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Introduction

“For since the fabric of the universe is most per-
fect and the work of a most wise Creator, nothing
at all takes place in the universe in which some
rule of maximum or minimum does not appear.”
(Euler)

Linear programs are constrained optimization problems in which the objec-
tives and the feasible sets are given in terms of linear expressions. Their systematic
study has begun in the first half of the 20th century. On the American side, Dantzig
applied them to the transportation and storage problems of the US Air Force dur-
ing World War 1II. His results were obtained in 1947, but they were not published
until 1951 [9]. Independently and simultaneously on behalf of the Russians (So-
viets), Kantorovich developed a similar method for optimizing the production of
a furniture factory in 1939, and he also published it only many years later in [16].
Unfortunately, Kantorovich’s work was not recognized in the West and it was un-
noticed in the East in its time. In 1975, Kantorovich received the Nobel Prize in
Economics for his fundamental work which demonstrates the importance of linear
programming. However, Dantzig was not so lucky: The Royal Swedish Academy
of Sciences considered his work “too mathematical”.

The research of Kantorovich and Dantzig ultimately concluded that, in spite
of their special form, linear programs are significant not only from a theoretical
point of view and not only for the interested mathematical community, but from
the direct real-world applications. The algorithm behind the solution, developed
by Dantzig [10] and known as the simplex method, can be implemented easily via
computer programs.

The aim of the present dissertation is to revisit and study two topics connected
to linear programs. We present our results in four chapters in the following way,
based on the materials of the papers [5], [6].

In CHAPTER 1, we recall the most important notions and tools of Convex
Analysis and Convex Geometry that we will use throughout the dissertation. In
several cases, we present alternative and elementary proofs of well-known results
to make the discussion self-contained. Our basic references for this introductory
chapter are the books by Barvinok [1], by Borwein and Lewis [7], and by Rock-
afellar [24].



2 INTRODUCTION

In CHAPTER 2 we are going to study log-barrier problems, the modified
versions of linear programs: The original objective function is replaced by a
one-parameter family of functions, while the feasible set essentially remains un-
changed. If the perturbed objectives have a unique optimum for each parameter,
then the optimal solutions form a parametrized curve called the central path. As
the parameter shrinks to zero, the perturbed objective approaches the original one.
Thus the central path is expected to terminate in the optimal solution of the original
linear program.

Although Vanderbei discusses the log-barrier problem in his excellent mono-
graph [29], his reasoning is incorrect at a point: The Heine—Borel Theorem is
applied in the relative topology induced by an open subset of R™. Our main result
corrects this mistake and results in an extended version of the log-barrier problem.
Moreover, it enlightens the distinguished role of the logarithmic perturbation, as
well. In the proof, we use the methods of Convex Analysis combined with some
ideas of Wright [32]. The advantages of our approach are that it completely avoids
the second order optimality test, and it is independent of the simplex method.

Let us note here that interior point methods are closely connected to complex-
ity questions of linear programs. As Klee and Minty [19] illustrate, the simplex
method supplemented with Bland’s Rule may terminate exponentially. Moreover,
it turned out since then, that almost every known variant of the simplex method
has the same feature. An unsolved problem is, whether there exists a version of
the simplex method that runs in polynomial time.

In the geometrical point of view, the simplex algorithm moves on the bound-
ary of the feasible set during pivoting. In the contrary, interior point methods — as
their name suggests — approach the optimum on interior paths. In 1979, Khachiyan
[18] developed the ellipsoid method and showed that it terminates in polynomial
time. This proves that solving linear programs has polynomial complexity. The
systematic study and the first easily implementable method is due to Karmarkar
[17]. Later Megiddo [21] proved that Karmarkar’s algorithm relying on projective
geometry is actually equivalent to an interior point method by Fiacco and Mc-
Cormick [12], which was named later as the central path method by Huard [15].
An excellent summary on the nonlinear geometry of the central path method is the
survey by Bayer and Lagarias [2, 3]. For further theoretical details and implemen-
tation issues, we refer to Roos, Terlaky and Vial [25].

In CHAPTER 3, we are going to give a geometrical optimality condition for
linear programs as a main result. The proof is based on Convex Geometry and
suggests an algorithm which might differ from the simplex method. The main
result is an extension of the graphical method, the well-known topic of introduc-
tory courses. For a more detailed discussion on the geometric properties of linear
programming we recommend the book of Schrijver [26].

As applications, we give optimality conditions for problems in canonical and
standard form, derive the strong duality theorem, and prove Farkas’ lemma [11].
This lemma, the iconic representation of the theorems of alternatives, has many



equivalents, like the results of Gordan [14], Motzkin [23], Stiemke [27], Tucker
[28] and Ville [30]. For further proofs of Farkas’ lemma, we recommend the books
of Borwein and Lewis [7] or Gale [13]. An elegant exposition is due to Komornik
[20].

In CHAPTER 4, we present an algorithm that decides the solvability of planar
feasible linear programs. The theoretical background for the validation is the main
result of the previous chapter. The Appendix contains the complete Maple code of
the algorithm.






CHAPTER 1

Convex Analysis and Convex Geometry background

In this first chapter we revisit to the basic tools of Convex Analysis and Con-
vex Geometry that we are going to use generally or in most of the latter chapters
throughout the dissertation. One of the most important tool that we need to de-
velop here is the recession cone of convex sets which will play crucial roles in the
upcoming parts. Therefore, we dedicate a whole section to them to collect most of
their necessary properties.

1.1. Auxiliary tools from Convex Analysis

First of all, let us recall the basic definition of (strictly) convex and concave
functions.

DEFINITION. Let X be a vector space, and let D C X be a convex set. We
say that f: D — R is a convex function if, for all A € [0, 1] and for all x,y € D,

FAz+ 1= Ny) <Mf(x) + (1 =N f(y)

If this inequality is strict for all \ €]0, 1] and for all x # y, then we speak about a
strictly convex function. If the formula above holds with the opposite type (strict)
inequality, then we say that f is a (strictly) concave function.

As it can easily be checked, the set of convex (concave) functions on D forms
a convex cone with respect to the pointwise operations. We quote here the result
of Bernstein and Doetch [4]: If a convex (concave) function acting on an open,
convex subset of a normed space is locally bounded from above (below) at a point,
then it is locally Lipschitz. In the case of finite dimensional vector spaces this
boundedness property holds automatically. Thus Lipschitz property (in particu-
lar: continuity) is fulfilled without any further restrictions: Any convex (concave)
function acting on an open, convex subset of a finite dimensional normed space is
continuous.

We also revisit here the basic notions for convex and cone combination of
elements in a vector space, moreover, we define the convex and conic hulls of
them, as well.

DEFINITION. Let X be a vector space, D C X a nonempty set and k € N
fixed. Then, the convex combination of the points p1,...,pr € D is A\p1 +
<+« + Appr where the real numbers \; satisfy \; € [0,1] foralli =1,...,k, and
M+ A =1



6 CHAPTER 1. CONVEX ANALYSIS AND CONVEX GEOMETRY BACKGROUND

DEFINITION. Let X be a vector space and k € N fixed. If {p1,...,pr} C X
is an affinely independent set, then conv(py, ..., px) denotes its convex hull, that
is,

k k
COIlV(pl,...,pk) = {Z)\sz ‘ Al A € [0,1],2)\2‘ = 1}.
i=1

i=1
The particular cases k = 2 and k = 3 are called a segment and a triangle,
respectively.

DEFINITION. Let X be a vector space, D C X a nonempty set and k € N
fixed. Then, the conic combination of the points p1,...,px € D is \ip1 + - +
AiDi where the real numbers \; satisfy \; > 0 foralltv=1,... k.

DEFINITION. Let X be a vector space and D C X a nonempty set. Then, we
call the set cone(D) the conic hull of D if it contains all the conic combinations of
elements in D, that is,

k
cone(D) = {Z)\sz ‘ keNVi=1,...;k:p,e D, )\; > 0} .
i=1

The basic separation theorem plays a crucial role in optimization and several
proofs are known for its Euclidean version. Barvinok argues with algebraic ma-
nipulations and isolation. Borwein and Lewis use Weierstrass’ condition and the
first order necessary condition. Barvinok also suggests an alternative approach as
a posed problem. Now we elaborate its solution.

LEMMA 1.1. In Euclidean spaces, any nonempty, closed and convex set can
be strictly separated by a hyperplane from any point not belonging to the set.

PROOF. Let C be a nonempty, closed and convex subset of a Euclidean space
X and let p be an element of X \ C. Choose z € C. Then K := CNU (p,d(p, z))
is closed and bounded, hence it is compact by the Heine—Borel Theorem. The
continuity of the metric guarantees the existence of a nearest point o9 € K to p.
Since C'is closed, d(p, z9) > 0. Moreover, the distance of p from C'\ K is at least
d(p, x), while d(p, z¢) < d(p,x). Therefore

d(p,zg) = min d(p, z).

Consider now the hyperplane L that is normal to the segment conv(p, ) and
contains its midpoint. We claim that L is a suitable hyperplane we are looking
for. Indeed, assume to the contrary that L does not separate C' and p; then there
exists y € C such that conv(xg,y) intersects L at a point yo. In the triangle
conv(p, zo, yo), the angle at the vertex zg is less then 7/2. Thus we can choose
a point z € conv(zg, yo) such that the angle at the vertex z is the greatest in the
triangle conv(p, zo, z). Then d(p, z) < d(p, z¢) and x belongs to C' by convexity.
This contradicts to the minimal distance property of zg. Our argument works only
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if p, xg, yo are not collinear. However, the collinear case can easily be excluded,
as well. 0

From now on, let us denote the vector space of all linear maps from R" to
R™ by L(R™ R™), and the nonnegative orthant of R™ by R”, that is, the set of
vectors © € R" satisfying z; > 0 for all ¢ € {1,...,n}. Considering linear
transformations, they may destroy the closedness of (convex) sets even in very
simple cases. However, if the set is a polyhedron, then its linear transform still
remains a polyhedron. The proof of this fact is surprisingly complicated; for those
who are interested in the details we refer to Barvinok’s solution. Fortunately, we
can avoid inconvenience with the next observation that will be sufficient in our
reasoning. In the proof, we use the conical Carathéodory theorem [8].

LEMMA 1.2. Any finitely generated cone of a vector space is the union of the
independently generated subcones. In particular, any finitely generated cone of a
finite dimensional space is closed.

PROOF. Denote the family of independently generated subcones of the orig-
inal cone C' by €. Clearly |JC C C. Assume now that x € C. Since C is
finitely generated, it is a subset of a d-dimensional space. By the Carathéodory
theorem, there exists an at most d element subset F’ of the original generator such
that x € cone(F). If F is independent, then we are done by the first observation.
If not, then we can repeat the previous observation and can guarantee an at most
(d—1) element subset of F' such that z € cone(F'). This process finally terminates
since we can reduce the dimension (and the cardinality of the generator) at each
step. In the final step, we obtain a linearly independent subsystem of the original
one whose cone hull contains z. That is, C' C | C.

For the second statement, observe that independently generated cones in a
finite dimensional space are closed by the Bolzano—Weierstrass theorem. On the
other hand, finitely generated cones are the finite union of independently generated
closed subcones. However, the finite union of closed sets are closed, as well. [

The book of Borwein and Lewis suggests a “dual proof” of this statement.
The key idea of this approach is that a finitely generated cone is obtained as the
intersection of finite closed half-planes and hence it is closed. The main tool is the
basic separation property of Lemma 1.1.

Let us define now constrained optimization problems in general form and some
other notions connected to them which give the basic background for linear pro-
gramming problems.

DEFINITION. Let X and'Y be nonempty sets, and let D C X furtherb € Y.
Consider the constrained optimization problem

f(x) — max
glx) =0b
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where the objective function f: D — R and the constraint g: X — Y are given.
We say that x € X is a feasible solution if x € D and g(x) = b. Furthermore,
the set of feasible solutions is called the feasible set of the problem. An element
x* € X is called a feasible optimal solution, if it is feasible and f(x) < f(z*)
whenever x € X is a feasible solution.

In particular, let X = R™ and Y = R". We call the constrained optimization
problem

(c,x) — max
x€eP

a linear programming problem where ¢ € R" is a given vector and P C R™ is a
polyhedron, that is, the intersection of finitely many half-spaces. The other notions
can be analogously derived from the previous definition.

Finally, at some points we are going to work with linear programs in matrix
form where inequalities will occur. The inequalities in these problems will refer
to the coordinatewise ordering, that is, v < v if and only if all coordinates of
u is smaller than or equal to the corresponding coordinates of v. In notation we
will not distinguish this ordering from the usual one since it will not cause any
misunderstanding. For the same reason, we will use the symbol 0 to vectors and
to the real number in most cases.

1.2. The recession cone of convex sets

As a first step in this section let us define the recessional directions of
nonempty sets of a vector space and then discuss some of their properties, as well.

DEFINITION. Let D be nonempty subset of a vector space X, and let x € D
be fixed. If x + ar € D for all « > 0, then we say that r € X is a recessional
direction of D at the point x.

Rockafellar investigated the case when D is a closed, convex set, and it turns
out that the recessional directions of D have many important properties. They are
independent on the choice of z € D and the existence of recessional directions
characterize the unboundedness of D. We formulate this statement in the next
lemma, however, we omit its proof here; for those who are interested in the details
we refer to Rockafellar’s solution.

LEMMA 1.3. If D is a nonempty, closed, convex subset of a Euclidean space
X, andr € X, then the next statements are equivalent:

(1) There exists x € D, such that x + ar € D for all o > 0;
(2) Forall x € D and for all o > 0, we have that x + ar € D.

Moreover, D is bounded if and only if the set of recessional directions of D is
trivial.
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Consequently, we can denote the set of recessional directions of D simply by
rec(D). Furthermore, with some easy calculations it can be shown that the reces-
sional directions form a cone: rec(D) is closed under addition and multiplication
by nonnegative scalars. Thus, we will call rec(D) the recession cone of D.

It turns out that the same statements remain true if D is an open, convex set
as the next lemma shows. Despite the similar properties, we have to follow an
alternative approach in the proof. Due to the independence on the base point, we
can still denote the recession cone of D by rec(D). We note here that using open
sets instead of closed ones will be essential later: The objective’s domain of the
log-barrier problem requires it.

LEMMA 1.4. If D is a nonempty, open, convex subset of a Euclidean space X,
and r € X, then the next statements are equivalent:

(1) There exists x € D, such that x + ar € D for all o > 0;
(2) Forall x € D and for all o > 0, we have that x + ar € D.

Moreover, D is bounded if and only if rec(D) is trivial.

PROOF. Clearly, it suffices to prove the implication (1) = (2). Assume that
x + Br € D holds for some x € D and for all 3 > 0. Let ¢y € D be arbitrary
(see Figure 1.1). We may assume that xg does not lie on the line whose direction
is r and passes trough x. By openness, xg belongs to D with some neighborhood
U. Lety € U such that zy € [z, y|. Consider a point w := x + ar, where a > 0.
Then the parallel lines (with direction r) determined by z and z(, furthermore the
point y are on the same plane. By the Axiom of Parallels, y and w determine a
line which intersects the half-line {x + Sr | # > 0} at a point z. Then, z € D
by assumption (1), and w € [y, z]. That is, w can be represented as the convex
combination of two elements of D. Since D is convex, w € D follows.

FIGURE 1.1 FIGURE 1.2
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The necessity of the second statement is clear. Conversely, assume to the con-
trary that rec(D) is trivial while D is unbounded. Then, D contains an unbounded
sequence (xj)ren (see Figure 1.2). By (2) and by the openness of D, we may
assume that the closed unit ball with center at the origin is contained in D. Sim-
ilarly, we may also assume that (z)xen does not contain the zero vector. Define
the sequence (7% )ken by

T

N
This sequence is bounded since its members are unit vectors. The Bolzano-
Weierstrass Theorem guarantees that (ry)xen has a limit point r; moreover, we
may assume that r, — r as k — +oc. By the indirect assumption, r ¢ rec(D).
Thus,

T .

ap :=sup{a >0 |ar € D} < +oo.
Furthermore, the convexity of D ensures that ar € D if « < ag and ar ¢ D

if @ > «. In particular, these properties show that p := «agr € dD. Therefore,
p ¢ D since D is open. Consider now the set defined by

C:={alp—2z)[az0,|z] =1}

The convexity of closed unit ball provides that C' is a convex cone. Clearly,
r € C, and hence r; € C for sufficiently large indices. Thus, x € p + C if k is
large enough. However, in such cases, p can be obtained as a convex combination
of z;, and a unit vector. Both of these elements belong to D, therefore p € D by
convexity. This contradiction completes the proof. O

Finally, we also need to focus on the following calculus property of reces-
sion cones that we formulate for both the open and closed cases. For the sake of
completeness, we also sketch the proof in both cases despite their similarities.

LEMMA 1.5. If A and B are intersecting open, convex subsets of a Euclidean

space X, then
rec(AN B) = rec(A) Nrec(B).

PROOF. Note that A N B is an open convex subset of both A and B. Thus
rec(AN B) is a subset of the cones rec(A) and rec(B). For the converse inclusion,
letr € rec(A) Nrec(B) andletx € AN B. Thenz + ar € AN B forall o > 0.
Thus r € rec(AN B). O

LEMMA 1.6. If A and B are intersecting closed, convex subsets of a Euclidean

space X, then
rec(AN B) =rec(A) Nrec(B).

PROOF. Note that A N B is a closed convex subset of both A and B. Thus
rec(AN B) is a subset of the cones rec(A) and rec(B). For the converse inclusion,
letr € rec(A) Nrec(B) andletx € AN B. Thenz + ar € AN B forall « > 0.
Thus r € rec(AN B). O



CHAPTER 2

A convex analysis view of the barrier problem

In this chapter we are going to study the log-barrier problem that we can define
in a compact way as

Lz +tZlog:c — max
Ax =1
x>0
with parameter ¢ > 0. A detailed approach is presented by Vanderbei which heav-
ily depends on the simplex method. Moreover, the reasoning is incorrect at a point:
The Heine—Borel Theorem is applied in the relative topology induced by an open
subset of R".

The main aim of this chapter is to generalize the perturbation in the objective of
the barrier problem and correct Vanderbei’s proof but with an alternative approach
using methods from Convex Analysis instead of relying heavily on linear program-
ming. The most important tool we use is the recession cone of open, convex sets.
The openness assumption here will be clearly necessary since the classical barrier
problem has the logarithm in its objective. At the end of the chapter we revisit the
classical log-barrier problem and we present it as a direct application of our main
results.

2.1. Auxiliary tools

Throughout this chapter we will work with the particular form of linear pro-
grams, as follows. Let A € L(R™,R™), ¢ € R" and b € R™ be given. Then the
pair of linear programming problems

'z +— max y'b — min
Primal: Az <) Dual: ATy >¢
x >0 y 20

is termed the primal-dual pair in standard form. The notion of feasible (optimal)
solution remains the same as it was mentioned in the previous chapter. To achieve
equality form in the constraints, let us introduce the nonnegative slack variables
w € R™ and z € R" in both problems respectively:
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'z — max y'b +— min
Ar4+w =b Aly — 2z =c¢
r,w >0 y,z > 0.

In linear programming it is well-known that the optimality of feasible primal—
dual solution pairs can easily be checked by the Complementary Slackness Theo-
rem:

THEOREM 2.1. Let x = (x1,...,2,)" and y = (y1,...,ym)" be feasible
solutions of the primal and the dual problems, and let w = (wy,. .. ,wm)" and
2 = (21,...,2n)7 be the attached slack variables. Then x and y are optimal for

their respective problems if and only if

T121 =+ = Tpzp =0 =w1y1 = -+ = WmYm.

We are going to study the central path in a geometrical point of view. To be
able to do this, we are going to introduce first the path and its generator in an
abstract setting and show their properties in two lemmas.

DEFINITION. Let T and B be nonempty sets. We say that F: T x B — R
fulfills the parametrized global maximum property if, for all t € T there exists a
unique element h(t) € B such that

F(t,h(t)) > F(t,z)

holds for all x # h(t). In this case, h: T — B is a function, indeed. The function
h and the map F' are called the path and its generator, respectively.

Now assume that 7" is a metric space and B is a nonempty subset of a Eu-
clidean space £, and consider the next limit conditions for F': T x B — R: For
all to € T and for all zy € B\ B,

@.1) fim F(t,z) = —oo.

T—T0

Foralltg € T,

lim F(t,z) = —o0.
2.2) t—to

|| =00

These requirements on the path generator ensure that the induced central path is
continuous:

LEMMA 2.2. Let T be a metric space, and B be a nonempty subset of a Eu-
clidean space E. If F: T' X B — R is a continuous path generator which has the
limit conditions (2.1) and (2.2), then the path h: T — B is continuous.

PROOF. Assume to the contrary that there exist ty € 7" and a sequence () in
T such that t;, — to whereas h(ty) - h(tp). Firstly, consider the case when A (ty
is bounded. Without the loss of generality we may assume that h(tx) — xo € B
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by the Bolzano—Weierstrass Theorem. If xyp € B, then the continuity and the
maximum property of F' imply

F(tg,z0) = klii& F(t, h(tr))
> khi& F(tk, h(to))
= F(to, h(to))
> F(to, 130),

which is a contradiction. If g ¢ B, then the properties of F’ and the limit condition
(2.1) result in the contradiction

F(to, h(to)) = klirgoF(tk,h(to)) < klglgoF(tk,h(tk)) = —o0.

To complete the proof, we have to discuss the case when h(ty,) is unbounded. This
can be done similarly to the previous case, using the limit condition (2.2). U

For special generators, we have monotonicity along the central path:

LEMMA 2.3. Let I C R be an interval, B be a nonempty subset of a Euclidean
space E, c € E, and g: EE — R. If the function F': I X B — R defined by

F(t,z) := 'z +tg(x)

satisfies the parametrized global maximum property, then g o h is monotone in-
creasing.

PROOF. Lett,s € I. By the parametrized global maximum property,
cTh(t) +tg(h(t)) > cTh( )+ tg(h(s))
Th(s) + sg(h(s)) + (t = 5)g(h(s))
cTh(t) + sg(h(t)) + (t — s)g(h(s)).
Thus (¢ — s)g(h(t)) > (t — s)g(h(s)) follows, and proof is completed. O

The last auxiliary tool presents the well-known optimum property of con-
strained problems with strictly concave objective and linear conditions. For the
sake of completeness, we sketch here its proof.

LEMMA 2.4. Assume that X and Y are Euclidean spaces, D C X is a
nonempty, open, convex set, A € L(X,Y), andb € Y. If f: D — Ris a strictly
concave function, and the concave program

f(z) — max
Az =b
has a feasible local maximum, then the local maximum is a global one, and the
maximizer is unique.
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PROOF. Let z € D be a feasible local maximizer. Assume to the contrary
that the statement is false. Then there exists a feasible solution y € D such that
f(y) > f(x). Since z is a local maximizer, it has an open neighborhood U C D,
such that f(z) > f(z) holds for all z € U feasible solutions. For A € R consider
the element z = Az + (1 — A\)y. Then

Az:A()\x+(1 —)\)y) =AMz +(1—-NAy=X o+ (1 = A\)b=b.
Thus z is feasible. On the other hand, z € U with suitable chosen A €]0, 1[. The
strict concavity and the indirect assumption imply

f@) = f(z) = f(Az + (1= A)y)
> AM(z)+ (1 =N f(y)
> M (@) + (A=A f(z) = f(2),
resulting in the desired contradiction. Hence z is a global feasible maximizer.

Uniqueness follows in the same way, using the calculations above and the equality
case of the indirect assumption. g

2.2. The main results

The main results are presented in two theorems. The first one gives a sufficient
condition for a concave program to have optimal feasible solution. The limit prop-
erties involved guarantee that the “large” values of the objective are allocated in a
compact subset of the domain. The recession cone plays a key role in the proof.

THEOREM 2.5. Assume that X and Y are Euclidean spaces, D C X is a
nonempty, open, convex set, A € L(X,Y), and b € Y. If a concave function
f: D — R satisfies the limit conditions

(2.3) lim f(z) = —o0 lim f(z+ar) = —cc

T—T0 o—~+00
forall xy € D and for all r € rec(D), and the concave program
f(x) — max
Ax =10
has a feasible solution, then it has a feasible optimal solution, as well.

PROOF. Let ¢ € R be given, and consider the sublevel set L. of the objective
function f:

Le(f) =={z € D | f(z) > ¢} = f71(] = 00,c]).
We claim that L.(f) C X is open, convex and bounded for all ¢ € R.

The level set is a continuous preimage of an open set, thus it is open in the rela-
tive topology of D. However, D itself is open in the Euclidean topology, therefore
L.(f) is open in the Euclidean topology of X. If x,y € L.(f) and A € [0, 1], then
A+ (1 — ANy € D, and

FOz+ 1 =Ny) = Af(2)+ (1 =Nfly) = Ae+ (1= Nc=c
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Thus L.(f) is convex. Finally, assume to contrary that L.(f) is unbounded. Then
there exists a recession direction r» by Lemma 1.4. Clearly, r is a recession direc-
tion for D, as well. Let x € L.(f) be arbitrary. By the second limit condition,
there exists & > 0 such that f(x + ar) < c¢. On the other hand, the property
x + ar € L.(f) implies f(x + ar) > ¢, which is obviously impossible.

Now we prove that L.(f) C D. To do this, it suffices to verify that OL.(f) C
D. Assume that this is not the case and let 29 € OL.(f)\ D. Then zg € 9D since
L.(f) C D holds evidently. Take a sequence () in L.(f) such that z, — xo.
The inequality f(x) > c implies limg_,o f(xx) > ¢ > —oo, which contradicts
to the first limit property.

Closure does not effect convexity and boundedness, therefore L. (f) is a con-
vex, compact set by the Heine—Borel Theorem. The family {L.(f) | ¢ € R}
covers D, and we have a feasible solution. Thus L, (f) intersects the feasible set
for some cg € R. The intersection, denoted by K, is compact, being the feasible
set closed. By the continuity of f, there exists * € K such that

f(z*) = max I

Now take a feasible solution z € D. If x € K, then f(z*) > f(x) by the choice
of z*. If x ¢ K, then x ¢ L., (f), and hence f(z) < ¢p. On the other hand, by
continuity again, f(z*) > ¢o. In other words, z* is a feasible optimal solution of
the concave program. O

The second main result is an extension of the log-barrier problem. Observe
that the one-parameter family of concave problems reduces to a linear program in
standard form if we set ¢ = 0. The previous results ensure that its central path
exists and it is continuous. Moreover, each limit point of its graph represents an
optimal solution of the original primal—dual pair. To check optimality, we do not
need second order tests. Thus, we may assume that the objective is continuously
(instead of rwice) differentiable. This is the reason why Lagrange multipliers and
the Complementary Slackness Theorem are sufficient for us. To formulate the
statement, we shall need the concept of standard projections.

DEFINITION. Let X be a Euclidean space and consider its standard base. If
1 < k < dim(X), then the kth standard projection 7;: X — R is the function
which assigns the standard coordinate xy, to all ¢ € X.

THEOREM 2.6. Let D C ]RT'm be a nonempty, open, convex set, further let
A e L(R™,R™), b e R™, and c € R™. Assume that g: D — R is a continuously
differentiable strictly concave function such that Org are nonnegative, m0g are
bounded, and the function

(z,w) — Lz + tg(z,w)
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satisfies the limit conditions (2.3) for all t > 0. If the original primal—dual pair has
a feasible solution in D, then the central path of the family of concave programs

'z +tg(x,w) — max
Az +w=0»>
is well-defined and continuous. Moreover, each limit point at t = 0 of the central

path’s graph is an optimal solution of the attached primal-dual pair.

PROOF. For a fixed parameter ¢ > 0, the concave program above has a unique
optimal solution by Lemma 2.4 and Theorem 2.5. Thus the central path of the
family is well-defined, indeed. Taking into consideration the special form of the
objective function, the limit conditions (2.3) mean that the map

F(t,(z,w)) = c'z +tg(z,w)
fulfills the conditions (2.1) and (2.2). Thus, by Lemma 2.2, the central path is
continuous. For the second statement, consider the Lagrange-functional
L(z,w,y) ==z +tg(xz,w) + yT (b — Az — w).

Then, the unique optimal solution x = z(t) and w = w(t) of the perturbed problem
satisfies the Lagrange system

oL 0g - g

= t E i =1 - =Y, = 17 5
8$j “ + &%j im1 Yidij a.%'j “ J "
oL dg
awi awi Yi ) ? ’ y T

Since O g are nonnegative, y = y(t) and z = z(t) are nonnegative, as well. Thus,
y is a feasible solution of the dual problem, and z is its slack variable. Moreover,
the last terms of the Lagrange system imply

txj;:cgj =x;z; and twiaai = WiY;-

Let (z*,w*, y*, 2*) be an arbitrary limit point at ¢ = 0 of the primal-dual central
path’s graph. Since it belongs to D, it is a feasible solution of the original primal—
dual pair. For simplicity, assume that (z,w,y, 2)(t) — (z*,w*,y*, 2*) as t —
0. Passing the limit ¢ — 0 in the equations above, 0 = z7z; and 0 = w;y;
follow for all indices ¢ and j by the boundedness of m;0xg. Thus, by Theorem 2.1,
(x*,w*, y*, z*) is a feasible optimal solution for the original primal-dual problem.

O

Note also that the generator F (¢, (z,w)) = ¢’ x + tg(z,w) fulfills the condi-
tions of Lemma 2.3. Thus the values of the objective increases along the central
path as the parameter ¢ approaches to zero.



2.3. APPLICATIONS 17

2.3. Applications

As a direct application of our previously presented main results, we revisit the
classical log-barrier problem and handle it as a direct corollary of Theorem 2.6.
Consider a linear program in standard form, of which constraints are given in
equality form using slack variables. Requiring strict positivity on all the variables,
perturb the original objective function for all parameters ¢ > 0 in the following
way:

n m
ch+tZlong —i—tZlogwi — max
j=1 i=1
Ar+w=1»
z,w > 0.

This one-parameter family of constrained programs is the classical log-barrier
problem.

COROLLARY 2.7. If the original primal-dual pair has a positive feasible so-
lution, then the central path of the log-barrier problem exists and it is continuous.
Moreover, its each limit point at zero is a feasible optimal solution of the original
primal-dual pair.

PROOF. We show that the conditions of Theorem 2.6 hold. Let D C ]Rﬁlfm
be the positive orthant. Then, D is a nonempty, open and convex set. For all
k=1,...,n+ mdefine pr: D — R by

logz; ifk=j;
or(z,w) = . :
logw; ifk=mn+71,
where j = 1,...,nand? = 1,..., m; moreover, let g: D — R be defined by
n+m
glz,w) =Y pi(z,w)
k=1

Then, g is continuously differentiable and strictly concave; its partial derivatives
are positive and 7;0rg = 1. The objective function of the barrier-problem can be
written as

flz,w) =z +tg(z,w).

Finally, we prove that f satisfies the limit conditions (2.3). Let (x.,w,) be a
positive feasible solution of the primal, and (yx, z«) be a positive feasible solution
of the dual. Using the definition of slack variables,

zertyow= A"y — )l r+yl(b—Az) =y/b—c'z
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holds for each primal feasible solution (z,w). Thus,
n—+m
flz,w) =t Z or(z,w) +clx
k=1
n—+m
=t erlw,w) +ylb—zle—ylw.
k=1
If (z9,wo) € 0D and (x,w) — (z0,wo), then there exists an index j such
that ; — 0, or there exists an index ¢ such that w; — 0. Then ¢y (z,w) = —o0
where k corresponds to j or 4, while ¢’z has a finite limit. Thus, in this case,
f(z,w) = —o0.
If (x,w) € rec(D), then x,w > 0. Using the convention z,4; = w; again, the
objective function can be represented as the sum of terms

tlog(axy) — axy + 5.

Here xy, are positive therefore f (o, aw) — —oo as & — +o00. Thus the statement
follows directly from Theorem 2.6. O

The boundedness of the functions 7;0,g implies that the choice of the log-
arithm function is optimal among a certain class of barriers in the following
sense. For all ¢ € {1,...,m} denote the components of the slack variable w
by 2,4+ := w; and assume that g: errm — R has the sum form

n+m

g(x) = Z gr (k).
k=1

Here the functions gj: |0, +0o[— R are continuously differentiable, strictly con-
cave functions such that Jygy are nonnegative according to the assumptions of
Theorem 2.6.

For a fixed k € {1,...,n + m} assume that C < m;0rg < C5. Since
Org = gj, and 1, > 0 we can rewrite these inequalities in the following form:

Ch / Cy

— < < —.

_— () < Tr

Thus C log(u) < gr(u) < C2log(u). This phenomena explains the distinguished
role of the perturbing functions in the classical barrier problem.



CHAPTER 3

An optimality condition for linear programs

In this chapter we are going to focus on the geometrical properties of linear
programs and give a geometrical optimality condition as a main result. To prove
it, we use the standard tools of Convex Geometry and Convex Analysis combined
with induction. As applications, we present a geometric proof of the strong duality
theorem and revisit Farkas’ lemma.

Let us emphasize that many auxiliary tools are well-known or direct conse-
quences of classical and highly nontrivial results. However, we present their proof
for two reasons: In order to make the exposition self-contained and to use exactly
just the needed background. We hope that the present chapter in this way may have
didactic impacts during lectures on the topic.

3.1. Auxiliary tools

Firstly, let us introduce the forms of linear programs which we are going to
work with throughout this chapter. The basic one is

(c, ) — max

3.1 cep

where ¢ € R" is a given vector and P C R"™ is a polyhedron. As usual, we
can describe the polyhedron P as a mixed system of equalities and inequalities.
Moreover, to each problem we can attach an other one in a well-motivated way
and then we can speak about the primal-dual pair of linear programs. Throughout
this chapter we shall use the primal in canonical form while the dual in standard
form in the following way:

(c,z) +— max (y,b) +—— min
(3.2)  Primal: Ar =b Dual: ATy >¢
x >0;

where A € R™*™ is a matrix with m rows and n columns, further ¢ € R" and
b € R™ are given vectors.

The feasible sets of linear programs in both canonical and standard forms are
convex. Their recession cones can be directly described as the next result shows.

19
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LEMMA 3.1. If A € R™*" and b € R™ then
rec{z € R" | Az <b} ={z € R" | Az < 0}.
In particular, the recession cone of the set {x € R™ | Az = b} coincides to the

kernel of A.

PROOF. If  + ar belongs to {z € R™ | Az < b} for all @ > 0, then
Az + aAr = A(z + ar) < b. Thus Ar cannot have any positive component.
Conversely, if Ar has only nonpositive components and o > 0 then

Alx +ar)=Ax+aAr < Az <b

whenever Ax < b. Therefore r is a recessional direction. The second statement is
a direct consequence of the first one. O

Applying the basic separation property of Lemma 1.1 and Lemma 1.2 we can
prove an important connection between the primal and the dual problem. The key
ideas can be adopted directly from the book of Barvinok.

LEMMA 3.2. If a primal problem has an optimal solution, then the dual is
feasible.

PROOF. For simplicity we focus only on primal—dual pairs given in the form
(3.2). Consider the set
K = {(Az,{c,z)) e R"" |z e R} }.

Then K is a cone evidently; moreover, it is finitely generated and hence it is closed
by Lemma 1.2. Assume that z* is an optimal primal solution and let v := (¢, x*).
If § > ~is a fixed real number, then (b, ) ¢ K. Thus, by Lemma 1.1, there exist
a pair (y, 1) € R™*1 and A € R such that

(b,y) +pd < A and (Az,y) + plc,x) > A
Substituting x = 0 we get A < 0. On the other hand, K is a cone thus the latter
inequality yields
(Az,y) + p(c,z) > 0
whenever « > 0. In particular, the choice x = x* and the facts above result in
(byy) + pd < A <0< (Azx*,y) + ple,z*) = (b,y) + uy.

Therefore 0 < p(y — 0) and hence p < 0. Without the loss of generality we may
assume that 4 = —1. Then

0< <A.1‘,y> - <C,:E> = <$7AT3/> - <Cv .%'> = <.%',ATy - C>
for all z > 0. Thus ATy > ¢ showing that y is a dual feasible solution. U
Finally, we shall need an other special type of cones, namely the normal cone
of a convex set. In the geometric point of view, the normal cone consists of those

vectors which make an obtuse angle with vectors initiating from p and terminating
in the points of the set.
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DEFINITION. If D is a convex subset in a vector space X and p € D, then the
normal cone of D at the point p is the set

Np(p) ={ye X | (y,z—p) <0,z € D}

3.2. The main result

Now we are in the position to formulate and prove our main result of this
chapter.

THEOREM 3.3. The linear program (3.1) has an optimal solution if and only
if it is feasible and
¢ € Nrec(p)(0).

PROOF. Consider the linear program (3.1), where P C R" is a polyhedron
and ¢ € R™. From now on, we may assume that ¢ # 0 (otherwise the statement is
obvious).

If (3.1) has an optimal solution x*, then the program is clearly feasible. If
r € rec(P), then the element 2* + ar is feasible for all & > 0. By optimality,

(e, ™) > (c,z" + ar) = (c,z") + alc,r)

yielding the desired condition (¢, r) < 0.

We prove the converse statement by induction on the dimension n. Forn =1,
the feasible set P is a (not necessarily bounded) closed interval, which is nonempty
by assumption. Moreover, the obtuse angle property and the technical assumption
¢ # 0 exclude the case P = R. The remaining possibilities can easily be checked;
we omit the details.

Assume that the statement is true in R™ for all programs. Consider a feasible
linear program fulfilling the obtuse angle condition in R”*!. Then necessarily
¢ ¢ rec(P). Thus if xy € P, then there exists & > 0 such that 9 + ac € OP.
Since P is the intersection of half-spaces in R"*!, there exists a facet 7 C P such
that z¢p + ac € F. Denote the orthogonal projection of ¢ on one of the hyperplane
that induces the facet F by v and let w := ¢ — v. Then w is a normal vector of F.
Now define an auxiliary program by

(v, x) — max subject to x e F.

We may consider this program as an n-dimensional one which is clearly feasible.
On the other hand, rec(F) C rec(P) by Lemma 3.1. Thus, for all » € rec(F) we
arrive at

0> (c,r) = (v+w,r)=(v,r).
Therefore, the auxiliary program fulfills the obtuse angle condition and hence it
has an optimal solution x* by assumption. We claim that 2* is optimal on F even
for the original objective. Indeed, for all z € F we have

(c,z) = (v+w,z) = (v,z) + (w,z) < (v,2%) + (w, z)

=(c—w, ")+ (w,x) = (¢, z") + (w,z — ™) = (¢, x"),
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since x — z* belongs to the orthogonal complement of w. Now consider the mod-
ified version of the original program given by

(c,z) —> max subjectto z € P, := PN{z c R"™ | (c,z) > (c,z")}.

Clearly, this is feasible and the original obtuse angle condition remains true. More-
over, the original problem has an optimal solution if and only if this modified
problem has an optimal solution. If

Pn{z e R" | (c,z) > (c,z*)} =0,

then x7 := z* is an optimal solution to the modified (equivalently: to the original)
program. If this is not the case, then repeat the previous process with the modified
program. This way we can recursively define a sequence of linear programs

(c,z) —> max subjectto x € Pyyy:= Py N{z € R"™ | (c,z) > (¢, x})}.

To complete the proof we show that (Pj) terminates in finite steps. Observe that
the number of facets in P; does not exceed the number of facets in . Indeed, the
half-space in the intersection may create a new facet but the essential part of F,
that is, the set

F{r e R"™ | (¢,2) < (¢, z*)}

completely disappears. Moreover, from the second recursion step the number of
facets strictly decreases since the boundary of the half-spaces in the intersections
are parallel. On the other hand, a polyhedron has only finite number of facets and
thus the process terminates in finite steps. U

3.3. Applications

Using the main result above, we can give the optimality condition for problems
in canonical or standard form immediately.

COROLLARY 3.4. A maximum problem in canonical form has an optimal so-
lution if and only if it is feasible and (c,r) < 0 for all r € Ker(A) NR’}.

PROOF. Let us consider the maximum problem in canonical form from (3.2).
Firstly, assume that it has an optimal solution. Then, it is clearly feasible, that is,
the feasible set

P:={zeR"| Az =b,x > 0}

is nonempty. Since both sets {x € R" | Az = b} and {x € R" | =z > 0} are
convex and closed, then P is a convex, closed subset of both of them. Thus the
recession cone of P can be calculated as

rec(P) =rec({z € R" | Az =b} N {z € R" | z > 0})
=rec({z € R" | Az = b}) Nrec({z € R" | z > 0}) = Ker(A) N R’

by Lemma 1.6 and Lemma 3.1, and then the second part of the statement follows
from Theorem 3.3.
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The converse statement can be proved using Lemma 1.6, Lemma 3.1 and The-
orem 3.3 along with the previous calculations but in the opposite direction. 0

COROLLARY 3.5. A minimum problem in standard form has an optimal solu-
tion if and only if it is feasible and (b, q) > 0 whenever ATq > 0.

PROOF. Consider the minimum problem in standard form from (3.2) and
rewrite the problem as a maximum one:

—(y,b) — —max
ATy < —c.

Let us introduce the notations M := —AT and v := —c. Assume that it has an
optimal solution. Thus it is feasible as well, that is, the feasible set

P:={yeR™| My<w}
is nonempty. Then its recession cone can be calculated as
rec(P) = rec({y € R™ | My < v})
={yeR™ | My <0} ={yeR™ [ -ATy <0}

by Lemma 3.1, and then the second part of the statement follows from Theo-
rem 3.3.

The converse statement can be proved using Lemma 3.1 and Theorem 3.3
along with the previous calculations but in the opposite direction. U

The strong duality theorem is one of the most important cornerstone of linear
programming. Vanderbei proves it with the help of the simplex algorithm. We
present here an independent approach based on the basic separation theorem and
our main result.

COROLLARY 3.6. If a primal problem has an optimal solution, then so does
its dual.

PROOF. We may assume that the primal is a maximum problem in canonical
form and the dual is a minimum problem in standard form. If the primal has an
optimal solution, then the dual is feasible by Lemma 3.2. If z* > 0 is an optimal
primal solution and ¢ satisfies AT ¢ > 0, then

(b,q) = (A", q) = (z*,ATq) > 0.
This property completes the proof by Corollary 3.5. O
In fact, the strong duality theorem is equivalent to Farkas’ lemma. This fact
allows a geometric approach to duality theory in linear programming besides the

algorithmic ones. Similarly to Vanderbei, we deduce Farkas’ lemma from a suit-
able primal—dual pair. However, we completely avoid the simplex algorithm.
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COROLLARY 3.7. If A € R™*"™ and b € R™ then

(1) either the system Ax = b and x > 0 has a solution;
(2) or the system ATy > 0 and bTy < 0 has a solution.

PROOF. Consider the primal—dual pair (3.2) with ¢ = 0. The solvability of

(1) means that the primal is feasible. Now this fact is equivalent to the optimality
of the primal since ¢ = 0. Corollary 3.6 ensures that the dual is optimal, as well.
However, the dual is evidently feasible; thus it is optimal if and only if by > 0
whenever ATy > 0 by Corollary 3.5. In other words, system (2) has no solution.
O

We mention here that the proof of Theorem 3.3 suggests an algorithm. Our
process moves on facets (and not between vertices) and hence it may differ from
the usual simplex method. The exact connection of these methods however, is still
an open problem. Furthermore, Corollary 3.4 and Corollary 3.5 may be applied to
quickly check whether a linear program has an optimal solution or not.

Normal cones play a central role in convex programming. Let us quote here the
well-known first order optimality condition (for details, see Borwein and Lewis).
Suppose that D C R” is convex and f: D — R is convex and differentiable.
Then a point z* is a global maximizer if and only if f'(z*) € Np(x*). In case
of linear programs, ¢ = f’(z*) is independent on x* while Np(x*) is not. That
is, to check optimality we have to find first a candidate for the stationary point.
However, Theorem 3.3 does not require such d priori information thus it seems to
be more suitable for linear programs than the mentioned one.

Finally, we mention that the main result may follow from the decomposition
theorem by Motzkin, stating that a polyhedron in a Euclidean space can be rep-
resented as the Minkowski sum of a polytope and a polyhedral cone. However,
this result is highly nontrivial: As a consequence of the fact that the concepts of
“polyhedral” and “finitely generated” are equivalent for cones, it relies on the fun-
damental theorem of linear inequalities obtained by Farkas [11], Minkowski [22]
and Weyl [31]. Moreover, some proofs of the Farkas—Minkowski—Weyl Theorem
use the simplex method; see for example the book of Schrijver which also serves
as an excellent reference of the topic. About our opinion, these facts justify our
independent and self-contained approach to Theorem 3.3.



CHAPTER 4

Computer implementation for testing solvability of linear
programs

Considering everyday life problems it may occur that only the solvability issue
of a linear program counts in a practical application and the solution itself (if it ex-
ists) does not. Motivated by this phenomena and the main result in CHAPTER 3, in
the following part we suggest an implementable method for testing the solvability
of linear programs (different from the one that was suggested by the proof of the
main result in the previous chapter). The main aim of this chapter is to present an
algorithm for the planar case, validate it and then discuss its “imperfections” and
the possibilities for the higher-dimensional versions.

4.1. Auxiliary tools

To be able to create our implementable algorithm, the polyhedron P in the
constraints should be given by linear inequalities. Therefore, let our 2-dimensional
linear programming problem be given in the form

€c1x1 + C2T2 —— max
4.1
a;1ry + aiprs < by,
where ¢;, a;j, b; € R are given forall j € {1,2} and i € {1,...,m} indices.

Let us mention that in this chapter we will use the representation of vectors
where the base point is the origin, so it is enough to give the coordinates of their
endpoints. This allows us to see vectors as points of the plane, therefore, we are
going to use these concepts interchangeably since it will not cause any misunder-
standings.

We say that if p € R?, then p and —p are opposing pair of points. Furthermore,
we call the vector v of a convex cone an extremal vector if the cone remains convex
after excluding v from it.

Finally, let us also introduce some further notations we are going to use in the
remaining part of this chapter:

e [p1,...,pg): ordered list of the points p1, . .., pg;
e []: empty list;

e |L|: number of elements of the list L;

e N: normal cone of the feasible set.

Now we are in the position to formulate our method.

25
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4.2. The method

Algorithm 4.1 makes an equivalence classification on the normal vectors
(ai1, a;2) which determine the feasible set such that it norms these vectors to the
unit circle of R2. Then, it collects one representative of each class into the reduced
point list R.

Algorithm 4.1 Point list reduction

Input: Normal vectors (a;1, a;2) foralli € {1,...,m}
Output: Reduced point list R
(1) Collect the normal vectors (a;1, a;2) into the list L such that the points
are normalized to the unit circle of R2.
(2) If |[L| = 1 then R := L.
(3) Else collect one representative of each equivalence class into R.

From the reduced point list R that Algorithm 4.1 provided we need to collect
all opposing pair of points because they can either induce special types of cones,
or make the decision on the separation of points easier.

Algorithm 4.2 Collecting opposing pair of points

Input: Reduced point list R
Output: Point-pair list /N containing opposing pair of points from R
(1) If |R| = 1then N :=[].
(2) If |R| > 1 then check R:
(a) If there are opposing pair of points in 12 then collect them pairwise
in V.
(b) Else N :=[].

Before discussing the final part, we need to define the separation property of a
set of planar points. We say that the line £ separates the points of a planar set R if
both open half-planes (determined by £) intersect R. Let us introduce the logical
function Sep: R — {TRUE,FALSE} to be able to use this property in a more
convenient way later. Thus let

Sep(p) := TRUE  if £ separates the points in 12
PWP) =1 raLsE otherwise,

where / is the attached line to the point p € R.

Now we are in the position to formulate our main algorithm to decide on the
solvability of (4.1). During the steps, we are going to indicate with a STOP sign
when Algorithm 4.3 has its output value.
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Algorithm 4.3 Calculating the normal cone

Input: Reduced point list R and list of opposing pair of points N
Output: List of extremal vectors E that generate the normal cone A of the
feasible set

(1) If IN| > 2 then E := [ | and STOP.
(2) If [N| = 1 then N = |[[p, —p]] and ¢ is the attached line to p and —p.
Check Sep(p):

(a) If Sep(p) = FALSE and
(i) |R| = 2then E := R and STOP.
(i) |R| > 2 then E := [p, —p,q] where ¢ € R\{p, —p} and
STOP.
(b) Else E := [ ] and STOP.
(3) If [N| = 0 and
(a) |R| =1then E := R and STOP.
(b) |R| > 1 then search for extremals:
Fori=1,...,|R|:
Pick p; € R and the attached line £(p;).
Check Sep(p;):
(i) If Sep(p;) = FALSE then add p; to E and continue the cycle.
(i) Else continue the cycle.
Return E and STOP.

THEOREM 4.1. The previously presented method is mathematically correct
and it stops in finitely many steps. Moreover, if the problem is feasible and at the
end of Algorithm 4.3

(1) E is empty, then there exists an optimal solution;
(2) E is nonempty and ¢ € cone(E), then there exists an optimal solution,
otherwise not.

In particular, if ¢ ¢ cone(E), then there is no optimal solution.

PROOF. Without the loss of generality we may assume that the problem is
feasible and we have the lists R, NV and E.

If | V| > 2, then we can decompose the plane to 4 conics such that their ver-
tices are in the origin, their angle are convex, and their generators are determined
by 2 pairs of N. Thus any point of the plane belongs to one of the conics, yielding
that the normal cone is the plane. Therefore, the feasible set is compact and hence
the problem is solvable.

If |N| = 1, then consider the line ¢ determined by N. If it separates R then the
normal cone is the plane, and hence the problem is solvable. If not, then at most
one of the open half-planes (determined by ¢) may intersect R. If this occurs, then
the closure of the intersecting half-plane is the normal cone, otherwise the line £.
In both cases, Theorem 3.3 decides solvability.
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If | N| = 0, then any line passing trough the origin contains at most 1 point of
R. If each of these lines separates I, then the normal cone is the plane, and hence
the problem is solvable. If this is not the case, consider a line ¢(p) determined by
p that does not separate [2. Then at most one of the obtained open half-planes may
intersect R. If this does not occur, then £ = [p]. If it does, then there exists a point
q € R that makes a maximal angle with p. (Note that R is finite.) The points p
and ¢ are on the same open half-plane, hence the line ¢(¢q) determined by ¢ cannot
separate R. (Otherwise the angle would not be maximal). In this case, E = [p, ¢],
and in each case, Theorem 3.3 decides solvability.

Finally, the algorithm stops in finite steps. Indeed, if |[N| > 1, then the
finiteness of R itself guarantees this claim; if | N| = 0, then the “FOR” cycle of the
algorithm detects p and ¢ avoiding infinite cycling. 0

One of the disadvantages of this algorithm is that it cannot handle the feasibil-
ity issue of a given linear program. This is due to the fact that the feasibility highly
depends on the constants b; in the constraint system, but the algorithm does not.
In the geometrical sense, changing the values of b; means that the borderlines of
each attached half-planes are translated. Thus if we choose these constants appro-
priately, then we can make any feasible set nonempty. However, this freedom is
usually not granted in practice.

As for the higher-dimensional version, considering this method and the pre-
vious proof, some problems might occur. One problematic point is checking the
separation property. If the dimension of the problem is n, then we need to use
(n — 1)-dimensional subspaces for the separation. However, even in the n = 3
case the “maximum angle” of two points cannot be applied in such way as we did
it in the 2-dimensional case. Thus the final part of our proof needs to be treated in
other ways.

Finally, let us mention that the number of computational steps can be reduced
when implementing the 2-dimensional case. If the “FOR” cycle finds one extremal,
then it only needs to run until it finds the other one since in R? a convex cone (if
it is not a half-plane) can be uniquely generated by at most 2 extremal vectors.
However, in higher-dimensions all given points might be extremals for the normal
cone, thus the “FOR” cycle cannot have such stopping condition. Therefore, con-
sidering the amount of the required calculations, this method not necessarily has
advantage in practice over other type of algorithms apart from the 2-dimensional
version.

As a last part of this section we are going to show how the previous method
works via three examples. Since our method requires the constraint system to be
in the form of a;1x1 + a;xe < b;, for simplicity, the examples will be already
given like that. Furthermore, we are going to attach some figures for each problem
which were generated by the computer implementation in Maple based on our
method (see the Maple codes in the Appendix).
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EXAMPLE 4.2. Decide on the solvability of the following linear programming

problem:
3x1 + 2x9 — max

21 +x2 < 10
]+ 129 <8
1 <4
—x1 <0
—x9 < 0.
SOLUTION: The initial data for Algorithm 4.3:
=(3,2)
= [(2,1),(1,1),(1,0), (=1,0), (0, —1)]
L

H 2 B~ o
Il

[((1,0), (=1,0)]]
[]

(]
]
p—
=
b
(=]
.
L=41

FIGURE 4.1. The gray area represents the feasible set using the
original constraint system; the blue dots represent the original nor-
mal vectors (a;1, a;2); the green vector is the coefficient vector ¢
of the objective function.
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|N| = 1 means that Algorithm 4.3 starts with Step (2). The attached line to the
opposing pair of points [(1,0), (—1,0)] is the z-axis. Since there are points on
both side of the line Algorithm 4.3 stops at Step (2/b). Thus, E being empty
results that the normal cone A is the whole plane, so the feasible set is compact.
Observe on Figure 4.1 that the feasible set is nonempty, thus the problem has an
optimal solution by Theorem 4.1. g

EXAMPLE 4.3. Decide on the solvability of the following linear programming

problem:
—2x1 + 9 —> max

—3z1 — 322 <6
—3.1‘1 S 0
—x1— T2 <2
2x1 + 229 < 4.

FIGURE 4.2. The gray area represents the feasible set using the
original constraint system; the blue dots represent the original nor-
mal vectors (a;1, a;2); the red vectors are the elements of £ which
generate the normal cone N; the green vector is the coefficient
vector c of the objective function.
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SOLUTION: The initial data for Algorithm 4.3 is

c=(-2,1)
L= [( ) )7( )7(_1 _1)7<272)]
R=[(-3,-3),(-3,0),(2,2)]

N = [[(_3, —3), (27 2)]]

E=R
Since |[N| = 1 and |R| = 3 Algorithm 4.3 starts at Step (2) again but this time
it stops at Step (2/a/ii). Thus the normal cone N is a half-plane. On Figure 4.2
the green vector clearly lies in the half-plane determined by the red vectors which
means that ¢ € N. The feasible set is also nonempty, thus the problem has an
optimal solution by Theorem 4.1. O

EXAMPLE 4.4. Decide on the solvability of the following linear programming

problem:
—4x1 — T9 —> max

201 + 8xo <7
2x1 + 219 < —6
3r1 <4
dxry — 229 < 8
4z + 4x9 < —4

6x1 <16
81’1 —4$2 S 8
T, + 229 < 2

6z1 + 62 < 12.

SOLUTION: The initial data for Algorithm 4.3 is

c=(—-4,-1)

L= [(2,8), (2,2),(3,0),(4,-2),(4,4),(6,0), (8,—4),(1,2), (6, 6)]
R=1(2,8),(2,2),(3,0),(4,-2),(1,2)]
N =]
E=(2,8),(4,-2)]
Since |N| = 0 and |R| = 5 Algorithm 4.3 runs the FOR cycle in Step (3/b) until
it finds 2 extremals. Then, observe on Figure 4.3 that the green vector does not
lie in the convex cone determined by the red extremal vectors of the normal cone

N. Thus the objective function is unbounded which means that the problem has
no optimal solution by Theorem 4.1. U
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Y

FIGURE 4.3. The gray area represents the feasible set using the
original constraint system; the blue dots represent the original nor-
mal vectors (a1, a;2); the red vectors are the elements of E which
generate the normal cone N the green vector is the coefficient
vector c of the objective function.



Summary

The motivation of the present dissertation is to revisit one of the interior point
methods, namely the log-barrier problem, which has been proved to have polyno-
mial complexity. Moreover, the geometrical properties of linear programs allow us
to develop geometrical conditions and new type of methods for these problems, as
well. Our aim is to approach linear programs via the tools of Convex Analysis and
Convex Geometry while we avoid the usage of the simplex method. The chapters,
in turn, are based on the materials of the papers [5], [6].

In CHAPTER 1 we collect the basic tools of Convex Analysis and Convex
Geometry that we use generally or in most of the other chapters such as the basic
definition of convex and concave functions; the Bernstein—Doetch Theorem; the
definition of convex and conic hulls of sets. Further, we derive linear programs as
a special case of general constrained optimization problems.

The basic separation theorem (see Lemma 1.1) plays a crucial role in opti-
mization and several proofs are known for its Euclidean version. In this chapter
we prove this statement following the alternative approach suggested by Barvinok.

Let £L(R™, R™) stands for the vector space of all linear maps from R” to R™.
Linear transformations A € £(R",R"™) may destroy the closedness of (convex)
sets even in very simple cases. However, if the set is a polyhedron, then its linear
transform still remains a polyhedron. The proof of this fact is surprisingly com-
plicated, but fortunately, we can avoid inconvenience with the next observation
(Lemma 1.2).

LEMMA. Any finitely generated cone of a vector space is the union of the
independently generated subcones. In particular, any finitely generated cone of a
finite dimensional space is closed.

The proof of this statement relies on the conical Carathéodory theorem.

The recessional directions of a convex subset D of a vector space play crucial
roles in the success of developing our goals. Rockafellar investigated the case
when D is a closed, convex set, and it turns out that the recessional directions of
D have many important properties. They are independent on the choice of x € D
and the existence of recessional directions characterize the unboundedness of D.
Furthermore, the recessional directions form a cone: they are closed on addition
and multiplication with nonnegative real numbers. Thus, the set of all recessional
directions denoted by rec(D) is called the recession cone of D. However, the
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objective’s domain of the log-barrier problem requires us to use open, convex sets.
But it turns out that the same statements remain true in this case too (Lemma 1.4).

LEMMA. If D is a nonempty, open, convex subset of a Euclidean space X,
and r € X, then the next statements are equivalent:

(1) There exists x € D, such that x + ar € D for all o > 0;
(2) Forall x € D and for all o > 0, we have that x + ar € D.

Moreover, D is bounded if and only if rec(D) is trivial.

Despite the similar properties of the two cases, we need to follow an alternative
approach in the proof.

Finally, we mention a calculus property of recession cones which holds in both
the open and closed cases (Lemma 1.5 and Lemma 1.6). In fact, the reasoning in
their proof is also very similar.

LEMMA. If A and B are intersecting open/closed, convex subsets of a Eu-
clidean space X, then

rec(AN B) = rec(A) Nrec(B).
The aim of CHAPTER 2 is to achieve an extension of the classical log-barrier

problem while avoiding the usage of the simplex method and also correcting Van-
derbei’s mistake. For this, we work with the particular form of linear programs

'z — max y'b +—— min
Primal: Ax+w =09 Dual: ATy—2z =¢
r,w > 0; y,z >0

where A € L(R"™,R™), ¢ € R™ and b € R™ are given and we have also introduced
the nonnegative w and z slack variables to achieve equality conditions in the con-
straint system. This pair of problems is termed the primal-dual pair in standard
form. If we perturb the objective function with the help of the logarithm function
and a parameter ¢ > 0, then the connected log-barrier problem is

n m
ch+tZloga:j —i—tZlogwi — max
j=1 i=1
Ar+w=1»
z,w >0

which is a one-parameter family of problems.

If the perturbed objectives have a unique optimum for each parameter, then
the optimal solutions form a parametrized curve called the central path. As the
parameter shrinks to zero, the perturbed objective approaches to the original one.
Thus the central path is expected to terminate in the optimal solution of the original
linear program.
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To be able to study the central path in a geometrical point of view, we introduce
the path and its generator in an abstract setting. (For precise details, consult the
corresponding definitions of the chapter.)

The limit conditions (2.1) and (2.2) on the path generator ensure that the in-
duced central path is continuous (see Lemma 2.2), and for special generators we
have the monotonicity property along the central path as well (see Lemma 2.3).

The main results of CHAPTER 2 are presented in two theorems. The first one
gives a sufficient condition for a concave program to have optimal feasible solution
(Theorem 2.5).

THEOREM. Assume that X and Y are Euclidean spaces, D C X is a
nonempty, open, convex set, A € L(X,Y), and b € Y. If a concave function
f: D — R satisfies the limit conditions

lim f(z)=—o00 lim f(x+ar)=—o00

T—T0 a——+o00
forall xy € D and for all r € rec(D), and the concave program

f(x) — max
Az =b

has a feasible solution, then it has a feasible optimal solution, as well.

The limit properties involved guarantee that the “large” values of the objective
are allocated in a compact subset of the domain. The proof of this statement is
based on the open sublevel sets of the objective function, and their recession cones
also play a key role.

Using the concept of standard projections (for precise details, consult the cor-
responding definition of the chapter), the second main result of this chapter is the
extension of the log-barrier problem (Theorem 2.6).

THEOREM. Let D C Ri'”” be a nonempty, open, convex set, A €
L(R™,R™), and b € R™, furthermore ¢ € R™. Assume that g: D — R is a
continuously differentiable strictly concave function such that Org are nonnega-
tive, mpOrg are bounded, and the function

(z,w) — Lz + tg(z,w)

satisfies the limit conditions in Theorem 2.5 for all t > 0. If the original primal—
dual pair has a feasible solution in D, then the central path of the family of concave
programs

'z +tg(z,w) — max
Ar+w=1">

is well-defined and continuous. Moreover, each limit point at t = 0 of the central
path’s graph is an optimal solution of the attached primal—dual pair.
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The one-parameter family of the concave problems reduces to a linear program
in standard form if we set £ = 0. The previous results (Lemma 2.2, Lemma 2.4,
Theorem 2.5) ensure that its central path exists and it is continuous. Moreover,
each limit point of its graph represents an optimal solution of the original primal—
dual pair.

One advantage of our result is that we do not need second order tests to check
optimality. Thus, simple continuous (instead of twice) differentiability assumption
is enough on the objective. Therefore, Lagrange multipliers and the Complemen-
tary Slackness Theorem (see Theorem 2.1) from linear programming are sufficient
for the proof.

As a direct application of the main results we can formulate the statement
about the central path and the optimality of the classical log-barrier problem
(Corollary 2.7).

COROLLARY. Ifthe original primal—dual pair has a positive feasible solution,
then the central path of the log-barrier problem exists and continuous. Moreover,
its each limit point at zero is a feasible optimal solution of the original primal—dual
pair.

The only thing that needs to be checked for this statement is that the log-
barrier problem fulfills all the conditions of Theorem 2.6. This can be done with
some simple calculations.

At the end of the chapter, we discuss that from the boundedness of the func-
tions 7 Jrg we can explain the usage of the logarithm as the perturbation function
in the objective function of the classical barrier problem.

Consider now linear programs given in the general form

(¢, ) — max
reP

where P C R" is a polyhedron and ¢ € R" is a given vector. This form allows
us to focus on the geometric interpretation of linear programs. The main result
of CHAPTER 3 (Theorem 3.3) gives a geometrical optimality condition for linear
programs based on the well-known graphical method. This dimension-free char-
acteristic property is that the coefficient vector of the objective has to make an
obtuse angle with those half-lines that completely lie in the feasible set.

THEOREM. The linear program in the general form has an optimal solution if
and only if it is feasible and

cE /\/}ec(P)(O)-

This statement might be well-known in the literature, however, our proof is
based on the tools of Convex Analysis and Convex Geometry combined with in-
duction. Let us note that it also suggests an algorithm that may differ from the
usual simplex method since it moves on facets (and not between vertices).
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Considering the fact that we can describe the polyhedron P as a mixed system
of linear equalities and inequalities, for applications of the main result, we shall
use the primal problem in canonical form while the dual problem in standard form:

(c,x) +—— max (y,b) +—— min
Primal: Ar =b Dual: ATy >¢
z > 0;

where A € R™*"™ is a given matrix, further, c € R™ and b € R™ are given vectors.
With the help of our main result, we can immediately give the optimality condition
for these problems (Corollary 3.4, Corollary 3.5).

COROLLARY. A maximum problem in canonical form has an optimal solution
if and only if it is feasible and (c,r) < 0 for all r € Ker(A) NR’}.

COROLLARY. A minimum problem in standard form has an optimal solution
if and only if it is feasible and (b, q) > 0 whenever ATq > 0.

Their proof is a simple calculation based on Lemma 1.6 and Lemma 3.1. These
corollaries may be applied to quickly check whether a linear program has an opti-
mal solution or not.

The strong duality theorem (see Corollary 3.6) is one of the most impor-
tant cornerstone of linear programming. With the basic separation theorem
(Lemma 1.1) and our main result we can give an alternative proof avoiding the
simplex method. Furthermore, if the primal-dual problems have the above form,
then we can also deduce Farkas’ lemma, which is well-known to be equivalent to
the strong duality theorem (Corollary 3.7).

COROLLARY. If A € R™*" and b € R™ then

(1) either the system Ax = b and x > 0 has a solution;
(2) or the system ATy > 0 and b"y < 0 has a solution.

Let us mention that their proof allow a geometric approach to duality theory
in linear programming besides the algorithmic ones.

The aim of CHAPTER 4 is to present an algorithm that decides the solvability
of planar feasible linear programs. This method is motivated by the main result in
CHAPTER 3 and the fact that in everyday life problems sometimes only the solv-
ability issue of a linear program counts in a practical application and the solution
itself (if it exists) does not. Let us emphasize that this algorithm is different from
the one that was suggested by the proof of Theorem 3.3.

For the implementation of the method we need to work with the planar linear
programming problem in the form

C1T1 + Cox9 — max

ainxi + apry < b;
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where c;, a;j, b; € R are given for all j € {1,2} and i € {1,...,m} indices. Our
method for testing the solvability of feasible linear programs given in this form is
the following.

Firstly, we reduce the list of normal vectors (a;1,a;2) with an equivalence
classification such that we norm them to the unit circle of R? and collect one
representative of each class into the reduced point list /2. Then, from R we collect
all the opposing pair of points (if there is any) into a new list /NV. The main task is to
determine the list &/ containing the extremal vectors that generate the normal cone
of the feasible set. Depending on the lists R and N, this part of the algorithm has
several stopping points when it can achieve its output value (the list F). Finally,
the main theorem in this chapter (Theorem 4.1) decides the solvability of the given
planar linear programming problem.

THEOREM. The previously presented method is mathematically correct and it
stops in finitely many steps. Moreover, if the problem is feasible and at the end of
Algorithm 4.3

(1) E is empty, then there exists an optimal solution;
(2) E is nonempty and c € cone(E), then there exists an optimal solution,
otherwise not.

In particular, if ¢ ¢ cone(E), then there is no optimal solution.

The proof of this statement, which is also a validation of our method, can be
done in a geometrical way. It is a separation of cases based on the number of
elements in the list N and the separation property by lines chosen in a special way.
However, in every case, the solvability is ensured by Theorem 3.3.

One of the disadvantages of this algorithm is that it does not ensure the fea-
sibility of the given linear program. Thus, this method might be more useful in
general for determining the non-solvability of the linear program.

Considering this method in higher dimensions, it might be possible to formu-
late a similar one, however, some further problems might occur. We cannot apply
the concept of “maximum angle” of two points as we did it in the planar case.
Moreover, our method heavily depends on the fact that every convex cone in R? (if
it is not a half-plane) can be uniquely generated by at most 2 extremal vectors and
this might reduce the required calculation steps. But this fact is not ensured even
in the 3-dimensional case since the number of extremals can be very high.



Osszefoglalas

Az értekezés motivicidja egy masik algoritmuscsaldd, nevezetesen a bels6-
pontos-mddszerek kozé tartoz6 logaritmikus sorompd probléma tjratdrgyaldsa. A
bels6 pontos mdédszerekrdl igazoltdk, hogy van koztiik polinomidlis idSben futé al-
goritmus, vagyis a linedris programozdsi feladatok polinomidlis komplexitdsidak.
A linedris programozdsi problémdk specidlis geometriai tulajdonsdgai tovdbba
lehetdvé teszik geometriai feltételek és dj tipusd mddszerek kifejlesztését. Az
értekezés célja a linedris programozasi feladatoknak a konvex analizis és a konvex
geometria eszkozeivel valé megkozelitése igy, hogy elkeriiljiik a szimplex mdd-
szer haszndlatat. Megemlitjiik, hogy az értekezés egyes fejezetei rendre az [S], [6]
cikkekben k6zolt eredményekre tdmaszkodnak.

Az értekez€s elsd fejezetében Osszegylijtjiikk a konvex analizis €s a konvex ge-
ometria mindazon eszkozeit, amelyeket vagy a legtobb fejezet sordn vagy az egész
értekezésben dltaldnosan haszndlunk, mint példdul a konvex és konkdv fiiggvények
definicidjat; a Bernstein—Doetch tételt; illetve a halmazok konvex és kup burkdnak
definicigjat.

Az elvalasztasi tételrdl altalanosan elmondhatd, hogy jelentSs szerepet jatszik
az optimalizéalasi problémakorben. Az euklideszi valtozata az alabbi médon fogal-
mazhat6é meg.

LEMMA. Euklideszi terekben bdrmely nem iires, zdrt és konvex halmaz hiper-
sikkal szigorian elvdlaszthato bdarmely, a halmazhoz nem tartozo ponttol.

Erre a valtozatra szdmos bizonyitds is ismert, Barvinok azonban egy alternativ
megkdozelitést javasol kitlizott feladatként, amelyre megolddst adunk ebben a fe-
jezetben.

Jelolje L(R™,R™) az 6sszes R™-bSl R™-be hat6 linedris leképezések terét.
Az ilyen linedris transzformdcidk még a legegyszeriibb esetekben is elronthatjdk a
(konvex) halmazok zértsdgat. Azonban, ha a halmaz egy poliéder, akkor a linedris
transzformaltja is poliéder marad. Ennek a ténynek a bizonyitisa meglehetésen
bonyolult, de szerencsére elkeriilhetjiik ezt a kellemetlenséget a kovetkez6 egysz-
erli megfigyeléssel.

LEMMA. Vektorterekben bdarmely végesen generdlt kiip a fiiggetleniil generdlt
részkipok egyesitése. Specidlisan, egy véges dimenzios tér bdrmely végesen gen-
erdlt kipja zdrt.
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Ennek az éllitdsnak a bizonyitdsa a Carathéodory-tétel kipokrdl sz616 véltoza-
tara tAmaszkodik.

A feltételes optimalizdldsi feladatokat és a hozzdjuk kapcsolédé alapfogal-
makat éltaldnosan az aldbbi mddon irhatjuk fel.

DEFINICIO. Legyenek X és 'Y nemiires halmazok, tovdbbd D C X ésb € Y.

Tekintsiik az
f(z) — max

g(x) =b
feltételes optimalizdldsi feladatot, ahol az f: D — R célfiiggvény ésag: X =Y
feltétel adottak. Azt mondjuk, hogy x € X egy megengedett megoldas, ha x € D
és g(x) = b teljesiil. Tovdbbd, az dsszes megengedett megolddsok halmazdt a
probléma megengedett halmazdnak nevezziik. Az x* € X elemet megengedett op-
timélis megoldédsnak hivjuk, ha megengedett halmazbeli és f(x) < f(x*) teljesiil
minden x € X megengedett megoldds esetén.

A linedris programozasi feladatokat az elébbi 4ltalanos feladatok specidlis e-
seteként vezetjiik be: a problémdnak mind a célfiiggvényét, mind a feltételi rend-
szerét linedris kifejezésekkel adjuk meg. Az el6z6 definicidban legyen X = R" és
Y = R™. Ekkor a

(¢, x) — max
reP

feltételes szEéls6érték szamitasi feladatot linedris programozdsi feladatnak hivjuk,
ahol ¢ € R" egy adott vektor, P C R" pedig egy poliéder, azaz véges sok féltér
metszete. A tobbi kapcsol6do fogalom analég médon vezethetd be az el6z6 defini-
ci6 alapjan.

A konvex halmazok recesszids irdnyai dont6 szerepet jatszanak az értekezés-
ben kitlizott céljaink megvaldsitdsaban.

DEFINICIO. Legyen X vektortéy, D egy nemiires részhalmaza X-nek, és
legyen x € D rogzitett. Azt mondjuk, hogy r € X a D halmaz x pontbeli re-
cesszios iranya, ha minden o > 0 esetén x + ar € D teljesiil.

Rockafellar azt az esetet vizsgélta, amikor D egy zdrt, konvex halmaz.
Kideriilt, hogy D recesszi6s irdnyai szdmos fontos tulajdonsdggal rendelkeznek. A
recesszios irdnyok fiiggetlenek az z € D megvalasztasatol és a recesszids irdnyok
1étezése jellemzi D nemkorldtossdgat. Kovetkezésképpen D recesszids irdnyainak
halmazat jelolhetjikk egyszertien rec(D) médon. Tovébbd, a recessziés irdnyok
kdpot alkotnak: zdrtak az Osszeaddsra és a nemnegativ szdmmal valé szorzdsra
nézve. Ezért a rec(D) halmazt D recesszios kiipjanak nevezziik.

A logaritmikus sorompé probléma célfiiggvényének értelmezési tartomdnya
azonban megkdveteli, hogy nyilt, konvex halmazokat haszndljunk. Szerencsére az
el6bb emlitett tulajdonsagok ebben az esetben is igazak maradnak, amit az alabbi
lemmadban fogalalunk 6ssze. Az alapponttdl vald fiiggetlenség miatt a D halmaz
recesszios kipjat tovdbbra is rec(D) médon jelolhetjiik.
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LEMMA. Ha D egy nemiires, nyilt, konvex részhalmaza egy X Euklideszi
térnek, tovabbd r € X, akkor az aldbbi dllitasok ekvivalensek:

(1) Létezik x € D ugy, hogy minden o« > 0 esetén x + ar € D teljesiil;
(2) Minden x € D és minden o > 0 esetén x + ar € D teljesiil.

Tovdbbd, D pontosan akkor korldtos, ha rec(D) trividlis.

A hasonl¢ tulajdonsdgok ellenére azonban a bizonyitas sordn alternativ meg-
kozelitést kell kovetniink.

Megemlitjiik végiil a recesszids kipok kovetkezd kalkulus tulajdonsdgit is,
amely mind a nyilt, mind a zart esetben is érvényes, valamint a bizonyitdsukban
1év6 érvelés is nagyon hasonld.

LEMMA. Legyen X Euklideszi tér. Ha A, B C X olyan nyilt/zdrt, konvex
halmazok, amelyek metszete nemiires, akkor

rec(AN B) = rec(A) Nrec(B).

A madsodik fejezet célja a klasszikus logaritmikus sorompé probléma Kkiter-
jesztése 1igy, hogy az érvelések sordn keriiljiilk a szimplex mddszer hasznalatat,
emellett korrigdljuk Vanderbei hibas érvelését: A Heine—Borel tételt R™ egy nyilt
részhalmaza 4ltal indukalt relativ topoldgidban alkalmazta. Ehhez tekintsiik az
alabbi linedris programozasi feladatpart:

'z — max y'b +—— min
Primdl: Ax+w =0 Duil: ATy—2 =c¢
r,w >0 Y,z >0,

ahol A € L(R™",R™), ¢ € R" és b € R™ adottak, valamint a feltételrend-
szerbe mar bevezettiik az w €és z nemnegativ segédvaltozokat annak érdekében,
hogy egyenldségi feltételeket kapjunk. Ezt a problémapart standard alakban adott
primdl—dudl feladatpdrnak nevezziik. Ha a primal célfiiggvényt perturbéljuk a
valtozok logaritmusaval, melyet egy ¢ > 0 paraméterrel is kiegészitiink, akkor a
kapcsolddé logaritmikus sorompé probléma az aldbbi egyparaméteres probléma-
csalad:

n m
'z + tZlong + tZlogwi — max
j=1 i=1
Az +w=1»
T,w > 0.

Ha az j céfiiggvénynek minden ¢ paraméter esetén egyértelmi optimuma van,
akkor az optimdlis megolddsok egy paraméteres gorbét alkotnak, amelyet centrdlis
dmak neveziink. Ahogy a ¢t paraméter értéke tart nulldhoz, a sorompé probléma
célfiiggvénye megkozeliti az eredetit, igy a centrdlis Gt vdrhatéan az eredeti linedris
programozdsi feladat optimdlis megoldédsdhoz tart.

Annak érdekében, hogy a centrdlis utat geometriai szempontbdl vizsgédlhassuk,
bevezetjiik azt egy absztrakt kornyezetben annak generatorfiiggvényével egyiitt.
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DEFINICIO. Legyenek T és B nemiires halmazok. Azt mondjuk, hogy az
F: T x B — Rleképezés teljesiti a paraméteres globdlis maximum tulajdonsigot,
ha minden t € T esetén egyértelmiien létezik egy h(t) € B iigy, hogy

F(t,h(t)) > F(t,z)

teljesiil minden x # h(t) mellett. Ekkor, h: T — B valdban fiiggvény. A h
fiiggvényt ekkor centrdlis Utnak, az I leképezést pedig a centrdlis iit generatordnak
nevezziik.

Ha T metrikus tér és B egy E euklideszi tér nemiires részhalmaza, akkor
az F': T'x B — R generitor esetén tekintsiik az alabbi hatarérték feltételeket:
Minden ¢y € T és minden xg € B\ B esetén

lim F(t,z) = —o0.

t—to
T—T0

Valamint minden tg € T esetén
lim F(t,z) = —o0.

t=to
l|z]| =00

Ezek a feltételek garantdljdk a sorompd probléma centrlis ttjdnak folytonossdgat.
Emellett, specidlis alakd generator fiiggvények esetén a centralis it mentén mono-
tonitds is biztosithatd.

A masodik fejezet f6 eredményeit két tételben foglaljuk 6ssze. Az elsé ele-
gendd feltételt ad ahhoz, hogy egy konkav célfiiggvénnyel rendelkezd probléma-
nak 1étezzen megengedett optimdlis megoldasa.

TETEL. Tegyiik fel, hogy X és Y Euklideszi terek, D C X egy nemiires, nyilt,
konvex halmaz, A € L(X,Y), ésb € Y. Haegy f: D — R konkdv fiiggvény
teljesiti a

lim f(z)=—o00 lim f(z+ar)=—o0

T—To a——+oo

hatdrérték feltételeket minden xo € 0D és minden r € rec(D) esetén, valamint az

f(z) — max
Az =10

konkdv programozdsi problémdnak van megengedett megolddsa, akkor létezik
megengedett optimdlis megolddsa is.

A feltételek kozott szerepld hatdrérték tulajdonsdgok garantdljak, hogy a
célfiiggvény ,,nagy” értékei az értelmezési tartomdny egy kompakt részhalmaza-
ban csoportosulnak. Az éllitds bizonyitdsa a célfiiggvény nyilt szinthalmazain ala-
pul, és bizonyos ponton azok recesszios kiipjai is kulcsszerepet kapnak.

A masodik f6 eredmény a logaritmikus sorompé probléma éltaldnositasa. En-
nek megfogalmazasa el6tt még bevezetjiik a standard projekcié fogalmat is, amely
szerepet kap a tétel feltételei kozott.
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DEFINICIO. Legyen X egy euklideszi tér és tekintsiik a standard bdzisdt. Ha
1 < k < dim(X), akkor a k-adik standard projekci6 az a m;: X — R fiiggvény,
amely az xy, standard koordindtdt rendeli hozzd az dsszes © € X elemhez.

TETEL. Legyen D C R1+m egy nemiires, nyilt, konvex halmaz, A €
L(R™ R™), és b € R™, tovdbbd ¢ € R". Tegyiik fel, hogy g: D — R egy
olyan folytonosan differendcidlhato, szigoriian konkdv fiiggvény, hogy Og nem-
negativak, 0 g korldtosak, és az

(r,w) — Lo+ tg(x,w)

2

leképezés teljesiti az elozd tételbeli hatdrérték feltételeket minden t > 0 esetén.
Ha az eredeti primdl-dudl pdrnak létezik D-beli megengedett megolddsa, akkor a

'z + tg(z,w) — max
Az +w=1>

konkdv programozdsi feladatcsalddhoz tartozo centrdlis iitja létezik és folytonos.
Tovdbbd, a centrdlis it grdfjdnak minden t = 0 paraméterhez tartozo torléddsi
pontja a kapcsolodo primdl-dudl feladatpdr egy optimdlis megolddsa.

Megfigyelhets, hogy az egyparaméteres problémacsaldd a ¢ = 0 vélasztds
mellett az eredeti standard formédban adott linedris programozdasi feladatra re-
dukalédik. Az el6zd eredmények biztositjdk a centrdlis 1t 1étezését és annak
folytonossagat, tovabb4, a centrdlis Ut grafjanak minden torl6dasi pontja az ere-
deti primal-dual feladatpar egy optimdlis megoldasa.

Az éltalanositasunk egyik jelentds elénye, hogy nincs sziikségiink masodrendi
tesztre az optimalitds ellendrzéséhez. A célfiiggvényre ezért elegendd az egyszerti
folytonos differencidlhatésagi feltétel a kétszeres differencidlhatésag helyett. Igy
a bizonyitashoz elegendd csupdn a Lagrange-féle multiplikator-elvet €s a lineéris
programozésban jol ismert Komplementaritési tételt alkalmaznunk.

A {6 eredmények kozvetlen alkalmazasaként megfogalmazhatjuk a klasszikus

/////

KOVETKEZMENY. Ha az eredeti primdl—dudl feladatpdr mindegyikének van
pozitiv megengedett meglddsa, akkor a kapcsolodo sorompo-probléma centrdlis
titja létezik és folytonos. Tovdbbd, a centrdlis iit grdfjdnak bdrmely nullabeli tor-
loddsi pontja az eredeti problémapdr megengedett optimdlis megolddsa.

Az allitas bizonyitdsdhoz mindossze annyit kell ellendrizni, hogy a logarit-
mikus sorompé probléma célfiiggvénye teljesiti a masodik {6 eredményiinkben
szabott feltételeket. Ez néhany egyszerti szamolédssal megtehetd.

A fejezet zarasaként végiil kitériink arra, hogy a 7mp0kg fiiggvények ko-
rldtossdgabdl kiindulva magyardzhaté a logaritmus, mint perturbdld fiiggvény
haszndlata a klasszikus soromp6 probléma célfiiggvényében.
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Tekintsiik most a linedris programozdsi feladatok kordbban mar emlitett 4l-
taldnos alakjat:
(¢, x) — max
x € P.

Ez a fajta felirds lehet6vé teszi a linedris programozési feladatok geometriai
megkozelitését. A harmadik fejezet f6 eredménye egy geometriai optimalitdsi
feltételt ad linedris programozasi feladatokhoz a jol ismert grafikus modszer
alapjan. Ez a dimenzidfiiggetlen karakterisztikus tulajdonsidg nem mds, mint hogy
a célfiiggvény egyiitthatovektordnak tompaszoget kell bezarnia azokkal a félegye-
nesekkel, amelyek teljes egészében a megengedett halmazon beliil helyezkednek
el. Ezt a tulajdonsédgot rec(P) normdlkiipja segitségével irhatjuk le pontosan.

DEFINIC1O. Ha D egy X vektortér konvex részhalmaza és p € D, akkor az
Np(p) :={y € X | (y,x—p) <0,z € D}
halmazt a D halmaz p pontbeli normdl kipjdnak nevezziik.

TETEL. A fenti linedris programozdsi feladatnak pontosan akkor létezik opti-
madlis megolddsa, ha megengedett és

¢ € Nrec(p)(0).

Ez az allitas jol ismert lehet a szakirodalomban, azonban a bizonyitas a konvex
analizis és a konvex geometria eszkozeire épiil, amit teljes indukciés 1épésekkel
kombindlunk. Fontos megjegyezni, hogy emiatt a bizonyitds egy algoritmust is
javasol, amely eltérhet a szimplex mddszertdl, hiszen oldalak mentén mozog, nem
pedig csicsok kozott, ahogyan a szimplex modszer teszi.

Figyelembe véve azt a tényt, hogy a P poliédert linedris egyenléségek és
egyenltlenségek vegyes rendszereként is felirhatjuk, a f6 eredmény alkalmaza-
saihoz a primal problémadt tekintsiik kanonikus, mig a dudlis problémat standard
alakban:

(c,z) > max (y,b) +—— min
Primal: Ar =0b Duil: ATy >,
z >0;

ahol A € R™*" egy m x n-es matrix, tovabbd ¢ € R™ és b € R™ adott vektorok.
Az ilyen médon adott feladatok optimalitasi feltételét azonnal megadhatjuk a f6
eredményiink segitségével az alabbi mdédon.

KOVETKEZMENY. Egy kanonikus formdban adott maximum-feladatnak pon-
tosan akkor létezik optimdlis megolddsa, ha megengedett és (c,r) < 0 teljesiil
minden r € Ker(A) N R} esetén.

KOVETKEZMENY. Egy standard formdban adott minimum-feladatnak pon-
tosan akkor létezik optimdlis megolddsa, ha megengedett és (b,q) > 0 teljesiil,
valahdnyszor AT q > 0.
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Mindkét allit4s egy egyszerii szdmolds eredménye, azonban ezek a kovetkez-
mények jol alkalmazhaték annak gyors ellendrzésére, hogy egy linedris programo-
z4si feladatnak van-e optimélis megolddsa vagy sem.

Az er6s dualitasi tételt a linedris programozas egyik alapkovének tekinthetd.

KOVETKEZMENY. Ha egy primdl feladatnak létezik optimdlis megolddsa,
akkor a dudl feladatnak is van optimdlis megolddsa.

Az elvalasztasi tétel és f6 eredményiink segitségével alternativ bizonyitast ad-
hatunk a szimplex médszertdl fiiggetleniil. Tovabba, ha a primal-dudlis problémak
a fenti alakudak, akkor levezethetjiik Farkas-lemmat is, amelyr6l koztudott, hogy
ekvivalens az erds dualitas tételével.

KOVETKEZMENY. Ha A € R™*"™ és b €¢ R™, akkor

(1) vagy az Ax = b és x > 0 rendszernek van megolddsa;
(2) vagy az ATy > 0 és by < 0 rendszernek van megolddsa.

Megjegyezziik tovabba, hogy ezek bizonyitdsa lehetévé teszi a dualitdselmélet
geometriai megkozelitését is az algoritmikusak mellett.

A negyedik fejezet célja egy olyan algoritmus bemutatdsa, amely eldonti a
sikbeli linedris programozdsi feladtok megoldhatdsdgat. Ezt a mddszert a har-
madik fejezet f6 eredménye motivalja, valamint az a tény, hogy a hétkoznapi €let-
ben felmeriild problémak soran néha csupan az adott linedris programozasi feladat
megoldhat6sagi kérdése szamit, és maga az optimalis megoldas (ha létezik) nem.
Hangsilyozzuk, hogy ez az algoritmus kiilonbozik attél, amelyet az el6z6 fejezet
6 tételének bizonyitdsa javasolt.

A moédszer implementaldsdhoz a sikbeli linedris programozasi problémakat a
kovetkez6 formaban kell megadnunk:

c1x1 + coxrg — max
a1 + appry < by,

ahol ¢;j,a;j,b; € R adott minden j € {1,2} ési € {1,...,m} indexre. Az
ilyen alakban adott megengedett linedris programozasi feladatok megoldhat6saga-
nak tesztelésére szolgalé modszeriink alapgondolata a kovetkezd.

El6szor a megengedett halmazt meghatdroz6 (a1, a;2) normélvektorokon os-
ztlyozast végziink gy, hogy ezeket a vektorokat R? egységkorére normaljuk,
majd minden osztilybdl egy reprezentativ elemet tartunk meg az R-rel jelolt re-
dukalt pontlistaban. Ezutdn R-bol 6sszegyfijtjiik az ellenlaké pontparokat (ha van-
nak) egy dj IV listdba. Az algoritmus {6 része az E lista meghatdrozasa, amely a
megengedett halmaz normadl kipjat generdl6 extremalisokat tartalmazza. Az algo-
ritmus itt mar tobb ponton megallhat az R és az N listaktol fiiggben. Végezetiil, a
fejezet f6 tétele donti el az adott sikbeli linedris programozasi probléma megold-
hat6sagat.
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TETEL. Az elébb bemutatott mddszer matematikailag korrekt és véges 1épés-
ben megdll. Tovdbbd, ha a probléma megengedett és az algoritmus végén
(1) FE iires, akkor létezik optimdlis megoldds,
(2) E nemiires és ¢ € cone(FE), akkor létezik optimdlis megoldds, egyébként
nem.
Specidlisan, ha c ¢ cone(E), akkor a feladatnak nincs optimdlis megolddsa.

Ez az éllitas geometriailag bizonyithatd, amely egyben a médszeriink valida-
lasa is, és az N lista elemszdma szerinti esetszétvalasztidson, valamint specidlisan
valaszott egyenesek altali szeparalason alapul. Azonban minden esetben a megold-
hat6sagot a harmadik fejezet f6 eredménye biztositja.

Ennek az algoritmusnak az egyik hatrdnya, hogy nem biztositja az adott
linedris programozisi feladat megengedettségét. Igy dltalinosabban ez a médszer
inkdbb a linedris programozasi feladatok nemmegoldatésdganak ellendrzésére al-
kalmasabb!

A mddszer magasabb dimenzidkba val6 4tiiltetése elképzelhetd lehet hasonl6
alapokra tdmaszkodva, azonban ezzel egyidejiileg tobb probléma is felmeriilhet.
Nem alkalmazhatjuk két pont ,,maximaélis szogének™ koncepcidjit igy, ahogyan
azt a 2-dimenzids esetben tettiik. Tovabb4, ez a médszer nagymértékben fiigg attdl
a ténytdl, hogy a sikban minden konvex kipot (ha az nem egy félsik) legfeljebb
2 extremdlis vektor egyértelmiien generdl, ami csokkentheti az algoritmus széi-
moldsi igényét. Viszont, az extremdlisok szdma tetszélegesen nagy lehet, mér a
3-dimenzids esetben is, igy a szdmoldsi igény sem csokkenthetd!
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[> ### Necessary Maple package for plotting:
with (plots) ;

[animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d, 6))
conformal, conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densityplot,
display, dualaxisplot, fieldplot, fieldplot3d, gradplot, gradplot3d, implicitplot,
implicitplot3d, inequal, interactive, interactiveparams, intersectplot, listcontplot,
listcontplot3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, matrixplot, multiple,
odeplot, pareto, plotcompare, pointplot, pointplot3d, polarplot, polygonplot, polygonplot3d,
polyhedra_supported, polyhedraplot, rootlocus, semilogplot, setcolors, setoptions,
setoptions3d, spacecurve, sparsematrixplot, surfdata, textplot, textplot3d, tubeplot]

=> ListReduction:=proc (A)
local L,L red,i,j,la;

### Input: List of original normal vectors generated by the rows
of A

L:=A;

if numelems (L)=1 then
return L;

else

L red:=A;
for i from 1 to numelems (L)-1 do
for j from i+l to numelems (L) do
la:=solve({L[i] [1]*1al=L[j][1],L[i][2]*1a2=L[j]1[2]});
if numelems (table(la))=1 then
if rhs(la[l])>0 then
L red:=remove(is,L red,L[]j]):
end if; -
elif numelems (table(la))=2 then
if rhs(la[l])>0 and rhs(la[l])=rhs(la[2]) then
L red:=remove(is,L red,L[]j]):
end if; -
end if;
end do;
end do;
return L_red;

end if;
### Output: Reduced point list L_red

end proc;

ListReduction := proc(A4) ?2)
local L, L red, i,j, la;
L:=4;

if numelems(L) =1 then
return L
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else
L red:=A4;
for i to numelems(L) — 1 do
for j from i + 1 to numelems(L) do
la == solve({L[i][1]*lal =L[j1[1], L[i][2]1*la2=L[j][2]});
if numelems(table(la)) =1 then
if 0 <rhs(la[1]) then L red :=remove(is, L red, L[j]) end if
elif numelems(table(la)) =2 then
if 0 <rhs(la[1]) and rhs(la[1]) =rhs(la[2]) then
L red :=remove(is, L_red, L[j])
end if
end if
end do
end do;
return L red
end if
| end proc

> OpposingPairs:=proc (3)
local L _red,L_neg,i,j,la;

### Calling the procedure ListReduction on A to achieve the
input value L_red

L red:=ListReduction(3);
L neg:=[1];

if numelems (L _red)=1 then
return L_red,L neg;

else

for i from 1 to numelems(L_red)-1 do
for j from i+l to numelems(L_red) do
la:=solve({L_red[i] [1l]*1lal=L _red[j][1l],L _red[i][2]*1la2=L_red
[31021})
if numelems (table(la))=1 then
if rhs(la[l1l])<0 then
L neg:=[op(L_neq),[L red[i] ,L red[]j]]]
end if;
elif numelems (table(la))=2 then
if rhs(la[l])<0 and rhs(la[l])=rhs(la[2]) then
L neg:=[op(L_neq),[L red[i] ,L red[j]]]
end if;
end if;
end do;
end do;
return L red,L neg;

end if;
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### Output: Reduced point list L _red; list L neg containing
opposing pair of points

end proc;
OpposingPairs .= proc(A)
local L red, L neg, i,j, la;
L red = ListReduction(A);
L neg:=1[1];
if numelems(L _red) =1 then
return L red, L neg
else
for i to numelems(L_red) — 1 do
for j from i + 1 to numelems(L_red) do
la :=solve({L_red[i][1]*lal =L red[j][1],L red[i][2]*la2=L red[j][2
1});
if numelems(table(la)) =1 then
if rhs(la[1]) <O then L neg = [op(L_neg), [L red[i], L red[j]]]
end if
elif numelems(table(la)) =2 then
if rhs(la[1]) <0 and rhs(la[1]) =rhs(la[2]) then
L neg:=[op(L _neg), [L _redli], L red[j]]]
end if
end if
end do
end do;
return L red, L neg
end if
| end proc

[> NormalCone: =proc (4)
local L red,L neg,L normdir,X,Y,i,j,line,X0,Y0,signl, sign2,
sign list,m,TrueFalse;

### Calling the procedures OpposingPairs on A to achieve the
input values L red and L neg

L _red:=OpposingPairs (A) [1];
L neg:=OpposingPairs(A) [2];
L normdir:=[];

if numelems(L_red)=1 then
L normdir:=L red;

else
if numelems(L_neg)=0 then

X:=[seq(L_red[i] [1],i=1. .numelems (L red))];
Y:=[seq(L red[i] [2],i=1. .numelems (L red))];

©))
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for i from 1 to numelems (X) while numelems (L_normdir)<2 do
line:=Y[i]*x-X[i]*y;,
X0 :=subsop (i=NULL,X) ;
Y0 :=subsop (i=NULL,Y) ;
signl:=evalb (eval (eval (line,x=X0[1]) ,y=Y0[1])<=0) ;
m:=0;
for j from 2 to numelems (X0) while m=0 do
sign2:=evalb (eval (eval (1line,x=X0[j]) ,y=Y0[j])<=0) ;
if signl<>sign2 then
m:=m+1;
end if;
end do;
if m=0 then
L normdir:=[op(L_normdir), [X[i] ,Y[i]]]:;
end if;
end do;

elif numelems(L_neg)=1 then
if numelems (L red)=2 then
L normdir:=L red;
elif numelems (L_red)>=3 then
for i from 1 to numelems (L _neg[l]) do
L red:=remove(is,L red,L neg[1l][i]);
end do;

X:=[seq(L_red[i] [1],i=1. .numelems (L _red))];

Y:=[seq(L_red[i] [2],i=1l. .numelems (L _red))];

line:=L neg[l][1][2]*x-L neg[l][1][1]*y’

sign_list:=[];

for i from 1 to numelems (X) do

sign list:=[op(sign_list) ,evalb(eval (eval (line,x=X[i]) ,y=Y

[1])<=0)];

end do;

m:=0;

for i from 2 to numelems(sign_list) while m=0 do
TrueFalse:=evalb(sign list[l]=sign_list[i]);
if TrueFalse=false then
m:=m+1;
end if;

end do;

if m=0 then

L normdir:=[op(L neg[l]),L red[1]];

elif m>0 then - -

L normdir:=[];

end if;

end if;

elif numelems(L_neg)>1 then
L normdir:=[];

end if;
end if;

return L normdir;
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### Output: List of extremals L normdir that generate the normal
cone

end proc;
NormalCone = proc(A) “4)

local L_red, L neg, L normdir, X, Y, i, j, line, X0, Y0, signl, sign2, sign_list, m, TrueFalse;
L red = OpposingPairs(A)[1];
L neg := OpposingPairs(A)[2];
L normdir :==1[ ],
if numelems(L _red) =1 then
L normdir :== L red
else
if numelems(L neg) =0 then
X:=[seq(L _red[i][1],i=1.numelems(L_red)) ],
Y:=[seq(L red[i][2],i=1.numelems(L red))];
for i to numelems(X) while numelems(L_normdir) <2 do
line:=x*Y[i] — y*X[i];
X0 = subsop(i=NULL, X);
Y0 = subsop(i=NULL, Y);
signl = evalb(eval(eval(line, x=X0[1]),y=Y0[1]) <=0);
m:=0;
for j from 2 to numelems(X0) while m=0 do
sign2 = evalb(eval(eval(line, x =X0[j1), y=Y0[j]) <=0);
if signl <>sign2 then m:=m + 1 end if

end do;
if m=0 then L _normdir := [op(L_normdir), [X[i], Y[i]]] end if
end do

elif numelems(L _neg) =1 then

if numelems(L _red) =2 then
L normdir ==L _red

elif 3 <=numelems(L_red) then
for i to numelems(L _neg[1]) do

L red :=remove(is, L _red, L neg[1][i])

end do;
X:=[seq(L red[il[1],i=1..numelems(L _red)) ]
Y:=[seq(L red[i][2],i=1.numelems(L red))]
line:=x*L neg[1][1][2] —y*L neg[1][1][1]
sign_list:==11];
for i to numelems(X) do

>
5
>

sign_list == [op (sign_list), evalb(eval(eval(line, x =X[i]), y=Y[i])
<=0)]
end do;
m:=0;



56

for i from 2 to numelems(sign_list) while m=0 do
TrueFalse := evalb(sign_list[ 1] =sign _list[i]); if
TrueFalse = false then

m:=m++1
end if
end do;
if m=0 then

L normdir :== [op(L neg[1]), L red[1]]
elif 0 < m then
L normdir == ]
end if
end if
elif 1 < numelems(L neg) then
L normdir = ]
end if
end if;
return L_normdir
| end proc

[> Plotting:=proc(c,A,b,PlotIntervals)
local L normdir,FeasibleSet,FeasiblePlot,PointListPlot,
ObjectiveArrow,NormDirPlot;

### Creating the figure for the problem

### Input:

## c: coefficients of the objective function in list form

## A: list of normal vectors generated by the rows of A

## b: list of the b_i constants from the right-hand sight of the
constraints

## PlotIntervals: list of endpoints of the intervals for the
plotting -> x=a..b,y=c..d -> PointlIntervals:=[a,b,c,d]

L normdir:=NormalCone (3) ;

FeasibleSet:=[seq(A[i] [1]*x+A[i] [2] *y<=b[i],i=1. .numelems (A))];
FeasiblePlot:=inequal (FeasibleSet,x=PlotIntervals[1l]..
PlotIntervals[2] ,y=PlotIntervals[3]..PlotIntervals[4],color=
"LightGray") :

PointListPlot:=pointplot([seq(A[i],i=1. .numelems(A))],
symbolsize=15,symbol=solidcircle,color="Blue") ;
ObjectiveArrow:=arrow(c,width=0.001,head width=0.2,head length =
0.2,color="Green",shape=arrow, scallng-constralned)

if numelems (L normdir)=0 then

display (FeasiblePlot,ObjectiveArrow,PointListPlot,labels=
[Hx—lll , Hx—2"] ) ;

else

NormDirPlot:=arrow([seq(L normdir[i],i=1..numelems (L_normdir))
]1,width=0.001,head width=0.2,6head | length = 0 2,color="Red", shape=
arrow, scallng—constralned),

prlntf("The normal cone is the cone combinatin of: %a.",
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L normdir) ;

display (NormDirPlot,FeasiblePlot,ObjectiveArrow,PointListPlot,
labels=["x_1","x_2"]);

end if;
end proc;

Plotting = proc(c, A, b, PlotIntervals) Q)
local L normdir, FeasibleSet, FeasiblePlot, PointListPlot, ObjectiveArrow, NormDirPlot;
L_normdir := NormalCone(A);

FeasibleSet := [seq(x* A[i][1] +y* A[i][2] <=b[i],i=1 ..numelems(A)) ],
FeasiblePlot := plots:-inequal( FeasibleSet, x = PlotIntervals[ 1]..PlotIntervals[2], y
= PlotIntervals[ 3] ..PlotIntervals[ 4], color ="LightGray");
PointListPlot := plots:-pointplot ( [seq(A[i], i =1 ..numelems(A) ) ], symbolsize= 15, symbol
=solidcircle, color ="Blue");
ObjectiveArrow = plots:-arrow(c, width = 0.001, head width=0.2, head length=0.2, color
="Green", shape = plots:-arrow, scaling = constrained);
if numelems(L_normdir) =0 then
plots:-display( FeasiblePlot, ObjectiveArrow, PointListPlot, labels = ["x_1","x_2"])
else
NormDirPlot := plots:-arrow([seq(L_normdir[i], i =1..numelems(L_normdir) )],
width=0.001, head_width=0.2, head_length =0.2, color ="Red", shape = plots:-
arrow, scaling = constrained);
printf ("The normal cone is the cone combinatin of: %a.", L _normdir);
plots:-display( NormDirPlot, FeasiblePlot, ObjectiveArrow, PointListPlot, labels
=["x_1","x_2"])
end if
| end proc

> Solvability:=proc(c,A,b,PlotIntervals)
local L normdir,la,line,sign_c,sign_3;

### Input: same as in the procedure Plotting
L normdir:=NormalCone (3) ;

if numelems (L normdir)=0 then

printf ("The normal cone is R*2. If the problem is feasible,
then the feasible set is compact. Thus, the problem has an
optimal solution, as well.");

Plotting(c,A,b,PlotIntervals) ;

elif numelems (L normdir)=1 then

la:=solve({lal*L normdir[1][1]=c[1l],lal*L normdir[1l][2]=c[2]},
{lal});

if 1la=NULL then

printf ("The objective function is unbounded, therefore there
is no optimal solution.");

Plotting(c,A,b,PlotIntervals) ;

elif rhs(la[l])>=0 then

printf ("If the problem is feasible, then it has an optimal
solution, as well.");
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Plotting(c,A,b,PlotIntervals) ;
else
printf ("The objective function is unbounded, therefore there
is no optimal solution.");
Plotting(c,A,b,PlotIntervals) ;
end if;

elif numelems (L normdir)=2 then
if L normd1r[1][1] =0 and L normdir[2][1]=0 and c[1]<>0 then
printf ("The objective function is unbounded, therefore there
is no optimal solution.");
Plotting(c,A,b,PlotIntervals) ;
elif L normd1r[1][2] =0 and L normdir[2][2]=0 and c[2]<>0 then
printf ("The objective function is unbounded, therefore there
is no optimal solution.");
Plotting(c,A,b,PlotIntervals) ;
elif L normdir[1][1]=0 and L normdir[2][1]=0 and c[1]=0 or
L normdir[1][2]=0 and L normdir[2] [2]=0 and c[2]=0 then
~ printf("If the problem is feasible, then it has an optimal
solution, as well.");
Plotting(c,A,b,PlotIntervals) ;
else
la:=solve({seq(lal*L normdir[l][i]+1la2*L normdir[2][i]=c[i], i=
1..numelems(c))},{lal,la2});
if rhs(la[l])<0 or rhs(la[2])<0 then
printf ("The objective function is unbounded, therefore there
is no optimal solution.");
Plotting(c,A,b,PlotIntervals) ;
else
printf ("If the problem is feasible, then it has an optimal
solution, as well.");
Plotting(c,A,b,PlotIntervals) ;
end if;
end if;

elif numelems (L normdir)=3 then
line:=L normd1r[1][2]*x L normdir[1][1]*y;
51gn c:=evalb (eval (eval (line,x=c[1]) ,y=c[2])<=0) ;
sign__ ~ 3:=evalb (eval (eval (line, x—L_normd1r[3][1]) y=L normdir[3]
[2])<=0) ;
if sign_c=sign_3 then
printf ("If the problem is feasible, then it has an optimal
solution, as well.");
Plotting(c,A,b,PlotIntervals) ;
else
printf ("The objective function is unbounded, therefore there
is no optimal solution.");
Plotting(c,A,b,PlotIntervals) ;
end if;

end if;

### Output: Answer for the solvability question; the list
L normdir; figure for the problem

end proc;
(6)
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Solvability := proc(c, 4, b, PlotIntervals) 6)
local L normdir, la, line, sign_c, sign_3;

L _normdir := NormalCone(A);
if numelems(L_normdir) =0 then
printf("The normal cone is R"2. If the problem is feasible, then the feasible set is
compact. Thus, the problem has an optimal solution, as well.");
Plotting(c, A, b, PlotIntervals)
elif numelems(L_normdir) =1 then
la :==solve({lal* L normdir[1][1]1=c[1], lal * L normdir[1][2]=c[2]}, {lal});
if la=NULL then
printf ("The objective function is unbounded, therefore there is no optimal solution.
")s
Plotting(c, A, b, PlotIntervals)
elif 0 <=rhs(la[1]) then
printf ("If the problem is feasible, then it has an optimal solution, as well.");
Plotting(c, A, b, PlotIntervals)
else
printf ("The objective function is unbounded, therefore there is no optimal solution.
")s
Plotting(c, A, b, PlotIntervals)
end if
elif numelems(L_normdir) =2 then
if L normdir[1][1]=0 and L normdir[2][1]=0 and ¢[1]<>0 then
printf ("The objective function is unbounded, therefore there is no optimal solution.
")
Plotting(c, A, b, PlotIntervals)
elif L normdir[1][2]1=0 and L normdir[2][2]=0 and c[2]<>0 then
printf ("The objective function is unbounded, therefore there is no optimal solution.
")
Plotting(c, A, b, PlotIntervals)
elif L normdir[1][1]=0 and L normdir[2][1]=0 and c[1]=0 or L_normdir[1]
[2]=0 and L normdir[2][2]=0 and c[2]=0 then
printf ("If the problem is feasible, then it has an optimal solution, as well.");
Plotting(c, A, b, PlotIntervals)
else
la == solve({seq(lal* L _normdir[1]1[i] +la2* L normdir[2][i]=c[i],i=1
.numelems(c)) }, {lal, la2});
if rhs(la[1]) <O or rhs(la[2]) <O then
printf ("The objective function is unbounded, therefore there is no optimal
solution.");
Plotting(c, A, b, PlotIntervals)
else
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printf ("If the problem is feasible, then it has an optimal solution, as well.");
Plotting(c, A, b, PlotIntervals)
end if
end if
elif numelems(L_normdir) =3 then
line:=x*L normdir[1][2] — y*L normdir[1][1];
sign_c :=evalb(eval(eval(line,x =c[1]),y=c[2]) <=0);
sign_3 = evalb(eval(eval(line,x =L _normdir[3][11]),y=L normdir[3][2]) <=0);
if sign_c=sign_3 then
printf ("If the problem is feasible, then it has an optimal solution, as well.");
Plotting(c, A, b, PlotIntervals)
else
printf ("The objective function is unbounded, therefore there is no optimal solution.
")
Plotting(c, A, b, PlotIntervals)
end if
end if
| end proc
[> ### Example 1 ###

c:=[3,2]:

A: [[2I1]I[111]I[110]I[_llo]l[ol_l]]:

b:=[10,8,4,0,0]:

PlotInterval:=[-2,6,-2,11]:

Solvability(c,A,b,PlotInterval) ;
The normal cone is R*"2. If the problem is feasible, then the
feasible set is compact. Thus, the problem has an optimal
solution, as well.
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> ### Example 2 ###
c:=[-2,1]:
A:=[[-3,-3],[-3,0],[-1,-1]1,[2,2]]:
b:=[6,0,2,4]:
PlotInterval:=[-5,5,-5,5]:
Solvability(c,A,b,PlotInterval) ;
If the problem is feasible, then it has an optimal solution, as
well.The normal cone is the cone combinatin of: [[-3, -3], [2,

2]/ [_3/ O]]-
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x 2

> ### Example 3 ##i#
c:=[-4,-2]:
A:=[[2,8],[2,2],[3,0],[4,-2],[4,4],[6,0],1[8,-4],[1,2],[6,6]]:

b:=[7,-6,4,8,-4,16,8,2,12]:

PlotInterval:=[-8,10,-8,10]:

Solvability(c,A,b,PlotInterval) ;
The objective function is unbounded, therefore there is no
optimal solution.The normal cone is the cone combinatin of: [[2,
8]/ [41 _2]]'
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