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Abstract

In this work, we introduce a symmetric algorithm obtained by the
recurrence relation a® = a¥ | +a%~1. We point out that this algorithm
can be applied to hyperharmonic-, ordinary and incomplete Fibonacci-
and Lucas numbers. An explicit formula for hyperharmonic numbers,
general generating functions of the Fibonacci- and Lucas numbers are
obtained.

Besides we define "hyper-Fibonacci numbers", "hyper-Lucas num-
bers". Using these new concepts, some relations between ordinary and

incomplete Fibonacci- and Lucas numbers are investigated.

1 Introduction

The algorithm introduced below is an analog of the Euler-Seidel algorithm [4].
These kind of algorithms are useful to investigate some recurrence relations
and identities for some numbers and polynomials.

Having this concept, we give some applications for hyperharmonic num-
bers, ordinary and incomplete Fibonacci and Lucas numbers.

First of all, two real initial sequences, denoted by (a,) and (a™), be given.
Then an infinite matrix which we call "symmetric infinite matrix" with en-

tries a® corresponding to these sequences is determined recursively by the



formulae

S>30

ie.,

Qp
k k
Q1 ap,

With induction, we get following symmetric relation which gives us any
entries a® (k denotes the row, n is the column) in terms of the first row’s and
the first column’s elements:

k . n .
K n+k—1-1\ , E+n—j7-1Y\ ,
“=2 ( n—1 )“WZ( k-1 )% @)

Jj=1

By the relation (2) we get the generating function of any row and column for
the symmetric infinite matrix (see Theorem 3). It is proved that the relation
(2) is useful to investigate the structures of familiar sequences.

There are some papers related with this work. Among which Dumont
[4] used another recurrence relation which was given in [5], [11] and he gave
many applications for Bernoulli, Euler, Genocchi etc. numbers. In [3], there
is a generalization of Euler-Seidel matrices for Bernoulli, Euler and Genocchi
polynomials. Present authors used Dumont’s method for hyperharmonic
numbers, r-Stirling numbers and for classification of second order recurrence
sequences in [9].

2 Definitions and notation

2.1 Euler-Seidel infinite matrices

Let a sequence (a,) be given. Then the Euler-Seidel infinite matrix corre-
sponding to this sequence is determined recursively by the formulae;

a an, (n = 0); (3)

= a ' +af, >0 k>1).

I >3O

a
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ie.,

The first row and column can be transformed into each other via Dumont’s
identities [4]

i = 3 (1) )
o = i(};‘)(—w—ka{;.

k=0

3 O

There is a connection between the generating functions of the initial se-
quence (a,) = (a2) and the generating functions of the first column (a}).
Namely,

Proposition 1 (Euler [5]) Let
a(t) = ajt" ()
n=0

be the generating function of the initial sequence (a). Then the generating
function of the sequence (af}) is

o0

a(t) =Y apt" = %a (%_t) : (6)

n=0
In the sequel, the generating functions for the columns of the Euler-Seidel
infinite matrix will be denoted by overline.

2.2 Hyperharmonic numbers

The n-th harmonic number is the n-th partial sum of the harmonic series:
"1
Hn = ; E
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Let H{Y := H,, and for all r > 1

0o =3 1 (7)

n
k=1

be the n-th hyperharmonic number of order r. By agreement, H, ér) = 0 for all
r > 1. These numbers can be expressed by binomial coefficients and ordinary
harmonic numbers as

n+r—1
H7(lr) = ( )(Hn-‘rr—l - Hr—l)-

r—1

It turned out that the hyperharmonic numbers have many combinatorial
connections. To present these facts, we refer to [1] and [2]. Present authors
gave a new closed form for these numbers in [9)].

2.3 Fibonacci and Lucas numbers

The sequence of the Fibonacci numbers is given by the recursion formula
Fn:Fn—1+Fn—27 (77,22)

with initial values Fy = 0, F; = 1. The Lucas sequence L,, has the same re-
cursion formula, but Ly = 2, L; = 1. The numbers L,, and F,, are connected
with the formula

L,=F, 1+ F,1, (n>1). (8)

One can read more on these numbers in [2], [8], [12] and [13]. Now we
recall a general generating function of Fibonacci numbers from [8] (page 230)
which we need later, namely,

= L EA (1) Byt
— 1 — Lyt + (—1)" 2

We can derive similar generating function for Lucas numbers easily by
using formula (8) and the generating function (9) as follows

- L Lo+ (=)Lt
S Lt = L E Tt (10)
= 1—Lit+ (=1)"t



2.4 Incomplete Fibonacci and Incomplete Lucas numbers

The incomplete Fibonacci and incomplete Lucas numbers are defined in [7]

Ln(k)—Znﬁj(”;j),(n—m,&...;ogkg ED

=0

where [n] denotes the integer part of n.
The connection between ordinary and incomplete Fibonacci and Lucas
numbers are also given in [7] as

F,(k)=0 0<n<2k+1, Foup(k)=Fous1, Fonro(k)= Fopso; (12)

We also need the following properties of incomplete Fibonacci and Lucas
numbers which are given in [7] as

i (?) Eoyj(k+7) = Fopon(k + R), (0 <k< H_Th_l) : (13)
i (?)Ln+j(/f+j) = Lnjon(k + h), (0§ k< n;h> (14)

Generating functions of these numbers are given in [10] as

k+1
J— g2kl (Fopy1 + Fort) (1 — )" —#2

Ry (1) = ; Fj(k)t 1—tfTa—t—) (15)
N . i o (Log + Log1t) (1 — £t 22— 1)
Sk (t) = JZO Lj(k)t =t (1— t)k+1 (1—t—p) . (16)

3 Generating Function of any Row and Column of the Symmetric
Infinite Matrix

After these introductory steps we are ready to formulate our results.
First we give general terms and generating functions of any row and
column of the symmetric infinite matrix by using the symmetric algorithm.



Proposition 2 If the relation (1) holds then any entries of the symmetric
infinite matrix is

k . n .
n+k—i—1Y\ , k4+n—j—-1
aﬁ:Z( "1 )a0+2( P >a2. (17)

i=1 j=1

Proof. It follows from induction on n + k by using relation (1). =

Theorem 3 Let (a?) and (a?) be two initial sequences. Then the generating

functions of the kth row and nth column of the symmetric infinite matrix are

X { 0+ 7 a1 “T} W

and

_:Zaﬁtk:(l_lt>n {Om—l—%_tZa?(l—t)j}. (19)

Proof. We will prove just the first equation, the proof of the second equation
is similar and it is omitted here. From equation (17),

[e's) o) k+1 n+1 .
Jh 1y n+k+1-r\, E+n+1-=73\ ol .n
st =SS (T ()t
n=0 n=0 \r=1 7j=1

k

=ay (nzk)thag“z <n+s_ >t"+2an+ltnz (kj];")t”

n=0 —

5 <n+k)tn {a0+2an+lt"} +Zar+1z (ms —r)tn_

n=0
Then
> " n+k\,, , n+k—r\,,
;aﬁ“t nZg( i >t {agt +°a( }—l—;ao“tZ( L )t.

If we write related series in terms of Newton’s binomial series we get

) k

1
g aptt = ——— {Oa (t) + E agtt (1 — t)r} :
n=1 (1 B t) r=0

The last equation gives the statement. m
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4 Applications

In this section we obtain some results on hyperharmonic-, ordinary Fibonacci-
and Lucas numbers using the symmetric algorithm have introduced.

4.1 Application for Hyperharmonic Numbers

We start with two suitable initial sequences for hyperharmonic numbers.
Let a? = n_+1 and af =1, n > 1 be given. If we calculate the elements of
the Correspondlng infinite matrix by using the recursive formula (1), it turns

out that it equals to

Hl(U) HQ(O) H?EO) HLEO)
H{l) H2(1) Hél) Héil)

Hfz) Hz(z) H?Ez) Hf) (20)

where HY = ,n>1.
Now we are ready to obtain the well-known generating function of hyper-
harmonic numbers with our method as a corollary of Theorem 3.

Corollary 4 We have
S HW = _W@-t)
n=1 ! (]‘ - t)k

Proof. In Theorem 3 by taking a? and af =1, (n > 1) we obtain

+
Hk)t”— Oq (t) + —— 1—8)" %,
0-3 t)k{ 0+ 15300
From the identities ol
ta(p) = 220y
t
and
: )
>t = {1—(1—t)}

we can write,

S HO = (1—tt)k {_ln(l—t) _(1_t>k} _ _Wm@-p




It completes the proof. m

Next theorem indicates the relation between binomial coefficients and
hyperharmonic numbers. In [1], authors gave combinatorial proof of this
statement whereas here it will be proven by the symmetric algorithm.

Theorem 5 Ifn > 1,k > 1 then

Hﬁh;}j(”+z_{_l)¥

j=1 J

Proof. Let us take a) = —1 and aff = 1, (n > 1). From the formula (17),

k . n+1 .
el n+k—i+1 E+n—j5+1\ 1
s = (TR ()

j=1

n+k—i " (k+n—j\ 1
() )

=0

n+r " (k+s 1
B ( n )+Z( k )n—8+27

r=0 s=0

+1
=1

|

=0

= |l

where k — i =r and n — j = s. From [6, page 160] we have

> (1) - (1)

Hence

k4+n+1 " (k+s 1 Skt s 1
k+1 _ R _
= () 2 () ()i

Then the matrix (20) yields

n—1
k+s—1 1
ke gk) —
— W —
Ot ( k—1 )n—s7

which completes the proof. m



4.2 Applications for the Ordinary Fibonacci and Lucas Numbers

In the sequel we point out that the symmetric algorithm is quite applicable
for ordinary Fibonacci and Lucas numbers. By starting with two different
initial sequences we get an application which gives us new identities.

Let us consider the initial sequences a’ = F,,_; and a} = Fy, 1, n > 1.
This special case gives the following infinite matrix:

0 Fy Iy Iy

P Fy F35 Fy .-

Fs Fy Fy5 Fg --- . (2]_)
Fs Fg F7 Fy

One can consider the similar infinite matrix for the Lucas numbers just by
substitution F},, with L,,.

We will prove some famous relations (cf. [8]) for Fibonacci and Lucas
numbers with our method.

Proposition 6 The following equalities hold

FQn = Z F21;1 and Z Fl = Fn+2 —1 (22)
i=1 i=1
and . .
Lgn —2= Z Lgi_l and Z Lz = Ln+2 — 1. (23)
i=1 1=0

Proof. Here, we consider only the equation (22). Equation (23) can be
proven similarly.

For a? = F, | and a = Fy, 1, n > 1 we can write a} = Fy, a2 = F},
and by induction a} = F5,. From equation (2) we see that

af =Fy+ Y Py
i=1
and complete the proof of (22). m
The generating function of the first row or the first column in the matrix
(21) is well-known. In the following proposition we obtain generating function
of any row or column of this matrix and later we observe some results of them.
For the sake of simplicity hereafter we will denote

k—1 . n—1 .
n+k—1—2 n+k—1—2
Fy; d F; 24
i:o( n—1 > 2i+1 an Z( E—1 ) ( )

1=0



by A, and B, j, respectively.
Proposition 7 For the values a2 = F,,_y and aj = F, 1, (n > 1), we have

no_ t{Fo, + tFo,_1}
1—t—1¢2

Fa (t) = i (Apg + Bug) t (25)

and
_ t(Fpy —tF, 1)

—3t+1

"a(t) = Z (Apg + Bog)th (26)

Proof. From the relation (18),

Eoy o L _
a(t)_(l—t)k{ 1_tZF27‘11 t) }

Considering the generating function (9),

0 n
H=S"F "= —"
a(t) Z; S e
and
k 00
ZF2T—1(1—75)T = ZF27“1 (1—1t) ZFQTI (1—1)
r=1 r=1 r=k+1

Q—t)t— (1 =) {Fops — (1 —t) Fy_ 2k}
2+t—1

By definition, F_, = (=1)"*' F,, thus

=0 {t- -0 (Bt tFa)
ZF27“71(1_t) = 24t—1 :

Fa () = 1 {t(l—t)k {sz—i-thkl}} _ t{sz—i-thk,l}.

(1—1t)F 1—t—t? 1—t—t?

The identity (26) can be proven by the same approach. m
Let us consider a similar proposition for even and odd Fibonacci numbers.
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Proposition 8 With initial sequences ag = Fy,1 and aff = Fo,, n > 1, we
have

WE

S R2+t—1) (1t —3t+1)

—1 tt*—t+1
(On,k + Ak,n) t" { (1 ( ) + F2k+1 + tFQk}

n=1

and

(On,k; + Ak,n) tk

WE

t { 2t (12 —t+1)

_ — Fyy —tFyp 1y,
P+t—1|(1—t)" (2 —3t+1) ° 2 1}

e
Il

1

where

k—1 .
n+k—1—2
Cn,k = E ( 'n,—l )F2z

i=0
Remark 9 By considering Proposition 6, Proposition 7 and Proposition 8

we have the generating functions for tails of the Fibonacci sequence.

Remark 10 We obtain similar propositions to Proposition 7 and Proposi-
tion 8 for the Lucas numbers just by substituting F,, with L,.

4.3 Applications with the Incomplete Fibonacci and In-
complete Lucas Numbers

In this subsection we will investigate the results obtained when the entries
of the Euler-Seidel and symmetric infinite matrices are particularly choosen
to be the incomplete Fibonacci and incomplete Lucas numbers.

4.3.1 Euler-Seidel Algorithm

We will give some applications on incomplete Fibonacci numbers with Euler-
Seidel method.

Let us take the incomplete Fibonacci numbers F, ., (s +n) as a2. From
formulae (4) we have

ol = (Z) Frow(s+Fk).
k=0
The identity (13) implies

ag = Frion (s+n).

11



Because of the choice of a) and the last equation of ajj, we obtain the
dual formula of (13):

n —n—1
Frntstn) =3 (1) (G0 B s+, 05 70 o)
k=0
Similarly,
Lr+2n(8+n): (Z)Lr+k(s+k)7 OSSST;TL’

k=0

and its dual is

LrJrn (5 + n) - (Z) (_1)n—k Lr+2k (3 + k) ) 0 S S S 2
k

Il
o

Secondly, let a2 = F, (k). Then from (4),

a’&zi(?)ﬂ(@-

=0

In the followig theorem we present a new formula to this quantity.

Theorem 11
" 0, ifn < 2k+1;
(l)Fl(k): Foryr, ifn=2k+1;
1=0 F, if n > 2k + 2.
where,

- T r—1
F o = Z |:F2k(2k>+F2k—1(2k_1):|F2n—2r

r=2k+1

B Z Z Py s (r +k —km — 1) <ml;|— k) om.

r=0 m=0

Proof. The relation (15) gives that

i — o1 (Fores + 0F) (1 — DS
(1=t (1 —t—12)

a(t) =3 F k)t

12



From equation (6) we obtain

n n n 252k—&—1
2 (z)F’ (k)] T e sy

=0

(1 —2t)*! 2
X {<F2k+1_tF2k) — (l—t)Q}'

[e.e]

at) = )

n=0

(1—1)"*

By substracting the generating function of even Fibonacci numbers outside
the equation above we have

_ t2k+1 o0 n+ 2% N
(l(t) = m {(FQk—‘,—l — thk) Z ( n )t

n=0
= /n+k = /n+k
—t2 nyn n
(" ey ()]
n=0 n=0
< + 2k r+ 2k
— 2 Fopon 4 Fopar [ R
" r—m+k\ /m+k
—t? m| ¢
=0
00 n—2k T+2]{?
- 2k+1 L
o Fop it + Z {ZFQn 4k 27"F2k+1< . )
n=2k+2 r=0
n—2k
r+2k—1
_ZF2n—4k—2rF2k< )
— r—1
n—2k r—2
r—2—-m-+k\/m-+Ek
—zzan_%_%( )( >2m ”
= = r—2—m m

After some rearrangement,

0o n—2k r+ 2]{3
N 2%k+1
a(t) = FyFop 1t + Z {Z Fop_ap—or [F%—&-l( . )
n=2k+2 r=2
r+2k—1 2 r—2—m+k\/m+k
_F — 2"
2k< r—1 ) m2::0< r—2—m )( m ) ]
+EypanForpr + 2k + 1) Fopap—oFop1 — Fon_ap—oFor } t"

[eS) n—2k
= F2F2k:+1t2k+1 + Z { Z F2 —4k—2 |:<r + Qk B 1) TF2k + 2kF2k+1

r—1 T
n=2k+2 r=2

13



i (r—z—mwf) (m+k:)2m]
— r—2—m m
+Fop g Fopi1 + 2k + 1) Fopap—2Fop 11 — Fopap—oFop } 1"

and thereby the theorem is proved. m
A same approach proves a parallel result for incomplete Lucas numbers

Theorem 12
0, if n < 2k;

1=0 l ! <2k+1) L2k+L2k+2’ an: 2]{:-’—1’

B L, ifn > 2k + 2.
where,

n—2k—2
r+2k—1
L : = Fopapp—oriolog — Fop—ap—or Loj—
; (‘{2 ak—2r+2L02k on—4k—2 2k2}( - >

“r—=m+k\ /m+k
—{Fon—ak—2r—5 + Fon_ak—2r—3} Z ( ) ( >2m
=\ r—m m

n—1 n—2
L L .
* 2k(n—2k) * 2k+2(n—2k—1)

4.3.2 Symmetric Algorithm

Here we introduce new concepts as "hyper-Fibonacci numbers" and "hyper-
Lucas numbers" similar to the concept of "hyperharmonic numbers". They
will be useful for us.

Definition 13 Let the hyper-Fibonacci numbers F") and the hyper-Lucas
numbers Lg) be defined respectively as

F = N BV with Y = F,, Fy) =0, and F{” =1;  (28)
k=0

L9 = "LV, with L = L, LY =0, and L{” = 1.
k=0

Proposition 14 The generating functions of the hyper-Fibonacci numbers
and the hyper-Lucas numbers as follows, respectively,

= t
FMn =
Z " (1—t—t3)(1—-10)"

n=0

14



o)

2—t
LNt = :
S =

n=0

Proof. Proof is obtained immediately by using Cauchy product and induc-
tionr. m

Now we are ready for the application. Let us recall the equtions (24). By
generating function (15) we have

00 ok t2k+2 00
D Fik)t =1 E: ne T Bui)t “(;j;y:IE:F%t'
7=0 n=0

Applying the concept of hyper-Fibonacci numbers, we can rewrite the right-
hand side of the equality as

ZFj(/f)tj: Z (An—2kk + Bn-2kr) Z ES5)
= el 1 n=2k+2

Here with help of the Proposition 6 we have the following theorem.

Theorem 15 We have

0, if 0 <n <2k +1;
F, (k) =< Fory1, ifn =2k + 1; (29)
Ap_okk + Bn_ok i — ng;;) 9, ifn>2k+1.

Theorem 15 provides an interesting corollary.

Corollary 16 For the ordinary Fibonacci numbers, the following equalities

are valid: -
Forgr = 1= (k=) Faiya, (30)
i—0
k-1
k+1-—
Fopro—k—1= Z ( 5 )F2i+1- (31)

1=0

Proof. Proof of the equations (30) and (31) seen by taking n = 2k + 2 and
n = 2k + 3 in the formula (29), respectively. =
The similar result for incomplete Lucas numbers is:

Theorem 17 We have

0, if0 < n < 2%;
Ln(R) =9 Ay + Bay, ifn=20+1 2

Ap—okt1k + Brookt1k — L,(frglk),y if n > 2k + 2.

15



Proof. Proof is similar to the proof of the Theorem 15. m

Corollary 18 We have

k—1
Logs1 = 3 (k— 1) Lyipr + 2k + 1.
i=0
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