (1.8)

Since then, the Mittag-Leffler functions F, () in (1.7) and E, » (2) in (1.8) have been thoroughly explored
and studied in numerous forms and situations. Mittag-Leffler-type functions and their implementations have
been studied in a variety of fields, among which are mathematics, physics, engineering, and statistics. In
Wright [56], the distributions associated with the Mittag-Leffler-type functions are investigated. Addition-
ally, the expanded Mittag-Leffler pathways and model functionality have also been connected by Pillai
[35].

The function with the a and A\ parameters in (1.8) has been extended to more parameters, such as the
Prabhakar type functions,

y v D+t ]
Bl <z)—§)r(v)r(akﬂ)k!, (2,17 €C: R (a) > 0), (1.9)
and
2~ I(bk+q)2* .
E)) (2) = kZ:O T REL A’ (a, A\, b,y €C; R (a) > 0), (1.10)

see for example [14] and [45].

The advantages of confluent hypergeometric functions have been demonstrated in various physical fields.
They have been used to solve problems related to diffusion and sedimentation, like separating isotopes and
finding the molecular weight of a protein in an ultra-centrifuge. These functions can also be used to express
solutions to problems regarding high-frequency gas discharges and the representation of electron velocity
distribution.

The second-order linear homogeneous differential equation

d*M

dM
ZW—F(A—Z)E—'VM—O, (v, A, z2€C) (1.11)
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has been associated with the confluent hypergeometric function M (v; A; z) as its solution. According to
MacDonald [31], equation (1.11) exhibits an irregular singularity at infinity and a regular singularity at the
origin.

If A is not integral, a second equation solution (1.11) may be shown by

Ay X 2) =22 M (= A +1;2— X 2). (1.12)

If A is integral, the solution could be demonstrated by

Zk:
AasA;i2) = M (a;A2) {lnz + U (1 —a) - +C}+Z k+7 k+)>\?:7'
AEZF T (k+v— ?Q)LJAkIHD’ (1.13)
k=0
where
=58

The value of C, which is Euler’s constant, is 0.577216..., and

B—(E—I-L—i— +;>

S P vy Ty
SR S — LR
NS WL R Wiy 2 T k)

The U function was used in [7] to exhibit the extensive tables. The confluent hypergeometric function
M (7; A; 2) is represented as a series by

I 1O k2 ks (W) (k+7) 2"
N“%AJ)—1+XZ+—————§- 2: . (1.14)

AA+1) £T ()T A)k!

This series absolutely converges for all values of z. The following relations hold:

d

EM(%/\ 2) = XM (v+1;A+1;2) (1.15)
YM (v + LA+ 1;2) = (=AM (y; A+ 1;2) + AM (3 A 2) (1.16)
TM Y+ 15X 2) = (2427 =\ M (% 02) + (A=) M (y = LA 2). (1.17)

The Wronskian equation (1.11) and a functional association between its value at any point on a plane versus
its value at that particular point may be revealed between M (v; A; z) and A (a; A; ). See [1], [7], and [31]
for more details.

Now, we emphasize on the recently studied Mittag-Leffler-Confluent hypergeometric function (MLCHF),
denoted by M:;\y (2), as follows:

Sy =T (W) (bk +7) 2" .
@72;FWHWM+AMV (2, b,y €C; R (2) > 0). (1.18)
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The confluent hypergeometric function, as stated in equation (1.14), is a noteworthy consequence of this
function if a = b = 1. Furthermore, if b, A and ~, are all equal to one, we get the initial Mittag-Leffler
function as stated in equation (1.7).

Thus, it is evident that

i I (bk + ) 2*

‘ I'(ak+ \) k!

k=
GO, ( I(2,0,—2) —bI' (2 +1,0,-2))
ay

, (1.19)

where T (a, 29, 1) is the generalized incomplete Gamma function.

The generalized hypergeometric function ;¥ has been defined in the fundamental works of Fox [11] and
Wright’s publications [55] for any positive integer indices s and ¢, see also, [2] and [28].

The fundamental studies by Fox [11] and Wright from 1934 to 1940 [55] described the generalized hyper-
geometric function ;¥ for any indices s <t or s =t + 1, see also, [2], [34] and [28]. Subsequently, Gorenflo
et al. [14], Kilbas et al. ([18], [20], and [21]), and Kiryakova ([22], [25] and [26]) have conducted substantial
research on the so-called Fox-Wright function.

Definition 1. The series

' (v + bik) Lk
z (1.20)

' )

Vi (2) = S‘I/t(z)<1“a:)’; ) Z: T\ +ak)

ﬂ.’:lw H:]m

J

defines the generalized Fox-Wright psi function of z € C, where v;, A\; € C,a;,b; € R, (i = 1,...,s and
j=1..1).

Wright demonstrated a number of results on the asymptotic expansion of (¥, (z) for any argument values

t s
z when the property > a; — > b; > —1 is satisfied. According to this restriction, it was shown in [19] that
j=1 i=1
the series is an entire function of z € C. The following lemma provides conditions for convergence:

Lemma 1. [[21], Thm. 1]. Assume the conditions in Definition 1, and let

:Z ZbZ,A H|aj|aJH|b| P and o = ZA —Z% S_t. (1.21)

Then, the following are the convergence conditions:
(7) If Q@ > —1, then for all z € C, the series in (1.20) is absolutely convergent.
(i) If @ = —1, then for 2 < A, and z = A and R (¢) > 1, the series in (1.20) is absolutely convergent.

When v;, A; € R(i=1,...,s and j=1,...,t), the following integral representation of the Fox-Wright
function U, (z) is a Mellin-Barnes contour integral ([21], Eq. (1.11.21), [15]):

fam )

L ) T (y; + bi7)
() (G0i2) = o | SP————T (1) (=2) Tar, (1.22)
(Nj,a5)] 211 F()\ n )
T J T ayT

—.

Jj=1
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where T (the contour integration) separates all the poles of T'(7) at 7 = —p(p € Ny) to the left
from all the poles of I'(y; +b;7) at 7 = (v +pi)/bi (i=1,...,sand b; € N) to the right. As T =
(a —i00,a + i) (a € R), if any of the following two conditions hold, then representation (1.22) is valid:
() Q<1 |arg(—2)| < (1 —-Q)7w/2, z#0, or

(@) =1, RW)>(1—-2)a+1/2and arg(—z) =0, z # 0.

Requirements for the representation (1.22) are also provided in instances where ¥ = L_ (T = Lo,
respectively) is a loop situated in a horizontal strip beginning at the point —oo+ih; (+00+ihy, respectively)
and ending at the point —oo + ihg (400 + ihe, respectively) with —oo < hy < hy < 400, [28].

The normalized generalized hypergeometric function ¥} (z) is defined as (see, for details [42]):

* * i,bi)] (M) i,bi)]
Ui () = o7 (2) (gzjyaj))ltl;z) T (7t) 2 (2) (8.7‘73.7‘))15;Z) ' (1.23)
If s=t =1, then we have
« ) (D) I'(A) T (v +bk) b,
1“111 (2) ((’){ a) ) E : )\ —|—ak ; - Ma,; (Z) . (124)

’Y k=0

The significance of 1¥7 (z) is highlighted in Fermat’s last theorem and in practical issues like solving
trinomial equations.

Now, if we write a; = b; = 1 for every 1 < i < s and 1 < j <t in Definition 1, we get a relationship
between the generalized Fox-Wright function (¥, (z) and the generalized hypergeometric function Fy (2)
as follows:

() (s 2) = JF (352) (1.25)

The more complicated Fox H— and Meijer G-functions include as special cases the ¥, (z) and  F; (2)
functions, [14], [22], [21], [28] and others.

Remark 1. When s < ¢ and Q > 0, ;F} (2) is an entire function of z € C, see [10].
2. Main results

Theorem 1. The generalized Mittag-Leffler function Ma]f’/\7 (z) defined by (1.18) is an entire function in the
complex z-plane of order v and type n provided by

_ 1 1ROV
Vi e ST G+l and 1= " <7(R (a))R(a) > . (2.1)

Additionally, the power series in the defining equation (1.18) converges absolutely in this case when

R (a))*®
(R ()R

R@=R({)—1>0 and |z]|< (2.2)

Proof. The proof of this theorem can be obtained from the representation of (1.24) and the basic theory of
the Fox-Wright function when s =t = 1; therefore, it is omitted. O
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We introduce an integral operator @Z’;\Y (1) on a space w by

xT

1007 @) = [0 Mule -0 Odt =g (@) RO >0 (2:3)

7

and use an operator of fractional integration I* : w — w to show results on @:j;\’ (1). w indicates the
linear space of complex-value functions f which are integrable on a finite [a,b], a > 0 with the norm
171l = J21F (O] dt, see [37], [47] and [15].

Several authors, see for example, [5], [17], [37], [39], [51] and [54] have employed the Laplace transform to
solve convolution equations, which are cases of (2.3). The target of this study is to investigate the integral
operator G:’; () for every real constant + > 0, where M;;f (2) is the function in (1.18) that includes a
number of other special functions.

Theorem 2. Let the function © be in the space LL(1,7) of Lebesgue measurable functions on a finite interval
of the real line R defined by

L) = h: |, ::/|h(x)|da:<oo . (2.4)

The integral operator G::z (1) is then bounded by (1, 7) and

e

where the constant E (0 < E < 00) is given by

we| <zlel,. (25)

D) T4bk) o=
E:=(—1)FW Z e} : . (2.6)
T(y)T(A+ak)k! (R(a)k+A)
Proof. To prove Theorem 2, it is sufficient to show that
7| x
lexzme| :/ /(t 2 T MYl — )0 (1) dt| do < oo, (2.7)

(b, € C; max{0, R(y) — 1} < R(a); min{R (\), R (y)} > 0). By Fubini’s Theorem, we do in fact get

J J
‘@bw(ﬂ)@"1</|@ /t—x ()= 1’Mb7 ’dx dt
7 t
J J—t
:/\@ / )R~ 1’M Jut —x)*| de | dt
1 0
1

/|@ /t—m)R(/\)_l‘M;’;u(t—x)a‘da: dt

0
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N

71—
T (\) I (y +bk) |ul* / R(a)n+R(A\)—1
) Togran e ) ¢ da | 116l
k=0 0

=E-|0],, (R(v) >0) (2.8)

where the value E is determined by (2.6) and is finite according to Theorem 1. Hence, the boundedness of
the integral operator Q‘EE:;’ (1) is now fully proven. O

Theorem 3. Let

J;>Z(ZER+:=[0,00)), 0<a<l1l, 0<k<1,

and
R (a) > max{0, R(v) —1}; min{R(A), R(v), R(¢)} >0 and b, €C.
Then
Lz [ =0 M (e = )| @) = (@ = 0T MYl — )1, (29)
REDg (=N MYt = )] (@) = (@ = 07T MY [l — )", (2.10)
and
REpge [(¢ = M MYt = 0] @) = (@ = 0 MY (e = ). (2.11)

Proof. Our proofs of the assumptions (2.9) and (2.10) would coincide with those of the associated established
findings ([20] and [45]). Accordingly, we can assert the assumption (2.11) of the theorem. We have

REDe [(¢ =M MYt -] (@)

a,K - F(A)F( +bk) k a —1
(FLD? ( F(*y)l“&—&-ak)i! (=™ >>(z)

k=0
3 F(A)F(’y+bk)'uk a,k a —1
:;;)F(V)F(Mrak)k! (5LDx ((tﬂ) kA ))W)
_S LA LO+bk)pt T(A+ak) aktA a1
_kZ:OF(’y)F()\—Fak)klr()\-ﬁ-ak—a)(t*l) E+A

cac1 o~ TN T (y + bk) pk a
== T Y S Toan (e =)

A—a—1q b,
= (z =) M [u(z =),
which is exactly the conclusion (2.11) that Theorem 3 states. O

The theorem mentioned above is an exceptional instance; readers can learn more about the ;W¥; function
and related topics from a variety of prestigious articles and books, such as [22], [23] and [42]. Numerous
researchers have provided integral representations, not only for the result of two orthogonal hypergeometric
polynomials but also for additional hypergeometric polynomials that are connected to it. For instance, Lin
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et al. [30] recently conducted a similar analysis involving a number of generic classes of polynomials that
are found in Srivastava’s Ef* (z) polynomials, which were first described by Srivastava [44]:

EN(z)= )" T“an,kzk, (n€koy;K eN), (2.12)
k=0 )

using an appropriately bounded double sequence {a,, k} _ With practically arbitrary parameters (real or
complex), see also, [13], [29], and [45].

We will need the integral formulae for the Beta function and the Gamma function (1.1)-(1.3) to derive
the aforementioned integral representations, for more information see [50].

Theorem 4. The following integral representations hold:

1
MR () M2 () =~ [t e
’ T ()°
(0+) (
/ / APATB Wy (G AT 4 (1 6B 2] dAdB | dt (2.13)

(larg (A)[; Jarg (B) < 75 max {0, R (y) — 1} <min{R (a)};
min {R (b), R (7), R(4)} >0),

o 4(xT (7))
(0+) (0+) oo
/ / 6A+BA7)\B7€ / Tb+d>716[t'YA_a+(17t)'YB_a}z-r”f-rd,r dAdB | dt (214)
—00 —00 0

(larg (A)[, Jarg (B)] < m; min {R () ,R (b), R(¢)} >0; 0 <R (v) <1),
i () (302) 1 ) (25):2)
1
= /tb_l(l — 1) (2) {E}fjf)) [+ (1 =1)7] ]d (2.15)
0

(min {R (b), R(¢)} >0; 0 <R (y) <1),

and
* ,b *
VU (2) (&ag; z) W (2) (EZ 2, )
1 e’}
:/tb 1 /Tb+¢ ! t’YAiaJ’»(lit)’YBia}ZT’y*TdT dt (2'16)
0 0

(min {R (b), R(¢)} >0; 0<R(y) <1).
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Proof. Using the definition (1.24), we get the following for the left-hand side of (2.13)

- i [T T (y +Dbk) 2* — L' () T (v + ¢k) 2*
M3 (=) M2 (Z)(ZF(W)P(AJrak)k!)’(kZ_Or(A,)F(s+ak)k!>

T 0o T k Kk . o
_ (/\)F(Zb)Z (y+e+bk)z Z k: b(bz—&—j,q’)—i—v(k z)? ’ (2.17)
TM) = E! —\ i JT(A+tai)T(e+a(k—1)
based on the Beta function B defined as (1.3).
Now, by appropriately using the last integral formulae (1.2) and

(0+)

L _ 1 / eBB7%dB (larg (B)| < ) (2.18)

T(z)  2mi ’ 8B =T '

we easily get the integral representation (2.13) as proven by Theorem 4 in the last part of (2.17).

Since 0 < R () < 1, the integral representation (2.14) would be obtained from the integral equation (1.1)
that provided an integral representation for the Fox-Wright function ;U7 (2) contained within the integer
and of (2.14). The integral representations (2.15) and (2.16) proofs are similar; therefore, we will skip the
details. O

The following known identity will be generalized in the following theorem, for more details, see [20], [41],
and [45]:

x

/ @ — )T IMY Y (wtt) - ME ) (w(z — 1)) dt = TG (wa) (2.19)

0

given that every member of (2.19) exists.

Theorem 5. The following integral representations are valid:

x

/tkl(x — 0T MY (W) - MEY (w(a — 1)) dt

- 56 [ =0 T M (o (- w0)) (2:20)
(weC; maX{O, R(’Y) - 1} < R(a); min {R<b) ) R()‘) ) R(d)) 7R(’Y)7 R(E)} > 0>'

Proof. By appropriately using a well-established Laplace transform result

£7@) W= [ f@)e i, (2.21)
0

and based on Srivastava et al. [46] analysis of the Fox-Wright generalized hypergeometric function U, (z)
under the Laplace transform, we obtain

£ [x"_lMS’; (wxw)} = S_pir‘((;\zj))(f) 207 (2) (Ei’j))(%b); s%) (2.22)
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(we C;max{0, R(y) =1} <R(a); min {R(b), R(7), R(p),R(¥)(e)} > 0)
thus, for the special case where
p=XA and Y =a

gives

£ [ IMPY (wa)] = s LT (2) (Wb) “). (2.23)

R Sa
For the Laplace transform (2.21), by using the convolution theorem in light of results like (2.23), we can
now deduce from Theorem 4 that

x

’ / P @ — )T MDY (wt) - ME (w(w — 1)) dt | (s)

0
s TODT@) ooy (). DY y
= e e (0 5) e (40 )
2 %) 1
B 15)7) = ,;) Etszkl)c' /tbfl(l*t)qb_l[“ﬂl*t)”]dt . (2.24)

0
This final result (2.24) provides the following using the inverse Laplace transform:

x

/ P — 1) MY (wt) - M (wla — 1)) dt

0
_ e LT (@ ir (b+¢+7k) 2~ whadk
(T(y)? = (s*2=)kl T(ak+A+e)
1
/tb L1 - + (1 — )] de
0
)\+s 1 !
S a0 et + (=
0
pAte—b—¢
/tb Yo — )M (wa Y [0 + (x — 1)7]) dt .
0

This is exactly the second part of the statement (2.20). O
3. Numerical method
In this section, a numerical technique is being developed to solve fractional differential equations of both

kinds, linear and nonlinear. MLCHF collocation method basically depends on the basic function defined in
Eq. (1.18) as the Mittag-Leffler-Confluent hypergeometric function.
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8.1. Methodology for linear fractional differential equations

Consider a linear fractional differential equation with coefficients ¢,,(z) and the function g(z) where
z €[0,1] as

Y am(x)DImy(2) = g(2), (3.1)

where ¢1(2) =1, a1 > a2 > ag--- > ap_1 > ap = 0 and the initial condition as
y™(0) = ¥, where n=0,1,---,[aq]. (3.2)

In this work, a,, will be considered only. The solution of y(z) is assumed to be represented in the form
of a series as

Zbkajl , (3.3)

where M;D ; ; (z) are known and the coefficients {b;};_, need to be obtained from the series solution.

Now, to approximate the solution for linear fractional differential equation, let us consider some points,
ie. zq, for ¢ = 0,1,-- ,n, then Eq. (3.1) becomes Y7 _| ¢ (z) ZZ:O kag‘mM::/\W’i (2) = g(%). Now using
the term D?T”M:’li (z) defined in Theorem 3, the initial conditions 22:0 kaZM;’;’J (z0) = tp, where
n=0,1,--- ,a for ¢ =0,1,--- ,n, it becomes

i p
Dbk Y am(z) DI MY (24) = 9(z)- (3.4)
k= =1

Now, to evaluate the values of coefficients {bk}};zo, we solve Eq. (3.4) along with its initial conditions.
Since it is not an easy process, let us write it in the form of an optimization problem as an unconstrained
least-cost squares function,

[ai] 2
—i—Z[Zka”Mf’/\”l 0) — wn}. (3.5)

To solve this, the optimization technique known as Leap Frog mentioned in [16] can be utilized.
3.2. Methodology for monlinear fractional differential equations
We consider nonlinear fractional differential equations that can be written in general as
D3ty (z) = 9(Dg*y(2), D2*y(2), -+, DI y(2),y(2), 2) (3.6)
where ¢1(2) =1, a1 > as > az--- > ap_1 > o = 0 and with the initial condition as

"(0) =,,  where n=0,1,---,[a]. (3.7)
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To approximate this solution, let us define a new nonlinear optimization problem as

J = {Z b D M:Q,i (2) — g(z ka?2M;7)’\Y’i (2), Z ka?:SM;Q,i (2), -,

k=0 k=0 k=0

i 2 [on] 4 2

S )|+ | 3 SO (o) - v (5:5)
k=0 n=0 k=0

To solve this, the optimization technique known as Leap Frog mentioned in [9] can be utilized.
3.8. Example 1

Consider the first example as a linear fractional differential equation

D~ 2= g(z), g(z) = g[@] 202 Lelo (3.9)

with the initial condition y(0) = 0. To solve this problem with MLCHF, assume ¢ = 2 for the sake of easier
calculations, then Eq. (3.9) becomes

2
y2(2) = Z ciM:,’;i (2) = CoM;’;,O (2) + ClM;,’,:{J (2) + CQM;’/’\Y72 (2) (3.10)
i=0
then
Dyy(2) = ex D MY 1 (2) + c2DMY , (). (3.11)

By using the above equation, Eq. (3.9) can be written as

chO‘M;’;l (2) + C2DQM;’;2 (2)
—2(coMPY o (2) + 1 MYT | (2) + caM2Y L (2)) = g(2). (3.12)

By collecting the coefficients c¢s, ¢1, co

. BRTEB)DNT(2b+v)  22T(A)D(20 +7)
\2r G)r(ra+x  T(T(2a+A)

TTETONar N | T+

b [ VEEQLWEO+7) 2TV +7)
"\ T (@) r()ra+ ) ()T (a+ A)

23/21(3)

r(3)

and utilizing them for any three points of z; i.e. zg = 0,21 = 0.5,20 = 1 and a = %, we obtain three

VLTI (b +7)  2ETNI(0+7) 2)

—2¢ — +222=0 (3.13)

equations

—260 — 2(31 - 262 =0 (314)
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FPTE)PAT(2b+7)  2’T(AT(2b+7)
2L (2)T(MIL(2a+A)  T(y)(2a+N)

+

VAEQTL( +7)  26:TWE0+7)
L (3)T(T(a+A) ()T (a+A)

o (YE@LOLG+9) TG+,
\TETOM@+Y)  THIMa+X)

ST(3)
T

FPTE)IPAT(2b+7)  22T(AL(2b+7)
20 (3)T(Y)L(2a+))  T(Y)(2a+A)

—2cq — +222=0 (3.15)

\_/

L VET@UWI(b+7)  2TWE(b+7) 2)

T(3)T(l(a+A)  T)T(a+ N

oy [YEE@LAL(G+)  2GIV0e+)
I'(3)T(1)T(a+A) T(y)L(a+ A)

3/2F
— 2¢p — Z'TG) +222 = 0. (3.16)
r'(3)
In solving this linear system of equations to get
0O — _2F(7)F(2a +A) _2(T(2a+ )
O T T TN (2b+4) T 7 T(NL(2b+7)
the solution becomes
0 k 1
B z F()\)F(bk+’y kar'y (NI (bk + )
va(z) = Co 22 BT () (ak + A) 1Zk T(ak + \) QZk'FyI‘ (ak + \)

2°T(\)T(2b+7) 2I(N)T(b+7)
_ QF( ) (2a+ >‘) (21“(7)1“(2@-»-)7) + F(v)l“(a-i-;) + 1)

T(T(20 + )
20(1)P(2a + ) (FEEES +1)
T(AT(2b +7) ’

(3.17)

which is the numerical solution for this problem. For b = 1,A = 1,a = 0,7 = 1, this solution becomes
yo(2) = 22 which is its exact solution.

3.4. Example 2

Consider the second example as a fractional differential equation

Llg + 1]

Dly+y=g(2), g(z)= Tg+1—a]

297 z€]0,1] (3.18)

with the initial condition y(0) = 0 and « € (0, 1]. To solve this problem with MLCHF, assume i = 2 for the
sake of easier calculations, then Eq. (3.18) becomes
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4000

y2(2)
2000

Fig. 1. Visualization of numerical solution obtained by solving Ex. 1 (3.9) at a = %,b = 0,A = 1,a = 0,7y = 1 where z €
[—50 — 50i, 50 + 50%]. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

50

Fig. 2. Visualization of numerical solution obtained by solving Ex. 1 (3.9) at a = %,b = 0,\ = 5i,a = —1.54,v = —0.5% where
z € [—50 — 50%, 50 + 504].

1.4x107" f f— Error Function

1.2x107 ]
1.x107MF E
8.x107"° | ]
6.x107° ]
4.x107"% ¢ ]
2.x107F

Absolute Error

N

where z € [—50 — 504, 50 + 50i].

Il
VH
o
Il
R
2
Il
—

Fig. 3. Visualization of absolute error at o = %, b=0,A
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Z ClM;O’;z = COM:L),’;\Y,O () + ClM;,’)’\YJ (2) + C2M:>72 (2) (3.19)

then
Dyy(2) = ex D*MY 1 (2) + c2DMY , (). (3.20)
By using the above equation, Eq. (3.18) can be written as

C1 DaMa)\l( )+62DaMa)\2(Z)
+ (coMPY o (2) + e MPY | (2) + 2 MPY, (2)) = g(2) (3.21)

(F((/\ (b+7) (2)z'~ “)
(

)*
(@ + N2 - a)

. (F(/\)F(b+7) 2)21 MI(2b + )T (3)z2 a)

2\ T()1(

I'(
a+ANT(2—a) 20T (2a+ N3 — )
TNT(b+v)z TAT(b+v)z (/\)F(2b+’y)z2>
)

Hota o TG @ TOING T3 TG
— g(2). (3.22)

Now collect the coefficients ¢y, c1,c9 at a =1

e (F(/\)F(b +7)  Z2TAC(2b+7) 2D +7v)  2D(A)C(26+7) + 1)
r

T (a+A)  2I'(y)T'(2a+ N) LF(y)T'(a+ N) L'(y)I'(2a+ A)

+o (F((A)) Eb i K; + (( )>F<(b:;)) + 1) tep—22=0 (3.23)

and utilize it for any three points of z; i.e. zg = 0,21 = 0.5,22 = 1 and a = 1, we obtain three equations
& (%%—1)4—@2 (%+1)+CO:O (3.24)

BINGVI
o (Foraen )

(L0 ) OGO )y a5
(OO ) o () D ) ao o
In solving this linear system of equations to get Co = 0,C7 = —W7 Cy = %, the solution

becomes

0 k 1 k
ATO)C(bk + ) KT (bk +7) T\ (bk + )
S kZO “ +Cs Z EIT(

— kI (y)L(ak + A) - ED(y)T(ak + ) (Y)T(ak + )

220(\ b 2I(MT (b
2l(v)I'(2a + A) ( gpFé))pF((ziIJf + rr(gy))rr(sz:;)) + 1)

T(VI(2b + )
2P(N)T(2a + ) (GRS +1)
T(VT(20 + )

(3.27)
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1000
y2(2)

Fig. 4. Visualization of numerical solution obtained by solving Ex. 2 (3.18) at o = 1,b = 0,A = 1.5¢,a = 0,7 = 1.5 where
z€[—1—1i,1+1i].

20

Fig. 5. Visualization of numerical solution obtained by solving Ex. 2 (3.18) at a = 1,b = 0,A = 2.54,a = 0,7 = 2.5 where
z € [-1 — 14,1+ 1i] and z € [—25 — 25%, 25 + 25i].

which is the numerical solution for this problem. For b =0, A = 1,a = 0,y = 1, ¢ = 2, this solution becomes
y2(2) = 2 which is the exact solution for ¢ = 2. Next two examples are two cases of fractional Riccati
differential equation

v +p(z)y = g(2)y° + h(2).

Since this equation cannot be solved analytically, and numerical techniques are used to obtain its solution,
we will use the MLCHF collocation method to solve the two cases of fractional Riccati differential equation
where g(z) = £1,h(z) = 2%, p(z) = 0.

3.5. Example 3

Consider another example of Riccati fractional differential equation [57]

D —1+42=0, z€][0,1] y(0)=0. (3.28)
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35x10715 | — ]
3.x10715

25x1015
2.x10715 ¢

1.5x1075 ¢
1.x10715

5.x10716 |

o

Absolute Error

L e 3 Error Function

Fig. 6. Visualization of absolute error at &« = 1,b =1, A = 1.5¢,a = 1,y = 1.5¢ where z € [0, 10].

To solve this problem with MLCHF, assume ¢ = 3 for the sake of easier calculations, then Eq. (3.28) becomes

2
ya(2) = DMy, (2) = coMyy o (2) + ea My (2) + MY (2) + eaM)Y 5 (2) (3.29)
1=0
then
Dyy(z) = 1 D* MY | (2) + caD*MYY 5 (2) + esDMY 5 (7). (3.30)

By using the above equation, Eq. (3.28) can be written as
1D MY (2) + caD* MY o (2) + s MY 5 (2) — 1 (3.31)
2
+ (chaM;’;;l (2) + 2D My 5 (2) + 3D My 5 (2) ) =0. (3.32)

By collecting the coefficients c3, ¢2, ¢1, ¢g and utilizing it for any four points of z; i.e. zg = 0,21 = 0.5, 25 =
0.75,2z3 = 1 and o = 1, we obtain the following four equations

)
INOYINED) (b +7) 2 _
“2(m)“3(m)+<00“1“2“3> “i=0
For =1

LT (b +7) (T
C”(mwrw+xw+0*'2(mwrw

v)  TIT(2b+7) TD(b +
NP ESY 1) + c3<

. Le DD +7) T(\
CQ HY I CESY +Q<

_|_
+
(AT (2b+ ) T(MT(3b+ ) . 1>
(T (2a+A)  6T'(y)T'(Ba+ A)
)
)

T(MT(2b + ) . LAT(b+ v
()T >+3<rwww+A

+

T(AT(2b+7)  0.50(AT(3b + v ) _1-0
P(Yr2a+A)  T(I@a+A) o

~—

_|_

T(y)T'(2a+ N)

For z = 0.5
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Fig. 7. Visualization of numerical solution obtained by solving Ex. 3 (3.28) at « = 1,b = 0,A = 1,a = 0,7 = 1 where z €
[—40 — 40i, 40 + 40i].

0.5T(A\)IL(b + ) 0.50(NT(b+7)  0.1250(NT(2b +7)
(cl ( T+ 1) e ( Tty |+ TOMCaty 1)
(0.5I‘()\)1“(b +7)  0.125T(\T(2b+~)  0.0208333T'(A\)'(3b + 7) N 1) e )2
S\ T()T(a + A) T(7)T(2a + A) L(1)T(3a+ A) 0
L alWTb+9) | . (m)r(b +4)  05T(MNT(20+7) ) . ( (AL +7)
T(7)C(a+ ) T+ | T2+ A) INCHNCESY)
0.50(A)(2b+ ) 0.1250'(\)T(3b + 7)) 1—0
T(7)L(2a+ \) T(7)T(3a + \) ‘

For z =0.75

0.750(\I(b + 7) 0.750(\T(b+~)  0.281250(A)T(2b + 7)
(( ()T (a+ ) “>+CZ< ()T (a+ ) T ()T (20 + V) “)

0.75C(AD(b+7) | 0.281250(WD(2b+7) | 0.07031250(NE(3b+17)
+C3< T(y)T(a+\) T(7)T(2a + \) T(7)T(3a + \) + > CO)
aTOD(b + ) (F(A)F(b +q) 0750026 + 7)) e < T +7)
L(y)T(a+A) L(y)T(a+A) L(y)T'(2a + A) L(y)T(a+A)

0.75I"
v

L(2b+7) | 028125TOLE0+7)Y
T > T

()
T'(2a + A) IF'(y)T'Ba+ )

In solving this linear system of equations to get Co = —1,Cy = 1,Cy = 2,C5 = —2 at o = 1, the solution
becomes

AL +7)  2°TNT(Bb+19)
T(y)I'(a+ A) 3L (Y)I'(3a+ A)

y3(2) = (3.33)

which is the numerical solution for this problem. For b = 0,\ = 1,a = 0,y = 1, this solution becomes
ys3(z) =z — % which is the series form of its exact solution i.e. tanh(z).
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100

0.1

100

Fig. 8. Visualization of numerical solution obtained by solving Ex. 3 (3.28) at a = %,b = 2, = 1.5i,a = 2,7 = 1.5i where

z € [—100 — 100%, 100 + 100%].

-14 [ T T T T T T
6.x10 [ 4~ Error Function
5.x107 | ]
4.x107}

x107 1L

Absolute Error
w

2.x107M ¢

1.x107™ ¢

0:

Fig. 9. Visualization of absolute error at « = 1,b = 1, A = 1.5é,a = 1,y = 1.5i where z € [0, 10].

3.6. Example 4
Consider another example of Riccati fractional differential equation [57]
D% —1—y*=0, z€l0,1 w(0)=0. (3.34)

To solve this problem with MLCHF, assume ¢ = 3 for the sake of easier calculations, then Eq. (3.34) becomes

2
Yya(2) = D My, (2) = coMyy o (2) + er MY (2) + MY (2) + esM)Y 5 (2) (3.35)
=0
then
Dys(2) = s D My, (2) + caD* MY, (2) + s DM 5 (2) . (3.36)

By using the above equation, Eq. (3.34) can be written as

CIDQM:,’;J (z) + CZDOLM:QQ (z) + C3M;,’>7,3 (2) -1
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2
- (chaM;’;,l (2) + c2D*M)Y 5 (2) + 3D MY 5 (2) ) =0. (3.37)

By collecting the coefficients c3, ¢2, ¢1, ¢g and utilizing it for any four points of z; i.e. zg = 0,21 = 0.5, 20 =
0.75,23 = 1 and o = 1, we obtain the following four equations

al(VT(b+7) <F()\)F(b+’)/) ) (I‘()\)F(bJr’y) )
- 4| ——— = +0. )| +t3 | =———= +0.
I( +A)

NONCESY ()@ + A (@ + A
7(Co+01+62+63)271:0. (338)
Forz=1
(. (TOT(b+) _(TLG+7) | TOL(2b+)
(1(F(v) o+ ) 1) * 2<r<v>r<a+x> HEAC)ICTESY “)
TT(b+7)  TT@b++)  TATBb+7) )
tes (F(W)F(a—k N Farr@a+ ) T e T@Eax ) 1) +C°>
el (T + )+02(F()\)T(b+7) F(/\)T(2b+7)>
L(y)T(a+ N F(y)T(a+A)  TH)I'(2a+N)
TG +~)  TALEb+7)  0.50AT(3b+ ) B
+es <F(7)F(a+)\) T (2a+2) T (Bat ) ) —1=0
For z=0.5
05T (b+7) | 050N +7) , 01251 (W(2b+ )
_<cl( T(v)T(a + N ) ( a+/\ T(7)T(2a + N “)
<o STOVD(b+1) |, 0125T(A )F(2b+7) 0.02083330(\)[(3b + ) 1)
T (a + A) T()(2a + A) T (3a + \)
>2 61F r'(b+7) e ( (ML +v)  0.50(A)T (2b+7)>
a+A “\I()a+A) " THIa+ A
(A b+7 L OSTL(20+79) | 012T(VEE 7)Y |
“3( T(ML(@+X) | THTRa+A) T(7)C(3a + ) >‘ —
For z = 0.75

B <C (0.75F(>\)F(b+7) N 1) e (0.75F()\)1“(b+7) | 02815T(VI(2b +7) 1)
' (

() (a+ \) T(y)T(a+ A T(7)(2a + \)
[ <0.75F()\)1“(b +7) , 028125T(MT(2b+19) | 007031250 (WT(3b+1) 1) e >2
S\ T()T(a+A) L(7)T(2a + \) L(7)T(3a+ \)
al(WL(b+9) | ., ( (MT(b+7) | 0.7 (M2 + 7)>
T(y)T(a + \) F()C(a+2) = T (2a+ A
T +7)  0.750(ANC(2b+7)  0.281250(A)T(3b + ) B
tes <F(7)F(a +A) | T()T(2a+A) C(7)C(3a + A) ) —h=0

In solving this linear system of equations to get Co = —1,Cy = 1,Cy = —2,C3 = 2 at a = 1, the solution
becomes

ATANTBb+7)  2D(AT(b+7)

3U(NTBa+A)  T(yT(a+A) (3.39)

ys(z) =
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ya(

Fig. 10. Visualization of numerical solution obtained by solving Ex. 4 (3.34) at « = 1,b = 0,A = 1,a = 0,7 = 1 where z €
[—40 — 40i, 40 + 404].

100. = 4
TT/2
10.
0
1.
-77/2
0.1=
-7

100

Fig. 11. Visualization of numerical solution obtained by solving Ex. 4 (3.34) at « = 1,b = 2,A = 1.5i,a = 2,v = 1.5i where
z € [—100 — 100%, 100 + 1004].

Error Function

7.x1071
6.x107™ |
5.x107M F
4.x107MF
3.x1071 ¢
2.x107M ¢
1.x 10714

Absolute Error

Fig. 12. Visualization of absolute error at &« = 1,b = 2, A\ = 1.5¢,a = 2,y = 1.5i where z € [0, 10].
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which is the numerical solution for this problem. For b = 0,\A = 1,a = 0,y = 1, this solution becomes
ys(z) = z + % which is the series form of its exact solution i.e. tan(z).

Graphical results of the examples solved above show that this method is very effective in solving fractional
1
2
0,v = 1,A = 1, it becomes the Mittag-Leffler-Confluent hypergeometric function, and one can obtain an

linear and nonlinear differential equations. In Fig. 1, numerical solution for o = % is shown. For b =0,a =
analytical solution. In Fig. 1, it can be observed that the graph is counterclockwise, which shows that there
is a zero present in the solution. The graph is repeating its colors and pointing towards a simple multiple
zero at z = 0 + 0i. In Fig. 2, the multiple zero can be noticed. Also, the legend describes the direction of
the graph i.e. anticlockwise. Anticlockwise graphs contain zeros, whereas clockwise graphs describe poles.
Fig. 3 shows the graph of absolute error obtained from the exact solution of Eq. (3.9) and the numerical
solution obtained by the MLCHF collocation method. Hence, the absolute error shows the accuracy of this
method as it goes up to 1.4 x 10714 in Fig. 3.

Upon solving Eq. (3.18), the results can be seen graphically in Fig. 4. At a = 1, the numerical solution
is plotted for a = 1,b = 0, A = 1.5¢,y = 1.5i. This is an anticlockwise graph as after green comes the blue
color, and as we increase the plotting range, it adds more colors to it, representing the multiple zeros in this
solution. In Fig. 5, the plot range is —25 — 25i, 25+ 25i and we can clearly see that the zero lies at z = 04-0i.
To check the accuracy of the numerical solution of Eq. (3.18) obtained from MLCHF, the absolute error
was obtained, and Fig. 6 shows that its absolute error fluctuates between 5 x 10716 and 3.5 x 10715,

Eq. (3.28) and Eq. (3.34) describe the two cases of fractional Riccati differential equation where g(z) =
+1,h(2) = 2°,p(2) = 0. Fig. 9 and Fig. 12 show the absolute error of both cases at & = 1 and the error
reaches 6x 10714 and 7x 10~ respectively. Hence, these values show the accuracy of the MLCHF collocation
method. Fig. 7 and Fig. 10 show the numerical solution graphically, and by looking at the legend and graph,
it is clear that Fig. 7 and Fig. 10 are anticlockwise showing multiple zeros in the graph. Fig. 8 and Fig. 11
point at the multiple zero in graphs at z = 0 + 0i. Since the numerical solution obtained was a polynomial
when z = 0 + 0i, then the solution becomes zero. Hence, the z-intercept is shown in Fig. 3, Fig. 6, Fig. 8
and Fig. 11.

4. Conclusion

To solve fractional differential and integral equations effectively, the utilization of Mittag-Lefller and
confluent hypergeometric functions is indispensable. Consequently, the initial and most critical step in
their numerical computation involves thorough investigation and development of reliable techniques. Re-
sults found in this paper suggest that many other studies on fractional differential and integral models can
be expressed using conventional terms. Integral representations of Mittag-Leffler and confluent hypergeo-
metric functions of various types play a pivotal role in the study of complete functions. Effective graphic
representations for solving fractional linear and nonlinear differential equations have been made possible
by the numerical method for solving fractional differential equations that was developed in this paper. In
essence, this research serves as a continuation of the authors’ ongoing work and future investigations into
intriguing applications based on generalized multi-parameter Mittag-Leffler functions, their related forms,
and numerical techniques.
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