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Abstract

Some time ago, we extended our monogenity investigations and

calculations of generators of power integral bases to the relative

case, cf. [5, 11, 10]. Up to now, we considered (usually totally real)

extensions of complex quartic fields.

In the present paper, we consider power integral bases in relative

extensions of totally real fields. Totally complex quartic extensions of

totally real number fields seem the most simple that we discuss in

detail. As we shall see, even in this case, we have to overcome several

unexpected difficulties, which we can, however, solve by properly

(but not trivially) adjusting standard methods. We demonstrate our

general algorithm on an explicit example. We describe how the

general methods for solving relative index form equations in quartic

relative extensions are modified in this case. As a byproduct, we show

that relative Thue equations in totally complex extensions of totally
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real fields can only have small solutions, and we construct a special 
method for the enumeration of small solutions of special unit 
equations. These statements can be applied to other Diophantine 
problems, as well. 

1. Introduction 
Monogenity of number fields has an extensive literature cf. [13, 5]. A 

number field K of degree n is monogenic if its ring of integers K  is a 
simple ring extension of ,  that is if there exists K  such that 

 . K  In this case,  1...,,,1  n  is an integral basis of K, called 
power integral basis. 

In the relative case, if K is an extension field of L with   ,: nLK   K is 
(relatively) monogenic over L if K  is a simple ring extension of the ring of 
integers L  of L, that is if there exists K  with   LK   (see [5]). 
In this case,  1...,,,1  n  is a relative integral basis of K over L called 
relative power integral bases. If K is monogenic, then it is relatively 
monogenic over its subfield L, cf. [10]. 

There are efficient algorithms for calculating generators of power 
integral bases in lower degree number fields, up to degree 5 (see [5]), but 
there is no general efficient algorithm for number fields of arbitrary degrees. 
These algorithms are especially efficient for cubic and quartic number fields 
when the problem can be reduced to the resolution of (one or more) Thue 
equations. 

Some time ago, we extended our investigations to the relative case cf.  
[5, 11, 10]. At first, we studied extensions of complex quadratic fields. In  
the present paper, we consider relative extensions of totally real number 
fields (of arbitrary degrees). The most simple case seems to be the relative 
quartic extensions, when we can follow the arguments of [8], reducing the 
calculation of generators of relative power integral bases to solving relative 
Thue equations. Especially, if K is a totally complex quartic extension of the 
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totally real number field L, then, at first glance, the calculation seems to be 
easy. Trying to perform the calculation for an explicit example, we meet 
some unexpected problems. The resolution of the cubic Thue equation 
(according to [8]) is not trivial, even the standard enumeration algorithm has 
to be adjusted properly. Also, we observe that if K is a totally complex 
quartic extension of a totally real number field L, then the quartic relative 
Thue equation to be solved by [8] is trivial, having only small solutions (cf. 
Theorem 4). 

These observations might well be applied also in several other 
calculations. 

We illustrate our paper by an explicit example that gives a direct insight 
into the calculations. 

2. The General Scheme for Relative Quartic Extensions 
We recall the general method of [8] which reduces calculation of 

generators of relative power integral bases in quartic relative extensions to 
the resolution of relative Thue equations. 

In the following, we denote by K  the ring of algebraic integers of any 
number field K. 

Let M be a totally real number field of degree m. Assume   M  
with .M  Let   MK  be a totally complex quartic extension of M. 
Denote by 

   xaxaxaxaxxf M 0122334  
the relative defining polynomial of  over M. Assume that K has a relative 
integral basis over M. Our purpose is to determine all generators K  of 
relative power integral bases of K over M. That is, we consider K  
such that  32 ,,,1   is a relative integer basis of K over M. Such an  
has relative index 
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      1:   MMMKI   

(see [10]). According to [8],  can be written in the form 

 ,32
d

ZYXA   (1) 
where ,,,, MZYXA   and d  is a non-zero common denominator. 

Set 
      ,44, 342123422431223 VaaaaaUVaaaVUaUVUF   
   XZaaYaXYaXZYXQ 22122121 2,,   

    ,242231213 ZaaaaYZaaa   
  .,, 22122 ZaYZaXZYZYXQ   

Let  .0  MKIi  Recall the main result of [8]: 
Lemma 1. K  generates a relative power integral basis of K over 

M if and only if there exist MVU ,  such that 

    ,, 0
6
i

dVUFN m
QM   (2) 

with 
     .,,,,, 21 VZYXQUZYXQ   (3) 

Note that Lemma 1 enables us to determine finitely many  ZYX ,,  
3M  such that all possible generators of relative power integral bases of K 

over M are of the form 

   ,32
d

ZYXA   (4) 
where  is a unit in M and MA   is arbitrary  .thatsuch K  
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3. Solving the Cubic Relative Thue Equation over M 

To apply Lemma 1, we first have to determine the solutions MVU ,  
of equation (2). 

By (2), we have 
   ,, VUF  (5) 
where  is a unit in M and M  of norm .06 id m  As it is known, up to 
associates, there are only finitely many possible values of  that can be 
determined by an algebraic number theory package like Kash [4], Magma [2] 
or Pari [14]. 

[9] gives an algorithm for the resolution of relative Thue equations. 
However, here we would like to emphasize some special features of this 
calculation. There are three possible cases according to F: 

(A) F splits into linear factors over M, 
(B) F is irreducible over M, 
(C) F is a product of a linear and a quadratic factor over M. 
We make some remarks on all the three cases, but we give a complete 

description only in the most interesting case (C), with details of Baker’s 
method, reduction and enumeration algorithms. 
3.1. (A) F splits into linear factors over M 

If 
        ,, 321 VUVUVUVUF   (6) 
with ,,, 321 M  then (5) implies 
  ,3,2,1 iVU iii  (7) 
with units Mi   and with Mi   such that  321  (the norms of 

i  divide the norm of ). Using Siegel’s identity 
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            ,0213132321  VUVUVU  

holding for any U, V. This gives rise to a unit equation 
 ,1 YX  (8) 
with 

      ,, 123
213

123
321 


  

where 

1
2

1
3 ,  YX  

are unknown units. This is a standard unit equation over M that can be 
solved using the standard methods, see [5]. We represent X and Y as a power 
product of the fundamental units of M with unknown exponents. We apply 
Baker’s method, reduction method and enumerate the small solutions [5]. 
These procedures involve only the fundamental units of M. 
3.2. (B) F is irreducible over M 

If F is irreducible over M, then it splits into linear factors over a cubic 
extension L of M. That is, (6) holds, with 321 ,,   which are relative 
conjugates of L 1  over M. (7) is valid with Li   and units 

Li   which are relative conjugates of L,  over M, respectively. We 
obtain a unit equation (8) which is formally the same as above. However, 
there is an important difference. By calculating ,1

3X  ,1
2Y  only the 

relative units remain in the quotients. To explain this situation, denote by 
r ...,,1  the fundamental units in M. For the simplicity of our formulas, 

assume that a set of fundamental units of L is obtained by extending this set 
with units s ...,,1  of L. That is, any unit in L can be written as 

,11 11 sr bsbara    
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with exponents ....,,,...,, 11 sr bbaa  (Note that also in the general case,        
any unit can be written is a similar form, but maybe with some common 
denominators in the exponents, but from our point of view, this can be dealt 
with analogously.) 

Let   be a generating element of L over M. Denote by  xf M  the 
relative defining polynomial of   over M. Denote by    3,2,1 jij  the 
roots of the ith conjugate of f over  .3,2,1iM  Denote by  ij  the 
conjugates of any L  corresponding to  .ij  For ,M  we have 
    .3,2,1,  jiij  

As we have seen, in (8), X and Y contain quotients of relative conjugates 
of  over M, where 

                  .11 11 sr bijrbijairaiij    
This yields that 

 
 

 
 

 
  ,1

21
1
2

1
2

1
1 sb

ijs
ijs

b
ij
ij

ij
ijY 













   

and similarly for X. Therefore, we obtain a unit equation in X and Y, both 
terms with s factors and the same exponents. The standard arguments 
(Baker’s method, reduction, enumeration) can be used to calculate ....,,1 sbb  
This can be used to determine U, V up to a unit factor in M. One can apply 
Baker’s method, reduction and enumeration the same standard way as in (A) 
but with the above s factors corresponding to the relative units. 
3.3. (C) F is a product of a linear and a quadratic factor over M 

The most interesting case is, when F is a product of a linear and a 
quadratic factor over M. Then we have 

     ,, 23221 VUVUVUVUF   
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with  ,3,2,1 iMi   where the second degree factor is irreducible 
over M. Denote by    GMG   a quadratic extension of M such  
that the quadratic factor of F splits into linear factors over G. Denote by 
   2,1 jij  the roots of the ith conjugate of the relative defining 

polynomial of  over  ....,,1 miM   Denote by  ij  the conjugates of any 
G  corresponding to    .2,1,...,,1  jmiij  For ,M  we have 

    .2,1,  jiij  Then we have 
               ., 211 VUVUVUVUF iiiij   (9) 

By (2) and (9), we have 
      ,1 iMiMi VU   
     ,111 iGiGi VU   

      ,222 iGiGi VU   (10) 
where ,MM   the norm of which divides Mm id ,06  is a unit in M, 

,GG   the norm of which divides 06 id m  and G  is a unit in G. Up  to 
associates, there are only a few possible values of ,M  .G  Siegel’s identity 
gives 

                   VUVU iiiiii 121211   
          ,0112  VU iii  

whence 
 ,1 YX  (11) 
with 

       
       

       
        ,, 12

112
12

211 iMii
iGii

iMii
iGii




  



Calculating Relative Power Integral Bases … 137 
and the unknown units are 

 
 

 
  .,
12
iM

iGiM

iG YX 


  

Observe that X and Y are conjugated over M, as well as  and . Let 
again r ...,,1  denote the fundamental units of M. For simplicity’s sake 
assume that a system of fundamental units of G is obtained by extending this 
system by some relative units ....,,1 s  Set 

                  .11 11 sr bijsbijairaiijX    
Let ,max iaA   ibB max  and  .,max BAE   
We detail the application of Baker’s method, reduction and enumeration 

algorithms in this case (C). 
3.3.1. Baker’s method 

We apply standard arguments. Since   ,1XN QG  hence 

   m
i j

ijX1
2

1 .0log  

There exists a conjugate 00, ji  with 
  ,log 1, 00 EcX ji   

where 1c  is a positive constant that can be easily calculated. According to 
standard arguments (cf. [5]), we have 

         0000
00

00 ,,
,

,1 11exp jiji
ji

ji YXEc   

     0000
00

,,
, log2

1 jiji
ji Y  



István Gaál 138 

       0000
00 logloglog2

1
11,

,
irriji

ji aa    
   0000 ,,11 loglog jissji bb    

 ,logexp EC  (12) 
where C is a huge positive constant. In the last step, we applied Baker’s 
method, that is, e.g., the estimates of Baker and Wüstholz [1]. Comparing the 
beginning and the end of this series of inequalities, we obtain an upper 
bound for E. BE  is going to be the maximum of these upper bounds the  
maximum taken for all possible pairs  ., 00 ji  This is usually of magnitude 

.10-10 10030  
3.3.2. Reduction 

The next step is to reduce the bound .BE  For this purpose, we apply 
Lemma 2.2.2 of [5]. We recall here the crucial statement. 

Let n ...,,1  be multiplicative independent algebraic numbers, 
ndd ...,,1  integers. Set .max idD   Assume that 

  ,exp 32111 cDccdd nn    (13) 
for any ,...,,1 ndd  where ,1c  2c  and 3c  are given positive constants (of 
moderate size). Our purpose is to reduce the bound 0D  obtained previously 
for D by using Baker’s method. 

Let H be a large constant an  appropriate value is about nD0  and 
consider the lattice   spanned by the columns of the 2n  by n matrix 

     
     

.100

010
001

21
21 





















n
n

ImHImHImH
ReHReHReH








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Assume that the columns in the above matrix are linearly independent. 

Denote by 1b  the first vector of an LLL-reduced basis of this lattice (cf. 
Lenstra et al. [12] and Pohst [15]). 

Lemma 2. If 0DD   and   ,21 011 Dnb n    then 

.logloglog
2

031c
DccHD   

We apply this lemma based on the inequality 
     0000 logloglog 11, irriji aa    

   0000 ,,11 loglog jissji bb    
   ,exp2 1, 00 Ecji   

see (12), letting ,1 srn      112,1 ...,,log,log 000  riji  
      .log...,,log,log 00000 ,1,12 jirsrjirir    In the totally 

real case, we may omit the last row of the matrix. 
The repeated application of the reduction method brings down the bound 

obtained by Baker’s method to a so-called reduced bound. We perform this 
calculation for all possible pairs  00 , ji  and RE  is the maximum of the 
reduced bounds. This is usually of magnitude 100-1000 depending on the 
size of the example. 
3.3.3. Enumeration 

Observe that although the reduced bound RE  is rather small, the number 
of possible values RrrR EbbaaE  ...,,,...,, 11  is a huge number: 
  .12 srRE   

Hence we must apply the enumeration methods of [5]. 
As we shall see, in the case (C) that we consider, the general method of 

[5] can only be applied with non-trivial modifications. 
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Recall that in our equation (11), X and Y are conjugated over M, as well 

as  and . We assumed that 
                  ,11 11 sr bijsbijairaiijX    

where r ...,,1  is a set of fundamental units of M and sr  ...,,,...,, 11  
is a set of fundamental units in G. Further, ,max iaA   ,max ibB   

 .,max BAE   
We write equation (11) in the form 

         .12211  iiii XX  (14) 
The essence of the enumeration algorithm of [5] is that we calculate an S 

with 
     ,1 SXS ijij   (15) 
for all conjugates. As an initial value, we can take 

      iri
jiRij

ji ES  loglogmaxmaxlog 1,,   

    .log 1 ijsij    
Then we show that S can be replaced by a smaller constant s on the prize that 
we enumerate and test the exponent vectors  sr bbaa ...,,,...,, 11  in some 
exceptional sets. These sets are ellipsoids containing relatively few possible 
vectors. We repeat diminishing S to s until we reach a relatively small s 
value (of magnitude 10). Finally, we enumerate an ellipsoid of type (15) with 
the final .sS   

We describe now how this procedure can be adopted to our case. 
Consider the following lemma which is a modified version of Lemma 2.3.1 
of [5]. 

Lemma 3. Let Ss   and assume that (15) holds. If there exists a j such 
that 
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    sXs ijij 1  

is violated, then 
 (I) either there exists a 0j  with 

     ,2log 00 sX ijij   (16) 
(II) or there exists a 0j  such that 

    
    .2log 00

sX
X

ijij
ijij 

  (17) 

Proof. Let    .\2,10 jj   
If 

    ,11
sXS ijij   

then we have 
            1212log 000000  ijijijijijij XXX  

    ,22 sX ijij   
which implies (16). 

On the other hand, if 
    ,SXs ijij   

then 
   
   

   
   

   
   ijij

ijij
ijij
ijij

ijij
ijij

X
X

X
X

X
X





 000000 1212log  

    ,22
sX ijij   

which implies (17). 
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Remark that in both cases, we used the inequality 12log  xx  

holding for any complex number x with .795.01 x  In our calculations, 
this is satisfied, since in the applications, we have .795.02 s   

Now we explain how to enumerate the possible vectors ,...,,1 raa  
sbb ...,,1  if in addition to (15) (for all i, j) either (16) or (17) is satisfied 

 .,certainfor 0ji  
Case I. We have 

         irriijijij aaX  loglogloglog 11   
    ,loglog 11 ijssij bb    

for all i, j. Let 
   
   
   
   

   
   
   

 
 
 
 

 
 
 

,

log
log
log

log
log
log
log

,

log
log
log

log
log
log
log

:

000
2
1

22
21
12
11

22
11

2222
2121
1212
1111

































































ij
m
m

ijij
mm
mm

g

X
X
X

X
X
X
X

h


 

 
 
 
 

 
 
 

 

 
 
 
 

 
 
 

 ....,,1,

log
log
log

log
log
log
log

,...,,1,

log
log
log

log
log
log
log

00
2
1

22
21
12
11

2
1

22
21
12
11

slfrke

ij
m
m

l

ij
m
m

k 

































































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Then 

.1111 ssrr fbfbeaeagh    
Let 

 ,2,1,1log
1  jmiSij  

and for the last coordinate, let 
.2

s  
For any vector 

,

0
2
1

22
21
12
11

























ij
m
m

x
x
x

x
x
x
x

v   set   .

0
22
11

2222
2121
1212
1111

































ij
mm
mm

x
x
x

x
x
x
x

v   

Then 
           .1111 ssrr fbfbeaeagh    

Further, (15) and (16) imply 
            211112 ssrr fbfbeaeagh    

        
 m

i j
ijijijij mXsXS1

2

1
.12log2loglog

1 00  

The above 2L  norm defines an ellipsoid. 
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Case II. We have 

   
   

 
 

 
 

 
  .loglogloglog 00000

1
11 ijs

ijssij
ij

ij
ij

ijij
ijij bbX

X






   

Observe that here we only have quotients of conjugates of the relative 
units ....,,1 s  By (15), we can derive 

    
    2

2
001 SX

X
S ijij

ijij 
  (18) 

for any i, j. Further, (17) holds for ., 0ji  Let 
   
   
   
   

   
   
   
   

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 ....,,1

log

log

log

log

,

log

log

log

log

,

log

log

log

log

:

0000
2
1

22
21
12
11

2
1

22
21
12
11

22
11

2222
2121
1212
1111

slfg

X
X
X
X

X
X
X
X

h

ijl

ijl

ml

ml

l
l
l
l

l

ij
ij
m
m

ijij
ijij
mm
mm



















































































































   

Then 
.11 ss fbfbgh    

Let 
 ,1log2

1 miSi   

and for the last coordinate, let 
.21 sm    
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For any vector 

,

1

2
1


















m
m

x
x

x
x

v   set   .

11

22
11
























 mm
mm

x
x

x
x

v   

Then 
       .11 ss fbfbgh    

Further, (18) and (17) imply 
        2112 ss fbfbgh    

   
   

   
    


 m

i ijij
ijij

ii
ii mX

Xs
X
X

S1 22
11 .1log2loglog2

1 00  

The above 2L  norm defines an ellipsoid. 
Remarks. (1) The procedure can be continued both in Case I and Case II 

by taking the previous s in the role of S and choosing a smaller s. For an 
appropriate choice of s, see [5]. Usually, we take .Ss   

(2) Proceeding until a relatively small value of S (of magnitude 10), we 
enumerate in both cases an ellipsoid taking all weights Slog1  in Case I and 
 Slog21  in Case II to finish the procedure (cf. [5], see the last ellipsoids in 

our example). 
(3) Enumerating the ellipsoids, in Case I, we obtain all possible 

exponent vectors  ....,,,...,, 11 sr bbaa  Observe that in Case II, we can 
only enumerate the possible values of  ....,,1 sbb  For all possible 
 ,...,,1 sbb  we run raa ...,,1  between RE  and RE  and test if the unit 
equation (14) holds. Since the ground field M is usually of small degree, this 
can be done relatively fast. 
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(4) We emphasize that for the enumeration of the ellipsoids, we use the 

improved method involving LLL reduction (see [15]). 
(5) To speed up the test of possible exponent vectors, we use sieves (see 

[5]). This enables us to check mod p congruences instead of equations in 
high precision real numbers. Also, calculations with integers modulo p are 
much faster than real arithmetic. 

(6) The enumeration of exponent vectors in the exceptional ellipsoids 
must be performed for all possible pairs  0, ji  and we have to check all 
possible exponent vectors. 

4. The Quartic Relative Thue Equation 
Having U, V (determined up to a unit factor in M), we follow the 

methods of [8] (see also [5]) to determine X, Y, Z. Set 
     .,,,,,, 210 ZYXQVZYXQUZYXQ   

Let MZYX 000 ,,  be a nontrivial solution of 
   ,0,,0 ZYXQ  (19) 
with, say .00 Z  We represent X, Y, Z with parameters MRQP ,,  in 
the form 

,0 PXRX   
,0 QYRY   

.0ZRZ   (20) 
Substituting these representations into (19), we obtain an equation of the 

form 
  ,2542321 QCPQCPCQCPCR   

with ....,, 51 MCC   We multiply equations (20) by QCPC 21   and use 
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the above equation to eliminate R on the right hand sides. We obtain 

 ,, QPfX X  
 ,, QPfY Y  
 ,, QPfZ Z  (21) 

with quadratic forms  .,,, QPfff MZYX   As stated in [8], we can 
replace P, Q,  by integer parameters (by multiplying the equations by the 
square of a common denominator of , P, Q) and  may attain only finitely 
many non-associated values. Substituting these representations into (3), we 
obtain quartic equations over M: 

         ,,,,,,, 211 UQPfQPfQPfQQPF ZYX   
         .,,,,,, 222 VQPfQPfQPfQQPF ZYX   (22) 

According to [8], at least one of these is a quartic relative Thue equation 
over M, having a root in K. 

5. Relative Thue Equations in Totally Complex 
Extensions of Totally Real Fields 

We show that to solve relative Thue equations of type (22) is a trivial 
matter. We formulate our assertion in a general form. 

Let M be a totally real number field and let   MK  be a totally 
complex extension of degree k of M. More exactly, if    xxf M  is the 
relative defining polynomial of  over M, then all roots    iki  ...,,1  of a 
conjugate   xf i  of  xf  are complex. Set 

    .min
1

,
0 ijji Imc   
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Let .0 M  Set 

   ,, YXNYXF MK   
and consider the relative Thue equation 
   ,, YXF  in ., MYX   (23) 

We denote by Z  the size of ,MZ   that is the maximum absolute 
value of its conjugates. 

Theorem 4. All solutions MYX ,  of equation (23) satisfy 
    .1,max 01  cYX k  (24) 

Proof. Let MYX ,  be an arbitrary but fixed solution of equation (23). 
Denote by  i  the conjugates of M  corresponding to    ....,,1 iki   For 
any ,1,1 kjmi   set 

       .iijiij YX   
For any ,1 mi   we have 

    k

j
iij

1
.  

Let 0j  be the index with 
    .min1

0 ij
kj

ij    
Then 

                ,1000 kiijiijiiij ImYXImYIm   
whence 

   
            ,, 0

0
11 iijkii

ij
kii YXImY 

  

which implies our assertion.  
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Let us return now to equations (22). We denoted the fundamental units 

of M by ....,,1 r   can be written in the form 
,110 rkrk    

where 0  can only take finitely many values, ....,,1 rkk  Set ii kk  4  
i  with  rii ...,,121    and 

., 11 11 rr krkkrk QQPP     
Then we have 

  ,, 1101 rrUQPF     
  ., 1102 rrVQPF     

One of these equations is a quartic relative Thue equation (see [5]) that 
can be solved easily by the above theorem for all possible values of 0  and 
for all possible ....,,1 r  This gives P and Q up to a unit factor of M, 
whence we obtain X, Y, Z by (21) up to a unit factor in M. The generators of 
relative power integral bases of K over M are obtained by (4). The possible 
values of  must be checked. 

6. An Example 
As an example, consider a root  of the polynomial 

  .152 233  xxxxf  
This is a totally real cubic field (one of the “simplest cubic fields” of Shanks 
[16]). The conjugates of 2  are all positive,  having defining 
polynomial   .7158 233  xxxxg  Therefore, 4   is a totally 
complex algebraic integer of degree 4 over M. Note that  has defining 
polynomial 
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  ,7158 481212  xxxxf  

and the field   K  has an integral basis  ,...,,,1 11  a power integral 
basis. Hence K is monogenic. Our purpose is to determine all (non-
equivalent) generators of relative power integral bases of K over M. 

The integral basis  11...,,,1   of K implies that the discriminant of K 
is 

  .1972 832412  fDDK  
It is easy to check that 

 2333222222 ,,,,,,,,,,,1   
is also an integral basis of K, therefore any K  can be written in the 
form 
 ,32  ZYXA  (25) 
with MZYXA ,,,  (that is the constant d in Lemma 1 is 1). Moreover, 

3m  and   .10  MKIi  The relative defining polynomial of  over M 
is ,4 x  therefore equation (2) is of the form 

   ,14 22  VUUNM   
that is 
   ,4 22  VUU  (26) 
where  is a unit in M. 

In the absolute case, a similar equation is trivial to solve, that is not the 
case here. Actually the above equation is of case (C) of the three main types 
of equations detailed in Section 3. 

Let ,   . MG  This is a totally real sextic number field, and 
our  VUF ,  factorizes over :G  



Calculating Relative Power Integral Bases … 151 
    .22  VUVUU  

This implies that all three factors are units, the second and third factors are 
units in G, conjugated over M. For ,3,2,1i  we obtain 

    ,iMiU   
   ,2 11 iGi VU   

      .22 221 iGii VUVU   (27) 
where M  is a unit in M, G  is a unit in G. By the above equations, we 
obtain 

     ,2 21 iGiGiM   
that is 
     ,12

1
2
1 21  ii XX  (28) 

MGX   is a unit in G. 
Using Kash [4], we calculated a system of fundamental units in G. 
  has defining polynomial   .7158 2466  xxxxf  The elements 

 5432 ,,,,,1   form an integral basis in G. The coefficients of the 
fundamental units in this integral basis are 

 ,0,0,0,0,1,1:1  
 ,0,0,0,0,1,1:2   
 ,0,0,0,1,0,2:3   
 ,0,0,0,1,1,3:4   
 .1,0,7,0,7,3:5   
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The relative conjugates (over M) of these units are the following: 

   ,1221 ii   
   ,1122 ii   
   ,1323 ii   

   
      ,141211

1324 iii
ii


  

   
      .151211

1325 iii
ii


  

Equation (28) can be written as 
                    ,2

1 54321 1514131211 aiaiaiaiai   

                    .12
1 54321 2524232221  aiaiaiaiai  (29) 

In our example, we have ,18298.01 c  281085992.2 C  (cf. (12)). 
Comparing the upper and lower bounds of the above series of inequalities 
(12), we obtain .1032BA  

The following table summarizes the reduction procedure: 
  A  H  Precision New bound for A 

Step I  3210  17010  300 digits 1736 
Step II  1736 3010  100 digits 336 
Step III  336 2010  100 digits 219 

The procedure took a few minutes all together and we obtained the 
reduced bound .219RA  Observe that although the reduced bound is 
rather small, the number of possible values 219...,,219 51  aa  is a 
huge number:   .1063.16199163050675012192 135   
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We continue with the enumeration process. In Case I, we performed the 

enumeration process with the following parameters: 
 S s Enumerated 

Step I 25810  2010  6 
Step II 2010  1010  6 
Step III 1010  310  19922 
Step IV 310  210  13506 
Step V 210   1194 

All together the procedure took 2-3 minutes. Parallel to enumeration,         
we made sieving modulo 113, 787. We found the only possible solution 

.051  aa   
In Case 2, we have 

 
 

 
 

 
     

 
      .

2
12
1 5412

151211

13141211

1312

11
2
1 a

iii
ia

iii
iaa

i
i

i
i

X
X




























 

Therefore, in Case II, we can determine the possible values of ,12 aa   ,4a  
.5a  We performed the enumeration algorithm with the following parameters: 

 S 2S  s Enumerated 
Step I 25810  51610  2010  0 
Step II 2010  4010  1010  0 
Step III 1010  2010  310  38 
Step IV 310  610  210  202 
Step V 210  410   79 

The procedure took all together some seconds. In this case, there was no 
way to diminish the possible exponent vectors by sieving. For all the 319 
possible values of ,12 aa   ,4a  ,5a  we let ,1a  3a  run through the interval 
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 .219,219  The exponent vectors  51 ...,, aa  were tested modulo 113, 
787, 1223, 2053 if they satisfy the unit equation (29). 

Finally, we got three solutions of equation (29): 
       .0,0,0,0,1,0,0,0,1,0,0,0,0,0,0...,, 51 aa  

These correspond to 
,1,1,1 X  

that is 
    ,112

112
1,112

112
1   

    .112
112

1   
By (27), 

,M
GX   

with MU   and ,2 GVU   we have 

.12
1 


  M

GU
V  

This only gives an algebraic integer value for 1X  (out of the above 
possible values of X), whence the only solution of equation (26) is ,MU   

.0V  
Following the general arguments of Section 4, we have 
    .0,,,,, 22221  XZYZYXQUZXZYXQ M  

We get 
  ,0,, 20  XZYZYXQ  



Calculating Relative Power Integral Bases … 155 
with non-trivial solution .0,0,1 000  ZYX  We set 

,,, 000 QRZZPRYYRXX   
with parameters .,, MRQP   We obtain .02  RQP  We multiply by Q 
the above equation and replace RQ by .2P  Hence 

,2PX   
,PQY   
,2QX   (30) 

and we replace , P, Q by integer parameters MQP ,  (see Section 4). It 
follows that  can only be a unit in M. Substituting these representations into 

  ,,,1 UZYXQ   we obtain 
 ,244  MQP  (31) 

where 21 21 , kk   is a unit in M, ,1  2  being the fundamental units in 
M. Let iii kk  4  with  2,121  ii  and let 

., 2121 2121 kkkk QQPP    

For ,21 21    we can easily solve equation 

     44 QP  
in MQP ,  using Theorem 4 and obtain that 1,1  QP  is the only 
solution. Therefore, up to a unit factor in M, we have    ,0,1, QP  
whence up to a unit factor in M, we obtain    .0,0,1,, ZYX  Hence up 
to equivalence the only generator of relative power integral basis of K over 
M is . 
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7. Generators of Absolute Power Integral Bases 

As we have seen, up to equivalence  is the only generator of relative 
power integral bases of K over M. By [10], this implies that any generator of 
absolute power integral bases of K must have the form 

,21 212210  kkzzz  
where 2121210 ,,,,,,  kkzzz  are fundamental units in M. We let 

2121 ,,, kkzz  run through the interval  .25,25  In addition to , we found 
only one algebraic integer of this shape with index .1015  This element has 
index 65329214857201. 
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