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Abstract

The main goal of this paper is to show that if a real-valued function defined on a groupoid
satisfies a certain Levi-Civita-type functional equation, then it also fulfills a Cauchy—Schwarz-
type functional inequality. In particular, if the groupoid is the multiplicative structure of
a commutative ring, then we can establish the existence of nontrivial additive functions
satisfying inequalities connected to the multiplicative structure.
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1 Introduction

In the theory of real and additive functions (see the monograph [8] of Kuczma) there are
several results that establish the existence of a discontinuous additive function that satisfies
further algebraic conditions. One of the first problems of this kind was posed by Szabé [10]
motivated by a question of Benz [2] and solved by Kominek, Reich, and Schwaiger [7]. They
proved that if A: R — R is an additive function that satisfies the equality A(x)A(y) = 0
for all (x,y) € C, where C is the unit circle, a hyperbola, or an algebraic curve given by
polynomials, then A has to be equal to zero identically. Boros and Fechner [4] and Boros,
Fechner and Kutas [5] extended these results to sets defined via generalized polynomials
and to quadratic functions instead of additive ones, respectively, and they also examined the
stability versions of such problems.
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In [5], the case when C is the graph of the hyperbola xy = 1 was left open. Kannappan
[6, Chapter 1] proved that if, for some positive constant a, an additive function A satisfies the
condition A(x)A(1/x) = a for all x # 0, then A has to be continuous. On the other hand,
according to the remarks in [1] and [3], there exist discontinuous additive functions that fulfill
the inequality A(x)A(1/x) > O for all x # 0. Moreover, using the theory of valuations of
fields, Kutas [9, Theorem 24] proved that there exists a nonzero (henceforth discontinuous)
additive function that satisfies the equality A(x)A(1/x) = 0 for all x # 0.

The above results motivated us to construct discontinuous additive real functions that
enjoy properties that are connected to the multiplicative structure. It turned out that such
properties could be possessed if the additive function satisfies Levi-Civita-type functional
equations with respect to the multiplicative structure.

More generally, let (G, ) be a groupoid. (Recall that a pair (G, *) is said to be a groupoid
if * is a binary operation on G, i.e., *: G x G — G.) Let A: G — R be a function such

that there exist functions f1, ..., fu, &1, ..., & : G — R such that the functional equation
Axxy) = i) () + -+ fux)gn(y) (x,y €G)
is fulfilled. Under certain assumptions on n and on the functions fi, ..., fu, g1, ..., &, W€

are going to prove that A will satisfy either the inequality A(x * y)> < A(x * x)A(y * y)
or the reversed one A(x % x)A(y * y) < A(x * y)2. In the important particular case when
the groupoid is the multiplicative structure of a commutative ring and A is additive, we will
establish the existence of nontrivial additive functions that satisfy one of the above-mentioned
inequalities.

2 Theinequality A(x = y)2 < A(x = X)A(y % y)

Inour first result we assume that the function A satisfies a Levi-Civita-type functional equation
over a groupoid.

Proposition 2.1 Let (G, *) be a groupoid and let A: G — R be a function. Assume that there
exist n € N and functions fi,..., fu: G — R such that A satisfies the Levi-Civita-type
functional equation

Ax xy) = L)1)+ + fa () fu(Y) 2.1)
forall x,y € G. Then A fulfills the functional inequality

Alx % y)? < A(x xx)A(y * y) (2.2)
forallx,y € G.

Proof Letx,y € G.In view of the functional equation (2.1), inequality (2.2) can be rewritten
as

(@A) + -+ L@ ) < (A2 + -+ L) (O +-+ F(?),

which follows from the Cauchy—Schwarz inequality when we apply it to the n-dimensional

vectors (f1(x), ..., fu(x)) and (f1(),..., fu(¥)). o

If the groupoid is the multiplicative semigroup of a commutative ring (R, +, -) and A is
additive, then we can establish a characterization of the corresponding inequality. Recall that
in a ring the product x - y of the elements x, y € R is simply denoted by xy, and x? is defined
to be the product x - x.
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230 Z.Péles and M.K. Shihab

Theorem 2.2 If (R, +, -) is a commutative ring and A: R — R is an additive function, then
A satisfies the inequality

AGy)? = AGHAG?) (2.3)
forall x,y € R if and only if at least one of the following conditions hold:

(i) A(x?) > 0forallx € R,
(ii) A(x2) <0 forall x € R.

Proof Assume first that A satisfies inequality (2.3) forall x, y € R, but none of the conditions
(i) and (ii) is valid. Then there exist x, y € R such that

A(x?) <0 < AGD).
These inequalities imply
AGHAGYH <0 < AQxy)?,

which contradicts (2.3).
To prove the reverse implication, assume that A satisfies condition (i) and let x, y € R be
fixed. Then, for all » € N and k € Z, we get

0<A((nx + ky)z) = A(nzx2 + 2nkxy + k2y2) = nzA(xz) + 2nkA(xy) + sz(yz).

Dividing this inequality by n?, we infer

2 k k* 2
0=<AE")+2-Axy) + 5AQ).
n n
Since n € N and k € 7Z were arbitrary, we obtain that
0< A% +2rA(xy) + r*A(y?)

is valid for all rational numbers r. By the density of the rational numbers, it follows that the
above inequality is true for all real numbers 7. The polynomial on the right side cannot have
two distinct real roots, so its discriminant has to be nonpositive, i.e.,

QA(xy)* — 4AGHAGL?) < 0.

This inequality reduces to (2.3).
In the case where (ii) holds, the additive function (—A) satisfies (i) and hence (2.3) holds
with (—A) instead of A, which again shows that (2.3) is valid. ]

3 The inequality A(x = x)A(y *y) < A(x % y)?
In the subsequent two propositions, we present Levi-Civita-type functional equations that
imply the inequality in the title of this section.

Proposition 3.1 Let (G, *) be a groupoid and A: G — R be a function. Assume that there
exist functions f, g: G — R such that the Levi-Civita-type functional equation

Axxy) = fx) f(y) —g(x)g(y) (3.1
holds for all x, y € G. Then A satisfies the functional inequality
A(x % X)A(y % y) < Ax % y)? (3.2)

forallx,y € G.

@ Springer



Cauchy-Schwarz-type... 231

Proof Let x,y € G. According to (3.1), inequality (3.2) can be rewritten as
(f)? =g (f ) =g = (fF)f ) — g)g()*.
Observe that this is equivalent to
0< () = F@gN,
which is obviously valid. O

Proposition 3.2 Let (G, %) be a groupoid. Let A: R — R be a function. Assume that there
exist f, g: R — R such that the Levi-Civita-type functional equation

Alx xy) = f(x)g(y) +gx) f(y) (3.3)
holds for all x, y € G. Then, forall x, y € G, A satisfies the functional inequality (3.2).
Proof Let x,y € G. According to (3.3), inequality (3.2) can be rewritten as
4f @8 f(MEM) = (fF (D)) + 8 f ().
Observe that this is equivalent to
0< () f(y) = FgN?,
which is obviously valid. O

Corollary 3.3 Assumethat A: R — Rsatisfies the Leibniz Rule with respect to multiplication,
ie.,

Alxy) =xA() + Ax)y  (x,y €R).
Then, for all x, y € R, the inequality
AGHAL?) < Axy)? (3.4)
holds.

Proof Observe that with the groupoid (G, *) := (R, -) and with the notations g := A and
f(x) :=x, (x € G), equality (3.3) of Proposition 3.2 holds. Therefore, A satisfies (3.2) for
all x, y € R, hence (3.4) is also satisfied. O

In particular, if A: R — R is a derivation (i.e., A is additive and satisfies the Leibniz
Rule with respect to multiplication), then the above corollary implies that it fulfills inequality
(3.4).

If the groupoid is the multiplicative semigroup of a commutative ring (R, +, -) and A is
additive, then we can establish a characterization of (3.2) over a particular subset of the ring.

Theorem 3.4 Let (R, +, -) be a commutative ring with a multiplicative unit element e and
A: R — R be an additive function with A(e) # 0. Let the subset Ry € R be defined by

Riy:={x € R|0<AX>A(e)}.
Then e € R4 and A satisfies the functional inequality
AGHAY?) < Alxy)? (3.5)
forall x,y € Ry if and only if
A A@) = AW (3.6)

forall x € R4.
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232 Z.Péles and M.K. Shihab

Proof The inclusion e € R4 is obvious. Now, putting y := e, we can see that (3.5) implies
(3.6).

To prove the converse, assume that (3.6) is valid for all x € Ry4. Then it is also valid for
all x € R, since, for x € R\ Ry, the left side of the inequality is negative, while the right
side is nonnegative. Introduce the function Ag := A/A(e). Then Ay is additive, Ag(e) = 1
and, dividing (3.6) by A(e)?> > 0 side by side, for all x € R, we get

Ap(x?) < Ap(x)*. 3.7)
Letx,y € R4 be fixed and n € N, k € Z be arbitrary. Then (3.7) yields
Ao((nx + ky)?) < Ao(nx + ky)*.
Using the additivity of Ag, we get
n?Ao(x?) + 2nkAg(xy) + k2 Ao(y?) < n*Ag(x)? + 2nkAg(x) Ao (y) + k* Ag()*.

Dividing this inequality by n%, we obtain

Ao + 25400y + (£)2 40002 < Ao)? + 25 Ag(0) A0 (1) + (X)* A0 ()2
Therefore, for any rational number r € Q,

0 < (Ao(x)* = Ag(x?)) + 2r (Ag(x) Ao(y) — Ao(xy)) + r* (Ao (»)* — Ao(y?)).

Using the continuity of both sides as a function of r, it follows that the same inequality is
valid for all » € R. Thus, the discriminant of this quadratic polynomial has to be nonpositive,
ie.,

(Ap(x)Ap(y) — Ao(x¥))? < (Ap(x)? — Ag(xH))(A0(»)? — Ao(y?)) (3.8)

SO

[A0()A0(y) — AoGen)| = 1/ (Ag(r)? — 402 (A1) — Agr) = Q) O (),
thus,
[[A0() Ao — 140 (xy)I| < [A0(¥) Ao(y) — Ao(xy)| < Q(X)Q(¥),
where Q(u) := v/Aog(u)?> — Agu?) > 0 (u € R). Then, forall u € R,
Ao@)* = Qu)* + Ag(u®). (3.9)
Therefore |Ag(xy)| satisfies the inequality
|A0(x) Ao (»)] = Q(X) Q(y) < [Ao(xy)| < [Ao(¥) Ao(M)] + Q(x) Q(¥). (3.10)

We are going to show that

Ao(x®)Ap(y*) < Ag(xy)*. (3.11)
To verify this inequality, we will prove
0(x)*Q(»)?* < Ap(x)*Ao(»)* (3.12)
and
Ao(x®)Ao(y?) < (JAo(X) Ao ()| — Q(x) Q(»)*. (3.13)
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Since x and y belong to R4, we have Ao(x?) > 0 and Ag(y?) > 0; then, with u € {x, v},
equality (3.9) implies

Q) = Apx)® and QM = Ao
Multiplying these inequalities side by side, we get that (3.12) holds. Therefore,
Q@) QM) = [Ag(x)Ao(y)] (3.14)

which is equivalent to (3.12).
By the obvious inequality

(1400 1Q() — [A0(1)]Q(x))” > 0,
we have
2|Ap(x) Ao Q) Q(y) < Ao(x)*Q(»)? + Ao (3)* Q(x)*. (3.15)
Therefore, using (3.9) with u € {x, y} and (3.15), we obtain
Ao(xH A0(¥H) = Ap(x)?Ag(»)? — Ao(1)*Q(»)? — Q(x)*A0(») + Q) Q(»)?
< Ag(x)?Ap(»)? — 2|Ap(x)A0(MQ(X) () + Q(x)*Q(»)?
= (|[Ao() Ag(M)| — Q(x) Q(»))*.

This shows that (3.13) holds.
In view of (3.14), the first inequality in (3.10) implies

(1A0(x)Ao(3)| — Q@) Q())* < Ag(xy)*.
This, combined with (3.13) yields that (3.11) is valid, indeed. Therefore,
ACHAG?) = AP A (DA < AFaA()® = Axy)?,
which completes the proof of (3.5) for x, y € R4. O

In the following example we show that the additivity of the function A in Theorem 3.4 is
necessary.

Example 3.5 Letg € (0, 1) and let f: R — R be the function defined by

A M
Clearly, f is not additive. Therefore, for x ¢ {1, —1},
FONF) =gx* <x* = f0)%
for x = %1,
FAHfFMD) =g>= D F(-DHfD) =¢* < 1= f(-1)7

which shows that (3.6) is satisfied for all x € R. On the other hand, for x, y € R\ {1, —1}
with xy =1,

FaHfOH =xTyr =1> ¢ = f(xy),

which shows that (3.5) is not satisfied.
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234 Z.Péles and M.K. Shihab

The next example shows that if the function A in Theorem 3.4 is not additive, continuous
and satisfies A(e) = 0, then the conclusion of Theorem 3.4 may not be valid.

Example 3.6 Let A: R — R be defined as A(x) = |x — 1|. Note that A is continuous and
not additive. Since A(1) = 0, this implies

AGHAD) =0< (x — D% = A2
Thus, (3.6) holds for all x € RR. On the other hand, we have
ACHAGH =Ix* —1y?* —1]  and  A(xy)? = (xy — D%

Hence forx =2 and y = % we have A(xz)A(yz) = ?T but A(xy)2 = 0, so (3.5) does not
hold.

4 Consequences of systems of Levi-Civita-type functional equations

Theorem 4.1 Let (G, %) be a groupoid and A, B: G — R be functions. Assume that there
exist f,g: G — R such that A and B satisfy the system of Levi-Civita-type functional
equations

Ax xy) = f(x) f(y) —gx)gy),

B(xxy) = f(x)g(y) +gx)f(y) 4.1
forall x, y € G. Then the inequalities
—B(xxy)* < A(x xx)A(y x y) < A(x  y)* (4.2)
and
—A(x xy)* < B(x *x)B(y x y) < B(x x ) (4.3)

hold forall x,y € G.

Proof In view of (4.1), for all x, y € G, we have

B(x % y)? + A(x * x)A(y x y)
= f()2 (N> +2£ DM f () + 8 f (1 + (f(0)* = g)(f () — g1
= (@) f() +gx)g()?* =0,

which proves the left inequality in (4.2). The right inequality in (4.2) is a direct consequence
of Proposition 3.1.
Again, in view of (4.1), for all x, y € G, we have

A(x )+ B(x xx)B(y * y)
= fOO?f)? =2 () F(gx)g(y) + g(x)*g(1? +4f(x)g(x) fF(eg(y)
=(f@)f(y) +gx)gy)* = 0.

This implies the first inequality in (4.3). On the other hand, applying Proposition 3.2 to the
function B instead of A, we obtain

B(xxx)B(y*y) < B(x % y)z.
This shows that the second inequality of (4.3) holds for all x, y € G. O
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An interesting consequence of (4.1) is that A and B satisfy the following identity:
B(x % y)2 + Ax *x)A(y xy) = A(x * y)2 +Bx*x)B(yxy) (x,y€QG).
Therefore, (4.2) and (4.3) can be expressed as the following chain of inequalities:
0< A *0)A(y *y) + (B +y))*
=B *x)B(y*y) +Ax ) < A xy)> + Bxxy)>  (x,y € G).
The following result is probably well known, but we could not find an exact reference for
it.
Corollary 4.2 Forall x,y € R, we have
—sin(x + y)? < cos(2x) cos(2y) < cos(x + y)*  and
—cos(x + y)? < sin(2x) sin(2y) < sin(x + y)>.

Proof Observe that the trigonometric functions cos: R — R and sin: R — R satisfy the
functional equations

cos(x 4+ y) = cos(x) cos(y) — sin(x) sin(y)  and
sin(x + y) = sin(x) cos(y) + cos(x) sin(y)
for all x, y € R. Therefore, (4.1) holds with A := f := cos and B := g := sin over the

groupoid (R, +). Consequently, (4.2) and (4.3) are satisfied for all x, y € R, which imply
the assertion. O

Corollary 4.3 Let (G, *) be a groupoid and let ¢: G — C be a homomorphism into the
multiplicative semigroup of complex numbers. Define A := Rg and B := J¢. Then, for all
x,y € G, inequalities (4.2) and (4.3) hold.

Proof Using the multiplicativity of ¢, for all x, y € G, we get

A(xxy) = R(px x y)) = Rex)e()
= N((Ax) +iB(X))(AQY) +iB())) = A(X)A(QY) — B(x)B(y),
Bxxy) =3 *y)) = 3(@x)e((y))
=3((A(x) +iB(x))(A(y) +iB(y))) = A(x)B(y) + B(x)A(y).
Therefore, the functional equations in (4.1) are satisfied with f := A and g := B. Thus,

according to Theorem 4.1, we obtain that (4.2) and (4.3) hold for all x, y € G, which was to
be shown. O

Corollary 4.4 Let ¢: C — C be an automorphism of the field C. Define A := Re and
B := J¢. Then A: C — R and B: C — R are additive mappings, furthermore, for all
x,yeC,

—B(xy)? < AG?AG? < A(xy)* and — A(xy)? < B(x?)B(y?) < B(xy)>. (4.4)
Proof Using the additivity of ¢, for all x, y € C, we obtain

Ax +y) = R(px +y) = Rpkx) + o)
=NRN((AXx) +iB(x)) + (AY) +iB(y))) = A(x) + A(y),
B(x +y) = 3(px + ) = J(ex) + ¢(y))
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= 3((A(x) +iB(x)) + (A(y) +iB(y))) = B(x) + B(y).

These equalities show that A and B are additive mappings.

By the multiplicativity of ¢, it maps the groupoid (G, %) := (C, ) into itself. Thus,
according to Corollary 4.3, we obtain that (4.2) and (4.3) hold for all x, y € C. This yields
the assertion. O

The following result is a counterpart of Theorem 4.1.

Theorem 4.5 Let (G, %) be a groupoid and A, B: G — R be functions. Assume that there
exist f, g: G — R such that A and B satisfy the Levi-Civita-type functional equations

Ax xy) = f(x)f(y) +gx)g(y) and
B(x*xy)= f(x)g(y) +gx)f(y) 4.5)

forall x,y € G. Then the inequalities

B(x*x)B(y*y) < A(x xy)* < A(x xx)A(y * ) (4.6)
and

B(x xx)B(y*y) < B(x xy)* < A(x * \)A(y * y). 4.7

hold forall x, y € G.

Proof In view of (4.5), for all x, y € G, we have
A(x %) = B(x xx)B(y * y)
= fOO?fO)? +2f ) F(gx)g(y) + g(x)*g(1)? —4f(x)g(x) fF(»eg(y)

=(f)f) —gx)g()?* = 0.

This implies the first inequality in (4.6). On the other hand, applying Proposition 2.1 to the
function A and n = 2, f| := f, f> := g, we obtain that the second inequality of (4.6) holds
forallx,y € G.

Again, in view of (4.5), for all x, y € G, we have

A(x % x)A(y % y) — B(x % y)?
= (f)?* + 2D M+ gD — F)2 M = 2f()g(Mg) f() — g(x)* f(1)?
=(f)f) —gx)g()?* =0,

which proves the second inequality in (4.7). The first inequality in (4.7) is adirect consequence
of Proposition 3.2 (applied to B instead of A). O

An interesting consequence of (4.1) is that A and B satisfy the following identity:
B(x*x)B(yxy)+ A(x *x)A(y x y) = A(x * y)2 + B(x % y)2 (x,y € G).
The following result is probably also well known, but we could not find a reference for it.

Corollary 4.6 Forall x,y € R, we have
sinh(2x) sinh(2y) < sinh(x + y)2 < cosh(x + y)2 < cosh(2x) cosh(2y). 4.8)

@ Springer



Cauchy-Schwarz-type... 237

Proof Observe that the hyperbolic functions cosh: R — R and sinh: R — R satisfy the
functional equations

cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y) and
sinh(x 4+ y) = sinh(x) cosh(y) + cosh(x) sinh(y)

for all x, y € R. Therefore, (4.5) holds with A := f := cosh and B := g := sinh over
the groupoid (R, +). Consequently, (4.6) and (4.7) are satisfied for all x, y € R, which
imply the first and last inequalities in (4.8). The central inequality follows from the identity
cosh? —sinh? = 1. O

To formulate the next result, let p be a square-free positive integer and let Q(,/p) denote
the subfield of R generated by ,/p. Clearly, Q(,/p) = {a + b/p : a,b € Q}. In what
follows, we equip Q(,/p) with the topology inherited from R.

Theorem 4.7 If p is a square-free positive integer, then there exist discontinuous additive
functions A: Q(/p) — Rand B: Q(,/p) — R such that

B(xHB(?) < A(xy)? < AG?AG?),

B(x»)B(yH) < B(xy)? < AHAG?) 4.9)
hold for all x, y € Q(/p).
Proof Define the functions A: Q(,/p) — R and B: Q(,/p) — R by

A(a+byp):=a and B(a+b/p):=byp (a,beQ).

We show that A and B are additive. Indeed, let x = ay + by,/p and y = az + b2,/p be
arbitrary points of Q(,/p), where ay, a2, b1, b € Q. According to the definition of A and
B,

A(x +y) = A(a1 + a2 + (b1 + b2)\/D)
=a;+a=Ax)+ AQ)
and
B(x +y) = B(a; + a2+ (b1 + b2)\/D)
= (b1 + b2)/p = B(x) + B(y).

This proves that A and B are additive, indeed.

Next we prove that A and B satisfy (4.5) with f := A, and g := B, where the groupoid
(G, x) is equal to (Q(,/p), -)- Indeed, let x = a; + b1,/p and y = ap + by/p be arbitrary
points of Q(,/p), where a1, az, by, by € Q. Then

A(xy) = A((arag + b1byp) + (a1by + azb1)/p) = ajaz + b1bap = A(x)A(y) + B(x)B(y)

and, similarly,

B(xy) = B((araz + pb1b2) + (a1by + a2b1)/p)
= (a1by + axb1)F = A B() + B)A().

Therefore, according to Theorem 4.5, (4.6) and (4.7) hold, so the inequalities in (4.9) are
also valid.
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238 Z.Péles and M.K. Shihab

Finally, we show that A and B are discontinuous at the point u := 1+ ,/p. By the density
of the set Q in R, there exists a sequence (x,) of rational numbers converging to u/./p. Then
the sequence (x,.,/p) converges to u. Now A(u) = 1 but, for all n € N, A(x,,/p) = 0,
so A is discontinuous at u. Furthermore, there exists a sequence (y,) of rational numbers
that converges to u. Since B(u) = ,/p and B(y,) = 0 for all n € N, the function B is
discontinuous at u. O

We note that there does not exist a discontinuous additive function A: R — R such that
the inequality A(xy)? < A(x%)A(y?) is valid for all real numbers x, y. Indeed, if A is a
discontinuous additive function satisfying this inequality, then A(u) is not zero for some
u > 0. With the substitution y := ./u, the inequality shows that A is either nonnegative (if
A(u) < 0) or nonpositive (if A(u) < 0) on the set of positive numbers. This, by classical
results on additive functions (see [8]), implies that A(x) = ax for some a € R, and hence A
is continuous.

Motivated by the above remark, we could formulate the following open problem: Find a
description or characterization of the maximal subrings (or subfields) of R such that system
of inequalities in (4.9) holds for a discontinuous pair (A, B) of additive functions which are
defined on this subring (or subfield).
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