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Abstract: Harmonic synthesis describes translation invariant linear spaces of continuous complex
valued functions on locally compact abelian groups. The basic result due to L. Schwartz states that
such spaces on the reals are topologically generated by the exponential monomials in the space; in
other words, the locally compact abelian group of the reals is synthesizable. This result does not hold
for continuous functions in several real variables, as was shown by D.I. Gurevich’s counterexamples.
On the other hand, if two discrete abelian groups have this synthesizability property, then so does
their direct sum, as well. In this paper, we show that if two locally compact abelian groups have this
synthesizability property and at least one of them is discrete, then their direct sum is synthesizable. In
fact, more generally, we show that any extension of a synthesizable locally compact abelian group by
a synthesizable discrete abelian group is synthesizable. This is an important step toward the complete
characterization of synthesizable locally compact abelian groups.
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1. Introduction

Harmonic (or spectral) synthesis deals with uniformly closed translation invariant
linear spaces of continuous complex valued functions on a locally compact abelian group.
Such a function space is called a variety. The first classical result on this field is due to
Laurent Schwartz [1], which states that given any complex valued continuous function on
the reals, it can be uniformly approximated on compact sets by exponential polynomials,
which belong to the smallest variety including the given function. This can be reformulated
in the following manner: if a continuous complex valued function on the reals satisfies
a system of homogeneous convolution equations corresponding to compactly supported
complex Borel measures, then this function is the uniform limit on compact sets of expo-
nential polynomials, which are also solutions of the same system of convolution equations.
In particular, every such system has exponential solutions. It is obvious that this problem
makes sense on locally compact abelian groups using appropriate definition of exponential
polynomials. One possible definition is the following: we call a continuous complex valued
function on a locally compact abelian group an exponential polynomial if the smallest
variety including the function is finite dimensional. We say that spectral analysis holds for
a variety if every nonzero subvariety contains a one-dimensional subvariety. We say that
a variety is synthesizable if its finite-dimensional subvarieties span a dense subspace in
the variety. Finally, we say that spectral synthesis holds for a variety if every subvariety is
synthesizable. In particular, if every variety on the group is synthesizable, then we say
that spectral synthesis holds on the group, or the group is synthesizable. For more about spectral
analysis and synthesis on groups, see [2,3].

In [4], the authors characterized synthesizable discrete abelian groups: spectral syn-
thesis holds on the discrete abelian group G if and only if G has finite torsion free rank. In
particular, from this result, it follows that if G and H are synthesizable, then so is G ˆ H.
Unfortunately, such a result does not hold in the non-discrete case. Namely, by the fun-
damental result of L. Schwartz [1], R is synthesizable, but D. I. Gurevich showed in [5]
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that spectral synthesis fails to hold on R ˆ R. In other words, a direct product does not
necessarily preserve synthesizability in non-discrete cases. However, in this paper, we
show that if spectral synthesis holds onto two locally compact abelian groups, then it holds
onto their direct product, assuming at least one of them is synthesizable.

2. Preliminaries

On commutative topological groups, finite-dimensional varieties of continuous func-
tions are completely characterized: they consist of the elements of the complex algebra
of continuous complex valued functions generated by all continuous homomorphisms
into the multiplicative group of nonzero complex numbers (exponentials), as well as all
continuous homomorphisms into the additive group of all complex numbers (additive
functions). In particular, an exponential monomial (or m-exponential monomial) is a function of
the form

x ÞÑ P
`

a1pxq, a2pxq, . . . , anpxq
˘

mpxq,

where P is a complex polynomial in n variables, the ais are additive functions, and m
is an exponential. Every exponential polynomial is a linear combination of exponential
monomials. The m-exponential monomials with m “ 1 are called polynomials.

Let G be a locally compact abelian group. It is known that the dual space of CpGq can
be identified with the space McpGq of all compactly supported complex Borel measures on
G. This space is called the measure algebra of G—it is a topological algebra with the linear
operations, with the convolution of measures and with the weak* topology arising from
CpGq. On the other hand, the space CpGq is a topological vector module over the measure
algebra under the action realized by the convolution of measures and functions. The
annihilators of subsets in CpGq and the annihilators of subsets in McpGq play an important
role in our investigation. For each closed ideal I in McpGq and for every variety V in CpGq,
Ann I is a variety in CpGq, and Ann V is a closed ideal in McpGq; further, we have

Ann Ann I “ I and Ann Ann V “ V.

The Fourier–Laplace transformation (Fourier transformation, in short) on the measure
algebra is defined as follows: for every exponential m on G and for each measure µ in
McpGq, its Fourier transform is

pµpmq “

ż

qm dµ,

where qmpxq “ mp´xq for each x in G. The Fourier transform pµ is a complex valued
function defined on the set of all exponentials on G. As the mapping µ ÞÑ pµ is linear and
pµ ˚ νqp“ pµ ¨ pν, all Fourier transforms form a function algebra. By the injectivity of the
Fourier transform, this algebra is isomorphic to McpGq. If we equip the algebra of Fourier
transforms by the topology arising from the topology of McpGq, then we get the Fourier
algebra of G, denoted by ApGq. In fact, ApGq can be identified with McpGq. We utilize
this identification as follosw: for instance, every ideal in ApGq is of the form pI, where I
is an ideal in McpGq. Based on this fact, we say that the ideal pI in ApGq is synthesizable, or
spectral synthesis holds for the ideal pI in ApGq if the variety Ann I in McpGq is synthesizable,
or spectral synthesis holds for it.

We shall use the polynomial derivations on the Fourier algebra. A derivation on ApGq

is a linear operator D : ApGq Ñ ApGq such that

Dppµ ¨ pνq “ Dppµq ¨ pν ` pµ ¨ Dppνq

holds for each pµ, pν. We say that D is a first-order derivation. Higher-order derivations are
defined inductively: for a positive integer n, we say that the linear operator D on ApGq is a
derivation of order n ` 1, if the two-variable operator

ppµ, pνq ÞÑ Dppµ ¨ pνq ´ Dppµq ¨ pν ´ pµ ¨ Dppνq
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is a derivation of order n in both variables. The identity operator id is considered a
derivation of order 0. All derivations form an algebra of operators, and the derivations in
subalgebra generated by all first-order derivations are called polynomial derivations. They
have the form PpD1, D2, . . . , Dkq, where D1, D2, . . . , Dk are first-order derivations, and P is
a complex polynomial in k variables. In [6], we proved the following result:

Theorem 1. The linear operator D on ApGq is a polynomial derivation if and only if there exists a
unique polynomial fD such that

Dpµpmq “

ż

fDpxqmp´xq dµpxq

holds for each pµ in ApGq and for every exponential m on G.

In [6], we introduced the following concepts. Given an ideal pI in ApGq and an expo-
nential m, we denoted by P

pI,m the family of all polynomial derivations PpD1, D2, . . . , Dkq

which annihilate pI at m. This means that

BαPpD1, D2, . . . , Dkqpµpmq “ 0

for each multi-index α in Nk, for every exponential m, and for every pµ in pI. The dual concept
is the following: given a family P of polynomial derivations and an exponential m we
denote by pIP ,m the set of all functions pµ which are annihilated by every derivation in the
family P at m. Then, pIP ,m is a closed ideal. Obviously,

pI Ď
č

m

pIP
pI,m ,m

holds for every ideal pI. We call pI localizable, if we have equality in this inclusion. In other
words, the ideal pI in ApGq is localizable if and only if it has the following property: if pµ is
annihilated by all polynomial derivations, which annihilate pI at each m, then pµ is in pI. The
main result in [6] is the following:

Theorem 2. Let G be a locally compact abelian group. The ideal pI in the Fourier algebra is
localizable if and only if Ann I is synthesizable.

Corollary 1. Spectral synthesis holds on a discrete abelian group if and only if its torsion-free rank
is finite.

Proof. Although a quite long and complicated proof for this result was given in [4], we
note that a simple application of Theorem 2 above gives Theorem 1 and Corollary 3 in [7],
yielding our statement.

3. Main Result

We have seen above that if G, H are discrete abelian groups and spectral synthesis
holds on G and on H, then spectral synthesis holds on G ˆ H. On the other hand, by
the cited results of D. I. Gurevich, the corresponding result may not hold if G and H are
non-discrete. Our main result in this paper is the following: if G or H is discrete, then
spectral synthesis holds on G ˆ H. In fact, we shall prove the following stronger result:

Theorem 3. Let G be a locally compact abelian group and H a closed subgroup of G. If G{H is
discrete, then spectral synthesis holds on G if and only if spectral synthesis holds on H and on G{H.

In this situation, some authors (see [8,9]) call G an extension of H by the group D “ G{H.
To prove this theorem, we need a couple of preliminary results. The first one is interesting
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on its own. In fact, the corresponding result on discrete abelian groups was proved in ([4],
Lemma 6), but we verified it on general locally compact abelian groups.

Lemma 1. Every closed subgroup of a locally compact synthesizable abelian group is synthesizable.

Proof. The proof is based on our localization result Theorem 2. Namely, we show that if
G is a locally compact synthesizable abelian group and H is a closed subgroup of G, then
every ideal in the Fourier algebra of H is localizable.

Let pI be an ideal in ApHq, where I “ Ann V is the annihilator of a variety V on
H. Clearly, every measure in McpHq can be considered as a measure in McpGq: in fact,
McpHq is a closed subalgebra of McpGq. It follows that ApHq can be considered as a
closed subalgebra of ApGq. We remark that some confusion may arise from the fact that the
functions in ApGq are defined on the set of exponentials on G and the functions in ApHq are
defined only on the set of exponentials on H; however, clearly, this minor inconvenience
can be overcome by the fact that every exponential on H can be extended to an exponential
on G, and the values of the Fourier transforms of the measures in ApHq are independent of
the particular extension of the measure, as its support is included in H.

It follows that pI is a closed subset in ApGq. Let pIG denote the closure of the ideal
generated by the set pI in ApGq. It follows that the functions of the form pξ ¨ pµ with pξ in
ApGq and pµ in pI span a dense subset in pIG. We show that if a polynomial derivation PpDq

annihilates pI at the exponential m, then for any extension, it annihilates pIG at m. Indeed,
let P be a complex polynomial in n variables and D “ pD1, D2, . . . , Dnq, where Di is a
first-order derivation on ApHq. By Theorem 1, every polynomial derivation on ApHq can
be extended to ApGq. On the other hand, we have the following identity:

PpDqppξ ¨ pµq “
ÿ

αPNn

1
α!

Dα
pξ ¨ rBαPpDqspµ,

which can be verified easily with Leibniz’s Rule. It follows that if PpDq annihilates pI at the
exponential m, then

rBαPpDqspµpmq “ 0

for each α; hence, PpDq vanishes on each product pξ ¨ pµ at m, which implies that PpDq

annihilates pIG at m. As G is synthesizable, we have that if pν is annihilated by each PpDq

which annihilates pIG at each m, then pν is in pIG. Now assume that pν is in ApHq and it is
annihilated by every polynomial derivation which annihilates pI at m in the Fourier algebra
ApHq. Then, considering pν as a function in ApGq, it is annihilated by every polynomial
derivation which annihilates pIG at m, where m denotes any extension of m to an exponential
on G. By the above argument, pν is in pIG. However, this obviously means that pν is in pI, as
the support of ν is in H. This proves that pI is localizable; hence, I “ Ann V is synthesizable,
and we conclude that spectral synthesis holds on H and that our proof is complete.

We recall the following result as well (see [10]).

Lemma 2. Every continuous homomorphic image of a synthesizable locally compact abelian group
is synthesizable.

We also need the following simple known result.

Lemma 3. Let G be a locally compact abelian group and let H be a closed subgroup of G. Then, G
is topologically be embedded in H ˆ G{H.

Proof. We define the continuous homomorphism φ : H ˆ G Ñ G by

φph, gq “ h ` g

for each h in H and g in G. Clearly, φ is surjective, and the First, Homomorphism Theorem
says that G is topologically isomorphic to pH ˆ Gq

L

Ker φ. We note that Ker φ is isomorphic
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to H. Now we define the following continuous homomorphism ψ : pH ˆ Gq
L

Ker φ Ñ

H ˆ G{H by
ψ

`

ph, gq ` Ker φ
˘

“ ph, g ` Ker φq “ p0, g ` Hq

for each h in H and g in G. Clearly, ψ is open, and the kernel of ψ is tp0, Ker φqu; hence, ψ is
a topological isomorphism. As pH ˆ Gq

L

Ker φ is topologically isomorphic to G, our lemma
is proved.

Our next result is the last step toward the proof of our main result.

Lemma 4. If G is a synthesizable locally compact abelian group, then so is G ˆ Zk for each natural
number k.

Proof. It is enough to show that if G is a synthesizable locally compact abelian group, then
so is G ˆ Z. We shall prove this statement next.

It is known that every exponential e : Z Ñ C has the form

epkq “ λk

for k in Z, where λ is a nonzero complex number, which is uniquely determined by e. For
this exponential, we use the notation eλ. It follows that for every commutative topological
group G, the exponentials on G ˆ Z have the form m b eλ : pg, kq ÞÑ mpgqeλpkq, where m is
an exponential on G, and λ is a nonzero complex number. Hence, the Fourier transforms in
ApG ˆ Zq can be thought as two-variable functions defined on the pairs pm, λq, where m is
an exponential on G, and λ is a nonzero complex number.

For each measure µ in McpG ˆ Zq and for every k in Z, we let

Skpµq “ tg : g P G and pg, kq P supp µu.

This is the k-projection of the support of µ onto G. As µ is compactly supported, there are
only finitely many ks in Z, such that Skpµq is nonempty. We have

supp µ “
ď

kPZ
pSkpµq ˆ tkuq,

and
Skpµq ˆ tku “ pG ˆ tkuq X supp µ.

It follows that the sets Skpµq ˆ tku are pairwise disjoint compact sets in G ˆ Z, and they are
nonempty for finitely many ks only. The restriction of µ to Skpµq ˆ tku is denoted by µk.
Then, by definition,

xµk, f y “

ż

f ¨ χk dµ

for each f in CpG ˆ Zq, where χk denotes the characteristic function of the set Skpµq ˆ tku.
In other words,

ż

f dµk “

ż

f pg, kq dµpg, lq

holds for each k in Z and for every f in CpG ˆ Zq. Clearly, µ “
ÿ

kPZ
µk, and this sum is finite.

Let δp0,kq denote the Dirac measure at the point p0, kq in G ˆ Z. For each f in CpG ˆ Zq,
we have

xµ0 ˚ δp0,kq, f y “

ż ż

f pg ` h, l ` nq dµ0pg, lq dδp0,kqph, nq “

ż

f pg, l ` kq dµ0pg, lq “

ż

f pg, kq dµpg, lq “ xµk, f y.
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Given a measure µ in McpG ˆ Zq, we define µG in McpGq by

xµG, φy “

ż

φpgq dµpg, lq

whenever φ is in CpGq. Clearly, every φ in CpGq can be considered as a function in CpG ˆZq;
hence, this definition makes sense. Further, we have

xµG, φy “

ż

φpgq dµ0pg, lq.

If I is a closed ideal in McpG ˆ Zq, then the set IG of all measures µG with µ in I is a
closed ideal in McpGq. Indeed, µG ` νG “ pµ ` νqG and λ ¨ µG “ pλ ¨ µqG. Further, if µG is
in I and ξ is in McpGq, then we have the following for each φ in CpGq:

xξ ˚ µG, φy “

ż ż

φpg ` hq dξpgq dµGphq “

ż ż

φpg ` hq dξpgq dµph, lq.

On the other hand, we extend ξ from McpGq to McpG ˆ Zq by the definition

xξ̃, f y “

ż

f pg, 0q dξpgq

whenever f is in CpG ˆ Zq. Then,

xξ̃G, φy “

ż

φpgq dξ̃0pg, lq “

ż

φpgq dξpgq “ xξ, φy,

that is ξ̃G “ ξ. Finally, a simple calculation shows that

xξ ˚ µG, φy “ xpξ̃ ˚ µqG, φy;

hence, ξ ˚ µG “ pξ̃ ˚ µqG is in IG, as ξ̃ ˚ µ is in I. This proves that IG is an ideal in McpGq.
To show that IG is closed, we assume that pµαq is a generalized sequence in I such that

the generalized sequence pµα,Gq converges to ξ in McpGq. This means that

lim
α

ż

φpgq dµα,Gpgq “

ż

φpgq dξpgq

holds for each φ in CpGq. In particular, for each exponential m on G, we have

lim
α

ż

m̌pgq dµα,0pg, lq “ lim
α

ż

m̌pgq dµα,Gpgq “

ż

m̌pgq dξpgq “

ż

m̌pgq dξ̃0pg, lq.

In other words, lim
α

pµα,0 “
pξ̃0 holds, which implies lim

α
µα,0 “ ξ̃0. Consequently,

ξ̃k “ ξ̃0 ˚ δp0,kq “ lim
α

µα,0 ˚ δp0,kq “ lim
α

µα,k.

Hence, we infer
ξ̃ “

ÿ

k

ξ̃k “
ÿ

k

lim
α

µα,k “ lim
α

ÿ

k

µα,k “ lim
α

µα,

as each sum is finite. Since I is closed, ξ̃ is in I, which proves that ξ̃ “ ξ̃G is in IG, that is, IG
is closed.

Now we are ready to prove our main result of Theorem 3.

Proof. If spectral synthesis holds on the locally compact abelian group G, then it holds on
every closed subgroup, by Lemma 1. Hence, it holds on D, as every discrete subgroup is
closed. On the other hand, if spectral synthesis holds on the locally compact abelian group
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G, then it holds on every continuous homomorphic image of G, by Lemma 2. Hence, it
holds on G{D. This proves the necessity part of the theorem.

Now suppose that the conditions on G and H are satisfied: H is a synthesizable closed
subgroup of G and D “ G{H is a synthesizable discrete abelian group. By Corollary 1,
D has finite torsion-free rank; hence, it is the continuous homomorphic image of Zk with
some natural number k. By Lemma 1 and Lemma 3, it is enough to show that H ˆ D is
synthesizable. As H ˆ D is a continuous image of H ˆ Zk, by Lemma 2, it is enough to
show that this latter group is synthesizable. However, this follows from Lemma 4.
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