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This thesis contains the primary results from the doctoral dissertation. Our
research has yielded several important lemmas, propositions, theorems and
corollaries that are thoroughly elaborated in the papers [1,2] and also within
the doctoral dissertation itself.

Taylor’s theorem

Taylor’s theorem contains a polynomial, which is referred to as a Tay-
lor polynomial of a corresponding degree, is used to estimate a differentiable
function about a given point up to a certain order. A polynomial truncates the
Taylor series of a function in a specified order and can provide linear or qua-
dratic approximations based on its degree. There are variations of this method
that provide clear estimates of error. Brooke Taylor [22] developed one version
in 1715 after it had been predicted by James Gregory in 1671 [12]. This con-
cept is an important tool for introductory calculus and mathematical analysis
courses, as it provides exact formulas for many transcendental functions such
as exponential, trigonometric, and hyperbolic functions. In addition, it can be
used in various fields such as numerical analysis and mathematical physics,
and can be extended to multivariate or vector-valued functions.

Given a function f : I — R, which is n times differentiable at a € [
(where [ is a non-degenerate real interval), the polynomial 7,,.,( f) defined by

Zf]) x—a)

is called the nth-order Taylor polynomlal of the function f at the base point a.
The form with integral remainder term can be formulated as follows.

THEOREM. Let I be a real interval and let f : I — R be (n + 1) times
continuously differentiable. Then, for all a,z € I,

fa) = / sy =y

The variant as an intermediate value theorem is the following assertion.

THEOREM. Let I be a real interval and let f : I — R be (n + 1) times
differentiable. Then, for all a,x € I, there exists a point £ between a and x
such that

_ (n+1) .M
(1) f(x) = Toa(f) (@) + FV(E) CEDIE

The formula for the remainder term in (1) is called Lagrange’s form of the
remainder term.



The previous two theorems are contained in most of the textbooks on basic
analysis (see, e.g., [4], [8], [19], [20]). In addition to the two remainders in (1)
and (2), there are many other types of remainders such as:

e The Cauchy form of the remainder, which is given by

_f(e)
(n)

e The Schlomilch form of the remainder, which is given by

n+1
f( * )(5) (.T _ €)n+1fp (I‘ B a)p
n! D
which is also known as the Schlomilch-Roché form [7], and it is the
general case of (1) and (2), where selecting p = n + 1 represents
the Lagrange form, while choosing p = 1 corresponds to the Cauchy
form.

(2) Ry() (x = &)"(x —a).

R, (x) =

?

Moreover, there have been several papers where extensions, generaliza-
tions and applications of these fundamental results can be found, cf. [3], [14],
[16], [15], [17], [18], [25]. The main content of these results is that they give
a high order approximation of the function f near the point a € [ in terms of
the polynomial 7},..,( f), which is of degree at most n and therefore it is in the
kernel of the differential operator D given by

D(f) = .

The aim of this section is to derive a general form of the Taylor theorem
related to a linear differential operator with constant coefficients.

Given an interval I C R, let Cx (/) stand for the space of continuous K-
valued functions defined on /, where K denotes either the field of real or com-
plex numbers. If additionally n € N, then let C; (/) denote the space of
n-times continuously differentiable K-valued functions defined on /.

For ¢ = (cy, ..., c,) € K" with ¢, = 1, let the nth-order linear differen-
tial operator D..: C(I) — Ck(I) be defined by the formula

De(f) =cof ™+ +af +af  (f€CRI)).
Let w. € CZ(R) denote the unique solution of the initial value problem
3) Do(we) =0,  w(0) =641 (£€{0,....,n—1}).

The function w,. will be called the characteristic solution of the differential
equation
D.(w) = 0.
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In order to provide a more or less explicit formula for F,., we define the
(n — 1)st order divided difference f(\1, ..., \,) by

- F)
e np i =)

.....

f()\l, ey >\n) =

see [9] for more details and alternative definitions. Moreover, in the following
lemma, we compute divided differences of f with repeated arguments under
natural regularity assumptions.

LEMMA. Let D C K be open, let n, k,mq,...,m; € Nwithmq+---+my =
n, let (A1, ..., \x) € ox(D) and define the polynomials Py, ..., P., P : C —
C by

PN = [ G=-xm Ge{l... .k},
GE{L, ok P\ {i}
(4) !

P() = [J(A = 2™

J=1

If f : D — Cis (m; — 1) times continuously differentiable at \; for all
ie{l,...,k}, then

k mi—l Pz 1)("%_1 K)()\z) f(e)()V)
Z .

mi1 mk; .
FO™, -5 () m; —1—10)] 0

i=1 (=0 (

Furthermore,

0 Jj=0
3'Buni 105 (G P (V) - - e Pt ()
(m; — 1 — 012, Pm(3,)) '




In fact, the sth term of the first (equivalently, of the second) formula of the
lemma becomes very simple in the particular cases when 1 < m,; < 3. Indeed,

m;—1 P1(mi—1-0) A 0 i
$ A0 OO

— (mi—1=10) 0
'Pagu> N
* wiy%>§§égm>
e ) s

LEMMA. Letn € N, ¢ = (cp,...,¢,) € K" with ¢, = 1, and let
M, ..., Ay € C be pairwise distinct roots of the characteristic polynomial
P. with multiplicities m1, ..., my € N, respectively. Then
Z’“:mf Hm=1=0(0) exp(Ait)
- (mi —1—=10)! 14 ’
i=1 ¢=0

where P; is defined by (4).

For the formulation of some consequences of our main results, for n € N,
k € Ny with & < n and v € C, we define the function (,, ., : R — R by

[e.e]

,yiti(n—k)-‘rn

5) Cnky(t) = ; (i(n — k) +n)!

By applying the ratio test, it follows that the series is convergent for all ¢ € R.
For further properties, we have the following statement.

LEMMA. Letn € N, k € Ny with k < nand v € C. Then, the function G,y ~
is the (unique) solution of the initial value problem

¢t — ¢+l ¢D(0)=6;,, (i€{0,...,n}).
In addition, if j € {0,...,k}, then
Cr(f,z)f,7 = Gn—jih—jy-
If v # 0, then, forallt € R,
gn,k,w”*k(t) = ’y_nCn,k,l(/yt)'



Furthermore, for all t € R,
tn

n—1 . .
1 271'] . 27‘(‘]

woa) = 1+ 25 e (‘cos (ZE)1) - cos (sin (22):).
G ,0,1< ) + n < exXp (COS o ) COS (sm -

We note that the series involved in the right hand side of (5) has closed
forms, more precisely, it is the linear combinations of the hyperbolic or
trigonometric functions and a polynomial of degree at most n — 3. Indeed,

if v = 1, then we get

( nT_Q tQi
© i cosh(t) — > @20 if n is even,
Cn,n—Q 1 - :Lfo
Zz: 2i+n)! n=3 (241
\ 1=
While for v = —1, we can obtain
o0 (_1)2t21+n
nn—2,-1(1) = NZYEEAYE
Grn-2-1(1) iz; (20 4+ n)!
( n—2
n— 2 _1 ZtQZ
(-1)"z (cos(t) — ( (2?)‘ ) if n is even,
7)!
i=0
N 50 4 2i+1
n-s( . (—=1)*+ .
-1z t) — - f dd.
k( )2 (sm() ; (2i+1)!) ifniso
Now, our main results can be stated as follows.
THEOREM. Letn € N, ¢ = (cg,...,c,) € K" with ¢, = 1, and assume

that f : I — Kis (n — 1) times differentiable at a € I. Define T, .f : R — K

by
n—1 n—1—j
(Ta,cf)(x) = Z (f(])<a) Z ci+j+1w£’) (.1' — &)) ,

§=0 i=0
where w, is defined by (3). Then, T, . f belongs to the kernel of D, and

fOa) = (Tuef)(a)  (€€{0,...,n—1}).

The function 7T}, . f is termed the generalized Taylor polynomial at the point
a with respect to the differential operator D..
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THEOREM. Letn € N, ¢ = (cg,...,c,) € K" with ¢, = 1. Then, for all
feCg(l)and x,a € I, we have

f(@) = (Tocf)(x /D ) - welx — t)dt.

The following result is a consequence of the previous theorem in which the
main part contains the Taylor expansion of order k and the rest is in terms of
the function ¢, 5.

THEOREM. Letn € N, k € Ny with k < n, and v € K. Then, for all
feCg(l)and x,a € I,

k—1 ;

+Zf(] nk'y 33—(1)
+ / (100 =2 (0) Gl 0= 01

The subsequent results will be corollaries of the previous theorem. First we
note that the classical Taylor theorem with an integral remainder term follows
from the previous theorem by taking £ = 0 and v = 0.

COROLLARY. Forall f € C¥(I) and a,x € I, we have

f(x) = f(a)cos(x — a) + f'(a) sin(z — a)
+/ (") + f(t)) sin(z — t)dt.

COROLLARY. Forall f € C4(I) and a,x € I, we have

f(z) = f(a) cosh(z — a) + f'(a) sinh(z — a)
+ / (f"(t) — f(t))sinh(z — t)dt.



COROLLARY. Forall f € Cx(I) and a,x € I, we have

cosh(xz — a) + cos(z — a)
2
sinh(z — a) + sin(x — a)
2
cosh(z — a) — cos(x — a)
2

+f"(a)
sinh(z — a) — sin(zx — a)
2

+ f///(a)
n /x(f””(t) B f(t))sinh(x — t)2— sin(z — t)dt.

f(x) = f(a)
+ f'(a)

COROLLARY. Let a, 8 € R with aB(a* — %) # 0. Then, for all f € Ck(I)
and a,x € I, we have

B2 cos(a(z — a)) — a?cos(B(x — a))

f(z) = f(a) 7o
) B sin(a(x —a ;2)62—_&1 zi)n(ﬂ (z —a))
T Gl aﬁ)g - Z;s(ﬁ (z—a))
L p(ayPsinlate - g%)ﬁ;_rx;l;(ﬁ(x —a))

+ [0+ @+ 500 + @25 0)

y Bsin(a(z —t)) — asin(f(z — 1))
af(p? — a?)

dt.

The limiting case of the above corollary (i.e., when o? = (%2 # 0) is
formulated as follows.
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COROLLARY. Let o € R with o # 0. Then, for all f € Cx(I) and a,z € I,
we have

2cos(a(z —a)) + a(x — a) sin(a(x — a))

f(z) = f(a)

2
n f,(a)?)sm(a(x —a)) — az(z —a) cos(a(r — a))
+ f'(a) (r —a) Si;léa(l' —a))
- () sin(a(x —a)) — aé:z?)— a) cos(a(r — a))

+f ) T 20270 + ()

" sin(a(z —t)) — a(z —t) cos(a(x —t))
2a3

dt.

COROLLARY. Let a, 8 € R with aB(a* — %) # 0. Then, for all f € CL(I)
and a,r € I, we have

() = f(a) (% cosh(a(xr — a)) — a? cosh(B(z — a))

82 _ o2
+ Fla) (2 sinh(a(x ;;z)ﬁz—_aazl)nh(ﬁ(:v —a))
L fa) cosh(f(x — aﬁ)z : (;;sh(a(x —a))
+a)” sinh(S(x ; 22)62_ _5 Zi;;h(a(l‘ —a))

+ / () - (02 + () + a1 (1)

" asinh(f(x —t)) — Ssinh(a(z — t))dt.
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COROLLARY. Let o € R with o # 0. Then, for all f € CY(I) and a,z € I,
we have

2 cosh(a(z — a)) — a(x — a) sinh(a(z — a))

1@) = f(@) -
4 pyPsublale =) - az(z — a) cosh(a(z — a))
+ =Y sinZ}:_)Eoz(x —a))
4 iyl = @) coshla(e ;O?) — sinh(a(z — a))

+/7ﬂwwo&ﬂw+¢ﬂm

a(x — t) cosh(a(x —t)) — sinh(a(x — t))
X dt.
203
To formulate the results of Taylor mean value theorem, we recall the ex-
tended mean value theorem for integrals.

LEMMA. Let f : [a,b] — R be a continuous function and g : [a,b] — R a
nonnegative (or nonpositive) integrable function. Then there exists £ € |a, b

such that \ ,
/a fa=1() /a g-

Also, for any continuous function i : R — R, let p*(h) € [0, +o0] (resp.
p~(h) € [—00,0]) denote the infimum of the positive roots (resp. the supre-
mum of the negative roots) of h.

LEMMA. Letn € Nand c = (cg,...,c,) € R"™ with ¢, = 1. Then, for
ke{l,...,n—1}

(07 (@), pH (W] S [p7 (@), pT ()]
Furthermore, [p~ (wén_l)), p*(wgn_l))} is a neighborhood of 0.
The generalization of the Taylor mean value theorem is given as follows.

THEOREM. Letn € N, ¢ = (co,...,c,) € R"™ with ¢,, = 1. Then, for all
feCE(I)anda,x € I with p~(w.) < x —a < pT(w.), there exists a point £
between a and x such that

ﬂmzawmw+mumy4“bﬁw.
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THEOREM. Letn € N, k € Ny with k < n and v € R and define (1., : R —
R by (5). Then, for all f € Cx(I) and x,a € I with p=((;, ;) <z —a <

p" (G, 1. ) there exists a point & between a and x such that

k—

fa) =" f )@=

j=0 J'

[y

n—1
+3 @)D (@~ a)
j=k

+ (FE) = 7P npn (z — a).

The subsequent results will be corollaries of the previous theorem. More-
over, the classical Taylor Mean Value Theorem is the particular case of the
previous theorem when £ = 0 and v = 0. In this setting, we have that

tn
Cno0(t) = o]

and hence
pi(CT/L,0,0) = *o0.

COROLLARY. Forall f € C4(I) and a,x € I with |a — z| < m, there exists a
point £ between a and x such that

f(2) = f(a)cos(x — a) + f(a) sin(z — a)
(&) + F(©)(1 = cos(x — a)).

COROLLARY. Forall f € C4(I) and a,x € I, there exists a point & between
a and x such that

f(z) = f(a)cosh(x — a) + f'(a) sinh(z — a)
+ (f7(&) = f(§))(cosh(z — a) — 1).

COROLLARY. Forall f € C4(I) and a,x € I, there exists a point & between
a and x such that

cosh(z — a) + cos(z — a)

f(@) = f(a) :
+ bz =0 2+ sin(z — a)
4 ) a)2— cos(z — a)
4 gtz =0 - sin(z — a)

cosh(z — a) + cos(x — a) — 2
5 :

+ (") = (1)
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COROLLARY. Let o, 3 € R with aff(a® — 3?) # 0 and let ty be the smallest
positive root of the equation
(6) fsin(at) = asin(5t).

Then, for all f € C4(I) and a,x € I with |x — a| < to, there exists a point &
between a and x such that

B2 cos(a(z — a)) — a? cos(B(z — a))

f(z) = [f(a) EE—y
Ly (a)ﬁ?’ sin(a(z - 22)52_—&:?;(6 (z —a))
L F(a) cos(a(x — aﬁ); - (C);S(ﬁ(x —a))
L <a>ﬁ sin(o(x ; gz)ﬁz—_azlzr)l(ﬁ (z —a))

+(f"(€) + (o + %) f"(€) + a5 £(€))
a?(cos(B(z — a)) — 1) — B*(cos(a(z —a)) — 1)
QP (5~ o?) |
For the applicability of the previous corollary, it is essential to find the
zeroes of the equation (6). In general, beyond the trivial solution ¢ = 0, the

other solutions cannot be established algebraically. On the other hand, if g is
| —

rational, say |%| = -, where n, m are coprime natural numbers, let s := ‘
18] # (0. Then o = +ns and § = +ms and (6) is now equivalent to
m

msin(nst) = nsin(mst).
In the case when t = —7r for some k € N, then both sides are equal to zero. If
t is not of this form, then sin(st) # 0, thus this equation can be rewritten as

sin(nst)  sin(mst)

mU,_1(cos(st)) = = nUp—1(cos(st)),

sin(st)  sin(st)
where U}, denotes the kth degree Chebyshev polynomial of the second kind.
Therefore, the last equation is an algebraic equation for cos(st). Solving this
equation for cos(st), the smallest positive solution ¢, can easily be computed.

The limiting case of the previous corollary (i.e., when o? = % # 0) is
formulated as follows.

COROLLARY. Let v € R with o # 0 and let t( be the smallest positive root of
the equation
sin(at) = at cos(at).



12

Then, for all f € CL(I) and a,x € I with |x — a| < to, there exists a point £
between a and x such that

2cos(a(x —a)) + a(x — a) sin(a(r — a))

f(x) = f(a)

2
N f,<a)381n(oz(m —a)) — a2(2 —a) cos(a(z — a))
() (x —a) sirzléoz(x —a))
N f,,,<a>sin(a(x —a)) — a(z —a) cos(a(x — a))

2a3

+(f"(&) + 20 f(€) + o' f(€))

2 —2cos(a(r —a)) — a(z — a) sin(a(z — a))
204 '

COROLLARY. Let o, 3 € R with aff(a® — %) # 0. Then, for all f € Cx(I)
and a,x € I, there exists a point £ between a and x such that

B2 cosh(a(x — a)) — a? cosh(B(z — a))

f(x) = f(a)

B2 _ o2
N f’(a)ﬁ sinh(a(x —Oé;z)ﬁgjzail)nh(ﬁ(x —a))
L F(a) cosh(f(x — aﬁ)z : Z;sh(oz(x —a))

+ f///(a) o SiHh(ﬁ(:U _agz)ﬁg__ﬁs;;h(a(x — a))

+(f"(€) — (@ + B%) f"(€) + B f(€))
y a?(cosh(B(x —a)) — 1) — B*(cosh(a(z —a)) — 1)
a?3? (B2 — a?) '
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COROLLARY. Let o € R with o # 0. Then, for all f € C4(I) and a,x € I,
there exists a point £ between a and x such that

2 cosh(a(z — a)) — a(x — a) sinh(a(x — a))

f(x) = f(a) .
4 sl — ) - o;(z — a) cosh(a(z — a))
Gt sinZl;(a(:c — a))
4 iyl = @) coshla(e ;O;)) — sinh(a(z — a))

+(f"(€) =222 f"(€) + a* £(€))
y 2 — 2cosh(a(z — a)) + a(x — a) sinh(a(z — a))
204 '

Taylor’s theorem plays an important role in the field of the numerical anal-
ysis, especially when it comes to understanding errors that arise when approx-
imating functions. This includes analyzing errors related to numerical integra-
tion methods such as Simpson’s rule and the trapezoidal rule. In the following
section, we establish various factorization results and then derive estimates for
linear functionals through the use of a generalized Taylor theorem. Moreover,
several error bounds are established including applications to the trapezoidal
rule as well as to a Simpson formula rule.

Factorization results and estimates

We start with the following theorem which establishes a sufficient condi-
tion for such a factorization.

THEOREM. Let X and Z be Banach spaces and 'Y be a normed space over K.
Assume that A - X — Y and B : X — Z are bounded linear maps such that
ker B C ker A and B(X) = Z. Then there exists a unique bounded linear
map C' : Z — Y such that A = C o B.

The main goal here is to obtain various estimates for the linear functional
A, : Cx(I) — K defined by

A= [ F@duta)

In order to construct n € N and a linear map B : C (/) — Ck(I) such that
ker B C ker A, we search for exponential polynomials in the kernel of A,,.
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For this aim, let us define the function 8, : C — C by

S.(N) ::/[b} eMdp(x).

The function 8, will be termed the spectral function related to the measure .
For fixed elements Ay, ..., A\, € A,, we consider the polynomial P : C —
C given by

(7) P()\) = ()\ — )\1)m1 ()\— )\k)mk = Cn)\n+ +Cl)\+Co,

where 1 <m; <m(8,,\;) forall i and n := my + - - - + my. Clearly, ¢, = 1.
Then we define the linear differential operator D, : Ci (/) — Ck(/) by the
formula

(8) Df) = caf ™+ taf +ef  (feer)).

It follows from the theory of ordinary differential equations (see [24]) that D,
is a bounded and surjective linear operator and the exponential polynomials

T > 2l (ie{l,....,k}, j€{0,...,m; —1})

form a fundamental system of solutions of the differential equation D.(f) = 0.
In other words, the above exponential polynomials span the kernel of D, and
hence ker D. C kerA,. In view of the previous theorem, that is mentioned
in the beginning of this section, there exists a unique bounded linear map
C' : Cx(I) — K such that A#‘@E&(U = (C o D,. In what follows, we explic-
itly construct C' and then we present several applications to obtain sharp upper
bounds for the error terms of quadrature rules. For standard references about
error bounds for quadrature rules, we refer to the monographs [5] by Atkin-
son and [11] by Faires and Burden and to the recent papers [6] by Barnett et
al., [10] by Cruz-Uribe and Neugebauer, [13] by Masjed-Jamei et al., [21] by
Talman and [23] by Ujevic.
Our basic factorization results are stated as follows.

THEOREM. Let 11 be a nonzero bounded C-valued Borel measure on [a, ],
let \i,..., \x € Ay and my,....mp € N with m; < m(8,,\;) fori €
{1,...,k}. Definec = (cq, . ..,c,) € C"" by (7) (where n := my+- - -+my)
and the differential operator D, : C([a,b]) — Cc(la,b]) by (8). Let
we € CL(R) be the characteristic solution of D.(w) = 0. Finally, define
g:la,b] = Cby

g(t) == /[tb] we(x — t)du(x).
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Then, for all f € C%([a,?]),
)= [ wana = [ Do - o

In other words, A,len1) = Cy 0 D, where Cy : Cc(I) — Cis given by
Cy(h) = /[ o

THEOREM. Let 1 be a nonzero bounded C-valued Borel measure on [a, b], let
0 <k <nand~ e C. Assume that

/ 'du(x) =0, (i€{0,....,k—1}),
©) -
/[ ) exp (" exp (2i)x)du(z) =0, (j€{0,...,n—k—1}),

where =/ denotes the root of order (n — k) of v with the smallest nonnega-
tive argument in the interval 0, 27). Define g : [a,b] — C by

(10) g(t) := . Gk (@ = t)dp().

Then, for all f € C{([a,b]),
Au(f) = / (F™ @) — v f®(@)) - g(t)dt.
[a,b]

Before formulating the next result, we recall the definition of the pth norm
of a Lebesgue measurable function f : [ — C for p € [1, o0

Fis= <f[a,b] ‘f(t)|pdt)5 if p € [1,00),
inf{s >0: |f(t)] < sforae.t €I} ifp=cc.

COROLLARY. Under the notation and assumptions of the previous theorems,
forall f € CL(I) and for all p,q € [1, 00] with % + % =1,

A< IDH)Nlp - llgllg-

If, in addition, ¢ = (co,...,c,) € R™Y, 1 is a real-valued measure, f €
Ci(I), and both g and D.(f) are nonnegative (or nonpositive) on |a, b, then
(11) Au(f) 2 0.

If g and D.(f) have opposite signs over |a, b, then this inequality reverses.
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COROLLARY. Let j1 be a nonzero bounded C-valued Borel measure on |a, b,
let 0 < k < nand~y € C. Assume that the equalities in (9) hold. Define
g : |a,b] — C by (10). Then, for all f € C%(|a,b]) and p,q € [1, 00| with
+o=1

q

=

\[Hf@wm¢>snﬂM—vﬂ“mwmm-

If, in addition, v € R, v is a real-valued measure and both g and f™ — ~ f*)
are nonnegative (or nonpositive) on |a, b, then the inequality (11) holds. If g
and ™ — v f%) have opposite signs over [a, b], then this inequality reverses.

To apply the results to the trapezoidal rule, we begin with the following
lemma.

LEMMA. Forallt € R,

< 1 < tcoth(t
sinh(t) coth(?)

and, forall t € (0, ),

tcot(t) <1< .
cot(?) sin(?)

The aim is to establish various further estimates for Ry (f), which is de-

fined by
b
Ry = O I0 LTy

Observe that, with p := %(5(1 + 0p) — v (where §; denotes the Dirac measure
concentrated at ¢ and v stands for the normalized Lebesgue measure on |[a, b)),
we can obtain that

Br(f) = Au(f).

The corresponding spectral function is given by

Aa Ab b
(12) S, (\) = ¢ ! /eMm (A€ C).

2 b—ua
Given a compact interval [a, b], the classical trapezoidal rule asserts that,
for a twice differentiable function f : [a,b] — R,

L7 fla)+f()
b—a/a f—T_RT(f>7
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where the remainder term Ry (f) has various estimates in terms of the norms
of the second derivative of f and the length of the interval [a, b]. For instance
(see [5, pp. 252-253]),

—a)?
e < U

LEMMA. Let A € C. Then X is a root of the spectral function 8, given by (12)
if and only if u := )\b’Ta is a fixed point of the tangent hyperbolic function. The
multiplicity of X equals 1 if A # 0 and equals 2 if A = 0.

In order to apply our main theorems to the trapezoidal rule, we shall need
to describe the fixed points of the tangent hyperbolic function.

LEMMA. A number u € C is a fixed point of the tangent hyperbolic function,
ie.,
tanh(u) = u

holds if and only if u = vi, where v € R is a fixed point of the tangent function.
Furthermore, for all k € 7, the open interval ((k: — %)71’, (k + %)71’) contains
exactly one fixed point of the tangent function.

The unique fixed point of the tangent function in the open interval ( (k —
), (k + §)m) will be denoted by 7 in the sequel.

THEOREM. Let k eN,0<ny <---<nybeintegers, leta,b € Rwitha < b
and let \; = b Tay Tny JOr J € {1 ., k}. Define (co,ci,...,co) € R*HL by
the equalzty

(242D (P4 A7) = e+ -+t 4= P.(2) (z€C).
Then, for all f € C¥([a b])

f()2 b_a/ /D o)t

where
¢ k .
in(X\;(b—t)/2)sin(\;(t —a)/2) .
; AjQi(A;) sin(A;(b— a)/2) g >0,
o) = 4 = sin(y (b = )/2) sin(A(t — a)/2)
=2 AjQi(Aj)sin(A;(b — a)/2)
(b—1t)(t —a) L

\ T20,(0) (6 —a) ifm =0,

and Qj(2) = [lyeq iy (M — 2%) for j € {1,... k}.

.....
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In the particular case when k£ = 1, the above theorem simplifies to the
following result.

COROLLARY. Letn € NU {0}, ler a,b € R with a < b and let \,, = 2=,
Then, for all f € C%([a,b]),

f@%ﬁﬂ@_bia[:f:l(ﬂ+xyxwy@mu

2
where
sin(A, (b —t)/2) sin(\,(t — a)/2) .
9@) =< p_+ >;n sin(A,(b — a)/2) ifn >0, |
b-9t—a T

2(b—a)

Consequently, the following statement is a new error estimate for the trape-
zoidal rule.

THEOREM. Letn € NU{0}, lera,b € Rwitha < band let \,, := g%; Then,
forall f € C4([a,b)),

f(a)+f(b)_bia/abf’

2
(50— ) ||l ifn =0,
3 CE (b — a)? - |7+ N fllee ifn >0,
| ie—a) - I ifn =0,
|l (b —a) - | £+ A2 f [l ifn >0,

Our final result is an extension of the Simpson formula.

THEOREM. Let a,b € Rwitha < b, u = w + iv, where w € Ry, v € (0,7)
and define o, 5, by

S wsinh(u) — usinh(w)

“ " 2uai(cosh(u) — cosh(u))’

8, = u cosh(u) sinh(@) — @ cosh(w) sinh(u)
v wt(cosh(u) — cosh(w))
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Then, for all f € Ci([a,b]),
b
(o) Buf (“57) + ot V) - 7= [ f

b—
( (b — a)®(vsinh(w) — w sm(v))2

32(w? + v?)2ww smh sin(v
( ) ( >8(v2( )w 2) 16(w? —|—v2)2f

Hf G—ap | T oy

Y

1

IN

(b—a)*(2au + Bu — 1)

16(w? + 02)? ot ot st
X f////_|_ (b_a)2 f//_'_ (b_a/>4 f

o0

\
Finally, we deduce the Simpson formula with two error terms by taking the

limit v — 0 in the previous theorem.

COROLLARY. Let a,b € R. Then, forall f € C} ([a b)),
1 b 1
@)+ F () ¢ ) - f‘

6
(b_a) "
1152 ) Hf Hl’
S 4
(b_a) . Hf””Hoo

2880
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