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List of Notations

N set, of natural numbers

R set of real numbers

RY d-dimensional Euclidean space

C set of complex numbers

|| the absolute value of x

[|z]| the norm of x in a linear space

T complex conjugate of z, x € C?

Rex the real part of the complex number x
Imzx the imaginary part of the complex number x
<> scalar product

E expectation

E(X]Y)  conditional expectation of X given Y
AT transpose of matrix A

TrA trace of matrix A

DetA determinant of A

o(A) spectral radius of matrix A

A° pseudo inverse of matrix A

1 d x d identity matrix

Ur(a) Laplace transform

Q estimator for @

2, weak convergence

MLE maximum likelihood estimate

LSE least squares estimate

Px the measure generated by process X

N(m,D) normal distribution with mean (vector) m and covariancia (matrix) D

4Px (z)  Radon-Nikodym derivative

dPw
2 equality in distribution
SDE stochastic differential equation
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Chapter 1

Preface

Why linear stochastic models?

The idea of using mathematical models to describe the behaviour of physical,
economical phenomenon is well established. In particular, it is sometimes possible to
derive a model based on physical laws, which enables us to calculate the value of some
time-dependent quantity nearly exactly any instant of time. If such exact calculations
were possible the model would be entirely deterministic. In many problems we have
to consider a time-dependent phenomenon, in which there are many unknown factors
and for which it is not possible to write a deterministic model that allows exact
calculations of the future behaviour of the phenomenon. Nevertheless, it may be
possible to derive a model that can be used to calculate the probability of the future
values lying between two specified limits. Such a model is called stochastic model.

Among stochastic models the class of linear models is wide enough to describe
many important empirical time series and can be handled well mathematically. In a
linear stochastic model the time series is supposed to be linear aggregation of random
shocks. For practical representation it is desirable to employ models which use pa-
rameters parsimoniously. Parsimony can be achieved by representation of the linear
process in terms of a small number of autoregressive and moving average terms. In
these models the current value of the process is expressed as a finite, linear aggre-
gate of previous values of the process and random noise. Since 1970, when Box and
Jenkins worked out the theory of ARMA modelling, the importance of these models
have been growing continuously.

An important class of stochastic models for describing time series is the so called
stationary models, which assume that the process remains in equilibrium about a con-
stant mean level. However, in industry, business and economics there are many time
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series, which are often better represented as nonstationary. There are an unlimited
number of ways in which a process can be nonstationary. Nevertheless, many impor-
tant types of economic and financial time series frequently exhibit a particular kind
of homogeneous nonstationary behaviour, that can be represented by a stochastic
model, which is modified form of the autoregressive model.

The thesis deals with some statistical questions of linear, particularly autoregres-
sive models in discrete and continuous time. Stationary and nonstationary time series
are discussed as well. We study the limit distribution of the estimators of the model-
parameters.

In Chapter (2) there is a summary of the results which we consider as a starting
point of the dissertation. In Chapter 3, in Chapter 4 and Chapter 5 the new results
of the author are presented. These chapters are based on one paper of the author and
three papers of the author with coauthors.

In Chapter (3) we treat the generalization of the result of Arat6, Kolmogorov,
Sinay [6] on the exact distribution of the maximum likelihood estimate (MLE) of the
period of the complex-valued stationary first order autoregressive process.

The complex-valued stationary autoregressive process &(t) = &1 (t) +i&2(t), t >0,
can be given by the stochastic differential equation (SDE)

d§(t) = —E(t)dt + dw(?),

where w(t) = wi(t) + iwz(t), t >0 is a standard complex Wiener process ( ie. wy(t)
and wo(t) are independent standard real-valued Wiener processes) and v = A — iw
with A > 0, w € R. This equation describes the rotation of the instantaneous axis of
rotation of the earth with respect to the minor axis of the terrestrial ellipsoid, after
the elimination of the one year periodic component, and it is called Chandler wobble.
Arat6 in [4] gave a new proof that the suitably normalized MLE of the period w
exactly normally distributed.

If we rewrite the SDE as a two-dimensional real-valued SDE, the following natural
question arises. Consider the d-dimensional process X (t), t > 0, given by the SDE

dX(t) = AX(t)dt +dW(t), >0,

where W(t), t >0 is a standard d-dimensional Wiener process and A is a d x d
matrix. Which conditions should be imposed on the matrix A and on the distribution
of the initial value X (0) in order to get similar results on the suitably normalized
MLE of some entries of the matrix A7 Pap and van Zuijlen gave a multidimensional
generalization. In [1] we could weaken the conditions of Pap and van Zuijlen by
showing that a part of the conditions is superfluous in [27]. Consider the following
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multidimensional process:

dX(t) = (—/\Id + ZwiC’) X (t)dt + dW (1), X(0)=0 (1.1)

i=1
where I is the d x d unit matrix, A\, wi,...,w,, € R are unknown parameters and
C1,...,Cp, are fixed skew-symmetric matrices. The MLE of w = (wy,... ,wm)T is

given by
Ox(t) = ox (t)rx(b),

where ox(t) is the m x m matrix

ot = [(Cx0x00)

1<i,j<m
and rx (t) is the m-dimensional column vector

T

et = ([ €x(o.ax)

1<i<m

In [1] we proved that under the weakend conditions, the suitably normalized MLE
of the periodic parameter w is exactly normally distributed.

In Chapter (4) nearly unstable, nearly stable and explosive AR models are studied.

A multidimensional AR model can be characterized by the help of its coefficient
matrix. Consider the d-dimensional autoregressive model

X =0QXk-1+ex, k=1,2,...,

X0 =0,
where the d-dimensional real-valued random vector ¢;, contains the random noise at
time k, and the d X d matrix @ is the unknown parameter of the model. Let o(Q)
denote the spectral radius of the matrix @), i.e., the maximum of the absolute values
of the eigenvalues of the matrix Q. When o(Q) < 1, the model is said to be stable
or asymptotically stationary. It is well-know that under the assumption that the
ex’s are i.i.d. with Eep = 0, Eege] = 3, the least squares estimate (LSE) of Q
is asymptotically normal (see [1], [22]). When o(Q) = 1, the model is said to be
unstable or unstationary, when (@) > 1 the model is explosive. The different types
of models behaves diversely. The condition o(Q) < 1, is needed for the process to
have a stationary solution. In this case the process is damped. The explosive model
"breaks loose" after a short induction period, with the generating noise playing almost
no further part. The unstable model is also called unit root case and have been
the subject of much recent attention in the econometrics literature. In part, this is
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because the unit root hypothesis is of considerable interest in applications, not only
with data from financial and commodity markets where it has a long history but also
with aggregate time series. As we will see later, the estimators of parameters in these
models behaves differently.

In the first part of Chapter (4), which is based on [3], we study a sequence of
nearly unstable AR models:

X,i”) = a(”)X;(Ji + 51(:1)7 k=1,2,...,
i (1.2)
o =0,
where
7(n)
a("):lfT’ 7™M -~y eR.

We discuss the questions concerning the LSE of the shift-parameter m(™ of the model

ZM = x4 m™EM k=12, n=12...,
where m(™ € R is an unknown parameter and h,(cn), k=1,...,n, n=1,2,... are

known constraints.

)

Our purpose was to investigate the limit behaviour of ﬁz% 1, a8 n — o0 and

the connection between ﬁzgzz ?T2 and the MLE mq, 7, of the shift-parameter of the

related continuous time model. We discuss these questions in the nearly stable, nearly
unstable and nearly explosive cases.

It turns out that T?z(ﬁ ),T2 is always asymptotically normal, but the speed of con-
vergence is much less in the nearly unstable case than in the unstable case. The

(n)
T

stationary case is also treated, when 7’5, might not be asymptotically normal if

(") — 0, where v(" is the damping parameter of the model.
In the second part of Chapter (4), which is based on [2], nearly unstable mul-
tidimensional AR processes are treated. We discuss models where the coefficient

matrices are in Jordan normal form. Consider the d-dimensional complex—valued
autoregressive model

X, = J()\,d)Xk,1 + ek, k=1,2,...,
X, =0,

where A € C and d € N, J(\,d) is a d x d matrix in Jordan normal form, with
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eigenvalue A:

[
= > O
> o -
[an)

J(A,d) =

—_ .
> o -

o - - 0
and ) is the unknown parameter of the model.
If the random innovations € satisfy a usual, rather general condition, then we

found that the suitably normalised LSE of the eigenvalue \,, converges weakly to a
functional of a special d-dimensional Ornstein-Uhlenbeck process:

L
WG, — Ay 2 eta—voiJo Ya® dWalt)
Jo [Ya(t)|2 dt

b

where the process Y(t), t € [0,1] is given by
dY (t) = AY (t)dt + ZdW (1) Y (0) =0,

with a certain matrix A, and W(t), t € [0,1] is a standard complex d—dimensional
Wiener process.

We also prove that in the one-dimensional model the LSE of the discrete time
models converges to the MLE of the coefficient of the corresponding continuous time
model.

If d > 2 then such relationship does not hold.

In Chapter (5), which is based on [4], we treat the estimation of the mean of
multivariate AR processes. In Arato [3] the estimation of the unknown mean of real-
and complex-valued AR(1) processes is discussed. Our aim was to investigate the
problem of estimation of the mean for stationary and zero start multidimensional
autoregressive processes. We show that for autoregressive processes the estimators of
the mean are consistent if the component of the process is ’periodical’, and it is not
the case if the component is a 'damping’ one. In the one-dimensional AR(1) case, the
mean cannot be estimated well. In the complex AR(1), where the process behaves
periodically, the mean can be estimated well. For an AR(2) process, the mean can be
estimated well, if the roots of the charasteristic equation are complex.

It is clear that the present results can be used fruitfully in a statistical context such
as in problems of testing hypotheses, estimating parameters, and also in constructing
confidence regions for the unknown parameters.
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Chapter 2

Preliminaries

In this chapter we introduce discrete and continuous time multidimensional AR mod-
els and show how one can get estimates of the most important parameters e.g. the
coefficient matrix or the shift-parameter.

2.1 Processes in Discrete Time

A d-dimensional stochastic vector process X ' (t) = (X1 (t),..., Xq(t)) is called ele-
mentary Gaussian if it is stationary, Markov and Gaussian. In continuous time it is
assumed that the process is of diffusion type. It is supposed that the process X (¢) is
nondegenerate and it is linearly regular (or purely non-deterministic). Nondegeneracy
means that the components of X (t) are pointwise linearly independent.

X(t) is called linearly regular if it has no deterministic component. In this case
the Wold’s expansion holds in discrete time, (see eg. Araté [3], Shiryayev [30])

X(t)=> At —k),
k=0

where (1) is d-dimensional process, EX (t) = 0, Cov (e(¢), e(t)) exists, Cov (e(t),e(t —
k)) =0,k > 0. Such an £(t) process will be called a white noise process.

The connection between stochastic difference equations and elementary processes
can be characterized.

In the following we denote the time by n in the discrete time case.

15
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Let €, be a d-dimensional Gaussian white noise process with parameters
Ee, =0, Cov(en,en) = Be,

where rank B, > 1. Let @ be a non-singular d x d matrix. Let us assume that the
equation
B(0) = QB(0)Q” + B. (2.1)

has a non-singular, symmetric, positive definite solution B(0). The connection is the
following, see Araté [3]:

Theorem 2.1.1. The process X,, is a d-dimensional Gaussian process if and only if
it is the solution of the following stochastic difference equation

X, =QX,_1+¢en, n=0,1,2,..., (2.2)

in the following sense:

(i) Let e, be a d-dimensional Gaussian white noise (independent, identically dis-
tributed sequence of random vectors) with covariance matriz B (B. # 0,Ee,, =
0) and let Q be a non-singular d x d matriz with eigenvalues in the open unit
disc. Then equation (2.2) has a unique regular stationary solution which is a
Gaussian Markov process where Cov (X, X,,) = B(0) is the solution of (2.1).

(ii) Let X,, (n =0,£1,£2,...) be a nondegenerate, linearly regular d-dimensional
elementary Gaussian process with EX,, = 0, Cov (X, X,) = B(0), B(0) # 0.
Then there exists a nonsingular d X d matriz QQ, with eigenvalues in the open
unit disc and a sequence of independent, identically distributed Gaussian vectors
€n such that equation (2.2) holds. Ee, = 0 and B. is uniquely determined by

(2.1).

2.1.1 Estimators for Different Models

Often the practitioner must determine the degree of the autoregressive process as well
as estimate the parameters. If it is possible to specify a maximum for the degree of
the process, a process of that degree can first be estimated and higher order terms
discarded using standard regression statistics. Anderson (1962) gave a procedure for
this decision problem. Various other model building methods based on regression
theory can be used. In the dissertation we don’t treat the question of model building.
We are dealing with estimating the parameters of some specified model. The following
model is one of the simplest and most heavily used models in time series analysis.

The vector AR(1) process is given by:
X, =QXp_1+en, n=012... . (2.3)
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The d-dimensional random column vector &, contains the unobservable random in-
novation at time n. We study the case when the d x d matrix @ is the unknown
parameter of the model.

The least squares estimator (LSE) of @ based on the observations Xi,..., X,

is given by
n n -1
Qn = (ZXkX,;rl) (ZX“X,L) :
k=1 k=1

Let o(Q) denote the spectral radius of the matrix @, i.e., the maximum of the
absolute values of the eigenvalues of the matrix Q.

Asymptotically stationary models, when ¢(Q) < 1, were studied by Mann and
Wald [22] and Anderson [1].

Under the assumption that the e;’s are i.i.d. with Eei = 0, Eekez =Y, the
LSE of @ is assymptotically normal:

n 1/2
(Qn — Q) (Z Xk—le;r_1> L2 Nyya(0,1), as n— oo,
k=1

D e . . .
where —— denotes convergence in distribution and I is the unit matrix.

When ¢(Q) =1, the model is said to be unstable. The one-dimensional unstable
AR(1) model Xy = QXp—1+¢r, k=1, with @ =1 was studied by White [33]
and it was shown that the variables n(Q — Q) converge in law to a random variable:

5oy D [ W (t) dW (t)
Tl(Q Q) fol W2 (t) dt

where {W(t),t > 0} is a standard Wiener process. Multidimensional unstable models
are studied in Sims, Stock and Watson [31], Tsay and Tiao [29], and in Araté [4].

In the explosive case:

Xk =aX;_ k=1,2,...
{ k aXg—1+ €, s 4y ) (24)

X0=0.2

when |a| > 1, the sequence (@,)n>1 is again not asymptotically normal. If, for
example, g1 ~ N(0,1), then

o™ (Q, — ) EN Cauchy(0,a? — 1).

In general, the limit distribution depends on the distribution of e; (White [33],
Anderson [1]).
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By another normalization,

N(0,1), if |of #1,

1/2
DX @m0 W@ AW (D)
B (fwewar)”

which holds in case |a| > 1 if e; ~N(0,1).

if |aol=1,

These results led to the study of the following so—called nearly unstable models.
Nearly unstable or nearly nonstationary multidimensional AR processes are generated
according to the scheme

{X;En) :QnX]gTi)l‘FEl(cn)v k=1,2....n, (25)

XM =o,

where {a,(cn)} is an array of d-dimensional random vectors and @Q,, n>1, is a
sequence of dxd matrices such that @, — @, where @ is a matrix with o(Q) = 1.

The case when Q, = e?/", n >1, where A isafixed dxd matrix was studied
by Phillips [7]. Kormos and Pap [8] treated the case when @, = eOI+A)/n 5 >1,
where v € R and A is a skew—symmetric matrix under the assumption that ex—s
are i.i.d. variables.

Stockmarr and Jacobsen [32] investigated the case when @, = I + A/n. Pap
and Zuijlen [26] studied the case when @, = e4"/".eB n>1, where A, — A,
B is a known skew-symmetric d x d matrix, and A,B = BA,, n>1. Pap
and van Zuijlen [11] also studied the case when the model is complex—valued and the
coefficient matrices are in Jordan normal form.

In the nearly unstable zero start AR(1) model

xM =amx{ 4 k=12,
o) (2.6)
0o - 0,
where -
aM =1- Vn, 7™ -y eR,

the LSE a of a(® based on the observations {X,gn) :k=1,2,...,n} has the
asymptotic behaviour

amy 2, D fo t)dW(t)
X Y2(t) dt

n(@y —

(2.7)
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where {Y'(t) : t € [0,1]} is a continuous time AR(1) process, i.e., an Ornstein-
Uhlenbeck process, defined as the solution of the stochastic differential equation

{dY(t) = Y (t)dt +dW(t), t>0, 28)

Y (0) =0,

(Bobkoski [9], Phillips [28], Chan and Wei [11]). Aratd, Kolmogorov and Sinay
[6] and Arato [2], [4] has drawn the attention to the connection between discrete and
continuous time models. The result (2.7) can also be formulated as

~ D ~
75},’”) -

where

S (x)

is the LSE of ~(™ in the discrete time model (2.6) and

o _ Mo NG - X))

n

JyY()ay ()

7=-
Jy Y2(t)de

is the LSE of ~ based on the observations {Y(¢):t¢ € [0,1]} in the continuous time
model (2.8), which is also the maximum likelihood estimator (MLE) of ~ (see [3],
Meer, Pap, Zuijlen [23]). The distribution of 7 is tabulated in Araté [3].

In the dissertation the nearly unstable shifted AR(1) model is also treated. The
nearly unstable AR(1) model:

XM =amx™ 1M k=1,2,...,
() (2.9)
o =0,
where "
am=1-21" A 4 e R,
n
Now, consider the shifted model
ZM = x4 k=12, n=12...,
where m( € R is an unknown parameter and h,(C”), k=1,...,n, n=1,2,... are

known constraints.
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2.2 Processes in Continuous Time

The real observation are realized by discrete time. Nevertheless, the time-continuous
model has its advantages. In many cases it is much better to work with the time-
continuous model. Some phenomena can be described more adequately in that way, in
other cases the result have more simpler form. The statitical questions of continuous
time AR processes are studied in Aratoé [3].

Let (W(t), F;) be a d-dimensional standard Wiener process with local parameters
EW (t) = 0 (the drift is 0), E(W(#)W(t)") = tI (with unit diffusion parameter).
Let us consider the linear stochastic differential equation with the non-singular d x d
matrix A and, may be singular, positive semidefinite matrix By, # 0

dX(t) = AX (t)dt + BE,dW (1), (2.10)

or in integral form

X(t) = X(to) + A tX(s)ds + B (W(t) — W(t)),

to

where X (t() is normally distributed and independent of F'¥'

[tmt],t > tp. In one dimen-
sion we can interpret this SDE as a the differential equation which is describing the
motion of a particle under the effect of random collisions in the presence of friction,
which is proportional to the speed of the particle. This is the so-called Ornstein-

Uhlenbeck process. The following statement is true.

Theorem 2.2.1. The continuous d-dimensional random process X (t) is an elemen-
tary (i.e. stationary Markov) Gaussian process if and only if it is the solution of
stochastic differential equation (2.10) in the following sense.

(i) If X(t) is a continuous, EX(t) = 0, elementary Gaussian process then there
erists a unique d X d matric A with eigenvalues in the left halfplane and a
Wiener process (W (t), FX) =0, E(W (t)W T (t)) = Bwt, such that (2.10) holds
and

B(t) =EX(s+t)X T (s) = eMB(0), t>0, (2.11)

where

AB(0) + B(0)AT = —By (2.12)

with the solution

B(O):/ e Byt tds.
0
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(ii) Let dxd matriz A be a non-singular matriz with eigenvalues in the left halfplane,
and Bw non-negative definite, then the only stationary regular solution of (2.10)
with continuous X (t), —o0o < t < oo, is an elementary Gaussian process. Its
covariance matriz function has the form 2.11 with B(0) satisfying (2.12). In
the case when X (t) is defined for t >0, X(0) and F}V are independent, X (0)
is mormally distributed with parameters 0, B(0).

We can conclude from the above theorem that a Gaussian process is elementary
if and only if its covariance matrix has the form

eAt=)B. . t>s

— T —
B(ta 5) = EX(t)X (5) - {BteAT(st)’ t<s

2.2.1 Radon-Nikodym Derivatives and MLE’s

In the statistical investigation of elementary Gaussian processes with continuous time
parameter, similarly to the statistics of independent observations, the maximum-
likelihood principle plays an important role. For this purpose it is important to
determine the Radon-Nikodym derivative of the measure generated by the process
with respect to some standard measure. Elementary Gaussian processes with common
diffusion matrix generate equivalent measures, and these measures are equivalent to
the Wiener-measure with the same local matrix of variance, see in Liptser, Shiryayev
[21].

Let C?]0,T] be the metric space of d-dimensional vector-valued continuous func-
tions on the interval [0, T] with the uniform metric. It will be convenient to assume
C?0,T) as direct product of the space C2[0, T of d-dimensional continuous functions
x = {x(t), 0 <t < T} with the initial condition #(0) = z and the d-dimensional
Euclidean space R?.

We consider a Gaussian Markov process X (¢) satisfying the stochastic differencial
equation (2.10) and having f(0)) as initial probability density function. Let Px be
the probability measure on C?[0,T] generated by the above process X (t) and Py be
the "conditional" product of the d-dimensional Lebesque-measure and the measure
generated by the Wiener process on the right hand side of (2.10).

Definition 2.2.2. Fora dxd matriz A, we denote by A° the pseudo inverse
of A, which is the unique d X d matrix satisfying the following properties.

(i) AAA= A,

(ii) There exist matrices U and V such that A® = UAT = ATV.
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On contrary to the inverse of A, the pseudo inverse of A always exists.

Theorem 2.2.8. If X satisfies the SDE (2.10) then the measures Px and Py are
equivalent and their Radon-Nikodym derivative has the form

@(x(t)) — F((0))ed (Ca(®.dzt) =4 [T (Ax().Cav)at, (2.13)

d Py

where C' = B‘?VA, and f is the density function of the initial value X (0), that is the
distribution of X (0) is absolutely continuous.

The value of stochastic integral fOT<m(t)7dm(t)> can be determined for almost all
realizations z(t) with respect to Py .

Formula (2.18) may also be written in the following form

dP T T 1 T T o)zl
SEX (2(t) = f(2(0))e XIS edeT®]-5TrATC [ a(aT (0)]dt,

d Py

where TrA means the trace of A.

In the time-continuous case we use the Radon-Nikodym derivative of X in the
likelihood equation to determine the maximum likelihood estimate of some parameters
and we can get the sufficient statistics as well (if they exist).

In the dissertation we are dealing with the estimation of the mean in multivariate
continuous time AR processes. Arat6 in [3] studies the estimation of the mean in the
one-dimensional real and complex models. He also studied the case in which both the
damping parameter and the mean are unknown in the one-dimensional model. Here
we summarize his results as a starting point of our study.

Consider a stationary AR(1) process {X(t) : t € R} which is the weakly stationary

solution of B B
AX(t) = —aX(t)dt + dW (), tER, (2.14)

where {W(t):t € R} is astandard Wiener process (hence EW (t) = 0, EW (¢)2 =),
and « > 0 is the damping parameter.

Let Z(t) := X(t)+m, t € R, where m € R is an unknown parameter.
Then, the maximum likelihood estimator (MLE) of m based on the observation of
{Z(t) :t € [T1,T»]} is given by

Z(T) + Z(Ty) + o [, Z(t)dt 1
= 2+ (Ir — T1)a ~ (m’ 2 + (T» —Tl)a2)7 (2.15)

see, e.g., Arato [3].



2.2. PROCESSES IN CONTINUOUS TIME 23

Since the Radon-Nikodym derivative of the measureP,, ,, generated by the process

Z(t) with respect to the measure P, o generated by X (¢) is the following:

dPq
dPq.0

— exp{—a(m(Z(T\) + Z(Ty)+

T2 _ a(Ty — Ty
a/ﬂ Z(t)dt)+m2(1+¥))}.

We can calculate the Radon-Nikodym derivative of the shifted process with respect
to original one by the help of the Ito’s formula from (2.13).

We have the following asymptotic behaviour of the variance of m

- 1
lim (T —Ty)Varm = —,
To—T1—00 [0

~ 1
lim aVarm = —.
«l0 2
Especially,

lim Varm =0, lim Varm = oo,
Ty—T)—00 al0

hence m is asymptotically consistent as 7o — 77 — oo, although not uniformly in
«. Furthermore, Varm is unbounded as « | 0.

The number of parameters can be reduced in the following way. We may suppose
Ty =0 and Tp = T because of the stationarity. Moreover, let us consider the
process {Z(t) := Z(Tt)/VT : t € [0,1]}. Then Z(t) = X(t) + m/V/T, where
X(t) := X(Tt)/VT, hence

AX(t) = —kX()dt + AW (1), tER,

where k:= a1 is a new parameter. Considering a :=m/v/T as a new parameter,

we obtain that the MLE of a based on the observation of {Z(t):t € [0,1]} is given
by

_ Z(0)+§(1)+mf01 Z(t) dt N 1
“= 2+ kK a’2/<;+/<;2 ’

(2.16)

see Arat6 [3]. For the variance of @ we have

~ - 1
lim x*Vara = 1, lim kVara = —.

K—00 k|0 2
Especially,

lim Vara =0, lim Vara = oo,
K—00 k10
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hence a is asymptotically consistent as x — oo, but Vara is unbounded as x | 0.

Araté in [3] also showed that if the damping parameter and the mean both are
unknown in the one-dimensional model, they cannot be estimated well. In statistical
investigations of independent random variables (observations) it is well known that if
X1, Xa, ..., X, are normally distributes with parameters (m, o?), when both of them
are unknown, then with an arbitrary degree of confidence, a finite confidence interval
can be constructed, e.g., by the help of t-statistics. This is not the situation in the case
of a stationary Gaussian Markov process. In Arato [3] the following is stated. When
the parameters m and « of a stationary Gaussian Markov processes are unknown, it is
impossible to construct finite confidence intervals for m using continuous functionals.



Chapter 3

Parameter Estimation with
Exact Distribution for
Multivariate AR Processes

3.1 MLE of the Multidimensional Case

The complex-valued stationary autoregressive process £(t) = & (¢) +i&a(t), t > 0, can
be given by the stochastic differential equation (SDE)

d§(t) = —y€(t)dt + dw(t),

where w(t) = w1 (t) + tw2(t), t >0 is a standard complex Wiener process ( ie. ws(t)
and wo(t) are independent standard real-valued Wiener processes) and v = A — iw
with A > 0, w € R.

Consider the statistics
t t
20 = [ lewlan o) = [l oo,

where 6(t), t > 0 is defined by
£(t) = [€(1)] .

The process
relt) = [ (@wia ) —a@daw), >0, (3.1

25
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is called Levy’s stochastic area process. It is known that the maximum likelihood
estimate (MLE) of the period w is

and
se(t) (@e(t) —w) EN(0,1) forall ¢3>0,

where 2 denotes equality in distribution. Surprisingly, we have an exact distribution,
not only an asymptotic property. This result was first formulated and applied in
astronomy in Araté, Kolmogorov, Sinay [6]. Complicated proofs can be found in
Novikov [24], Liptser and Shiryayev [21]. Recently Arat6 [4] gave an elegant new
proof using Novikov’s method.

The statement can be reformulated also in the following way. Let us consider the
two-dimensional real-valued stationary autoregressive process X (t), t >0, given by

the SDE
dX1 (t) _ A —w X1 (t)dt + dW1 (t) (3 2)
dXs(t) ) w A Xo(t)dt dWa(t) )’ )
where W(t), t>0, is a standard two-dimensional Wiener process, and A >0,
w € R. Consider the statistics

(1) = / (X2(u) + X2(uw) du, e (t) = / (X1 () dXa(u) — Xo () dX ().

The maximum likelihood estimate of the period w is

Tgc(t)

fx() = 5% (1)

and
sx(t) (Ox(t) —w) EN(0,1)  forall t>0.

The following natural question can be formulated. Consider the g-dimensional
process X (t), t >0, given by the SDE

dX(t) = AX()dt +dW(t), >0,

where W (¢), t > 0 is a standard ¢g-dimensional Wiener process and A is a g X ¢ matrix.
Which conditions should be imposed on the matrix A and on the distribution of the
initial value X (0) in order that the suitably normalised MLE of some of its entries will
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have exactly a normal distribution? This process is the so-called Ornstein-Uhlenbeck
process and considered as a generalization of Wiener processes.

Pap [25] and Fazekas [14] found some examples for stationary multidimensional
Ornstein-Uhlenbeck processes which have the above property. Pap and van Zuijlen
gave a multidimensional generalization. We could weaken the condition of Pap and
van Zuijlen by showing that a part of the conditions is superfluous in [27].

Counsider the following multidimensional process:

dX(t) = (—)\Id + Zwi0i> X (t)dt + dW (1), X(0)=0 (3.3)
i=1
where I; is the d X d unit matrix, A, wy,...,w,, € R are unkown parameters and
Cq,...,C,, are fixed skew-symmetric matrices.

The MLE of w = (wy, ... ,wm)T is given by
Ox () = ox (t)rx(b),

where ox(t) is the m x m matrix

o= ([ (Cx (), ;X (s))ds) |

(1<ij<m)
and rx(t) is the m-dimensional column vector

T

et = ([ €x.axe)

(1<4,<m) -
In [27] it is proved that

o2 ()(@x () —w) ZN(0,1,,)  forall t >0, (3.4)

if conditions (C'1) — (C3) are satisfied, where
(1) ¢ =-¢; i=1,...,m
(02) (C’ZC'j'l-C']C'l)C']f :Ck(CiCj+CjCi), i k=1,...,m
(C3) (C:C; 4+ C;C)(CrCr+ CiC) € L(CLCy, 1 Su,v <m), 4,4,k l=1,...,m
where £(C,Cy,1 < u,v < m) denotes the linear hull of the matrixes
CuCy,1 <u,v <m.
We showed that condition (C3) is superfluous.

Theorem 3.1.1. Let X(¢), t >0, be the process given by (3.3). Let us suppose that
the conditions (C1) and (C2) satisfiesd. Then (3.4) holds. We need the following
lemmas to prove the theorem.
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We shall make use of the following explicite formula which is a special case of
Lemma 11.6 in [21].

Lemma 3.1.2. Consider a standard d-dimensional Wiener process W (t), t 0. For

all t >0 let B(t) and Q(t) be d x d matrices such that Q(t) is symmetric, positive
semidefinite and

Tr / CBOBT () + Q1)) di < 0. (3.5)
0

Eexp {— [ (f tB(s)dW<s>>T aw ([ Boawe) dt}

= exp {;Tr /OT B(t)B'(t)I'(t) dt} ,

where T'(t), t > 0 are negative semidefinite matrices determined by the Riccati differ-
ential equation

Then

I'(t) =2Q(t) - T(t)B(t)B(t)'T'(t),  T(T)=0.

Let us denote the cone of the symmetric, positive semidefinite d x d matrices by
Cy. We shall also use that the distribution of a symmetric, positive semidefinite d x d
random matrix is uniquely determined by the value of its Laplace transform on the
cone Cy.

Lemma 3.1.3. If o is a random matriz with o' = o and o > 0 then the distribution
of o is uniquely determined by the Laplace transform ¥ : Cy — (0,00) given by

d d
U () := Eexp {fTr(aTo)} =FEexp<{ — ZZQZ—J-UU , aeCy

i=1 j=1

Proof. First we prove that for o € Cy we have Tr(a' o) > 0. It is well known that
there is a symmetric, positive semidefinite matrix 3 € Cy such that o = 5% = 574.
The matrix 303" is again symmetric and positive definite since

<ﬁaﬂT:r,:r> = <a(ﬁTz), (ﬁT:c)> >0, z e R

Hence, indeed
Tr(a'o) =Tr(8' fo) = Tr(BoB") >0
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For fixed k € {1,...,d} let us consider the matrix a(¥) € Cy with entries

1 ifi=j=k
a<k>:{ ifi=j=F,

“ 0 else.
Then Tr((a(ke))-ra) = Okk + 2010 + Opp-

Using the classical result on the Laplace transform of a random vector with non-
negative coordinates we know that the joint distribution of the random variables

opk 1 <k <dyU{opr + 2000+ 00 0 1 <k <L d}, (3.6)
is uniquely determined by the Laplace transform

sk, 1 <k <dyspe, 1 Sk <K d)

d
=Eexp{ — Y sk0kk— Y SkOke 05 Skyske 20,
k=1 1<k<<d
Clearly
SD(Slhl <k<d,8k[,1 <k<€<d)
d
=Eexp{)_ s Tr((@®)To) = > Tr((a®*)To)}
k=1 1<k<<d
=Eexp{—Tr(a'%) = ¥(a),
where

d
o= Zska(k) + Z Skgozke € Cy.
k=1

1<k<e<d

Consequently the joint distribution of the random variables in (3.6) is uniquely
determined by the Laplace transform ¥ : Cy — (0, o) of the random matrix o, hence,
the joint distribution of the entries of the matrix o is also uniquely determined by
U : Cy — (0,00) since there is a one-to-one correspondence between the entries of o
and the random variables in (3.6).

3.2 Proof of the Theorem

The proof can be carried out as in [27]. We have to show only that for all T > 0 the
distribution of the symmetric, positive semidefinite random matrix ox(T") does not
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depend on the parameter w = (w,...,w,,)". Using Lemma (3.1.3.) it is sufficient to
show that the Laplace transform

Ur(a) = Eexp Za”/ (CiX(1),C;X(1)dt p,  a€Cy,

5,j=1
does not depend on the parameter w. Using the notation

C = ii&ijC;Cj,

i=1 j=1

Ur(a) =Eexp {/OTX(t)TC’X(t)dt} .

Next we show that C' is a symmetric, positive semidefinite matrix. We use again
that there exists a matrix 3 € C, such that « = 32 = 873, hence a;; = ZZ=1 Bi B -
We have

we have

d

m m d
(Ca,z) =Y 3> Brifkj(Cy Cia,x) =Y

i=1 j=1 k=1 k=1
thus C € Cy, indeed.
Let

20,

m 2
> BriCix
i=1

A==+ Xm:wiCZ
i=1

It is known that the solution X (t), ¢t > 0, of the SDE(1) can be represented in the
form

X(t)= /Ot e=AdW (s),

Consequently,

/O TX(t)TCX(t)dt = /O ! ( /0 t esAdW(s)>T e(tA) Ce(t4) ( /0 t eSAdW(s)) dt.

We will show that Lemma (3.1.2.) can be applied with B(t) = e~ and Q(t) =
ete’ Cet®. Clearly the condition (C1) and (C2) imply

Bt)B(t)" = ey
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and AC = CA, hence
.
Q(t) — Ceta eta _ 62)\tc7

and we concluded the validity of the condition (3.5). Applying Lemma 3.1.2. and
using the above formulae we obtain

1 T
Ur(a) = exp {2Tr/ e”‘tf(t)dt} , a € Oy,
0

where I'(t), t > 0, is defined by

D(t) = 2e72MC — 2M12(t),  T(T)=0.

Consequently the Laplace transform ¥, does not depend on the parameter w and
the proof is completed.

3.3 Special Cases

We give some application of the Theorem.
Corollary 1. Consider the d-dimensional Ornstein—Uhlenbeck process X (t), t >0,
given by

dX(t ( M+ )X(t dt +dw(t),  X(0)=0,

where
Cl=-C;, i=1,...,m,
CC =-C;C;, 1<z<j<m

Then the maximum likelihood estimators of the parameters w,...,w, are given

by

) (i) )

Kw="20
(s% ()2
where
] t
o= [exe.axe). Ko - / (C:X(5). C:X (5))ds,

and

(\/ SS)(t) (@g) - wl) RN, Sg?)(t) (dzﬁf’”) - wm)> 2 N (0,1) for all ¢t > 0.
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Corollary 2. Consider the d-dimensional process X(t), t >0, given by
dX(t) = (=M +wC) X (t)dt + dW (1), X(0) =0,

where C'T = —C.

Then the mazimum likelihood estimator of the parameter w is

Qx(t)—zggg,
where . .
rx(t) = / (CX(s),dX(s)), k(1) = / CX (5)2ds,
and

sx () (@x(t) —w) EN(0,1)  forall t>0.
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Nearly Unstable AR Models

4.1 The Shifted AR(1) Process

Let ﬁz(TTI)’Tz be the LSE of m(™ based on the observations {Z,gn) D [Tin] < k < [Ten]},

where 0 <7 <T5. Our purpose is to investigate the limit behaviour of ﬁz%)n

n — oo, and the connection between ﬁz(T?)TQ and the MLE mp, 1, of m based

on the observations {Z(t): ¢ € [T}, Tb]}, where Z(t):= Y (t)+mh(t) is the shifted
Ornstein-Uhlenbeck process with some appropriate function h. We discuss these
questions concerning nearly stable, nearly unstable and nearly explosive models, as
well. It turns out that ﬁzgfll )’TQ is always asymptotically normal, but the speed of
convergence is much less in the nearly unstable case. The stationary case will be also

treated, when T?L% ),T2 might not be asymptotically normal if (") — 0.

as

4.1.1 Case of Zero Start AR Model

First, consider a shifted zero start Ornstein-Uhlenbeck process {Z(t) : t > 0} given
by

dY (t) = =AY (t)dt + dW (t), ¢ >0,

Y (0) =0,

Z(t) = Y(t) + mh(t), t>0,

where v € R is a known parameter, h:[0,00) — R is a known function and m € R
is an unknown parameter.

33
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Let 0 <T) <T,. Baran, Pap and Zuijlen [7] proved the following result on the
MLE of m. Denote by Pz and Py the measures generated on C([T3,72] — R)
by the processes Z and Y, respectively.

If h is twice continuously differentiable with h(0) = 0, then the measures Pz and
Py are equivalent and the MLE of m based on the observations {Z(t) : t € [T1, T3]}
has the form

~ o ZT17T2
mr, T, = =,
Ty, T2
where
T>
v coth(yTy)h(T1)? + vh(Ts)? + / (V?h(t)* + W (t)?) dt,
T
if Y 7& 07 Tl 7é Oa
A\T17T2 = h(T1)2 Ts , 9 )
T +/T1 R (t)dt, if y=0, Th #0,
T
W+ [ (PR K EP) e it T,
0
(v co;h(yTl)h(Tl) —B(T)Z(Th) + (YW(To) + W' (T»)) Z(T3)
+ [ @ - ww) 20 ity £0, 7 £0,
T
irom, = % +h(T2)Z(T) — W' (Th) Z(Th)

1
— [ R (®Z(E)dt, i y=0 Ty #0,

(VA(T2) + 1/ (T2)) Z(T») + /T2 (v?h(t) — B (t)) Z(t)dt, if Ty =0.

Moreover, m, 7, is normally distributed with mean m and variance 1/ IZTI’TZ.
We note that the assumption h(0) =0 is needed because if h(0) #0 and m # 0,
then the measures Pz and Py are singular with respect to each other, since

Y(0)=0 and Z(0) = mh(0) #£ 0.
Next, consider a sequence of shifted zero start AR(1) models
X\ =amx 4, k=12,

x{M =0,
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for n =1,2,..., where {a™ : n =1,2,...} and {h;cn) cn=12,...; k =
0,1,2,...} are known and {m( :n =1,2,...} are unknown parameters.

The LSE ﬁ%)’Tz of the parameter m() based on the observations {Z,(C") :
[Tin] <k <[Tan]}, where 0 < Ty < T, can be obtained by minimizing the sum of
squares

( ) _(m)p® )2 [Tan]

Z m\h 2
[Tln] [Tln] n n n n n n n

+ E (ZJ( ) — )hg ) — o )(ZJ(»)1 —m! )hg;)l))

(n)
Var Zip/ J=[Tin]+1
(4.1)
if Ty # 0, and by minimizing the sum of squares
< (m (m) (n) (m) )2
3 (Zj —mMh( —am(z™) - m(”)hj_l)) (4.2)
j=1

if T3 =0.

We can observe that

k .
k—j
X]En) _ Z (a(n)) Eg‘n)7
j=1
hence,
k
1—(a("))2
a 20—) |\ ) e ) £
Var 27 <Var (7 =37 (o) < 4 eyt A
j=1 k if |a(n)|:1‘
Consequently,
~ (1) Eézll,)Tz
Ty, Ts A\(n) ’
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where
2
o) () g
(Tyn] A7 (1)y2
(n))2T1n] + Z (Ahj i
1— (am) J=[Tin]+1
if [a™|#1, Ty #0,
- 2
T1,T> (hf,;) ]) [T2n] (n)r2
n
(ARS)? i o™ =1, T
[T1n] +—TZ 1 PlriEh
=[Tyn]+
[T2n] o
ST (@R it T =0,
(a2 ) ) (Tan)
(1= (@™)7) hif 2650, S RNVEZY
2T 7
1— (alm) j=[Tin)+1
if |o™|£1, T1 #0,
Giir, = T R
Zmin) 7 (in) ARUAZ, i oM =1, T
[Tyn) + 2 h if o™l =1, Ty #0,
J=[Tin]+1
(T2n]
ST ANYAZM, it Ty =0,
Jj=1

with the notation
Al = n( — ol Az = 2 oz,

We remark that T?L(T )T has mean m(™ and variance 1/AT1 Ty
The next statement describes the asymptotic behaviour of m(™ and the connec-
tion between discrete and continuous time models.

Theorem 4.1.1. Suppose that hfcn) =h (%) for n=1,2,..., k=0,1,2,... with
some twice continuously differentiable function h : [0,00) — R with h(0) = 0.

Suppose that for all n, {a(") j=1,...,n} arei.i.d., mean zero and variance 1.
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Q) If n(1 —a™) =~ eR, then

~(n) (n)
m —m
Tmz&mnnm2N<QA1),

\/ﬁ T1,T>

(i) If n(1 —al™) — +oc0, then

n 1
vn(l - oz(”))(ﬁz(Tl)T2 —m™) 2N 0, |-
' 7 h(t)?dt
Proof. (i). First, suppose that 77 # 0, and for all sufficiently large n € N,

o™ £ 1. We investigate the asymptotic behaviour of IZ(T? ),T2 which can be written
in the form

2
o [ 1= (a™) . 0 () )2 SNACRS
AThTz B (1 — (a(n))Q[Tln] B CY( )(1 —a )) (h[T1n]) + (1 N a( )) (h[Tzn])

[T2n] 9 [T2n]
HA=a® 3 (BY) wa® 3 @i @)
j=[Tin]+1 J=[Tin]+1

We will prove that n;{%),TZ — ﬁThT2 as n — 0o. We have

n(l — a(”)) -, a(") —1 as n — oo.
Moreover,
n n\ 2[Tin]/n
(a2l — (1 — n(l-a™) L e
n
If v#0 then
. _ _ .
1— (a(n))Q[Tnl] 1— (a(n))Q[Tln] 1 _e—2vT1
If v=0 then
1— (qm)hm (Tin]—1 _
(Oé—)2 — l Z (a(n))Qj T,
n(l — (a(n)) ) n =
Consequently,

n o(Tin] ) L if =
1— (am) 7 if v=0.

1
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Clearly, we have for all T € [T}, T3],

hiph, =h <[T:]> — W(T).

Moreover,
[T2n] T

1 )\ 2 2

-y (h§ )) — [ h@)?a,

" j=(Tin)+1 gl

[Ton] Ty
noy (h§">—h§’1>1)2—>/ B ()2 dt,
j=[Tin]+1 7

hence we obtain nA% )7T2 — Ar 1,

Now, we investigate the asymptotic behaviour of E%L?Tz which can be written in
the form

Z(Tn) = m™ A

1,12 11,1

1— (am)?
ol = 7 (n)(1 — o™ h(") X(n)
(1 (atm)?7] o (1=t | gy Xy

[Ton]—1
+(1-al ))h[T2n]X[T2'ﬂ] +(1=a)? Y nvX;

j=[Tin]+1
[Ton]—1
—a™ 3l = 2n () x
j=[Tin]+1

n (n) (n) (n) n (n) (n) (n)
+a™ (h[Tzn] - h[Tgn]—l) Xirgn) — ™ (h‘[Tln]+1 - h[T1n]> Xiryn-

The random step functions

1
Y(n)(t) = 7X( ) te [TlaTQL

\/ﬁ [nt]?

can be considered as random elements in the Skorokhod space D([T1,T5] — R). It
is known (see, e.g., Pap and Zuijlen [26]) that

Y™ -y, in D(T1,T:] — R).
Particularly, for all T € [T}, T3],

1 n D



4.1. THE SHIFTED AR(1) PROCESS 39

By the Continuous Mapping Theorem we obtain

1 K em o [
=7 > nX] %/ h(t)Y (t) dt
j=[Tin]+1 i
Tzn T2
vn Z (h{"y — 208+ n{ X 2, / R ()Y (1) dt,
j=[Tin]+1 Ty
hence, we get
v coth(vT1)R(T1)Y (T1) + vh(T2)Y (T3)
+h'(T2) (T») = W(T1)Y (1)
n n) 7(n D )+ 2h(t) = W'(t) Y (t)dt, if 0,
\/E(E(T13T2 m )A<1?T2) o )+ J (PR = h(#) Y () v#
MY | p(Ty)Y (T3)
—h/(T)Y (T1) — [;2 K" ()Y (£)dt, if v =0,

= CT17T2 - mATl,Tz'

Finally, we conclude

\/ﬁ nA(TzI)TZ
A 1
D L L - 2N (0, —— ).
ATl,TQ T17T2

Next, we suppose that 7) # 0, and for all sufficiently large n € N, a(™ = 1.
Then, we obviously have

2
(n)
h [TQn] 2 Ty
) ( [Tml) ) _ 2 . (1) T
n ——+tn hy’ —h: )" — ——— + h(t)ydt=A .
T2 [Tln]/n j[§]+1( J J 1) T - () Ty,T>
Moreover,
(”) (") [Ton]

n n n Tin Tin n n n n
G, = m™ Ay, + : 1[T]m[] e 3T - aP)Y - X)),
Jj=[Tin]+1
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hence,

D, h(Th)Y (T1)

T TN (T)Y(Ty) — H(T)Y (1)

Vi (¢, —m™ ARy, )

T ~ ~
_ / W' ()Y (8) dtCr, v, — mAT, 7,
T

and we can conclude again that
= (n)

_ mn)
m m 1
Ty, T> D - DN 0, — .
\/ﬁ 4T1,T2

The case T7 =0 can be handled in a similar way.

(ii). Let us start with the case T} # 0. Now, we have

Aln) T
m — /T h(t)Q dt as n — o0,
since we can use again the representation (4.3) of E(T? )’T2 and
n\ 2[Tin]/n i n
(atmy2tmml — (7 n(l —a™) _ Joo, if n(1—af )) = —o0,
n 0, if n(l—a™)— +oo.
Next, we write (7, in the form
1— (a(n))Q) h(”) X(") [Ton]
2An) . (n) F(n) ( [Tyn]*"[Tan] (n) n)p(n) §_(n)
Gy, = m! )ATl,T2 + ()21 T Z (h; —a )hj—l)sj :
1= (alm) j={Tin)41
We will prove that
cn) ) A0 Ty
m
., e 2N o, / h(t)?dt | . (4.4)
V(1 —al) 7

Clearly

n (n) (n)
(1—(al™)?) Py X (1) L2

Vi1 —a) (1~ (at)?17) —0

Uj(fll? T, ‘T
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since EU}??TQ =0 and

(1 +a™) (hiz,n)”

Var U, = —0.
= Lo (o )
By the Central Limit Theorem,
1 [Tfl (m) _ () (m) \(m) D &
=y (hj” —a'” hﬂl)ajn —>N<O,/ h(t)? dt)7
Vil —a) P T
since
1 [%] () _ o) p(m) ()
Var | ——— (h;" — a\™MR e
_ an) J j—1/%3
Vn(l—a )j=[T1n]+1
1 < mpm
n n n) \2
n(l— am)2 > (Y —a™n)
J=[Tin]+1
T>
— h(t)? dt
T
and
(n) n)p () ()
max Var (hj —of )hj_l)gj
(Tyn]<j<[Tan) V(1 —al)
h(”)i (n)h(") 2
= max ( J o) —0 as n — oo.
Tin]<j<[Ten]  n(l — ()2
Consequently, we obtain (4.4).
Hence, finally we obtain
Vil = o)y, —m™)
1 A(n) n) A(n)
:m( ?1’T2 j\(l’:;( )ATI’T2) AN <07 To 1 ) .
miaz A, Jr h(t)?dt

The case 73 =0 can be handled in a similar way.
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Corollary 4.1.2. (i) If o™ =1— @

P 1
i>’rnThTz_,rng-/\/'(Oa/\ )

ATl T

with 4" — v €R, then

~(n)
My 1,

NG

_

(i) If o =1- 2"

with ") — +o0, then

1
Vil —a™)y@™ . —m™y 2o 0, .
( )y, ) T hde

(iii) If o™ — a #1, then

VR, =) N (0’ (1—a)? flTTf h(t)? dt> ’
Example 4.1.3. Let o™ =1 — %, geER, B#0, Ty >0 and h(t)=1 for all
t>T.
(i) If ¢> 1, then
ﬁlgq),n —m

— 7’/7>LT1’T2 —m 2 N(O,Tl),

Vn
hence the rate of convergence does not depend on q, and the limit law does not
depend on B, Ts.

(il) If ¢q=1, then
~ (1) (n)
m —-m N 1
mgmﬂ_’n_mgN(O )

\/ﬁ ’ ﬂCOth(ﬁTl) + ,6 + 62(T2 — Tl)
hence the limit law depends on 3, Ty and Ts.

(iil) If ¢ <1, then
~(n) __(n)
M\, — M D N< 1 >
) e BN Vo ) S —
B2(Ty — T1)

hence the rate of convergence depends on q, and the limit law depends on (3,
T, and Ts.

Remark 4.1.4. We note that no assumption is needed concerning the sequence m™ |
n=1,2,..., unlike in case of the LSE of the coefficient o™,
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4.1.2 Case of Stationary Nearly Unstable AR Model
A stationary AR(1) time series is the weakly stationary solution of
)’Zk:aikfl + €k, keZ,

where necessarily |ao| < 1.

Consider a sequence of shifted stationary AR(1) models

XMW =amx™ 1M pez,
ZM = XM pmmpm ke,

for n=1,2,..., where || <1, n=1,2,... and h](cn), n=1,2,..., k€Z are
known and m(™, n =1,2,... are unknown parameters. Suppose again that for all
n, {e":jez} areiid d variance 1

ey 1] are i.i.d., mean zero and variance 1.

Then,
0 - 1
EX =0, DX"=—"—  for keZ
1— (am)

The LSE m(™ of the parameter m(™ based on the observations {Z,gn) :
[Tin] <k <[Tan]}, where T; < T3, can be obtained by minimizing the sum of

squares (4.1), hence
F(n)

~ (n) T1,T>
Tt = =
1 2 AT]7T2
where
~(n) D\ V2L e (n)
AT];T2 = <1 - <a(")) ) (h[Tln}) + Z (h] - a(n)hj—l)Qv
j=[Tin]+1
~(n) 2\ ) ) = w (n) \(5(n) =(n)
G = (1 - (am)) > Wz o+ S (B =R (2 — oz,
j:[Tln]+l

Next, consider a stationary Ornstein-Uhlenbeck process {f/(t) :t € R}, which is
the stationary solution of

AY (t) = =AY (1) dt +dW (L),  tE€R,

where v > 0 necessarily.
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It is a zero mean Gaussian process with

e~ Vlta—t1]

EY (t1)Y (t5) = o

Consider a shifted stationary Ornstein-Uhlenbeck process {Z(t): t € R}, given by

AY (t) = =AY (1) dt + dW (1), tER,
Z(t) = Y (t) + mh(t), teR,

where ~ > 0 is a known parameter, h:R — R is a known function and m € R is
an unknown parameter.
In [7] the following result is proved on the MLE of m. Denote by P and Py the

measures generated on C([T1, T3] — R) by the processes Z and Y, respectively. If
h is twice continuously differentiable, then the measures Pz and Py are equivalent

and the MLE of m based on the observations {Z(t): ¢ € [T}, T5]} has the form

(1,

mr,T, = )

AVTI;TZ
where
~ T2
Ar,ry = BB +b(T) + [ (PRl 1 (07) d,
T
Crvmy = YT Z(Ty) + yW(To) Z(Ta) + W (T2) Z(Ty) — I (T1) Z(Th)
T _
+/ (v?h(t) — B (1)) Z(t) dt.

T

Moreover, mp, 1, is normally distributed with mean m and variance 1/Ap 1.

Theorem 4.1.5. Suppose that hé") =h (f) for n=1,2,..., k €Z with some
twice continuously differentiable function h : R — R.  Suppose that for all n,

{€§n) :j €Z} are i.i.d., mean zero and variance 1.

Q) If n(1—a™) -~y € (0,00) then

m(")

e
m . 1
MLmThTZ—mEN(ON )
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(i) If n(1—a™) — oo then

1
vVl —a®y@™  —m®y 2o (o, ——— .
( )i, ) T

T,

(iii) Let n(1—a™) —0 and el(cn) ~ N(0,1).

(a) If h(t)=c for all t € R with some c € R, then

V1—a® (@, —m™) LN(O . )

2 7 9¢2

(b) Otherwise,

~(n) __(n)

My ', — M D 1

il PN (o, - h’(t)2dt> .
Ty

Proof. The proof is similar to the proof of Theorem (4.1.1.). O

Example 4.1.6. Let o™ =1— £

na’

g>0, >0, and h(t)=1 forall teR.

(i) If ¢q=1, then

ﬁl%)ﬂh —ml"

N

D ~ D 1
—mnr,—m=N <0, 25+ P —T1)> .
(i) If 0<g<1, then
e LV (N .

nq—1/2 ’BQ(TQ _Tl) ’

hence the rate of convergence depends on q.
(i) If ¢>1 and ™ ~N(0,1), then
~(n) _(n)
mp p, =M D 1
1,12 0 _
Y ( , 26) ,

hence the rate of convergence depends on q, but the limit distribution does not
depend on Ty, Ts.
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4.2 Nearly Unstable Multidimensional AR Processes

Our aim was to investigate nearly unstable complex—valued models, where the coef-
ficient matrices are in Jordan normal form and to study the limit behaviour of the
suitable normalised LSE of the eigenvalue. It will turn out that the limit distribution
depends only on the last, d-th component of the process.

This type of models is rather special. However from a practical point of view it is
often useful to investigate the behaviour of the greatest eigenvalue.

We also compared it with the maximum likelihood estimator (MLE) of the eigen-
value of the coefficient matrix of the related continuous time model. It is interesting
to note that the MLE of the eigenvalue in the related continuous time model depends
only on the first coordinate of the process. Matrices consisting of two or more Jordan
blocks were also studied.

4.2.1 Nearly Unstable AR Models with Coefficient Matrices
in Jordan Normal Form

Let. C? be the space of the d-dimensional complex column vectors. Let us introduce
the widely used notation

(x,y) =27 for z,y e C?

for the scalar product in C?, where 7 denotes the complex conjugate of y. We
introduce the norm of z € C? by

[ == V/{z, ).

For A€ C and d € N we introduce the notation

A0 - 0
1 X 0

T\, d) = 01 X O o
. A0
0 0 1 A

for a dxd matrix in Jordan normal form with eigenvalue A\. We shall use the short
notation J(\) it it does not cause misunderstanding.

Consider the d-dimensional complex—valued autoregressive model

Xy = J()\)Xk,1 +er, k=12,...,
Xo =0,
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where )\ € C is the unknown parameter of the model. If we take into consideration
the special form of the coefficient matrix then we can calculate the LSE of A\ as
follows.

Lemma 4.2.1. The LSE of )\, based on the observations Xi,...,X, is given by

n d
3 2okmt 2= (K = X1yt Xirg)

d 2
Dbt 2t X1

where Xk = (Xkﬁl,...,Xk’d)T and Xk,O = 0.

Proof. Let us consider the sum of squares:
ey —Z 1X5 = T X1 |
X1

B

k=1

0 Xk-1,1

=)
R =)
Ly o -
o

A
01

o .

) 0 .
Xk,d A kal,d
X1 —Xp—10—AXk—11

2": X — Xp—11 — AXp_12

k=1

Xid— Xp—1,d-1 — A Xp—1.4

Obviously

n d n d
AnN) =D Xk = Xec1jaP = ADD Xio1j(Xiy — Xi—1,-1)

k=1j=1 k=1j=1

n d

n d
AN X (K = X)) AP YD X
k=1j=1

k=1 j=1

Clearly X is a least squares estimate of A if An(X) is minimal. We write the
complex number A in the foorm A\ = a+if, where «,( € R. Rewriting A,(\) as
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a function of o and [ we get the following:

n d
An(a, B) :ZZ | Xkj — X111 —

k=1j=1

n d
2c - Re szk—l,j(Xk,j = Xp—1,5-1) | +

k=1j=1

28-Tm [ Y Xp1 (X — Xpo1-1) | +

k=1j=1

n d
@+ 8> > Xk

k=1j=1

This expression takes minimum if the following equations hold,

n d n d
“23 "3 Re [Xpo1, (X — Xno1-1)| +20 30D (X1, =0,

k=1j=1 k=1j=1

n d n d
22 ZIm {qu,j(Xk,j - Xk—l,j—l)] + Qﬁz Z [ Xk—1,4* = 0.

k=1 j=1 k=1j=1
Hence the LSE of o and (3 are given by
>roi 2o Re |:Xk—1,_j(Xk’j - Xk—l,j—l)}
= n d
Zk:l Zj:l |ch—1,j‘2

. Sy Y, Im {kal,j(Xm - Xk—l,j—l)}

n d
ZZ=1 Zj:l |Xk—17j|2

Thus we obtain the assertion of the lemma.

Qp )

4.2.2 Convergence of a Related Step Process

For n=1,2,... consider the d-dimensional complex—valued AR model:

XM = JO)X™ + M k=1,2,...,n,
() (4.5)
0o =0,
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where {6,(:1)} is an array of random vectors in C? and \, = /"% with h, € C,
h, —h€C and 0 € (—m, 7). Clearly J(\,) — J(e?) since A\, — e¥. It is easy
to see that the model is nearly unstable, since o(J(e?)) = 1.

We consider the following transformation on the elements of C%:

This transformation can be considered as a rotation in C¢, since
(e, e*0) = (u, v) for w,v e C%

We define the following rotated elements (the construction is the same as in Pap,
Zuijlen [26]):

2 i ikt x (),

]in) — efikogén)_
Let
ha/n 0
~ ) —i6
Tn) = e300 = | € o
0 6_7'9 6h,,/’n.

The following model is clearly equivalent with (4.5):

ZM = T2 + ¢ k=1,2,...,n
zZ{M =o.
Now we consider the normalization matrices
L,, := diag {nfl/z, n73/26w7 ... ,n*dH/ze(d’l)w} ,
and random step functions
n . _—i[nt]o (n) __ (n)
Y () = e ML, X = L Zp,

[nt]

M(n) Z ek (n) Z C(n)-

Let us put the following condition on the random disturbances {5,(6")}.
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(C) Eén), k=1,...,n, n>1, is a triangular array of square integrable martingale

differences in  C? with respect to the filtrations (f,gn))k:()’l,._mm >, such
that for all ¢ € [0,1]

[nt]

1 n n T n P 1
EZE (77,(C ) (77,(C )) ’f,g)1> — 5[2,1 as n — oo,
k=1

where 77,(:) = (Re (gé”)),lm( én)))T and

[nt]
1 (n))2 (n)y P
et E;E(Hgk X (e aymy Fe-1) — 0 s n— 0.

From Pap, Zuijlen [26] we know that if the condition (C) is satisfied then the
following statments are true for Y Ar(m:

M®™ 2w in D([o,1] — C9),
Y™ 2y in D(]0,1)] — €%,
(M™. y™y 2 (W, Y)  in D([0,1] — C>),

where D([0,1] — C%) denotes the Skorokhod space, {W(t),t € [0,1]} is a complex,
standard Wiener process with values in C? and {Y(t),t € [0,1]} is a complex,
continuous time autoregressive process, defined as the solution of the stochastic dif-
ferential equation

dY (t) = AY (t) dt + SdW(t),  Y(0) =0,

where ¥ :=diag(1,0,0,...,0), and A is the Jordan matrix with eigenvalue h:

h 0 0
1 A 0
A 01 A O o
- h O
0 0 1 h

4.2.3 Convergence of the LSE

Consider the d-dimensional complex—valued nearly unstable AR process generated
according to the scheme (4.5). We are interested in the limit behaviour of the LSE of
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An, which has the following form according to Lemma (4.2.1.):

n d n n n
B Zk:l Zj:l(Xlg,j) - Xli—)l,j—17Xl(c—)1,j>
- n d n
St S 1XAY 12

A

)

where X,gflo) = 0.

Theorem 4.2.2. Suppose that array 52") k=1,...,n, n>1 statisfies the condi-

tion (C). Then
—
~ Y (t) dWy(t
np — An) - e(d—1)91M7 (4.6)
Jo Ya(t)[? dt
where the process Y (t), t € [0,1] is given by
dY (1) = AY (t)dt + SdW(t)  Y(0) =0,

and W(t), t €[0,1] is a standard complex d-dimensional Wiener process.

Proof. If we take into consideration that
X =X X el for 1<k<n, 1< <4,
we get the following:
d n n n n
3 Zj:l D k=1 )‘n|X1£—)1,j‘2 + <€I(<:,;7Xlg—)1,j>
n = n d n
ooy X X
d n n n
Zj:l 2 k=1 <51(g,;7 X/E—)Lj)
n d n
s Sy 1 XA 12
d n n n
Zj:l Zk:l(fé,;’ Xlgf)l,j>
n d (n) '
2 k—1 Zj:l |kal,j|2

= A +

Ay — A\, =

The orthogonality of the transformation z — e~**¢ implies that

d
21 k1 (s Ze-1)
= ! ,
ZZ:I Zj:l |Zk—17j|2

A — A

Moreover the following is valid:

Z]EZ) _ 67“69)(]5:;)7
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/ Y™ 0y (1) dt =

0

Z/ P28 7 (g i1/26 =G0 700 () gy
c— 1,0
k—1/n

2L Z |Z(n) ‘2
hence

n n 1 -
Zwﬂﬁ:Zwﬂﬁzwéﬁwmw@@
k=1 k=1

Similarly

11—
/ lg(n)(t) dMJ(n)(t) \/» —(] 1)6i 7]+1/QZc(") (”)

—1,5°
0

thus
11—
Z (n)l ]XIEJn)l,j Z Cl(cn)l jZ(n) — ndeli—1)0i /0 Yj(n) (t) dM;N)(t)'

Consequently

d i—1)0i,,5 (1v-(n) (n)
nd(X — ) =t 21 el =10 Jo Y7 () dM;™(2)
" o d .ol n n
S fy v v et

d i n n
_ S v ) M)
d _ n n ’
S0 ni=d [1 Y )y ($)de

Taking into account that (M™ y™) 2 (W, V) in D(]0,1] — C2%) and using,
for example, Proposition 6 in Jeganathan [17] we obtain the assertion. O

4.2.4 MLE of the Coefficient of the Related Continuous Time
Model

Consider the d—dimensional complex—valued Ornstein—Uhlenbeck process defined as
the solution of the stochastic differential equation

dY (t) = AY (t) dt + ZdW (1),  Y(0) =0,
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where {W(t),t € [0,1]} is a standard Wiener process with values in C?. Let us
identify the complex process {W(t),¢ € [0,1]} with the standard Wiener process
{W(t),t €[0,1]} in R*!, where

W (t) := (Re Wy (t), Im Wy (t), Re Wy (t), Im Wi (t), . . ., Re Wy(t), Im Wy(t)).
Let us identify the complex process {Y(¢),t € [0,1]} with the process
Y (t) := (Re Y1(t),Im Y1 (t), Re Ya(£), Im Ya(t), . .., Re Yy (t), Im Yy(t))

with values in R2<.

Then the above complex stochastic differential equation is equivalent with the
following real stochastic differential equation:

Y(t) = AY (t)dt + SdW(t),  Y(0) =0,

where A and ¥ are defined as the following blocks of matrices:

K 0 - 0

B I, K 0

AI: O 12 K )
0 0 L K
ILb 0 -0

y = (_) 0 : = diag(1,1,0,0,...),
0 0

where ) N
Re —Im 1 0
K= (Imh Reh>’ I2:= (0 1)'

(A and % arereal 2d x 2d matrices.)

Consider the measures Pj;; and Py on C([0,1] — R?9) generated by the real

processes W and Y, respectively. It is known that Pg is absolutly continuous
with respect to the measure Py and the Radom-Nikodym derivative has the form

dP)’;~7 L ~ 1 L. ~ e~
%(Y)exp{/o (EeAY(u),dY(u»fi/o (AY(u)EOAY(u))du}, (4.7)

where ©° denotes the pseudo inverse (or generalized inverse) of the matrix ¥ (see
Arat6 [3]). It can be easily verified that X° = 3.
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Obviously if we maximize the right hand side of the equation (4.7) in Reh and
Imh, we can obtain the MLE of Reh and Imh, ie., the MLE of h. We have

C‘lig;(?) —Reh - {/01 Re Y (u) dRe Y; (u) +/01 ImYl(U)dImY1(U)}

1

+Imh~{/OlReYl(u)dImYl(u)—/o ImYl(u)dReYl(u)}

— % ((Reh)? + (Imh)?) /0 {(ReYi(u))® + (ImY;(u))*} du,

where Y;j is the first component of the complex process Y.

Finally we obtain
Jo Yi(t) (1)
T .
Jo Vi) dt
So the MLE of h depends only on the first component of Y.

/f;:

We remark that in the case d =1 Theorem (4.2.2.) says that

(= An) = M7
fo [Y1(1)]? dt

and the It6’s formula gives

L i i) _ o i) aWi (o)

h= _ ,
Jy ()2 dt Jy ()2 dt

hence n(A, — ) — h implies
n(n — An) = h,

that is, the LSE of the coefficient of the discrete time models converges to the MLE
of the coefficient of the corresponding continuous time model. (See also [20].)

If d >2 then such a relationship does not hold, because the limit distribution of
the LSE of the coefficient of the discrete time models depends on the last component
of the complex process Y.

It is also interesting to mention that the complex process Y is driven, in fact,
only by the first component W; of the Wiener process W, and the limit distribution
of the LSE contains the last component W, which is, by definition, independent of
the first component Wi (if d > 2).
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4.2.5 The Case of Several Jordan Blocks

The Case of Different Eigenvalues.

Let AU), j=1,...,r, be different complex numbers and let di,...,d, € N. Let
the coefficient matrix @, of the model (2.5) consists of the corresponding Jordan
blocks:

Qn = diag {7\

n

d1), ..., JAD,d,)},

where A = eh/n+i07 with B9 e ¢, BY) — h0) € C and 99 € (—m, 7] for
7=1...,r

Now the sum of squares has the following form:

AnAD A =

(n) e
k,di+--+dj1+1 k—1,d1+--+d; _1+1
ron ' '
=3 —JO\D dy)
j=1k=1
(n) e
k,di+---+dj_1+d; k—1l,d1+-+dj_1+d;

Obviously )\%j ) is estimated from the j—th block of components of Xj in the
same way as in the case of a single Jordan block.

Hence, under the Condition (C), the LSE of /\SZ), j=1,...,r are asymptotically
independent, and the limit behaviour can be obtained as we have seen it in the case
of a single Jordan block.

The Case of Two Jordan Blocks with the Same Eigenvalue

Let A € C and let dy,...,d. € N. Let the coefficient matrix @, of the model
(2.5) be
Qn :=diag{J(An,d1), ..., J(An,dr)},

where \, = /"t with h, € C, h, > heC and 0 € (—m,n].
Now the LSE of \,, will be

n di+---+d, n v (n n
/): - Zk:l 22;1 <X1g,£) - XIE—)l,e—qug—)Lj)
n = n di+---+dy n
oy e X2

)
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where

~(n 0 for £ =dy,...,d,,
Xlg,é)—l ::{

X ,(:’2_1 otherwise.
Now the normalization matrices are
L, := diag {n71/27 - ,nfdﬁl/ze(dl*l)w, e nfl/z, R nfd"“/Qe(d"*l)w} ,
and under the Condition (C) we have the convergence of the random step functions
(M™, y™) 2 (W, Y)  in D([0,1] — C2httdn)y,
where the process Y'(t), t € [0,1] is defined by
dY (t) = AY (t) dt + X dW (¢), Y(0)=0,

with
A= diag{J(h,d),...,J(h,d,)}, ¥ = diag {=V,..., 2"},
where ©0) :=diag(1,0,...,0), ©U) isa d; x d; matrix, j=1,...,r.
Let d:=max{di,...,d,}. Asin Theorem 1, we obtain that

S
nd (5\ Y ) D e(d—l)@izj:dj:d fO Yd1+'“+dJ (t) de1+"'+dj(t)
n — \n ’ 1
Pidy—a Jo Yarta; (1)[? dt

thus the submodels of the greatest dimension cooperate with each other and dominate
the rest.

It is interesting to note that for d > 2 the processes Wy, 4...4q;, and Yg y..4q;
for {j:d; = d} are independent since the processes Yy, ..4a;, {j:d; = d} are
driven by Wy, 4. qa; 141, {j:d; =d}.



Chapter 5

Estimation of the Mean of
Multivariate AR Processes

Our aim was to investigate the problem of estimation of the mean for stationary and
zero start multidimensional autoregressive processes.

5.1 Case of Stationary AR Process

Consider a d—dimensional stationary AR process {Y (¢) : t € R}, which is the weakly
stationary solution of

dY (1) = —AY (t)dt + AW (t), tEeR, (5.1)

where A and ¥ are d x d matrices such that all eigenvalues of A have necessarily
positive real part, and {W(¢):t € R} is a d-dimensional standard Wiener process,
ie, {W(t):t >0} and {W(—t):t >0} areindependent d-dimensional standard
Wiener processes. In fact, {W(¢) : ¢ € R} is a continuous zero mean Gaussian
process with

(sl AJH) - 1, it st >0,

Cov (W(s), W(t)) =EW (s)W ()" = {0’ otherise,

or, equivalently, {W(t¢):t € R} is a continuous process with stationary independent
increments such that for the increments we have

W (t) — W(s) ~ Na(0, |t — s - 1.

57
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The process {Y (t):t € R} is a zero mean Gaussian process with
Cov (Y (1),Y(s)) =EY ()Y (s)T = e~ (=94B(0),  for s <t,
where the d x d matrix B(0) is the only solution of the matrix equation
AB(0) + B(0O)AT =xx . (5.2)

We remark that B(0) is a symmetric, positive definite matrix and
B(0) = / et ArnTe A du, (5.3)
0

Moreover,

Y(t)=e 4 (?(O)Jr / t e“AEdW(u)> = [ ;e—“—u)f‘z AW (u).  (5.4)

0

Now, consider a shifted stationary AR process {Z(t):t € R}, given by
Z(t)=Y(t)+ Hm, teR,

where H isaknown dxd constraint matrix and m € R? is an unknown parameter
vector.

Theorem 5.1.1. Let [T1,T2] C R. If H™' exists then the mazimum likelihood
estimator of m based on the observation of {Z(t):t € [Th,Tz]} is given by

m=U""V, (5.5)
where

U=HTB0)"H+ (T, -T)H AT (£27)° AH, (5.6)
Ty

V;=H B0)"'Z(T\) + HTAT (zx7)° <Z(T2) — Z(Ty) + A/T2 Z(t) dt) . (5.7)

Moreover,
m ~ Ng(m,U™1). (5.8)

We need the following lemma.
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Lemma 5.1.2. Denote by Py and P, the measures generated on C([T1,T»] — R)
by the processes Y and Z, respectively. Then, the measures Py and Py are
equivalent and the Radon—Nikodym derivative has the form

dP

dP?(X):exp{—;(Um,m)—i-(Vx,m)}. (5.9)

Proof. Denote by Py the measure generated on C([Ty,T5] — R?) by the process
W. Then, the measures Py and Py are equivalent and the Radon-Nikodym
derivative has the form

Py

1
X)=—F———ce
dPw ) \/27DetB(0) Xp{

(B(0)™' X (T1), X (T1))

| =

LT s Ax @, Ax@) e (5.10)

2 Jp
T
- [T ¢E=n° axo.axm)},

see, e.g., Arato [3, § 2.3.3, Theorem 2].

Consequently, the measures P and Py, are equivalent and the Radon—Nikodym
derivative has the form

P P
dPVZV X) = ﬁ(}( — Hm)
S S { ~ LBy (x () = Hm), X (1) — Hm)
/27DetB(0) 2 ' o
— % /:2 ( (=5T) A(X(t) — Hm), A(X(t) — Hm)) dt
(5.11)
-/ (R AKX (1) - Hm),dX(t)}}.
We have
(B(0)"Y(X(T1) — Hm), X (T1) — Hm) (5.12)

= (B(0)™'X(T1), X(T1)) — 2(H " B(0)"'X(T1),m) + (H ' B(0)""Hm,m),



60 CHAPTER 5. ESTIMATION OF THE MEAN

/ T2<(22T)@ A(X(t) — Hm), A(X(t) — Hm))dt

Ty
Ty

—/T2<(EET)OAX(t),AX(t)>dt—2/ (HTAT (527)° AX (1), mydt  (5.13)
T T1

Ty
+/ (HTAT (227)° AHm,m) dt,
Ty

/T2 (52T A(X() — Hm), dX(8))

T
Ts T2
:/ ((ZET)QAX(t),dX(t))f/ (HTAT (557)7 dX(t), m), (5.14)
T T
hence
dp dP; APy

1
20 = gl (0 g (X) :exp{—2<Um,m>+<vX,m>}.

O

Proof of Theorem (5.1.1.) Obviously, U is a symmetric, positive definite matrix.

Denoting by vU and vU-! the only symmetric, positive definite square root of
U and U~!, respectively, we obtain

—%(Um, m) + (Vy,m) = —% ((VTm. VTm) — 2TV, VTm))

(Wﬁm —NT V|2 = (VT 1V, \/FVZ>)

N = N

(VT = U=V = V2 V),

which implies that m = U1V,

Clearly, m is normally distributed with mean m. The aim of the following
discussion is to show that Varm = U~'. We have V; =V + Um. Consequently,
m =U"'Vg +m, hence

Varin = E(i —m)(m —m)' =UE (V;,Vg) Ut
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Thus, it is sufficient to prove that ]EV;,V?T =U. Let us write V3 in the form
T>

Vo = H'BO)™'Y(T}) + HT AT (EZT)Q/ (AY (t) dt +dY (1))

— HTB(0)"'V(Ty)+H AT (2x7)° /T2 Y AW (t)

— HTB(0) 'V(T)) + HTAT (37) S(W(T2) — W(TY)),

where Y (T) = f_T;o e~ (=WAN AW (u) and W(Ty) — W(Ty) are independent,
hence

VarVy = Var (HTB(O)*?(TI)) + Var (HTAT (227) 7 S(W(Ty) — W(Tl)))
— H"B(0)"'B(0)B(0)'H + (Ty —T)H AT (3£7)7 52T (227)° AH
—HTB(0) 'H+ (T, -T)H AT (227)° AH = U.
Od

Remark 5.1.3. Lemma (5.1.2.) can be proved directly by the help of finite dimen-
sional approximation as well. For T, = t1 < ty < ... < t, = Ty, the random
vectors

Y(ty), Y(ts)—e BRAY (1), .. Y(t,) —e BMAY (1, )

are uncorrelated and have a joint normal distribution, hence they are independent
with zero mean, VarY (t1) = B(0) and

Var (?(tj) - e*<Atf>A17(tj_1)) = B(0) — e~ (At AB(Q)e=(At)AT

where At; :=1t; —t;—1. Thus, the joint density of the random vectors
(Y(t1),...,Y(t,)) has the form

1

ff’(tl),...,?(tn)(xlv cee 7‘T’n) = cexXp { - §<B(0)_1‘T17 ‘T1>7

— % Z < (B(O) _ e*(Atj)AB(O)e*(Atj)AT>71
j=2

(%’j — ei(Atj)A.%j_l) , Lj — ei(Atj)A.%'j_1> },
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with a suitable normalizing constant c.  Clearly, the joint density of the random
vectors (Z(t1),...,Z(tn)) has the form

fZ(tl) ..... Z(tn)(a”h Csn) = f?(tl) .....

If P;(tl) ’’’’’ () and PZ(tl) yyyyy Z(tn) denote the distribution on R"™ of the random

.....

and PZ(h),...,Z(tn) are equivalent and

- f‘Zv(tl)"”’Z(tn)(xl, ven 71'”)

dP Z
B Bln) gy = '
AP5 (1)), ¥ (1) P2 () ) @15 )

We have e~ (M)A ~ [ — (At;)A, hence

B(0) — e~ (A1)AB(0)e (A1)AT ~ (A;)(AB(0) + B(0)AT) = (At;)SE .

Moreover,
Tj — Hm — e_(Atj)A(Ij_l — Hm) ~ AZL‘j + (Atj)A(.l‘j_l — Hm),
where Ax;:=2x; —xj_1. Hence,

aP Tn)

~ exp{ - % < B(0)™! + i(Atj)AT (EZT)Q A Hm,Hm>

Jj=2

+ <B(O)1x1 +) AT (2277 (Az; + (At;) Az _y) ,Hm> .
j=2
It can be easily shown that, as n — oo and max At; — 0,
IIN
dPZ(tl) ..... Z(tn) (~

~ 1
Y(t1),...,Y (tn)) — exp {(Um,m) + <V§,m>}.
dP?(tl) ..... Y (tn) 2

Proving Vi ~ Ng(0,U), we obtain

}Eexp{_;wm,m) + <V,;,m>} _1,

and by Theorem VIIL.6.2 in Shiryayev [30], we conclude the statement of Lemma
(5.1.2.).
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5.1.1 Examples of Stationary Processes

Example 5.1.4. One—dimensional complex—valued AR(1). Consider a one—
dimensional complex—valued stationary AR(1) process {X(t) : t € R} which is the
weakly stationary solution of

dX (1) = —aX(t)dt +dW(t), teR,

where {W(t) : t € R} is a complex—valued standard Wiener process (i.e., W(t) =
W, (t)+if/lv/2(t), where {(Wl(t), Wg(t)) :t € R} is a 2—dimensional standard Wiener
process), and o = A+ iw with the damping parameter X\ > 0 and the periodical
parameter w € R. (See Aratd, Kolmogorov and Sinay [6], Araté [2].) Let us use the
notation ReX(t) =Yi(t), ImX(t) = Ys(t). Clearly,

avir)\ ( A w> Y (t)dt N AWy (t)
dYs(t) —w M) \Yo(t)dt dWa(t) )’
hence {(ReX(t),ImX(t))T : t € R} is a 2—dimensional stationary AR process with

coefficient matrix
A w
A= (_w A) .

The only solution of the matriz equation AB(0)+B(0)AT =1 is B(0) = %é]’ hence
B(O):1 =2XI. Obviously, ATA =N+, thus U= 2X\+(Ta—T1)(A\? +w?))I.
Let Z(t):=Y(t)+m, t €R, where m = (my,my) € R* is unknown. Then,

Vs = 202(Th) + AT (Z(T») — Z(Th)) + (\? + w?) /T2 Z(t)dt,

consequently,

MZy(Th) + Z1(T2)) — w(Za(T2) — Zo(Th)) + (N2 + w?) [ Zy (1) dt
2+ (T — T1) (N2 + w?) ’

MZo(Ty) + Za(To)) + w(Z1(Tz) — Z1(Th)) + (N2 + w?) [ Zo(t) dt
2A+ (T — T1)(A2 + w?) 7

Ty = (5.16)

see Aratd [8, §4.4.1].

Moreover,

~ o~ T L
(M1, ma) " ~ Ne (m’ 2A + (Ty — Ty) (A2 +w2)l> '
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Particularly, my, and ms are independent.

We have the following asymptotic behaviour

1
li T —Ty)Varmy = i T, —T1)Varmg = ————
r, T TiVari =, U (T = Ti)Variis = 3550
hence my1 and mo are asymptotically consistent as To — Ty — oo. Moreover, if
w # 0 s fized, then we get, in contrast to the one—dimensional real-valued case, that
Varmy and Varmso remain bounded uniformly in A, since

1
limVarm; =limVarmg = —————.
lim Var 3, = lim Var ity T = Ti)e?
Example 5.1.5. One—dimensional real-valued AR(2). Consider a one-dimen-
sional stationary AR(2) process {X(t) : t € R} which is the weakly stationary
solution of ~ B ~

d®X (t) = —1dX (t) — o X (t) At + dW(2), t €R. (5.17)
dX(t) _ ¥

(We remark that now =53~ = X'(t) ewists.) Let us write the characteristic polyno-

mial of the process in the form

w()\) = )\2 +Cl)\ + co = ()\ + )\1)()\ -+ )\2)

Equation (5.17) has a (unique) weakly stationary solution if and only if for the damp-
ing parameters we have Rehy >0, Rely > 0. Let us use the notation X (t) = Y1(t),
X'(t) =Ya(t). Clearly,

avi(t) __<0 1> Y1 (t)dt +(0 0) ( 0 >
dYa(t) )  \e2 o1 ) \Yo(t)dt 0 1)\aw())’
hence {(X(t),X'(t))T : t € R} is a 2-dimensional stationary AR process with

coefficient matrices
0 -1 0 0
=) =)

The only solution of the matriz equation AB(0) + B(0)AT =1 s

1

s=—— 0
B(0) = (26(1)52 1 ) , hence  B(0)™' = (26(1)02 0 ) .

E 201
Obviously,
(mnT)° = (8 (1)> ,
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hence
AT (ZZT)@ _ <0 02> 7 AT (EZT)@A _ < 3 6102> .

0 c1Ca c%

Let Z(t):= X(t)+m, t € R, where m € R is unknown. Then Z'(t) = X'(t),

t €R, hence
dZ(t) my
z =Y@t)+ H teR
(dZ,(t)) o+a (), tem,
where
(1 0 mi\ _ [(m
i=(o0) ()= (0)
Thus

U— 26102 + (T2 — Tl)Cg 0
- 0 0/’

o <2clc22(T1) + [RABZ() + ereaZ' (1)) dt + [ e dZ/(t))
=

0

_ (Clcg(Z(Tl) + Z(T2)) + c2(Z'(Ty) — Z'(T) + & [ Z(1) dt>
0

By Lemma (5.1.2.),

dPs ~ 1 ~
ﬁ(Z) = exp {—2u1,1m2 + vl(Z)m} ,

where P denotes the measure generated on C([T1, T3] — R?) by the process (Z Z’),

and uq 1, vl(Z) denote the first entry of U and V7, respectively. Consequently,
the maximum likelihood estimator of m is

 a(Z(M) + Z(Tw) + Z2/(Ty) — Z'(Ty) + ¢ fff Z(t)dt
m= 201 + (T2 — T1)02 (518)

1
~ N m, :
! <m 26102 -+ (T2 — Tl)c§>

see Arato [8, § 2.2.2, § 4.4.5]. We have the following asymptotic behaviour:

lim (T, —Th)Varm =

. , hence lim Varm =0,
2— 1—>OO

5 —Th—o0

¢)
ww‘ =
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thus m is asymptotically consistent as To —T7 — co. Furthermore,

1
— hence lim Varm = oo
203’ X110 ’

lim \{Varm =
A1l0
hence Varm is unbounded as A | 0.
If Ay =X2=X>0 are double roots, then

1
lim A3Varm = =,
210 4

hence Varm is unbounded as X | 0.

If the characteristic polynomial has conjugated complex roots A1 = X+ iw, Ao =
A —iw, where A\w € R, X > 0 is the damping parameter and w # 0 is the
periodical parameter, then
1
(T2 — Tl)w‘“

and we get that Varm remains bounded uniformly in A.

lim Varm =
210

Example 5.1.6. One-dimensional real-valued AR(p). Consider a one—di-
mensional stationary AR(p) process {X(t) :t € R} which is the weakly stationary
solution of

APX(t) = =1 dPIX (1) — ... —cp1dX(t) — c, X () At +dW (),  teR. (5.19)

Let us write the characteristic polynomial of the process in the form

p
w()\) = )\p+01)\p71 +02/\p72 it = H()‘+)‘J)

Jj=1

FEquation (5.19) has a (unique) weakly stationary solution if and only if ReX; > 0
forall j =1,2,....p. If we use the notation X)) =1@), X't =Y(t), ...,
XP=D(t) =Y, (t) and Y(t) = (Yi(t),...,Y,())", then we have

dY (t) = —AY (t)dt + £dW (),  teR, (5.20)
where

0 -1 0 0 0

0o 0 -1 0 0 0 00

0 0 0 0 0 : o

A= . , n—|: o,

: 0 0 0

0 0 0 0 -1 0 0 1
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hence {(X(t),X'(t),...,.X®D@NT : ¢t € R} is a p-dimensional stationary AR
process.

We have B(0)™' = (djk)1<jk<p, where

23 () epk—tcpjrerr if j=k (mod2) and j<k,
dik =125 0 (-1 fcpj—tcptrer1 if j=k (mod2) and j>k, (521)

0 otherwise,
where
1, if £=0,
Cyp = .
0, if £<0 or {>p,

see Arato [8, § 2.2.2, § 4.4.5].
For example, if p=3, p=4 or p=2>5, then

CoC3 0 C3
B(0O)'=2| 0 cca—c3 0],
C3 0 (&)
C3Cy 0 C1C4 0
-1 0 CoC3 — C1Cy4 0 c3
B(O) =2 C1C4 0 C1Cy — C3 0 ’
0 c3 0 C1
CyCsy 0 CoCs 0 Cs
0 C3Cq4 — CoCp 0 C1C4 — C5 0
B(O)_l =2 CoCs 0 CaC3 — C1C4 + C5 0 C3
0 C1C4 — C5 0 C1Cg — C3 0
Cs 0 C3 0 (&1
Clearly (EZT)Q =X, hence
0 0 0 ¢
00 0 ¢y
ATEST) =1
0 0 0 c
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2

Cp Cp—1Cp - CiCp
AT (ng)GA _ CP—'lcP 012)._1 T Cilp—
cicp  CiCp—1 - c}
Cp
Cp—
— p, ! (Cp Cp—l Cl)
C1

Let Z(t) :== X(t)+m, t € R, where m € R is unknown. Then Z@W(t) = XU)(¢),
teR, j2>1, hence

Z(Tl) my
Z/<T1) ma
, =Y@t)+H| . |, teR,
Z(P—l)(Tl) my
where
1 0 0 mi m
0 0 O mo O
H = . b . -
Thus
2Cp_1cp + (T2 — Tl)clzj 0 e O
0 0 --- 0
U= - A (5.22)
0 0 --- 0
¢ Y1 Cpg (ZU7D(To) + (1)1 ZU70(T) + ¢ [ Z(1) dit
0
Vz= , . (5.23)
0

By Lemma (5.1.2.)

dPs ~ 1 ~
dP; (Z) = exp {—2u171m2 + U1(Z)m} ,
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where Py denotes the measure generated on C([T1,T5] — R?) by the process
(Z,2',...,ZP=V) and w1, vi(Z) denote the first entry of U and Vz, respec-
tively.

Consequently, the maximum likelihood estimator of m s

n_ TG (@UN@) + (P ZN D) o 2O
m = .
2Cp_1 + (T2 — Tl)Cp

1
~ N ) )
! (ml 2,10y + (Th — Tl)cg;)
see Arato [3, § 2.2.2, § 4.4.5].

We have the following asymptotic behaviour:

lim (T2 — Tl)Varﬁm =

Ty —T1—00 ’

'Bnko‘ =

hence m is asymptotically consistent as To —T; — oo. Furthermore,

~ 1 -
lim \;Varm = hence lim Varm = oo,

X110 2X3 ... A2 110

thus Varm is unbounded as X | 0.
If AM=X=A>0 then
. \3 ~ 1
lim A°Varm =

A0 403,27

hence Varm is unbounded as A | 0.
If M1 =X+iw, Mo=A—iw, where ,weR, A>0, w#0, then

. ~ 1
&{%Varmi 412 2 (1 1 To—-Ty ’
2w )‘3"’)‘]3 )\3+"'+)\p+ 3

and we get that Varm remains bounded as X | 0. In a similar way, if A\ = X +iw’,
Ao =N —iw', A3= XN +iw", M= N —iw", where N, N o 0" €R, N,\' >0,
Ww'#£0, then

. ~ 1
)\’l,lAr’I’llovarmi IVAYS V) 2 (1 1 To—Ty )’
2(W'w”)tAg .. A2 pra AR Wi

and we get that Varm remains bounded as N, \' | 0.
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Example 5.1.7. Multidimensional real-valued AR. Consider a d-dimen-
sional (d > 2 ) real-valued stationary AR process {Y(t):t € R} which is the weakly
stationary solution of

dY (t) = —AY (t) dt +dW (t),  teR, (5.25)

where {W(t):t € R} is a d—dimensional standard Wiener process, and the d x d
coefficient matric A has the form A = A + Q with the damping parameter \ >
0 and a skew-symmetric matriz Q (i.e., QT = —Q), containing parameters of
periodical type. The only solution of the matriz equation AB(0) + B(0)AT =

is B(0) = 551, hence B(0)~' = 2Xl. Obviously, ATA = NI+ Q7Q, thus
U=2\+ (T, —T)(N+Q7Q). Let Z(t) = ?(t) +m, teR, where m € R? is
unknown. Then,

Ty _
Vz =2)Z(Ty) + AT (Z(T) — Z(Ty)) + (N1 + QTQ)/ Z(t) dt,
T
and m = U_1V§ ~ Nd(m, U_l).
We have the following asymptotic behaviour

lim (Tp —Ty)Varm = (\T+Q'Q)7 1,

To—T1—00

hence m s asymptotically consistent as To — Ty — oco. Moreover, if Q # 0 s
fized, then we get, in contrast to the one—dimensional real-valued case, that Varm;
and Varms remain bounded uniformly in A\, since

1

Toy-1
Tz—T1(Q Q).

lim Varm =
210

5.2 Case of Zero Start AR Process

Consider a d—-dimensional zero start AR process

{dY(t) = —AY(t)dt +XdW (1), t>0, (5.26)

Y (0) =0,

where A and ¥ are arbitrary d x d matrices. The process {Y(¢) : ¢t >0} isa
zero mean Gaussian process with

Cov (Y (1),Y(s)) =EY ()Y (s)" = e =94B(0,s),  for 0<s<t,
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where the d x d matrix B(0,s) is the only solution of the matrix equation
AB(0,s) + B(0,5)AT = 25T —e~AxnnTe 4"
We remark that B(0,s) is a symmetric, positive definite matrix and
B(0,s) = / e uAnRTe—uA  qy.
0
Moreover,
t
Y(t) = / e~ =WAS AW (u).
0
Now, consider a shifted stationary AR process {Z(t):¢ >0}, given by
Zt) =Y ({t)+m, t>0,

where m € R? is an unknown parameter vector. The following theorem can be
proved as in the stationary case.

Theorem 5.2.1. Let 0 < Ty <T5. The maximum likelihood estimator of m based
on the observation of {Z(t) :t € [T1,T2]} is given by

m=U"1Vy,
where
U=B0,T) "+ (T —T)AT (57)7 4,
Vy=B(0,T) ' Z(T) + AT (527)° <Z(T2) —Z(T)) + A/T2 Z(t) dt) .

Moreover,
m ~ Nd(m, Uﬁl).

Remark 5.2.2. If T}y =0 then Z(0) =Y (0)+m =m gives the precise value of
the parameter m.

5.2.1 Examples of Zero Start Processes

Example 5.2.3. One—dimensional AR(1). Consider a one—dimensional zero
start AR(1) process

{dX(t) = —aX(t)dt +dW(t), >0, 5.27)

X(0) =0,
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where o € R. Then,

1— —2as 2
B(0,s) = 26701’ B(0,s)"! = ?Oims = a(coth(as) + 1),
consequently,
U= a(coth(aTl) +1+ Oé(TQ — Tl))
Let Z(t) :=X(t)+m, t >0, where m € R is an unknown parameter. Then,

T

V=« <COth(OzT1)Z(T1) + Z(Tg) + Oé/ Z(t) dt) ,

consequently,

_ coth(aTy)Z(Th) + Z(T2) + o [ Z(t) dt
= coth(aTy) + 1+ (To — Th)«

N 1
~ " a(coth(aTy) +1+ (T —T1)a )

We have the following asymptotic behaviour:

lim T, *Varm = 1 lim (T, —T))Varm = —
7,10 1 9 T2~>oo( 2 1) CKQ’
and
lim Varm = lim Varm = lim Varm =0,
Ty 10 Ty —o00 T110,Ty—o0

hence m is asymptotically consistent as T1 | 0, or To — oo, or 11 |0, To — oo.
Moreover,

lim Varm = Ty,
a0

and we get, in contrast to the stationary case, that Varmy remains bounded as « | 0.

Example 5.2.4. One—dimensional complex—valued AR(1). Consider a one-
dimensional complez—valued zero start AR(1) process

=0, (5.28)

where {W(t):t € R} is a complez—valued standard Wiener process and o = X+ iw
with A\,w € R.  Then, (Yi(t),Y2(t))" = (ReX(t),ImX(¢t))", t>0, is a 2
dimensional zero start AR process with coefficient matriz

A= (_Aw ;’)

dX(t) = —aX(t)dt + dW(t), t >0,
X(0)
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The only solution of the matriz equation AB(0,s)+ B(0,s)AT =1 is B(0,s) =
1*‘;;2“1, hence B(0,s)~! = A(coth(As) + 1)I.  Obviously, ATA = (A2 + w?)I,
thus U = (A(coth(ATy) + 1) + (To — T1) (N2 + w?))I. Let Z(t):=Y(t)+m, t>0,

where m = (my,ms)" € R?* is unknown. Then,

Vz = Mcoth(ATy) + 1) Z(Th) + AT (Z(T) — (T1)) + (A2 + w?) /T2 Z(t)dt,

T

consequently,

)\(COth()\Tl)Zl (Tl) + Zl (Tg)) — w(ZQ(TQ) — Zg(Tl)) + (AQ + w2) f;ﬁ Z1 (t) d¢

= Acoth(NT7) + 1) + (Tr — T1)(A% + o) ’
(5.29)
o )\(COth()\Tl)ZQ(Tl) + ZQ(TQ)) + w(21 (TQ) — Zl (Tl)) + ()\2 + w2) f;:z Zg(t) dt

2= 2A(coth(\TY) + 1) + (Th — T1) (N2 + w?) '
(5.30)

Moreover,

I 1

(i, o) -~ Ne <m Mcoth(ATy) + 1) + (Tr — T1) (A2 + w2)I> ' (5.31)

Particularly, my and ms are independent.

We have the following asymptotic behaviour:

~ ~ 1
Tllivnoo(TQ — Tl)Var mi = Tili)lloo(Tg — Tl)Var meo = m,
lim 7, 'Varm, = lim T, 'Varim, = 1,
Ty 10 T 10
lim Varm; = lim Varms = lim Varmy = lim Varmsy = 0,

Ts—00 Ty — o0 7,10 7110

hence mi and mso are asymptotically consistent as Ty | 0, or T, — oo, or
T1 10, Ty, — 00. Moreover,

1
7+ (T2 = T)w?’

lim Varm; = lim Varmq =
AL0 Al0

and we get, in contrast to the one—dimensional real-valued case, that Varmy and
Varms remain bounded as X\ | 0. It is valid even if w = 0, in contrast to the
stationary case.
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Osszefoglalo

A disszertacié diszkrét és folytonos idejii autoregresszidés modellek paramétereinek
becslésével foglalkozik. Célja a becslések asszimptotikus tulajdonsagainak vizsgalata,
valamint a diszkrét és a megfelels folytonos idejd modellek paraméter becslései kdzotti
kapcsolat tanulményozasa.

A disszertacio ot fejezetbsl all, és egy a szerz6 altal onalldan és harom tars-
szerzOkkel irt cikkén alapszik, lasd Appendix A. Az 1. fejezet Osszegzése a disszertacid
eredményeinek, attekintést ad a tanulméanyozott témakorrsl. A 2. fejezet a disszerta-
ci6 kiindul6 pontjanak tekintett modelleket és becsléseket ismerteti, ramutatva a méar
meglévs és az 1) eredmények kozti kapcsolatra. Ismerteti azokat a segédeszkdzoket,
amelyek sziikségesek a tovabbi fejezetek megértéséhez. A szerzd eredményeit a 3., a
4. és az 5. fejezet tartalmazza.

A 3. fejezet a szerz6 Dr. Pap Gyulaval kozosen irt cikkén, lasd [1] alapszik. Arato,
Kolmogorov és Sinay klasszikus eredményét altalanositja, amely a komplex-értéki
elsérendii staciondrius AR folyamat periédusanak maximum-likelihood becslésének
pontos eloszlasarél szol.

A komplex-értéki stacionarius autoregresszios folyamat &(¢) = & (¢)+i&2(t), t =0
esetén a kovetkezs sztochasztikus differencidlegyenlet megoldasa:

d§(t) = —y€(t)dt + dw(t),

ahol w(t) = wy(t) + iwa(t), t 20 a standard komplex Wiener-folyamat (azaz w;(t)
és wo(t) fliggetlen standard valés-értékd Wiener-folyamatok) és v = A — iw, ahol
A >0, w € R. Ez az egyenlet a csillagiszatban kozismert, a Fold rotacios tengelyének
mozgasat irja le, az egyéves periodus eltavolitasa utan. Arato[4] bizonyitja, hogy az
w paraméter (periodus) alkalmasan normalt maximum-likelihood becslése pontosan
normélis eloszlast. Ez az eredmény azért fontos, mert pontos eloszlasrol van sz6 és
nem a becslés aszimptotikus viselkedésérsl.

Ha a komplex egydimenzios egyenletet kétdimenzios valos egyenletté alakitjuk, a
kovetkezd természetes kérdés adodik. Tekintve a d-dimenziés X (), ¢ > 0 folyamatot,
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amelyet a kovetkezd sztochasztikus differencidlegyenlet ad meg:
dX(t) = AX (t)dt + dW (¢), t>0,

ahol W (¢), t > 0 esetén standard d-dimenziés Wiener-folyamat és A egy d x d-s matrix.
Milyen feltevésekkel kell élniink A matrix és X (0) kezdeti eloszlas esetén, hogy A
matrix bizonyos elemeinek alkalmasan normalt maximume-likelihood becslése pontosan
normaélis eloszlasu legyen? Pap és van Zuijlen talaltak ilyen A matrixokat, igy sikeriilt
a klasszikus eredményt tobbdimenziora altalanositaniuk. Az [1] cikkben gyengitjiik
Pap és van Zuijlen feltevéseit az A méatrixra, megmutatva azt, hogy a feltételek egy
része felesleges [27]-ban.

Tekintsiik a kovetkezd folyamatot:
dX(t) = (—)\Id + ZwiCi) X(t)dt +dw(t),  X(0)=0
i=1

ahol I; a d x d-s egységmatrix, A\, wi,...,w, € R az ismeretlen paraméterek és
Cy,...,Cp, rogzitett ferdénszimmetrikus méatrixok. Ekkor w = (wy, ... ,wm)—r maxi-
mum-likelihood becslése a kdvetkezs:

Ox(t) = ox ()rx(t),

ahol ox(t) m x m matrix

o= ([ t<ciX<s>,ch<s>>ds) ,

1<ij<m
és rx(t) m-dimenziés oszlop vektor

T

= ([ t<ciX<s>,dX<s>>)

1<i<m

Az [1] cikkben bizonyitjuk, hogy a gyengitett feltételek mellett az w, periodus jel-
legli paraméter alkalmasan normalt maximum-likelihood becslése pontosan normaélis
eloszlasu.

A 4. fejezetben kozel instabil, kozel stabil és exploziv AR modelleket vizsgalunk.
A t6bbdimenzios AR modelleket az egyiitthaté matrixuk sajatértékei szerint osztéa-
lyozhatjuk. Tekintsiik a kovetkez8 d-dimenzids autoregresszios modellt:

Xk:QXk71+5k7 k=1,2,...,
Xo =0,



7

ahol ¢, d-dimenzids valds-értékid véletlen vektor, amely a k id6pontbeli véletlen zajt
tartalmazza, és @ d x d-s matrix a modell ismeretlen paramétere. Jelolje o(Q) a
() matrix spektralsugarat, azaz a sajatértékek abszolitértékei koziil a legnagyobbat.
Ha 0(Q) <1, a modellt stabilisnak vagy aszimptotikusan stacionariusnak mondjuk.
Kozismert az az eredmény, mely szerint, ha a ej sorozat fiiggetlen, azonos eloszlasi,
nulla varhaté értékkel és véges szorassal, akkor @ legkisebb négyzetes becslése aszimp-
totikusan normaélis (lasd [1], [22]). Ha o(Q) = 1, akkor a modellt instabilnak, ha
0(Q) > 1 explozivnak nevezik. Az instabil esetet egységyokkel rendelkezs folyamatnak
is hivjak, és a kozgazdasagi és pénziigyi szakirodalomban népszeri modell. A 4. fejezet
els6 felében kozel instabil AR modell sorozatokkal foglalkozunk:

XM =amx™ e, k=12,
XM =o,

ahol
(n)
am=1-7_ , 7™ -y eR.
n

A folyamat m(™ eltolas paraméterének legkisebb négyzetes becslését vizsgaljuk:

ZM = xM em™p™M k=12, n=1,2,...,
ahol m(™ € R az ismeretlen paraméter és h,(cn), k=1,...,n, n=1,2,... ismert

értékek.

(n)
T1,T>

tot keresiink r’h% 3T2 és a folytonos ideji modell eltolds paraméterének maximum-
likelihood becslésével, mp, 1,-vel. Az eltolas paraméter viselkedését mind a stabil,
mind a kozel instabil, mind a kozel exploziv esetben tanulményozzuk.

Belatjuk, hogy m‘T’j )7T2 mindig aszimptotikusan normaélis, de a konvergencia sebes-

ség sokkal kisebb a kozel instabil esetben, mint az instabil modellben. A stacionarius
esetet megvizsgalva belatjuk, hogy 7" — 0 esetén, ahol v(™ a modell csillapitési

A dolgozatban megvizsgaljuk a m n — oo hatareloszlasat, és kapcsola-

paramétere, a ﬁz(T? ),T2 becslés nem feltétleniil aszimptotikusan normalis.

A 4. fejezet méasodik részében tébbdimenzids kozel instabil AR idGsorokat vizs-
galunk. Olyan specialis modellt tekintiink, ahol az egyiitthaté matrix Jordan-alakban
van.

Tekintsiik a d-dimenzids komplex-értékd autoregresszios modellt:

X = J()\,d)Xk,1 +er, k=1,2,...,
XO = 07
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ahol A e CésdeN, J(Ad) egy d x d Jordan-alaki matrix A sajatértékkel:
A0 0
1 A0

Jond =08 A0

_ -
> o -

és A a modell ismeretlen paramétere.

Ha ¢ véletlen zajfolyamat egy szokasos, kell6képen &ltalanos feltételnek tesz
eleget, akkor belathato, hogy a sajatérték megfeleléen normalt legkisebb négyzetes
becslése, A\, gyengén konvergal egy specidlis, d-dimenzios Ornstein-Uhlenbeck folya-
mat funkcionaljahoz:

L
p(a-neiJo Ya(t) dWa(t)

Jo a(t)[2 dt
itt Y(¢),t € [0,1] folyamat a kovetkezs sztochasztikus differencidlegyenlet megoldasa:

n 0 — An) —

dY (t) = AY (t)dt + SdW(t) Y (0) =0,

ahol A egy specialis egylitthato matrix, és W (t), ¢t € [0,1] a standard, komplex
d-dimenziés Wiener folyamat. Bebizonyitjuk, hogy az egydimenzi6s diszkrét ideji
modell paraméterének legkisebb négyzetes becslése konvergél a megfelel§ egydimen-
zi6s folytonos idejd modell egyiitthatojanak maximume-likelihood becsléséhez. Ad > 2
esetben ilyen Osszefliggés nem talalhato.

Az 5. fejezetben tobbdimenzios autoregresszios folyamatok varhatéd értékének
becslésével foglalkozunk. Kiindulépontul Dr.Araté Matyas, [3]-ben leirt eredményeit
tekintjiik az egydimenziés valés- és komplex-értéki folyamatok varhato érték becs-
léseir6l. Mind a stacionarius, mind a nulla-inditasi esetet megvizsgaljuk. Belatjuk,
hogy a varhat6 érték becslése a folyamat periddusos jellegli komponensei esetén kon-
zisztens, azonban ez nem teljesiil a folyamat csillapitas jellegii komponensei esetén.
Igy példaul az egydimenzios AR modellben a varhaté érték nem becsiilhets jol. Azon-
ban komplex-értéki AR(1) modell esetén, ahol a folyamat periddikusan viselkedik, a
varhato érték jol becsiilhetd. Az AR(2) folyamatban akkor taldlhatd jo becslés a
varhato értékre, ha a karakterisztikus egyenlet gySkei komplexek.
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