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Abstract
The generalized allocation scheme was introduced by V.F. Kolchin [1].
Let &1,&2,...,&n be independent identically distributed non-negative inte-
ger valued non-degenerate random variables. Consider the random variables
71, ...,NN with joint distribution

P{n;=k1,...,17§V:kN}=]P{€1=k1,...,§N=kN | Zj\;l&:n}

Let &; have Poisson distribution, then (n1,...,ny) has polynomial distribu-
tion. Therefore {n] = ki,...,nv = kn} means that the contents of the

boxes are ki,...,kn after allocating n balls into N boxes during the usual
allocation procedure.
Our aim is to study random variables 71, ...,ny with joint distribution

P{nl:kl,...,nN:kN}:IP’{.fl:kl,...,gN:kN ’ 211&2"}

It can be considered as a general allocation scheme when we place at least n
balls into N boxes. Let punn denote the number of cases when {n; = r}. That
is unn is the number of boxes containing r balls. We shall prove limit theo-
rems for P{u,n = k}. Moreover, we shall consider the asymptotic behaviour
of P{maxi<i<n 7 < 7} and P{mini<;<nyn: <7}
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1. Introduction

The usual allocation scheme is the following. Let n balls be placed successively
and independently into N boxes. At any allocation the ball can fall into each box
with probability 1/N. This model was widely studied. See the early papers Weiss
[13], Rényi [12], Békéssy [1] and the monograph Kolchin-Sevast’yanov-Chistyakov
[8]. See also Chuprunov-Fazekas [2] for certain recent results.

A generalization of the usual allocation scheme was introduced by V.F. Kolchin
(see the monographs of Kolchin [7] and Pavlov [10]). Let n{,n5,...,ny be non-
negative integer-valued random variables. In Kolchin’s generalized allocation sche-
me the joint distribution of n},75, ... ,7) can be represented as

where £1,&,...,&N are independent identically distributed non-negative integer
valued non-degenerate random variables and k1, ko, . .., kx are arbitrary non-nega-
tive integers, k1 + ko + --- + ky = n. This scheme contains the usual allocation
procedure, certain random forests, and several other models (see the monographs
of Kolchin [7] and Pavlov [10]).

The usual allocation scheme is obtained as follows. Let & have Poisson distri-

bution, i.e. P(& = k) = 21e™, k=0,1,.... Then

! 1\"
P{£1:k17"'7§N:kN | §1+-..+§N:n}:k1'nW<N>

if By +---+ ky = n. That is (n},...,n,y) has polynomial distribution. Now
{n = k1,...,ny = kn} means that the cell contents are ki, ..., ky after allocating
n particles into N cells considering the usual allocation procedure.

The connection of the random forest and the generalized allocation scheme is
the following. Let 7, n denote the set of forests containing IV labelled roots and n
labelled non-root vertices. By Cayley’s theorem, T,, y has N(n+ N)"~! elements.
Consider uniform distribution on 7, n . Let 1} denote the number of the non-root
vertices of the ith tree. Then

; ’ n! (k‘1+1)k1_1...(]€N+1)kN_1
Tl Fon! NN +n)1 ‘

Now let & have Borel distribution (see [5], [9]) P(& = k) = %e*(kﬂ)&
k=0,1,..., A>0. Then

P{&=ki,....én=kn | &4+ +&v =n}
n! (b + 1Rt (ky + 1)k
k) k) N(N +n)n—1

if ky +- -+ kn =n. See |7, 2, 10]. Therefore nj,...,n) satisfy (1.1).
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We can say that in the generalized allocation scheme we place n balls into N
boxes. In the framework of the generalized allocation scheme several asymptotic re-
sults can be obtained. Let ! be the number of the random variables 0}, 75, ..., 7y
being equal to r (r =0,1,...,n).

Observe that
N

Mo =ty = oy = Y L=y (1.2)
can be considered as the number of boxes containing r balls. Here I 4 is the indicator
of the set A, ie. In(z) =1ifx € Aand I (x) =0if x & A. (u)., pl.,,, and p), 5
are just different notations for the same quantity.)

Limit results for p. can be obtained in the following way. Let & be a random
variable with the same distribution as &. Let p, = P{{ = r} and E& = a.
Introduce notation Sy = Ziil &.

Denote by SST) a random variable with distribution

Pley” =k} =Pl =k | & #1}. (1.3)
The expectation and the second moment of 58” are the following a, = Efér) =

— P, 2 E&2 — r2p,

al P and E( ér)) = w. Let §Y), e ,55\;) be independent copies of
— Pr —Dr

5(@. Let S](\?) = ZZ]\LI fi(r). Denote by C% the binomial coefficient C%, = (],Z)
V.F. Kolchin proved in [7] the following lemma.

Lemma 1.1. Let p1), 5 and 5(@ be defined by (1.2) and (1.3), respectively. Then

LGRS = ke
]P){SN = TL}
Using this representation, normal and Poisson limit theorems were obtained
(see [7], and [10]).
In [4] a modification of the generalized allocation scheme was studied, that is

in (1.1) the condition was changed for Ef\il & <n.
In this paper we introduce another scheme, i.e. we use in (1.1) condition of

P{u'nn =k} = Cxpk(1 —p)" (1.4)

the form Zf\;l & > n. It can be considered as a general allocation scheme when
we place at least n balls into NV boxes. Let p,,n denote the number of cases when
{n; = r}. That is p,x is the number of boxes containing r balls.

We shall prove limit theorems for P{j,x = k}. Moreover, we shall consider the
asymptotic behaviour of P{maxi<;<ny7; < r} and P{minj<;<n 7; < r}.

In Section 2 P{p,n = k} is studied. In sections 3 and 4 P{maxi<;<yn; < 7}
and P{min;<,<n 7; < r} are considered, respectively.

2. Another generalized allocation scheme

Let &1,&2,...,&n be independent identically distributed non-negative integer-valu-
ed non-degenerate random variables. Consider random variables 11,72, ..., ny with
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joint distribution

N
P{m =ki,....0n = kn} = P{fl =ki,. ., &N =ky | Zizlfi > n} (2.1)
In this case, we place at least n balls into NV boxes.

Example 2.1. Let & have Poisson distribution, i.e. P(§; = k) = ),‘C—I;e_)‘, k=
0,1,.... Then

P{& =Fk1,....én =kn | €1+"'+§N2n}=¥/\k°/z
k=n

k
(NA!) (2.2)

k... kn! k

if ki +---+ kn = ko > n. Now, we place n (random number) balls into N boxes.
Assume that n > n. Let n; denote the number of balls in the ith box. Then

o0

]P’{nl:kl,...,nN:k'N}:ZIP(m:kl,...,nN:kN|n:i)]P’(n:i)
ko! 1\
Kl k! (N) (n = ko), (23)

if ky +--- 4+ ky = ko > n. If we choose the a’priori distribution of 7 as Poisson
distribution truncated from below, i.e

N — (NA)*
]P’(n:i):%e_]v’\/z( k") e N i=nn+1,...,
! = kK

then we obtain (2.2). That is our scheme (2.1) with &; having Poisson distribution
describes the usual allocation when the number of balls is given by a truncated
Poisson distribution.

Let
N

My = UyrnN = UnN = Zi:l H{m:r}
be the number of the boxes containing r balls. Then we have the following analogue
of Kolchin’s formula (1.4) for our model. Recall that 5((;) is defined by (1.3).

Theorem 2.2. For allk=0,1,2,..., N we have

N—k]P{Sz(\;lk >n—kr}

(2.4)

Proof. (2.4) can be proved by a certain modification of the proof of Lemma 1.1.

Let A,(:) be the event that exactly k of the random variables &1, ..., &N are equal
to r. By (2.1), we have

P(A") Sy > n)

Pliny =k} = PA| Sy 2 ) = =52
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Furthermore,
P(A, Sy > n) =P(Sy > n| A )P(A]")
= CNpe(L—p) N TF (SN 2 n| & # 7y EN ke AT EN k1 = TN = T)
= CRpE (1 — )N TFB(SRLy 2 — k).

Here we have used that &1, ...,y are independent random variables and the event
A,(:) can occur Ck; different ways, moreover

P(Sy >n,A")

P(A;”)
PG AN G E N F AN k1 =T, N =)
B P& #r . . ., éNk ZTEN-Kkt1 =71, N =T)
PG F Nk 2=k S F Nk F T EN k1 =Ty, 6N = T)
o P(fl#T,...,gN_k#T,fN_k_i_lZT,...,fN:’/‘)
:IP’(E1+---+§N,/CZn—kzr,fl#r,...,fN,k;ér) 0

P(fl#r,...,&\;_k;ﬁr) '

The proofs of our limit theorems are based on representation (2.4). First we
consider two theorems with normal limiting distribution. Let ann = -

P(Sy > n| A)) =

Theorem 2.3. Let E{y = a be finite, Efér) =a,, s2=p.(1—p,).
(1) Let d < a. Then, uniformly for ann < d, we have

1
V2nNs,
asn,N = o0 and u = ﬁ_]\]x% belongs to an arbitrary bounded fixed interval.

(2) Suppose that ar < a. Let a, < dy < d < a. If k belongs to a bounded
interval, then we have

P{iny = k} = e 2(140(1)), (2.5)

lim P{pny =k} =0. (2.6)

n,N—o00,d1<an,n<d

Proof. (1) By the Moivre-Laplace Theorem we have

1 2
CRpF(1 —p )N F = ———e7/2(1 4+ 0(1)), 2.7
as N — oo uniformly if u = ’;71\],\?/);' belongs to a bounded fixed interval, where

572~ = pr(l - pr>-
As apn < d < a, applying Kolmogorov’s law of large numbers, we obtain

N—k
lim ]P’{Z&i(r)Zn—kr}zl,
i=1

n,N—00, a,N<d

N
li P ;> =1.
¥ {Zf : }
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Now (2.4), (2.7) and (2.8) imply (2.5).
(2) Let d; < a,n < d. By Kolmogorov’s law of large numbers, we have

N—k
I P "V >n—kry=0. 2.9
n,N%oo,ldIfl<anN<d { ; 51 =" T} ( )
We obtain (2.6) from (2.4), if we apply (2.7) and (2.9). O

Remark 2.4. Tt is easy to see that a < a,, a > a, and a = a, if and only if a > r,
a < r and a = r, respectively.

Let ® denote the standard normal distribution function. Recall that a = E&
a, = Ef((f) and s2 = p,.(1 —p,).

Theorem 2.5. Suppose that EE2 < oo. Denote by o2 the variance of & and by

a2 the variance of f(()r). Assume 0 < 02,02 < co. Let —o0o < C < oo. Then, as
n, N = oo such that vV N(ann —a) = C, we have

a—T
Crusri— -

TN R ( Vipra
—F— €
V27 Ns, 1-@(9)

Pluny =k} = ) +o(1) |, (2.10)

k—Np,

<175 belonging to any bounded fized interval.

foru=

Proof. As 0% = D?(&) < oo and o2 = D? (56”) < 00, by the central limit theorem,

we obtain
P i§>n -P Ziilfi*Na>\/ﬁ(OénN—a)
peril - VNo B o

=1-@ (WW> +0(1), (2.11)

g

and similarly we obtain

N—k VN(ann —a) + usrlai
P{Zgi(”zn—kr}:l—é —Pr 1 4Lo(1). (2.12)
=1

V1—pro,

Using (2.11), (2.12), and (2.7), relation (2.4) implies the desired result. O
Using large deviation theorems we can describe the relation between p,n and
HpN-
Let X;,X5, ... be independent identically distributed non-negative non-de-

generate random variables with lattice distribution (assume that the span of the
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distribution of X; is 1). Suppose that Cramér’s condition is satisfied, that is
EeroX1 < o for some Ag > 0. Let Zy = X1 +--- + Xu. Introduce notation

M(h) = Ee"X1, a(h) = (In(M(h)))', v*(h) =d'(h).

As X7 is non-degenerate, therefore a’(h) > 0, so a(-) is strictly increasing.
We have the following lemma from [11].

Lemma 2.6. Let x be an integer number and let h = a_l(%) . Then, as N — oo,

we have
B(Zy = 1) =~ e (140 () )
(2 2 0) = s MY 1= (140 ()

uniformly for x, with Na(e) < x < Na(\g — €), where € is an arbitrary small
positive number. In particular

N = (1 —e M)l o . .
Bz =g~ 1 ¢ T AHo) (2.13)

Introduce notation
(r)
L(\) =Ee*o,  L,.(\) = Ee*o
where we assume that there exist positive constants Ao > 0 and )\(()T) > 0 such that
(1) ¢(r) .
Ee?o% < 0o and Ee*o %0 < oo (Cramér’s condition). Let

m(A) = (In(L(N)), >N\ =m/(\), 0< A< )\,

me(A) = (In(L,(\)),  o2(A) =mL(\), 0<A< AP,

T T

As & is non-degenerate, therefore m(.) is strictly increasing. Assume that 0 <
P(¢y = 0) < 1. Moreover, if we additionally assume that r # 0 and P(§ =

0)+P(§ =r) < 1, then g((;") is non-degenerate, therefore similar property is valid
for the function m,.(.).

1—eh

1—eh’

Theorem 2.7. Assumer >0, P(§o =0) >0, and P(§, =0) + P(§ =r) < 1. Let
max{a,a,} <dy <ds < min{m()\o),mr()\g'))}. Then, as n, N — oo, we have

Plpnn =k} =P{'nn = k}B(ann) (1 +0(1)) (2.14)

uniformly for dy < apn < ds.

Let h = m™! (ann), hr = m; t (nn), and B(ann) =

Proof. We obtain Theorem 2.7 from (2.4) and from Lemma 1.1, if we apply (2.13)
both for &; and for {lm. O
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We shall use the so called power series distribution. Consider the random
variable £ with the following distribution. Let by, b1,bs,... be a sequence of
non-negative numbers and let R denote the radius of convergence of the series

S bkek
B(Q):Zkzo kK

Assume that R > 0. Let &, = &y(0) have the following distribution

pe = pr(0) = P{&(0) = k} = k?ge(];), k=0,1,2,.... (2.15)
Differentiating B(6) for 0 < § < R, we obtain
Beo(0) = 2. w6s(0) = L2 ) - B0
(see e.g. [7]).

We will assume that the distribution of the random variable £, () satisfies
bo >0, by > 0. (216)

We emphasize that the distribution of {y = &(#) is not fixed, it depends on 6.
We have the following Poisson limit theorem.

Theorem 2.8. Suppose that the random variable & = &y(0) has distm’bution (2.15),
condition (2.16) is satisfied. Let § < K < R. Let r > 1 and N1 T 0. Let

N — oo such that Np.(0) = X for some 0 < A\ < co. Then for all k 6 N we have

/\ke—A

Proof. Let k € N. By the Poisson limit theorem, one has

(1+o(1)). (2.17)

)\k -
k!
Relation Np,(f) — A implies that 6 = o(1), B(f) = by + o(1), B'(8) = by + o(1)

" ri(boA+o(1)) ) /"
and B (0) = ba + o(1). Therefore § = (07) .

N—k __

Cxpr(L=pr) — (1 +o(1)). (2.18)

Nb,
We know that E&y = B(é)) Therefore
by (P (BoA+o(1)\ 7 (N
E& = b < Nb. (I+o0(1))=C N (1+0(1)). (2.19)

Here and in what follows C' denotes an appropriate constant (its value can be
different in different formulae). Similarly

1/r
D% =C (;) (14 o0(1)). (2.20)
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Now applying condition # — 0, Chebishev’s inequality and relations (2.19),
(2.20), we obtain

P{Sy >n} = (1+o0(1)). (2.21)
- E& — .. .
As Egé ) — §10_7p7"pr7 so (2.19) and condition Nlnfl, — 0 imply that
) 1 1/r
Efor =C (N) (I+0(1)). (2.22)
We have Ee2 ) )
r 2arp, Dy
P2t — B @ + - , 2.23
© 1-p. (1-p)? (1-p)? (1-p)? (2.23)
We obtain

1/r
D2l = C <]1V> (1 + o(1)). (2.24)

Now applying condition — 0, Chebishev’s inequality and relations (2.22),

(2.24), we obtain

_1
T

P{S), >n—kr} = (1+o0(1)). (2.25)
Inserting (2.21), (2.25), and (2.18) into (2.4), we obtain (2.17). O

3. Limit theorems for max;<j<n 7

Let T(N) = MaX1<i<N ;- M(N) 18 the maximal number of balls contained by any of
the boxes.
Let §S§T) be a random variable with distribution

P{{<") =k} =P{& =k | & <r}.

Let 52(9), i=1,...,N, be independent copies of 589). Let S](\,ST) = ZZV:I 559)
and Ef(()gr) = a<,. We can see that a<, < a. Moreover, a<, = a if and only if

P(§ < r) =1, that is & and 569) have the same distribution.
The following representation of 7y is useful to obtain limit results.

Theorem 3.1. We have

NED{S](\/ST) > n}

P{inny <rp=(0-F) P{Sy > n}

(3.1)

for all r € N where P. =P{& > r}.
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Proof.
P{nny <r}=P{m <r,...,nn <71}

:P{flgr,...,&vgr | Zilgizn}
P{er <r.. bn <7, Sy 2}

P{SN>’(L}
Plsy > <rEn <
P WE R T
IP{SN>H}
B P{s(ﬁ’“)> }
=(1-P)" P{gN>n} =

Theorem 3.2. (1) Let d < a<,. Then for all fired r € N, as n, N — oo, we have
P{novy <7} =(1—P)Y(1+0(1)) (3.2)

uniformly for a,n < d.
(2) Suppose that a<, < a and a<, < di < d < a. Then for all fited r € N, as
n, N — 0o, we have
P{nwy <7} =(1—P)Vo(1) (3.3)
uniformly for d > o, n > dy.

Proof. (1) Apply Kolmogorov’s law of large numbers for Sy and SJ(\,ST) in (3.1).

Then (3.2) follows.
(2) If di < anny < d and we apply Kolmogorov’s law of large numbers, then we

obtain <)
Sy n
li P — > — 1% =0. 3.4
n7N—>oo,1dIfl<anN<d { N - N} ( E)]
Theorem 3.3. Suppose that B2 < co and let O'QST be the variance of fogr). Let

—00 < C < o0o. Then, for all €N, as n, N — oo such that VN (any —a) — C,
we have

1-@ (<
]P{n(N) < T} = (1 - PT)N 1_@((2'")) + 0(1) ) fOT a<r = Q, (35)

P{nony <7t =1 —=P)Y -0o(1), for a<, <a. (3.6)

Proof. By the central limit theorem, we have

P{XN:Q(Q) > n} _ P{Zf& ¢~ Na, S VN (ann — agr)}
i=1

\/NUST B O<r



A generalized allocation scheme 67

—1-d (m(a” — a<r)> +o(1). (3.7)

o<r

In relation (3.1) apply (2.11) and (3.7) to obtain (3.5) and (3.6). O

Let nE N) = MaXi<i<n 7, be the maximum in the usual generalized allocation
scheme (1.1). Using large deviation results, we can describe the relation of nEN)
and N(N)-

Introduce notation

Ley(h) — B
where we assume that there exist a positive constant /\SST) > 0, such that

AL (<) L .
Eeto %07 < oo (Cramér’s condition).

Let
mer(\) = (I(L<,(V)), 02, (\) =ml,(N), 0<A<AF".

Let 7 > 1. If P(& = 0) > 0 and P(§ < 7) > P(& = 0), then &=" is non-

degenerate, therefore m<,(.) is a strictly increasing function.

1

Let h =m™! (ann), h<y = m, (ann), and B (ann) = l—e "

l1—e lsr”

Theorem 3.4. Assume that r > 1, P(§o = 0) > 0, and P(& < r) > P(& = 0).
Let max{a,a<,} < di < ds < min{m()\o),mgr()\(()g))}. Then, for all € N as
n, N — 0o, we have

P{nny <} =P{n' () < r}B<r(ann) (14 0(1)) (3.8)
uniformly for dy < apn < ds.

Proof. For the usual generalized allocation scheme, V.F. Kolchin in [7] obtained
that (<)
NP{Sy " =n}

— (3.9)

Py <rt=01-F)

for all r € N where P, = P{&, > r}.

Using (3.9) and (3.1) and applying (2.13) both for &; and for §i(§r), the proof
of Theorem 3.4 is complete. O

Theorem 3.5. Suppose that the random variable & = £(0) has distribution (2.15),
condition (2.16) is satisfied and § < K < R. Let r € N. Let § = 0(N) be such that
Npr41(0) = A where 0 < A < oo. Then, as n, N — oo such that w7ty — 0, we
have

P{nu) =7} = +o(1), (3.10)
P{nn) =r+1}=1—e>*+o(1). (3.11)
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Proof. Relation 47t — 0 implies that

(r + D(boA + o(1)) ) 1/r+1) |

B(0) =by+0(1) and 6= < Nopor

Using 7 + 1 instead of r in the proof of Theorem 2.8, we obtain
P{Sy >n} = (1+0(1)). (3.12)

Let 71 € N. Then

k
T ((<r+1>!<box+o(1>>>W*”)
k=1

Re(<m) — o Nora (1+0(1))
o 1/(r+1)\ *
o (((T+1)!(bo>\+0(1))> )
k=0 Elbo Nb,11
1 1/(r+1)
=C (N) (14 0(1)). (3.13)
Moreover,
1/(r+1)
p2eism) < ¢ (N) (1+o(1)). (3.14)
Using Chebishev’s inequality, (3.13) and (3.14), we obtain
P{S") > n} = (1+0(1)). (3.15)

Using relations 6§ — 0 and Np,11(6) — X, we obtain

(1—-P_1)N =0(1), 1-P)N =e*+0(1), (1-Py1)¥=1+0(1). (3.16)
Inserting (3.12), (3.15), and (3.16) into (3.1), we obtain
P{ny < -1} =o(1), P{na) <r}=e"?+o(1), Py <r+1} =1+o0(1).

These relations imply (3.10) and (3.11). O

4. Limit theorems for min;<j<y n;

In this section we shall prove limit theorems for the minimal content of the boxes.
Let ny—y = minj<;<y 7. Let fézr) be a random variable with distribution
P{cF”) =k} = P{¢& =k | & > r}. Let €27 i = 1,... N, be independent
copies of €77, Let &7 = SN ¢ and B¢ = as,. One can sce that
Efézr) > E&y and equality can happen if and only if §OZT) = &o.

We start with an appropriate representation of 7 y_)
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Theorem 4.1. We have
NP{SE" > n}

Pinn_y 27} =(1-Qy) P{Sy > n}

for all r € N where Q, = P{&y < r}.
Proof.

Plov—y zry=P{m =r,....nn 21}
=Pla>r. vz | Y G20
P{glzr,...,gNzr,SNzn}
- IP{SNzn}

Theorem 4.2. Let d < a. Then for all v € N, as n, N — oo, we have

P{n-y 27}t =(1-Q)N(1+o(1) (4.2)
uniformly for a,n < d.
Proof. We apply Kolmogorov’s law of large numbers for Sy and SJ(VZT) in (4.1).
Then we obtain (4.2). O

Theorem 4.3. Suppose that B2 < co and let O’QZT be the variance of fozr). Let

—00 < C < o0o. Then, for all €N, as n, N — oo such that VN (any —a) — C,
we have

(1)
IP){77(N7) >rp=(1-Q) W +o(1) |, for a>r=a, (4.3)
IP){77(N7) >rp=(1- QT)N (1_(}}(5) + 0(1)> ; for axr>a. (4.4)

Proof. By the central limit theorem, we have

P{f:fz(bﬂ) > n} _ P{Ziv—l §§ZT) — Na>, > \/N(anN —a>r)}
i=1

\/NUZT N O>r
—1-9 <W(O‘"N = “2’”)> +o(1). (4.5)

O>r

In relation (4.1) apply (2.11) and (4.5). Then we obtain (4.3) and (4.4). O
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