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Introduction

As usual, N, Z, Q and R denote the set of natural, integer, rational and real num-
bers, respectively, R, denotes the set of nonnegative real numbers. Denote by I a
nonempty real interval.

The investigation of approximate convexity probably started with the paper by
Hyers and Ulam [35] who in the year 1952 introduced and investigated e-convex
functions. The Hyers and Ulam decomposition theorem of e-convex functions was
later generalized by Péles in [58]. Since then many papers on this subject have been
published. Two trends in these papers can be observed. One focuses on investigation
of the regularity properties (differentiability, Lipschitz or Holder property, etc.) of
approximately convex functions (cf. [53], [54], [64], [16], [27], [62, 63, 65]). The
other concerns, roughly speaking, the connections of approximate Jensen convexity
and approximate convexity, see, for example, Hazy [30, 31], Hizy and Péles [32, 33,
34], Mak¢ and Pales [44], Murenko, Tabor and Tabor [51], Tabor and Tabor [66, 67],
Tabor, Tabor, and Zotdak [69, 68].

Our considerations belong to the second current.

In Chapter 1, we introduce Takagi-like functions, which appear naturally in the
investigation of approximate convexity. The main results of this chapter examine the
approximate Jensen convexity of these Takagi type functions.

First we recall various notions of approximate Jensen convexity and approximate
convexity. Let X be a normed space and D be a nonempty convex subset of X. Denote
by D* the set {||x —y|| : x,y € D}. Lete,q € R,. We say that f : D — R is
(&, @)-Jensen convex, if

X+y)g f(X)erf(y)

(=

+elx—yl”  (x,yeD).

A more general version of approximate Jensen convexity was examined in [66] and
[44]. Given a nonnegative error function ¢ : D* — R, we say that a function f : D —
R is ¢-Jensen convex if

X+y)S J) + f@)

U 2

+e(lx—yl)  (xyeD).
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2 Introduction

By taking the function ¢(¢) := &4, we can see that (g, g)-Jensen convexity is a partic-
ular case of ¢-Jensen convexity.

The fundamental problem of the theory of convexity is to establish a relationship
between approximate Jensen convexity and approximate convexity. Let us mention, in
chronological order, the most important results in this direction. We should recall first
the Bernstein—Doetsch Theorem [8], which says that every locally bounded Jensen
convex function is convex. In all the results quoted below we assume that f is locally
bounded. In the year 1979 Rolewicz [63] showed that in the case when g > 2 every
continuous (&, g)-Jensen convex function is convex. Ng and Nikodem in [52] proved
that when g = 0,

2"t
’m\i—i) (110,11, x,y € D),

flx+ (A =0y) < tf )+ (A= Df@) +2 )

n=0

where yr\z denotes the characteristic function of R \ Z. They also showed that this
error function is optimal. Next, Hizy and Pales considered first the case when g = 1
in [32], and later in [33], they showed that, if f is (&, g)-Jensen convex, then

o q (Hn )

t
fx+A -0y <tf(0)+ 1A -0 f() +EZ llx =yl (t€l0,1], x,y € D),

n=0

A
2n

where
dz(t) :=2dist(t,Z) :=2min{|t — z| : z € Z} (t € R).

Péles (see [59], 7. problem, p. 307) posed the problem whether the above error
function is optimal. If ¢ = 0, then this reduced the problem of Ng and Nikodem, who
showed that their estimation is optimal. In the case when g = 1, Boros proved in [14]
that the previous inequality includes also the best error function. In Chapter 1, we
will examine the optimal estimation the case when g €]0, 1]. More generally, we will
also prove that the optimal estimation for ¢-Jensen convex functions is given by

flx+ 1A —ny) <1f(x) + A -0)f(y) +

Zw (t€[0,1],x,y € D),
n=0

if we have some natural regularity assumptions for ¢.
The remaining case g € [1, 2] was completely solved in [67] by Tabor and Tabor,

where these authors prove that the optimal estimation for an (g, g)-Jensen convex
function is given by

oo

flax+ A =0y <1f(0)+ (1 —t)f(y)+82

n=0

d=(2"1)

T yl* (@ €l0,1], x,y € D).




In [66], Tabor and Tabor showed that for all ¢-Jensen convex functions are approxi-
mately convex in the following sense

llx = yll
on

flox+(1=0y) 1) + (1 =Df@) + ) (7= )d2") (1€ [0, 1], x.y € D).
n=0
In Chapter 1, we will also prove that this error function is optimal under certain regu-
larity conditions for the function ¢.
The integral average of any standard convex function f : I — R can be estimated
by the values of the function at the midpoint and at the endpoints of the domain as

follows:

1

(1) f(x;y)sf f(tx+(1—t)y)dt£fT (x,y €.
0

This is the well known Hermite-Hadamard inequality. The above implication was
discovered by Hadamard [28]. (See also [49], [41], and [56], [23], [55], [56], [57] for
a historical account.)

More generally, it is easy to see that the e-convexity of f (cf. [35]), i.e., the
validity of

fx+ A -y <tf)+A-0f+e  (x,yeD, 1e[0,1]),

implies the following e-Hermite—-Hadamard inequalities

() + fy)

!
(2) f(x;y)ﬁf fx+(Q -ty)dt+&  (x,y € D).
0
and
i
(3) f f(tx+ (1 = y)det < Jw +¢ (x,y € D).
0

Concerning the reversed implication, Nikodem, Riedel, and Sahoo in [57] have re-
cently shown that the e-Hermite—Hadamard inequalities (2) and (3) do not imply the
ce-convexity of f (with any ¢ > 0). Thus, in order to obtain results that establish
implications between the approximate Hermite—Hadamard inequalities and the ap-
proximate convexity type inequality, one has to consider these inequalities with non-
constant error terms.

Let X be a linear space and D be a nonempty convex subset of X and denote by
D~ the following set {x — y | x,y € D}. In Chapter 2, we will investigate the connec-
tions between approximate upper Hermite—Hadamard type inequality and Jensen type
inequalities. In other words, we consider functions f : D — R satisfying

f(x;y)s f(x);'f(y)

+a(x—y) (x,y € D)



4 Introduction

1
j(; flx+ A =0yp@dt < Af(x0) + (L= Df(y) +Bx-y)  (x,yeD),

where @, : D* — R are given even functions, 4 € [0,1], and p : [0,1] — R, is
an integrable nonnegative function with fOl p(t)dt = 1. The heart of our approach is a
multiplicative type convolution and its asymptotic properties.

In Chapter 3, we will examine the connections between lower Hermite—Hadamard
type inequalities and convexity type inequalities. In other words, we consider f satis-

fying

4) f((l—un)xﬂuy)sff((l—t)x+ty)du(t)+E(x,y) ((x,y) € DY),
(0,11

W =Dx+1y) < (1 =DfD) +1f ) + ey () ((xv,y) € D, 1€ [0, 1),

where u is a measure on [0, 1], u; := f[O,l] tdu(t), E : D* — R and, for all (x,y) € D?,
exy - [0,1] — R is a function. In fact, we consider lower Hermite—Hadamard type
inequalities and convexity type inequalities in a more general case using the defini-
tion of Chebyshev-system and means. The key for the proof of the main result is a
Korovkin type theorem which enables us deduce the approximate convexity property
from the approximate lower Hermite—Hadamard type inequality via an iteration pro-
cess. Consider (4), when y is a measure on [0, 1] defined by u := (1 — 7)dp + 161,
where 7 €]0, 1[ and ¢ is the Dirac-measure. Then (4) reduces a Jensen type inequality.
Thus an important application of our main result is a Bernstein—Doetsch type theorem
(ct. [8]).

Terminology and notations

In this section, we introduce the necessary notations and terminology. Define the
function dz : R — R by the following formula:

dz(x) := 2dist(x,Z) := 2min{|x — z| : z € Z} (x € R).
Given a nonempty, convex subset D of the linear space X, denote
D':=(D-D) and D*:={(x,y) € D*|x+#y).
If, in addition, X is a normed space, then we set
D" :={llx—yll : x,y € D}.

Let @ : D* — R be a given even function (we note that @ need not be nonnega-
tive). A function f : D — R is called approximate a-Jensen convex on D (cf. Mako
and Pdles [44], Tabor and Tabor [66, 67]) if, for all x,y € D,

+ a(x —y).
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If X is a normed space and a(u) is a function of ||u||, i.e., « = ¢ o || - || for some
¢ : D* — R, then (5) reduces to

X+ (x) + f(y)
©®) A zy)sf 2” +ollk—yl) (ryeD).

In this case, f is termed ¢-Jensen convex on D. An important particular case occurs
when ¢ : D* — R is of the form ¢(f) := &1, where ¢ > 0 and & € R are arbitrary
constants. Then f is called (&, g)-Jensen convex on D (cf. [58, 32, 33]).

We need to introduce the following terminology. For a function f : D — R, we
say that f is hemi-P if, for all x, y € D, the mapping

) t— f((1 -x+1ty) (te[0,1]

has property P. For example, f is hemi-bounded if for all x,y € D the mapping
defined by (7) is bounded. Analogously, we say that a function 2 : D* — R is
radially-P if, for all u € D*, the mapping

t — h(tu) (te[0,1])
has property P on [0, 1].






Approximate convexity of Takagi functions

Let X be a normed space and D be a convex subset of X. For a fixed error
function ¢ : D* — R,, we introduce the Takagi type functions T, : R X D* — R,
and §, : Rx D* — R, by

[eS]

1

(1.1) To(t,u) := ﬁgo(dz(Z"t)u) ((t,u) e R x D*)
n=0

and

(1.2) Sy(tu) =y go(%)dZ(Z”t) ((t,u) € R x D*).

n=0
Note that the first series converges uniformly if ¢ is bounded, on the other hand,
for the uniform convergence of the second series, it is sufficient if 32, ¢(27") < oo
for some ng € N.
The importance of the function T, introduced above is enlightened by the follow-
ing result which can be considered as a generalization of the celebrated Bernstein—
Doetsch theorem [8].

TaeoreM 1.1. (Mako6-Pales [44], Tabor-Tabor [67])
Let f : D — R be locally upper bounded on D. Assume that ¢ : D* — R, is a
continuous function such that ¢(0) = 0. Then f is ¢-Jensen convex on D if and only if

(1.3) fx+ A =0y <tf(x)+ (A =0Df(y) + Ty, llx =yl
forall x,y € Dandt € [0, 1].

The other Takagi type function 8, was introduced by Jacek Tabor and Jézef Ta-
bor. Its role and importance in the theory of approximate convexity is shown by the
next theorem.

THeorEM 1.2. (Tabor—Tabor [67])
Let f : D — R be upper semicontinuous on D and let ¢ : D* — R, be nondecreasing

7



8 Approximate convexity of Takagi functions

such that 3,7, o(27") < oo for some ny € N. Then f is p-Jensen convex on D if and
only if

(1.4) Slax+ A =0y <tf(x) + (1 =0 f(y) + Su(t, lx = ylI)
forall x,y e Dandt € [0, 1].
Let &, g > 0 be arbitrary constants. When ¢(u) := gu?, (u € D*), the two corollar-

ies below (see [33] and [67]) are immediately consequences of the previous theorems.
For g > 0, define the Takagi type functions S, and 7, by

o (dz(2"))! N dp (2"
(1.5) T,(0) ;:E % S, ;:Z Zz(nqt) (t € R).
n=0 n=0

They generalize the classical Takagi function

00

T() := ZM (t€R)

n
n=0 2

in two ways, because 71 = S| = 2T holds obviously. This function was introduced by
Takagi in [70] and it is a well-known example of a continuous but nowhere differen-
tiable real function. For further historical details and remarks, we refer to the papers
Billingsley [13], Cater [17], Kairies [36] and Allaart and Kawamura [6].

It is less trivial, but it can be proved that T,(f) = S,(f) = 4#(1 — 1) for ¢ € [0, 1].
The following pictures demonstrate the comparison between T, and S, for g = 0.5
and g = 1.5, respectively.

- o W 4
Aﬁ*ﬂ\{ﬂr\ [ﬂ;n!r V Y\f rw\(\ ﬂ‘mﬁ N »\'W

[ ﬂfnyﬁw\m

UL

— s05
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CoroLLARY 1.3. (Hazy [29])
Let f : D — R be locally upper bounded on D, ¢ > 0 and € > 0. Then f is (&, q)-
Jensen convex on D, if and only if

(1.6) flx+ 1 =0y) <tf(x)+ 1 =0 f(y) + eTyOllx -yl
forall x,y € Dandt € [0, 1].

CoroLLARY 1.4. (Tabor—Tabor [67])
Let f : D — R be upper semicontinuous on D, g > 0 and € > 0. Then f is (&, q)-
Jensen convex on D if and only if

(1.7) flx+ (1 =0y <tf(x)+ (1 -0 f(y) + &S @Ollx -yl
forall x,y € Dandt € [0, 1].

In [14] Boros proved that if ¢ = 1 and ¢ € [0, 1] is fixed, then S () = T,(¢) =
2T(z) is the smallest possible. In [66] Tabor and Tabor showed that if 1 < ¢ < 2 and
t € [0, 1] is fixed, then S 4(¢) is the smallest possible value so that (1.7) be valid for all
(&, ¢)-Jensen convex functions f on D.

It is an important question whether the error terms T, (%, [lx — yll), S (2, [lx — ylI) in
(1.3) in (1.4) and T,(?) in (1.6) are the smallest possible ones. In other words, for all
fixed x,y € D, we want to obtain the exact upper bound of the convexity-difference of
¢-Jensen convex functions defined by
(1.8) Colx,y,0):= sup {f(tx+ (1 -0y) —tf(x) -1 -0 f(y}

fedCy(D)
where
dC,(D) :={f : D — R |f is ¢-Jensen convex on D}.
The statement of Theorem 1.1, Theorem 1.2, Corollary 1.3, and Corollary 1.4 can be
stated as

1.9 Colx,y, 1) < 7(1, llx = ylD),
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where 7 : R x D* — R, is given by

T:=T, T1:=8, ttu):=elT,(u?, and 7t u):=eS(Oul,
respectively. To obtain also a lower bound for Cy(x, y, f), (and thus to prove the sharp-
ness of the inequality (1.9)), the following important observation was done by Péles
in [59].

Tueorem 1.5. (Pales [59])

Let ¢ : DY — R, be increasing. Let T : R x D* — R, be continuous and 1-periodic
in its first variable, with 7(0,u) = 0 for all u € D*, which is Jensen convex in the
following sense, for all u € D* and s,t € [0, 1],

(1.10) (s+ﬂu)sT“”0+T“”)+ﬂm—ﬂm.
2

Then, for all x,y € D and t € [0, 1],

(1.11) Co(x,y,1) 2 (¢, [Ix — ylD.

Proor. Let x,y € D be arbitrary fixed. If x = y, the proof is evident. Assume that
x # y. Then by Hahn-Banach theorem, there exists 0 # x* € X* such that

x(x=y) = IxXI - llx = yll.
Define g, : D — R by the following way:

x(u—y)

*—,nx—yn) (u e D).
Il 1 = ol

Gry(u) 1= T(

Now we prove that g, , € JC,(D). Let u,v € D. Then, using the definition of g,
and (1.10), we get that

(’4 + U) gx,y(u) + gx,y(v)
XY -

2 2
-3 ﬁcx(ﬁ) ﬂxx—(Zﬁ ¥ ﬁcxfﬁ). ﬂxx_(ﬁ Jo = i)
S (=i SR R (e e )
< 9"(%”% 7
= w(%”x - yll) = (llu = ),
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which proves that g, , € JC,(D). Then, using 7(0, [lx — yll) = 7(1, [Ix — yl|) = 0, we get
Co(x, 4, 1) 2 gry(tx + (1 = Dy) — 19 y(x) — (1 = DGy (y)
=7, |lx = yl) = t=(1, [lx = yll) — (1 = H)7(0, [lx — yl))
(1, |lx = ylD),

which proves (1.11). O

1.1. Approximate convexity of Takagi type functions T,

Given a bounded function ® : R — R, we define the Takagi type function T, :
R — Rby

00

O(2"x)
To(x) = Z:; o
Observe that @ +— T is a bounded linear map on the space of bounded real functions
for which T = 2C for each constant function C. It is also easy to see that Ty satisfies
the following identity:

(1.12) To(x) = O(x) + %T@(Zx) (x €R).

Furthermore, if @ is continuous and 1-periodic then T is also continuous and 1-
periodic, respectively. Obviously, with @ := dist(-,Z), we get the classical Takagi
function defined. Taking @ := d%, the obtain the Takagi type function defined in
(1.5).

The main purpose of this section is to prove that a certain class of the Takagi type
function Ty is also approximately Jensen convex in an appropriate sense. In other
words, we are looking for a function ¥ : R — R such that

xX+y To(x) + To(y) xX—y
(1.13) Tq)( 5 )s 5 +‘I‘( 5 ) (x,y €R)
be satisfied. Putting y = 0, replacing x by 2x, and observing that T¢(0) = 20(0),
(1.13) reduces to

Top(x) < %T@(Z)C) + ®0) + ¥Y(x) (x €R),
which, by (1.12), is equivalent to
O(x) < O0) + ¥(x) (x € R).

This means that ¥ := ® — ®(0) is the smallest possible choice for ¥. In Theorem 1.6
below, we will prove that, for a certain class of functions @, this choice is indeed
appropriate. Then, we apply the results on the approximate ¢-Jensen convexity of
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Takagi type functions to obtain the sharpness of the error terms for the corresponding
approximate convexity property.

Our first main result states that, under certain assumptions on ® : R — R, the
approximate Jensen convexity inequality (1.13) holds with ¥ := @ — ®(0).

THeorREM 1.6. (Maké—Pales [43])
Assume that ® : R — R is continuous, 1-periodic and, for all x,y € R,

20(x) = (x — y) — D(x +y)
(1.14) + min (0, D(2x) - B(2x + 3) + D2y + §) - D(2y))
<20(y) — ©(0) — D(2y).
Then Ty satisfies, for all x,y € R, the approximate Jensen convexity inequality

(1.15) 2Tp(x) < To(x + y) + To(x — y) + 2(D(y) — D(0)).

Proor. Replacing ® by @ — ®(0) if necessary, we may assume that ®(0) = 0.

By the 1-periodicity, continuity of @ and ®(0) = 0, the function T is 1-periodic,
continuous, vanishes on Z, and T¢(x + %) = (D(%) holds for all x € Z. Substituting
x=0and y = 1/2 into (1.14), it follows that ®(3) > 0.

We show, by induction on n € N, that (1.15) holds for all x,y € Z/2". Then
the statement follows from the continuity of T and the denseness of dyadic rational
numbers in R.

To prove the statement in the case n = 1, let x, y € Z/2 be arbitrary.

If x,y € Z, then Tp(x) = To(x —y) = To(x +y) = 0 and O(y) = 0, hence (1.15)
holds with equality.

If x ¢ Z, y € Z, then, by the 1-periodicity, we have Top(x+y) = To(x—y) = To(x)
and @(y) = 0, hence (1.15) holds with equality.

IfxeZ,y¢Z then Top(x) = 0and To(x —y) = T4(x + y) = O(y) = CD(%) hence
(1.15) is equivalent to 0 < (D(%), which was derived from (1.14).

Ifx ¢ Z, y¢Z, then To(x) = @(y) = O(3) and To(x — y) = To(x + y) = 0 since
x £y € Z. Thus (1.15) again holds with equality.

Now assume that the statement holds for all x,y € Z/2" for some n € N and let
x,y € Z/2™" be arbitrary. We distinguish two cases according to the validity of the
inequality

(1.16) 0 < ®2x) - D2x + 1) + Oy + 1) — DQ2y)
Case I: When (1.16) holds. Then (1.14) reduces to
(1.17) 20(x) = O(x — y) — D(x + y) < 20(y) — P(2y).

Since 2x, 2y € Z/2", therefore, by the inductive assumption, we also have
(1.18) To(2x) — 3(To(x + 2y) + To(2x — 2y)) < O(2y).
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Using (1.12), (1.17), and (1.18), we get
2To(x) — (To(x + y) + To(x — y))

= 20(x) + Tp(2x) — (D(x + y) + %T@(zx +2y) + D(x — y) + %Tcp(zx - 2y))

=20(x) - D(x—y) — D(x+y) + Top(2x) — %(Tq)(Zx +2y) + To(2x — 2y))
< 20(y) — O(2y) + O2y) = 20(y).
Case II: When (1.16) does not hold. Then (1.14) reduces to
(1.19) 20(x) - P(x—y) - D(x +y) + <(D(2x) - O(2x+ %) + 02y + %)) < 20(y).

We have that 2x + %, 2y + % € Z/2", whence, by the inductive assumption, we obtain

(1.20) To(2x+ 3) - %(T<p(2x +2y+ 1) + To(2x - 2y)) < D2y + 1).

Using (1.12) several times, the 1-periodicity, (1.19), and (1.20), we get
2Tp(x) = (To(x +y) + To(x — y))
1 1
= 20(x) + Top(2x) — (cp(x +9)+ 5 Tox +2y) + O(x — ) + S To(2x - 2y)>
=20(x) - O(x—y) —D(x +y) + To(2x) — To(2x + %)
+ ToQx+ 1) — 2(ToQx + 2y + 1) + Te(2x — 2y))
<20(x) = 20(x —y) — DP(x +y)
1 1
+ O2x) + ETcp(4x) - 0Q2x+3) - §T¢(4x + 1)+ dQ2y + §)
< 20(y).
This completes the proof. O
In order to obtain a verifiable form of condition (1.14), we shall need the notion
of higher-order monotonicity and convexity. Let / € R be a proper interval and
¢ : I — R. Given h € R, we use the notation A,¢(x) := ¢(x + h) — ¢(x) whenever

x € I N (I —h). We say that a function ¢ is n-monotone ((n — 1)-Wright-convex) on I
if, for all hy,...,h, > 0andforall xe IN (I — h; — - - - — h,), the inequality

Ahl . -Ahnq)(x) > 0

holds. Observe that 1-monotonicity is equivalent to the nondecreasingness of ¢. Fur-

thermore, 2-monotonicity can be rephrased as the following property: for all x,y € 1
andr € [0, 1],

Ptx + (1 = Dy) + ¢((1 = Hx + ty) < $(x) + $(y),
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which is called the Wright-convexity of ¢ (cf. Wright [72], Gildnyi and Péles [25],
[26]). In the case of continuity, the Wright-convexity is equivalent to convexity of ¢.

The following lemma characterizes n-monotonicity for n-times differentiable func-
tions.

Lemma 1.7. (Popoviciu [60], Roberts—Varberg [61], Kuczma [41])
Let ¢ : I — R be a continuous function which is n-times differentiable on the interior
I° of I. Then ¢ is n-monotone if and only if its nth derivative ¢ is nonnegative on I°.

In the next result, we investigate condition (1.14) for functions @ of the form
¢ o dz, where ¢ : [0, 1] — R.

THeoreM 1.8. (Maké—Pales [43])

Let ¢ : [0,1] — R be a continuous function such that ¢ is 1- and 3-monotone, and
(—¢) is 2-monotone. Then the function ® := ¢ o dz is I-periodic, even, and fulfills
(1.14) for all x,y € R.

Proor. In the proof, we will frequently use the following easy-to-check identity:
(1.21) dz(u+ 1) =2 - dz(u) (u € R).

Without loss of generality, we may assume that ¢(0) = O (otherwise we replace ¢
by ¢ — #(0)). Then, ¢ is nonnegative and hence @ := ¢ o dy is 1-periodic, even and
nonnegative. In view of the 1-periodicity of @, if (1.14) holds for some (x,y) € R?,
then it also holds for (x + n, y + m) € R? where n,m € Z is arbitrary. Therefore, we
may assume that |x|, [y| < % Using also the evenness of @, it follows that if (1.14)
holds for some (x,y) € R? then it also holds for (+x, +y) € RZ. Hence, we may also
assume that x,y > 0. In the rest of the proof we distinguish two main cases and two
subcases in each case.

Case I: When dz(2y) < dz(2x) holds. By (1.21) and the inequality 2 — dz(2y) >
2 — dz(2x), we get dz(2y + %) > dz(2x + %). Since ¢ is nondecreasing, we obtain that
O(2y) < ®(2x) and PRy + %) > O2x + %). In this case

O2x) - P2x + 1) + ©2y + 3) - ©(2y) > 0,
therefore (1.14) reduces to
(1.22) 20(x) = O(x — y) — D(x + y) < 20(y) — P(2y).

Subcase la: When y € [0, 1/4] holds. Then, dz(2y) < dz(2x) yields that 0 < x +
y < % and0 < x—-y < % By the 3-monotonicity of ¢, we obtain that A2x_2yA§y¢(0) >
0, which is equivalent to

2¢(2x) = ¢(2x = 2y) — ¢(2x + 2y) < 2¢(2y) — ¢(4y).
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Therefore,
20(x) = D(x — y) = D(x + y) = 2¢(2x) — ¢(2x = 2y) — $(2x + 2y)
< 2¢(2y) - ¢(4y) = 20(y) - O(2y),
which proves (1.22) in this subcase.
Subcase Ib: When y € [+, 1] holds. Then, by dz(2y) < dz(2x), we have that
% <x+y<land0 <y-x< % Applying the 3-monotonicity of ¢, we have
Azy_zxA%_zyg{)(O) > 0, which yields
(1.23) =62y —2x) = p(2 = 2x = 2y) < 2¢(1 = 2y) — $(2 — 4y) — 2¢(1 - 2x).
By the 1-monotonicity of ¢, we also have that
(1.24) ¢2x) < ¢Qy), (1 = 2y) < ¢(1 = 2x).
Thus, using these inequalities, we get
20(0)=0(x — y) = O(x + y) = 2¢(2x) — $(2y = 2x) = $(2 - 2x - 2y)
(1;3) 20(2x) + 2¢(1 — 2y) — ¢p(2 — 4y) — 2¢(1 — 2x)
"< 20020) - 02 - 4y) = 20() - (2.

which completes the proof of (1.22) in this subcase.
Case 1I: When dz(2y) > dz(2x) holds. Then

O2x) - D2x + 1)+ P2y + 1) - ©(2y) <0,
therefore (1.14) reduces to
(1.25) 2®0(x) - O(x —y) — P(x + y) + P2x) — P2x + %) + O2y + %) <20(y).
Subcase Ila: When 0 < x < % holds. Then by dz(2y) > dz(2x), we have 0 <
y—x< % and 0 <x+y< % Applying the 1-monotonicity of ¢, we have
(1.26) $(2x) < P(2y), o1 = 4yD) < ¢(1 — 4x).

On the other hand, by the 3-monotonicity of ¢, we get Azy,zxAi((l)(O) > 0, which
yields

(1.27) 20(2y) — ¢(2y = 2x) = ¢(2x + 2y) + (4x) < 2¢(2x).
Therefore, by using the above inequalities, we obtain
20(x) = D(x — y) = D(x + y) + D2x) - P2x + §) + D2y + 3)
= 2¢(2x) = ¢(2y = 2x) = ¢(2x + 2y) + (4x) — (1 — 4x) + $(|1 — 4y|)

"< 202) - 92y - 20) - P2 + 29) + B(40)

1.27) (1.26)
< 2¢2x) < 2¢(2y) = 20(y),
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which means that (1.25) holds in this subcase.

Subcase IIb: When % <x< % holds.

Then by dz(2y) > dz(2x), we get that 0 < x —y < % and % < x+y < 1. It follows
from the 1-monotonicity of ¢ that

(1.28) (11 = 4yl) < ¢p(4x - 1).
Using the 3-monotonicity of ¢, we have that A2x_2yA%_2x¢(O) > 0, which results
(129)  —¢2x = 2y) = $2 — 2x = 2y) + B2 — 4x) < 26(1 — 2x) - 26(1 - 2y).

Finally, by the 2-monotonicity of —¢, we have that Ay, Az 2,-1¢(1—2x) < 0, which
yields that

(1.30) P(1 = 2x) + ¢(2x) — (1 = 2y) < $(2).
Combining these inequalities, we obtain

20(x) — D(x — y) — D(x + y) + P2x) - D2x + 1) + P2y + 1)
=2¢(2x) — p2x = 2y) — (2 — 2x = 2y) + $(2 — 4x) — p(4x — 1) + (|1 — 4y)

(1;3) 2¢0(2x) — p(2x = 2y) — p(2 — 2x — 2y) + (2 — 4x)

(129) (130)
< 20(2x) +2¢(1 - 2x) = 2¢(1 = 2y) < 2¢(2y) = 2D(y),

thus (1.25) has been proved.
The proof of the theorem is complete. O

The next result is an immediate corollary of Theorem 1.6 and Theorem 1.8.

CoroLLARY 1.9. (Maké-Piles [43])

Let ¢ : [0,1] — R be a continuous function such that ¢ is 1- and 3-monotone, and
(—¢) is 2-monotone. Then, with ® := ¢ o dz, the Takagi type function T satisfies
(1.15).

In what follows, we consider the particular case when ¢ is a cone combination of
power functions.

Lemma 1.10. (Mako6—Pales [43])
Let v be a nonnegative bounded Borel measure on [0, 1]. Then the function ¢, : R, —
R, defined by

(1.31) (1) = ft‘fdv(q) (teRy)
01]
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is I- and 3-monotone, and (—¢) is 2-monotone. Furthermore, with the notation @, :=
¢v ° dZ;

(1.32) To, (1) = f T,(nhdv(q)  (t€R),

[0,1]
where, for q € [0, 1], the Takagi type function T, was defined in (1.5) of the introduc-
tion.

Proor. Applying standard calculus rules, we have

$(1) = f gt 'dvq), ¢, @) = f q(q - D"2dv(q)

[0,1] [0,1]

and 60 = [ gta= 10 -2 dv(@).
[0,1]
which, by the nonnegativity of the measure, yield that ¢,(r) > 0, ¢;/(t) < 0, and
¢,/ (t) = 0 hold for ¢ > 0, whence, by using Lemma 1.7, the statement follows.
The proof of (1.32) is a consequence of the definitions and the uniform conver-
gence:

o 1 o 1
To0)= ) 5 ®2" =) 5 f (d=(2"0)"dv(q)
n=0

n=0 [0.1]
1
- f > 3= n) @) = f T,(0dv(g).
(0,1 =0 (0.1]

O

Thus, Corollary 1.9 and Lemma 1.10 immediately yield the following corollaries:

CoroLLARY 1.11. (Maké—Péles [43])
Let v be a nonnegative bounded Borel measure on [0, 1] and ®, := ¢, o dz. Then the
Takagi type function Te, satisfies (1.15).

If the measure v is the Dirac measure d,, then @, = dg and Tep, = T,, hence
Corollary 1.11 reduces to the following result, which is still more general then that of
Boros [14].

CoroLLARY 1.12. (Maké—Piles [43])
For 0 < g <1, the Takagi type function T, satisfies, for all x,y € R,

Tq(x;y)s Tq(x);Tq(y) +d%(x;y).
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In the subsequent theorem we show that, under certain assumptions on the error
function ¢, T, is sharp.

THeoreM 1.13. (Mak6—Piles [43])
Let ¢ : D* — R, be a continuous function with ¢(0) = 0, such that ¢ is 1- and
3-monotone, and (—¢) is 2-monotone on D*. Then, for all fixed x,y € D,

(1.33) Colx,y, 1) = Tyt llx—yll) (1 €[0,1)).

Proor. Let x,y € D be fixed. By Theorem 1.1, Cy(x,y,1) < T,(,|lx — yl)). In
order to show the reversed inequality (which then yields (1.33)), by Theorem 1.5, it
suffices to prove that  — T,(z,]|x — yl|) is ¢-Jensen convex on [0, 1] in the sense of
(1.10) and T,(0,[lx — yll) = 0. Observe that the assumption ¢(0) = 0 implies that
Tp(0, llx = yll) = 0.

To verify that t = T, (%, ||x — yl|) is ¢-Jensen convex on [0, 1], define the functions
¢:[0,1] > Ry and ® : R — R by

(0 :=¢lx-yl)  and  D:=¢ody.

Then, by the monotonicity assumptions on ¢, we get that ¢ is 1- and 3-monotone,
and (—¢) is 2-monotone. Therefore, by Corollary 1.9, the Takagi type function T
satisfies

s+t To(s) + Te(t) s—t
(1.34) To 5 )< 5 + > )
for all ¢, s € R. Observe that, for all r € R,

00

OQ2') _ 0 ¢ldz@"Dllx — yl)
mm=; o =;———7¢——=¢mw—m.

On the other hand, using the increasingness of ¢, for s, € [0, 1], we have

O(*21) = a(a25) < 45— = plis— - =y

Hence using also (1.34) we get that,

s+t T (s llx = yll) + Tt lx = i)
Tl =yl = == >

which completes the proof of the ¢-Jensen convexity in the sense of (1.10). m

< (s =1 - llx=ylD.

CoroLLARY 1.14. (Maké—Piles [43])
Let v be a nonnegative bounded Borel measure on [0, 1] with v({0}) = 0. Define the
error function ¢, : D* — R, by
o, (u) := f uldv(q) (u € D").
[0,1]
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Then, for all x,y € D and t € [0, 1],

Co (X, 4, 1) = f T, 0llx - yll‘dv(g),
[0,1]
where T, : R — R is given by (1.5).
Proor. By Lemma 1.10, ¢, is 1- and 3-monotone, and (—¢,) is 2-monotone on

D*, and v({0}) = 0 implies ¢,(0) = 0. Thus, Theorem 1.13 can be applied, and hence,
for all x,y € D and t € [0, 1],

Ctpv(x’ Y, t) = (J:pv(t’ ||-x - y“)

On the other hand,
D o@Dl —yl) 1 ] .
N ATEVIESY > =D 5 | (@@Dlx=yl)ang)
n=0 n=0 [0.1]
= (dz(2"1))?
- f > D e yitavig) - f Ty(0llx - ylldv(g).
0.1 "=0 [0.1]
which completes the proof. O

When the measure v is of the form &6,, where & > 0 is a constant and J, is
the Dirac measure supported at g €]0, 1], then we get the following consequence of
Corollary 1.3, which shows the optimality of T,(¢) in (1.6).

CoroLLARY 1.15. (Maké—Pales [43])
Let0 < g < 1 and ¢, : D* — R, defined by ¢,(t) := &t?. Then, for all x,y € D and
te[0,1],

Co,(x,y,1) = eT@llx — yll".

1.2. Approximate convexity of Takagi type functions S,

Let introduce the following Takagi type function S4 : R — R defined by
(1.35) Sg(x) = ) 9(3:)d(2"),
n=0

where P := {1, %, i,...,z—l,,,...,} and ¢ : P — R, is a nonnegative function. Taking

o) = 19, (t € R,), we obtain the function S, defined in (1.5). The main results of
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this section state that, under certain assumptions on the function ¢ : P — R, S is
well-defined and approximately Jensen convex in the following sense: For all x,y € R,

S¢(X;‘y)s S¢(x);S¢(!/) +¢odz(x;y).

First we describe the situation when the definition of S is correct.

LemMma 1.16. (Mako—Pales [48])
Let ¢ : P — R, be a nonnegative function. Then S 4 is well-defined, i.e., the series on
the right hand side of (1.35) is convergent everywhere if and only if

(1.36)

(1.37) D 9(3) < .
n=0

Proor. Observe that dZ(Z”%) = % for all nonnegative integer n. Hence the con-
vergence of the right hand side of (1.35) at x = % yields that (1.37) holds.
Conversely, if (1.37) is satisfied, then, for all x € R,

Se(x) = > $(3)d2(2"x) < " 9(5) < ,
n=0 n=0

which proves the statement. O

In the sequel, the class of nonnegative functions ¢ : P — R, satisfying the
condition (1.37) will be denoted by J:

H = {¢:P—>R+|i¢(2ln)<oo}.
=0

The next theorem, which was discovered by Jacek Tabor and J6zef Tabor, has an
important role in the proof of the main theorem of this section.

THeoreM 1.17. (Tabor-Tabor [66])
For every g € [1,2] and x,y € R,

x+yy  Spyx0)+S,y)  Lox—y
S 5 )< 5 +dZ(—2 )
In the next result we give a representation of S 4(x) as an infinite linear combina-
tion of the values §,(2"x),n = 1,2, .... The particular case when g = 2 and ¢(x) = x4

for some g € [1,2] was established in [66].

Tueorem 1.18. (Makdé—Pales [48])
Let ¢ € H. Then, for every g > 0 and x € R,

(1.38) Se(0) = ¢S 4(x) + > (#(F) — 3 ¢(557))S 4(2"%).

n=1
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Proor. Since S,(x) = X7, Z,L,qdz(Z”x), the right hand side of (1.38) can be writ-

ten in the form ) ; a,dz(2"x), where

1 v 1
an = 9(1) 30 + ; o (9(3) = 56(5)

1 S 1 1
= ¢(1)ﬁ + Z (m‘ﬁ(g—lk) - m‘ﬁ(#])) = ¢(3)-
k=1
Consequently (1.38) holds. O

An immediate consequence of the previous two theorems is the next result which
states the approximate convexity of .S 4.

Tueorem 1.19. (Makoé—Pales [48])
Let ¢ € H such that, for all u € %P, oQu) < 29¢(u), where q € [1,2] is an arbitrary
constant. Then, for all x,y € R,

x+yy  Se(x0)+S4@) xX—y
(1.39) S . ) < . + @, 5 )-
where @, : R — R is defined by
- 1
(1.40) O () = > ¢(3:)(d22") - 5@ w).
n=0

Proor. For an arbitrary function f : R — R define Jf : R — R by
x+yy f)+f@)
Ifeey) = f(—=) - :

2 2
Then, by (1.38), we get

- 1
IS o) = B(DIS (o) + ) (0(30) = 5585 (2", 2"y).
n=1

By Theorem 1.17, for all x,y € R, we have that

IS ) < dY(7)

On the other hand, by the assumption on ¢, the coefficient (¢(2ln) - %(15(2%)) is non-
negative, hence for all x,y € R, we get

5ot < 60al(*SY) 4 Y (00 - 500G )

n=1

© My — 1 2n+1 _ —
- o) ) -0 ()
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which proves (1.39). ]

In the next proposition we describe a decomposition property of the function @,.

ProrosiTion 1.20. (Mako—Pales [48])
Let ¢ € H and q € [1,2]. Then, for all u €]0, %],

—u)+ ¢(;)((2[bgz iy - (1 = 2lloes ),

(1.41) Dy(u) = (Dq( 7llog, ;1-1

2[log2 ﬁ]

Proor. For u €]0, 1], denote £(u) := [log, i]. Then by the definition of the
integer-part function, we have {(u) — 1 < log, ﬁ — 1 < £€(u), hence

1
2l-1y, < 3 < 20wy,

Thus, we have

on+ly, if n<fu)-1,

dZ(Z”u) = ) )
dz(2" (s — W), if n> L)

It can also be seen that
(2" (55 — w)) = 2" (ks —w), if n < EQ).

Using these formulas and applying (1.40), we get

L(u)-2
+ 1 n+ u 1 u)+
Oy (u) = Z; D)@ ) = @) + B (@) = 50 (2= 210 )

3 o2 (s ) - %d%(?’“(ﬁ - )

n={(u)
:¢(#)((2€(u)u)q —(1- Zf(u)u)q)

o 3 oG ) - 2 ks )

n=C(u)

:¢(2m%)((2t’(u)u)q -(- 2[(u)u)q)
+ Z ¢(%)(d%(2n(2fl(u) - u)) - %d%(znﬂ(z(](u) _ u)))
n=0

=) () = (1 = 2" Pu)7) + Dy (55 — u),
which means that (1.41) holds. O
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In the next proposition an important class of functions ¢ from JH will be de-
scribed.

ProprosiTioN 1.21. (Mako6-Piles [48])
Let ¢ : [0,1] = R.. Assume that $(0) = 0 and the mapping x — M is concave on
10, 1]. Then ¢|p € H, the function x — % is decreasing on 10, 1] and ¢ is continuous
on [0, 1].

Proor. By the concavity of the function x @ =: (x), there exists an affine
function that majorizes ¥, hence ¢ is bounded from above by a constant C > 0.

Therefore,
D () = D 6(3) = ) FU(3) <C ) 3 =20,
n=0 n=0 n=0 n=0

which proves that (1.37) holds, i.e., ¢|p € H.
Let 0 < z < y < x < 1. By the concavity of x %‘), we get

W) 3=y 4@ Y=z 40

(1.42) — 2
y xX—-z z xX—-z X
Since ¢ is nonnegative, by (1.42), we have that
oW y-z ¢
y ~ x—-z X

OIC2

Then, taking the limit z — 0, we obtain
¢( X -

, which means that the mapping

X is decreasing.

Rearranglng the inequality in (1.42), we get

py) x-z ¢ y-z
b <P FTE G0 yozy
y x-y X x-y
Upon taking the limit z — 0 again, we get that ¢ is continuous at 0. By the concavity

assumption, it follows that ¢ is also continuous on ]0, 1. |

In the next result we show that, if ¢ is a cone combination of power functions,
then x ¢(x) is concave.

ProposiTioN 1.22. (Mako6-Piles [48])
Let v be a nonnegative bounded Borel measure on [1,2]. Let the error function ¢, :
R; — R, be given by

(1.43) ¢y(x) 1= f xdv(g)  (x €R,).
[1,2]

¢v( ) -

Then x +— is concave on 10, +oo[.
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Proor. Define ¢, :]0, +co[— R, by
i = 0 f ()

[1.2]
Applying standard calculus rules, we have

v = [(a- 1 -2xang)
[1.2]
for all x €]0, +oo[. By the nonnegativity of the measure and the nonpositivity of the
integrand, we get that ¥/ (x) < 0, if x > 0. This implies that ¢, is concave on ]0, 400,
which completes the proof. O

The next theorem has an important role in the proof of our subsequent main
results.

Tueorem 1.23. (Maké—Pales [48])
Let ¢ : [0,1] — R,. Assume that ¢$(0) = 0 and the mapping x —
10, 1], then, for allu € R,

(1.44) Dy (u) < ¢ o dz(u).

P(x)

- is concave on

Proor. By the 1-periodicity of @, in the proof of (1.44), we may assume that
lu| < % and since @, is even, we may also assume that # > 0. We show, for every fixed
k € N that the theorem holds for all u € Z/2*. Then the statement follows from the
continuity of ®, and ¢ and the denseness of dyadic rational numbers in R.

Using induction on m, we prove that (1.44) holds for all u = %, where m €
{1,...,2K1}. First we consider the case when m = 1. Then, by (1.40),

k=1 k=2
Do) = > () d2(%) - idé(%ﬂ ) =D ()5 - L) + o) = o(5h).
n=0 n=0

which shows that in this case (1.44) holds with equality.

Now let m € {2,...,25 "} and assume that (1.44) has been verified for all u = %
where j € {1,...,m — 1}. With the notation {(u) := [log, %], it is easy to see that
% —ueZ/2*and 0 < % — u < u, thus by the inductive assumption, we have

(1.45) Oy(5t5 — u) < ¢(5mr — 2u).
In view of Proposition 1.20 with g = 2, the identity
(1.46) Do) = Qa7 — ) + G(5mr) 2w = 1)

holds. By (1.46) and (1.45) we have that
Dy(u) < Gzmpr — 2u) + P57 ) 2w - 1),
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Thus to prove the assertion of the theorem it is enough to show that
(1.47) Pzt — 2u) + ()21 u — 1) < $(2u).
Let y(x) = &;), (x €]0, 1]). Then, by the concavity of ¢, we get
(s = DUarer = 20) + 2 = ()
< (5 = 20) (s — 1)+ 5 (2 = b)) = 9200),
which is equivalent to (1.47) completing the proof of (1.44). O
The main result of this section is stated in the following theorem.

THeorEM 1.24. (Maké—Piles [48])
Let ¢ : [0,1] = R.. Assume that ¢(0) = 0 and the mapping x — @ is concave on

10, 1]. Then S 4 is approximately Jensen convex in the sense of (1.36).

Proor. For an arbitrary function f : R — R define Jf : R — R as in the proof
of Theorem 1.19. By Proposition 1.21, we have that ¢|p € I, which, by Lemma 1.16,
implies that S 4 is well-defined. By Proposition 1.21, we get that x ‘fg) is decreas-
ing, which results, for all u €]0, %], that

P2u) < 4¢(u).

This means that we can apply Theorem 1.19 with g = 2 for the function S 4. Thus we
obtain that for all x,y € R,

x—
(1.48) IS sxy) < 0o( 257,

In view of Theorem 1.23, we also have (1.44) for all u € R. Therefore, (1.48) and
(1.44) imply that (1.36) holds for all x,y € R, which means that S 4 is approximately
Jensen convex in the sense (1.36). |

The next result immediately follows from Proposition 1.22 and the above theo-
rem. The particular case when ¢ is of the form ¢(¢) = ¢ (where € > 0 and g € [1,2]
are constants) was discovered by Tabor and Tabor in [66] and was already stated in
Theorem 1.19.

CoroLLARY 1.25. Let v be a nonnegative bounded Borel measure on [1,2]. Let the
error function ¢, : R, — R, be given by (1.43). Then, for all x,y € R,
x+yy _ Ss,(0+S4,1) x-y
Se(—57) = > + 9y 0 ds(~57)
We shall prove that the error terms 8, (t, x — y) in (1.4) under certain assumptions
on the error function ¢ is the smallest possible one. In other words, the next theo-

rem will provide exact upper bound for the convexity-difference of ¢-Jensen convex
functions defined by (1.8).
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THeorREM 1.26. (Mako—Péles [48])
Let ¢ : D* — R be nondecreasing and assume that ¢(0) = 0 and the map u @ is
concave on D \ {0}. Then, for all x,y € D and t € [0, 1],

(1.49) Co(x,y,1) = 8y(t, |lx = ylI).

Proor. From the concavity of u — @ it follows (as in Proposition 1.21) that,

for some ng € N, the series 3,7, ¢(27") is convergent. By Theorem 1.2, we get that
(1.50) Cyp(x,y,1) < 8yt llx — yll)

forall x,y € Dand ¢ € [0, 1].

Now let x,y € D be fixed. In order to show the reversed inequality (which then
yields (1.49)), it suffices to prove that the function ¢ = 8,(t,[lx — yl|) is ¢-Jensen
convex in the sense of (1.10).

Observe that 8,(0,u) = 0 for all u € D*. Let x,y € D be fixed and the function
¢:[0,1] - Ry by

6(r) := ¢(rllx - yl.
Then, we get that r — @ is concave on ]0, 1]. Therefore, by Theorem 1.24, the
Takagi type function S, satisfies
s+ty  Sg(s)+S4(0) s—t
) ) < ) + ¢ o dz(—),
for all ¢, s € R. Observe that, for all t € R,

(1.51) s¢(

Set) = D 0()d= 2" = Y e(B5H)dn(2"1) = S, (1 1 = yll.
n=0 n=0
On the other hand, using the increasingness of ¢, for s, 7 € [0, 1], we have

s—1
#(de(—)) < #lls =) = ¢ls =1 = gl
Thus, for s,z € [0, 1], (1.51) can be rewritten as

s+

8,5 Ilx = ll) + Syt Ilx = yl)
Se(—5llv—yll) < = : -

2

which completes the proof of the approximate convexity of 8, in the sense of (1.10).
Hence we get that 8, is optimal in Theorem 1.2 by Theorem 1.5. O

@(s =1 - llx = ylD.

Taking an error function ¢ which is a combination of power functions of expo-
nents from [1, 2], we obtain the following result.
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TueoreM 1.27. (Maké-Piles [48])
Let v be a nonnegative bounded Borel measure on [0, 1] with v({0}) = 0. Define the
error function ¢, : D* — R, by

o= [wang  weD
[0,1]
Then, for all x,y € D and t € [0, 1],

Cy,(x,y,1) = f Sq@llx = yll?dv(g),
[1.2]
where S, : R — R is given by (1.5).

Proor. It is easy to see that ¢, is nondecreasing and we also have that ¢, (0) = 0.

By Proposition 1.22 we get that ¢ — w is concave on ]0, +oo[. Thus, Theorem 1.26

can be applied, and hence, for all x,y € D and ¢ € [0, 1],
Capv(x’ Y, t) = SWV(L ||x - y”)
On the other hand, for all x,y € D and ¢ € [0, 1],

o

8, (t, llx — yll) = Z o (5 dz (271 = Z f (Y gy (g)dz (2"1)
n=0 n:O[LZI

= f > d=2")lx - ylldv(g) = f S Dl = yll'dv(g),
(21 =0 (121
which completes the proof. O
Taking v as the point measure &6, where g € [1,2] in the above theorem, it

reduces to a result by Jacek and J6zef Tabor [66] which states that (1.7) is sharp, i.e.,
the term &S ,(?) is the smallest possible.

CoroLLARY 1.28. (Maké6-Péles [48])
Let g € [1,2] and & > 0. Define the error function ¢ : D — R, by ¢(u) := guf. Then,
forall x,y € Dandt € [0, 1],

Co(x,y, 1) = €8 4@llx — yll".






Implications between upper Hermite-Hadamard and
Jensen type inequalities

Let D be a nonempty, convex subset of the linear space X and let @ : D* — R be
an even function. In this chapter we will investigate the connections between a-Jensen
convex functions and functions which satisfy the following upper Hermite—Hadamard
type inequality:

1
@.D f fx+ (1 =ny)p(t)dt < Af(x) + (1 = D) f(y) + B(x — y) (x,y € D),

0
where @, : D* — R are given even functions, A € [0,1], and p : [0, 1] — R, is an
integrable nonnegative function with fol ptdt = 1.

2.1. From Jensen inequality to upper Hermite-Hadamard inequality

The following statement will be essential to obtain our first main result, Theo-
rem 2.2.

ProposiTioN 2.1. (Maké-Pales [45])
Letp : [0, 1] = R, be a Lebesgue integrable function. Then, the function y : [0, 1] —
R defined by

00 2"—1
1 1

22) v =5 (D pEh) e,

n=0 k=0
is a nonnegative integrable solution of the functional equation

Ly 4 gt

(2:3) p(t) = 2(1) - w (t € [0, 11).
Furthermore,

1 1 1 1 i 1
(2.4) f W= f 0, f W= f to(H)dt and f Y= (1-0p@dt
0 0 1 0 0 0
2

9



30 Implications between upper Hermite—Hadamard and Jensen type inequalities

Proor. Define the sequence i, : [0, 1] — R, by

1 1
2.5 yo:= 30 Yald) = FP0) + Z(%-l(%) -1 (Bh) (1 €[0,1], neN).

Then the sequence (i,,) is nondecreasing, i.e.,

2n+l 1
(26) 0< lrbn—l < lpn’ and f l//n - 2n+l f P (l’l € N)

We prove (2.6) by induction on n € N. For n = 1, by the definition of ¢, and the
nonnegativity of p, for ¢ € [0, 1], we have that

1 1 1 1 1
mm=5m0+ﬂm@w¢a%ﬁ=5mo+;m9+m%mz5mo=%m,

1 1 1
f01ﬁ0=§f0.0

Assume that, for some n € N, (2.6) holds and consider the case n+ 1. By the definition
of ¥,+1, the inductive assumption and the nonnegativity of ¥, for ¢ € [0, 1], yields

and

1 1 1 1
Yna1 (1) = gp(f) + Z(lﬁn(é) +y(5h) > Ep(f) + Z(lﬁn—l(%) + U1 (55H) = ().

Using the definition ., the substitution s := £ and s := ’” , finally the inductive
assumption, we get

1 1 1 1 1 1 1
jo‘lﬁnﬂ = _f P""(f lﬁn(%)dt"‘ f wn(%)dt) = _fp+ f Wn flﬁn
2n+1 1 1 2;1+2
f’o+ f lﬁn— 2}1+2 )j()\ p= 2n+2 f(;p

Denote by L'[0, 1] the space of Lebesgue integrable functions y : [0,1] — R. Then
L'[0, 1] is a Banach-space with the standard norm ||y]|; := fol ly|- Now we prove that
(¢,,) is a Cauchy sequence in L'[0, 1]. Using (2.6), for n < m, we get that

m,mhfwmwrnwhf yf@

which implies that (i,,) is indeed a Cauchy sequence. Hence it converges to a function
W € L'[0, 1]. To prove (2.2), we show, by induction on n € N, that

n -1
2.7) Un(t) = 22 4[ Z =) (re(o,1])
i=0

k=0
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holds. For n = 0, we have an obvious identity. Assume that (2.7) holds some n € N.
Using the definition of ,,;; and the inductive assumption, we obtain

1 1 t t+1
lpn+1(l‘) :Ep(t) + _(wn(j) + l//n(T))

o+ 13 A (S) £ 5 (S

2i—
=—p<t) +s Z e Z p(52) + p(“Z5L))

211 n+1

:%p(t)+%i;4il+l kz_; éﬁlf)—224l Z (25

which proves (2.7). Thus, taking the limit n — oo in (2.7), we obtain (2.2).
To prove the first expression in (2.4), integrate (2.3) on [0, 1], then we get

1 1 ! Y(L)dt + ! y(E)dr 1 i 1 1
I S IR
0 0 0 0 i 0

To prove the second expression in (2.4), multiply (2.3) by ¢ and integrate it on [0, 1].
Thus we get

1 1 1 1
ffp(t)dtz Zf tz//(t)dt—(f su($)de + ’+1¢,(f+1)dt fl!’(”l)dt
0 0 0

1 1 1
=2 f w(t)dr - 2( f " su(s)ds + f sy(s)ds) + f W= f .
0 0 ; L

2

The last equality in (2.4) is a consequence of the first and second equalities. O

THeorEM 2.2. (Mako—Péles [45])
Let @ : D* — R be radially bounded, measurable and p : [0,1] — R, be a Lebesgue

integrable function with fol p = 1. Assume that f : D — R is hemiintegrable and a-
Jensen convex on D. Then f also satisfies the approximate upper Hermite—Hadamard

inequality (2.1) with A := fol to(t)dt and B : D* — R defined by

(2.8) Bu) = Z > fo a(dz2"Du)p(ndt  (u € D*).
n=0

Proor. By Proposition 2.1, the function ¢ : [0,1] — R, defined by (2.2) is a
Lebesgue integrable function satisfying the functional equation (2.3) for which (2.4)
holds.
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Let f : D — R be an approximately Jensen convex function. Let x,y € D be
arbitrary fixed. Then, by @-Jensen convexity of f, we have that

JQtx+ (1 -20y) + f(y)
5 +a2(x~y)) (€0, 5D,

f) + f(21 - ZUx YW L @ -2m-g) (el

Multiplying the above inequality by 2¢(%), taking the integral over [0, 1], we get

fx+(1-ny) <

1
f ftx + (1 — Hy)2y(t)dt
0
(2.9) < f ( fQix+ (1 =20y) + f(y) + 2a(2t(x — y)))l,{/(t)dt
0

1
+ f () + (@ = Dx + 2 = 20y) +20((2 - 20)(x - y) (D).

Substituting 7 := 5 and ¢ := % in the first and second terms on the right hand side of
(2.9), using (2.4), and observing that dz(f) = min(2¢, 2 — 2¢), we have that

fo (@t + (1= 20) + £(y) + 20(21Cx = ) (o)

1 1 1
(2.10) = 1) [ = opti+ 5 [ fxe 1= owws

+2 j: a(dz(D)(x — Y)W (n)dt

and
1

(£ + £(@1 = Dx + 2 = 20)y) +20((2 = 20)(x — y) J(D)dt

—_—

1 1
2.11) = /() f o0 + 3 f Flsx + (1= pu(i)ds
0 0

1
+2 f a(dz(t)(x — y)y(t)dt.
Combining (2.9), (2.10) and (2.11), we get that
1 1
fo fx+ (1= 0y)p(nydt = fo Flex+ (1= 0y)(2p(0) — Jy(5) - S5 )dr

1 1 1
< f(®) j; tp(Hdt + f(y) fo (1 = p()dt +2 fo a(dz()(x — y))(t)d.
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To complete the proof, it remains to show that the last term containing ¢ equals S(x —
y). Indeed, applying formula (2.2) and the 1-periodicity of the function dz, we get

2"-1

1
2 fo a(dz(D(x = (Dt =2 f a(dz(0(x - )5 Z (D p(55)dr

k=0
(o] 1 —
=) E( Z f aldz(D(x = y))p(5E)d)
n=0 k=0 V0
o0 1 2"—1 kel
=) w02 f (dz(2"s = k)(x = y))p(s)ds)
n=0 k=0 n
= Z b f a(dz(2"s)(x — y)p(s)ds = Bx — y),
n=0 0
which proves the statement. -

The other form of the error function S stated in Theorem 2.4 can be obtained by
using a generalized form of Theorem 1.2 by Jacek Tabor and Jézef Tabor [67].

THeorEM 2.3. (Tabor—Tabor [67])
Let o : D* — R, be radially increasing such that

00

2.12) > (;)<oo (u € D).

n=0
Then, an upper hemicontinuous function f : D — R is a-Jensen convex on D if and
only if

@13)  flx+ (=0 <1f)+ (1= Df @) + Z 0

forall x,y € Dandt € [0, 1].

THeoREM 2.4. (Maké—Piles [45])

Let @ : D* — R, be radially increasing such that (2.12) holds. If f : D — R is
upper hemicontinuous and a-Jensen convex on D, then f also satisfies the Hermite—
Hadamard inequality (2.1) with A := fol to(H)dt and B : D* — R is defined by

o)

u n *
(2.14) L) = nz(; (2n)f dz(2"Hp(t)dt (u € D).
Proor. If f : D — R is upper hemicontinuous and @-Jensen convex on D, then
(2.13) holds. Multiplying this inequality by p(¢) and then integrating with respect to ¢
over [0, 1], (2.14) follows immediately. m]
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Let X be a normed space. Next, we consider the case, when « is a linear combi-
nation of the powers of the norm with positive exponents, i.e., if @ is of the form

2.15) a(u) = f lull'dviq)  (ue DY),

10,00[
where v is a nonnegative Borel measure on the interval ]0, co[. An important particular
case is when v is of the form Zf‘ | Ci0g;» Where ¢; € Ry, g; > 0 and ¢, stands for the
Dirac measure concentrated at g; fori € {1,...,k}.
Tueorem 2.5. (Mako—Pales [45])

Let p : [0,1] — R, be a Lebesgue integrable function with fol p = 1andletv bea
signed Borel measure on 10, oo[ such that

lull’dVi(q) < oo (u€ D).
10,00[

Assume that f : D — R is hemiintegrable on D and is approximately Jensen convex
in the following sense

ey 5D [erae e
10,00[

Then f also satisfies the approximate Hermite—Hadamard inequality
1
ff(tx + (1 = Dyp@dt < Af(x) + (1 - D f ()
0

2.17) 1
. f f T (Op(Odillx - ylidv(g) (ry € D),
10,00[ 0

with A := fol tp(t)dt.

Proor. It is easy to see that o defined by (2.15) is radially bounded and mea-
surable. Thus, by Theorem 2.2, it is enough to compute the error function 8 defined
by (2.8). Hence, using (2.8), (2.15), Fubini’s theorem and Lebesgue’s theorem, we
obtain that, for all u € D*,

p =Y~ f | ez avapn
n=0

]000[
'S (d=(2"n)’
= f[) (Z( 1) ————pW)dt|ull’dv(q) = ff T,(0p@)diull?dv(q),
10, n=

which completes the proof. o
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THEOREM 2.6. (Maké—Pales [45])

Let p : [0,1] — R, be a Lebesgue integrable function with fol p = 1andletv be a
nonnegative Borel measure on 10, oo[, such that

18 [ wivavigy <o wep
10,00[
and
24
(2.19) f T dv(q) < 00,
10,00[

Assume that f : D — R is upper hemicontinuous and approximately Jensen con-
vex in the sense of (2.16). Then f also satisfies the following approximate Hermite—
Hadamard inequality
1
fx+ (1 —-0yp®dr < Af(x) + (1 - Df(y)

(2.20) ’ 1
+ f f Sqpdillx - yll'dv(q) (x,y € D),

0
10,00[

with A := fol tp(t)dt.

Proor. Consider the function « defined by (2.15). Then, for all u € D*, the
mapping ¢ — a(tu) = fo ool t1||ul|?dv(q) is increasing on [0, 1] and, for all u € D*,

Sa(s) = f v = [ 5

n=0 =010 o0 10.00]

T lldldv(q)-

If ||u|| < 1, then the latter series is convergent in virtue of (2.19). For ||u|| > 1, we have

f llldv(g) < f dvig) +2 f lull4dv(q) < oo,

10,00[ 10,1] 11,000

which proves the convergence condition (2.12). Thus, by Theorem 2.4, it is enough to
compute the error function 8 defined by (2.14). Hence, using (2.14), (2.15), Fubini’s
theorem and Lebesgue’s theorem, we obtain that, for all u € D*

s =Y [ (5o f a2 Dp(t)dt

"=010.001

dz (2"t ]
f f Z A0 poydtinav(g) = f fo SqOp@diuldv(q),
0

n= 10,00
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which completes the proof. O

Now we consider the case in the previous theorems when p = 1 and the measure
v is the Dirac measure £d,.

CorOLLARY 2.7. (Mako—Pales [45])

Let € € R, and q > 0. Assume that f : D — R is hemiintegrable and (&, q)-
Jensen convex. Then f also satisfies the following approximate Hermite—Hadamard
inequality

S+ fw) | 2
2

1
221) f Fltx+ (1 = Dde < lk-yl’ (uyeD).
0

Proor. The conditions of Theorem 2.5 hold with p = 1 and v := &6,, Then,
by (&, g)-convexity implies that (2.16), hence to prove the statement, it is enough to
compute the error term in (2.17). Using the definition of the T,, the substitution
s := 2"t and the 1-periodicity of d%, we get

j: Tq(z)drzfo (Z 2" d —Z f dy(2"1dt
”
_ 2027 [ d%(s)ds=;§ fo d(s)ds
:ig(f; s‘ids+f(1 —s)"ds)

(57! (é)q+1 1 &1 2
_Z q+1 q+1):q+lnzz(;5:q+l'
Thus, (2.17) reduces to (2.21), which proves the statement. ]

CoroLLARY 2.8. (Maké-Piles [45])

Let € € Ry and g > 0. Assume that f : D — R is upper hemicontinuous and (&, q)-
Jensen convex. Then f also satisfies the following approximate Hermite—Hadamard
inequality

f@+fw) 2
2 2q+1

1
(2.22) f fltx + (1 = Hy)dt < IIx yl (x,y e D).
0
Proor. The conditions of Theorem 2.6 are satisfied with p = 1 and v := &d,,
Then, by (&, g)-Jensen convexity of f, implies that (2.16) holds, hence to prove the
statement, it is enough to compute the error term in (2.20). Using the definition of the
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S 4, the substitution s := 2"t and the 1-periodicity of dz, we get

1 1 o d- (2"t s 1 1
f S (0t = f (> Zz(m, ))dtzzﬁ f do(2"1)dt
0 0 n=0 n=0 0

© 1 2" s 1 1
=Zznq+nf0 dz(s)ds=20ﬁj; dz(s)ds

n=0

(e

1/ (2 !
=Zﬁ(fo 25a’s+£ 2(1—s)ds)

n=0
l w1 24
=329 = w2
Thus, (2.20) reduces to (2.22), which completes the proof. O

ReMARK 2.9. The constants in the two error terms obtained in (2.21) and (2.22) are
comparable in the following way: for g €]0, 1[U]2, oo,
2 24
—_— < —_—
g+1 29t1-2
and the inequality reverses for g €]1, 2.

2.2. From upper Hermite—Hadamard inequality to approximate Jensen
convexity

For p > 0, define the class of functions ®, by
D, ::{¢ :10, I[— R | ¢ is Lebesgue measurable and ||¢ll, = sup |In tll_”|¢(t)| < oo}.
1€]0,1[

In the sequel, I denotes Euler’s Gamma function.

ProrosiTion 2.10. (Mako—Pales [45])
For all p > 0, the elements of ®, are Lebesgue integrable functions and

1
(2.23) gl = j(; lpOldt <T(Pligll, (¢ € D).

Proor. Let p > 0 and ¢ € ®,. From the definition of ®,, we get that
()] < ligllp (= In ! (7 €]0, 1.

Thus, with the substitution s = —Inz, we get

1 1 co
[) lp(0ldr < |||</')|||pfO (—Inpy’~'dr = |||¢|||p£ s""'e~*ds = T(p)ligll, < oo,
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which proves the integrability of ¢ and (2.23). O

ProrosiTion 2.11. (Maké-Piles [45])
For p,q > 0and ¢ € @, ¥ € O, the function ¢ = defined by

1
(@ *Y)(1) = f o(Ew(ndr (1 €]0,1D).

is continuous on the open interval 10, 1[, belongs to @, and

I(p)I'(q)
(2.24) ¢+ Yllp+q < mll@lllpllll/flllq-

Furthermore,

1 S|
(2.25) f(¢*‘l/)=f ¢f .
0 o Jo

Proor. Given p, g > 0, it is well known that the function

(2.26) T (1 =7)P 10, (r €10, 1)
is integrable over [0, 1] and
! L(p)l(q)
B(p,q) = f (A =7y e lgr = 22
Pa= s T(p+9)

By the inclusions ¢ € @, € ®,, we have that

(2.27) @ < Igll,(=Inpy’™" and ()] < Ily(=Inn?™" (€10, 1]

To prove that ¢ * ¢ is continuous at t €]0, 1[, let € > 0. By the integrability of
(2.26), there exists p €]0, 1[ such that, for every measurable subset 7 C [0, 1] with
meas(7T) < p,

1-olely © .
(228) f T < S Il e T + 1

T

Define the function ¢ :]0, co[— R by

B(x) == gle™).
Then, by the first inequality in (2.27), we have that

APl < llgll,  (x €10, oo[).

Applying Luzin’s theorem for the bounded measurable function x — x'P(x), we

can construct a measurable set H CJ0, oo[ and a continuous function f :]0,0[— R

such that

(=Inn)p
>

(2.29) meas(]0, co[\H) < flz=9lg and |f)I < llgll,x""
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for all x €]0, co[. Now define f :]0, 1[— R and H C]0, 1[ by
f@:=f(=Inr)  (t€)0,1) and  H :=exp(-H).

In a view of (2.29), we get that

(2.30) flu=¢ly  and  |f@)] < lIgll,(~Inp)’! (¢ €]0, 1D).

By the continuity of the logarithmic function, there exists 6 €]0, min(z, 1 — #)[, such
that, for all s €]t — 6,1 + 6],

1 1
(231) [Igll, gl (— InCs))?+a7! <|||¢|||,,|||w|||q<—ln(r»P*‘f'l+6 and jl—% <p
For s €]0, 1[, we have
1 1
|<¢w)<t>—(¢w><s>|=} f Lo(Hy(rydr - f %¢<£)w<r)drj
r 1
(2.32) f HeH|woldr + f He(Ly - p(H|lw(mldr if s <t,

<

X 1
f o)l (o)ldr + f He(h) - p(H|lw(m)ldr ift < s.

Consider first the case s €]t — 6, #[. The second inequality in (2.31) implies that
the measure of the interval 7" :=] 1%’ 1[ is smaller than p. Thus, inequality (2.28) holds
with this set 7. Therefore, for the first term on the right hand side of (2.32), using the
estimates (2.27), substituting 7 = s, and using the first inequality in (2.31), we get

f He®Hw@ldr < gl Ivl, f Yint-Insy’ ' (-In7)" 'dr

1
(2.33) < 19l (= In 5! f (1 =—oy e ldo

Ins

< Il Il (— In s)P*e=te
Ollgllllylly (— In r)p+a=t + 1

e
< -.
6



40 Implications between upper Hermite—Hadamard and Jensen type inequalities

To obtain an estimate for the second term on the right hand side of (2.32) (when
s < 1), we use ¢(x) = f(x) for x € H and obtain

1
f He(L) = ¢(H)|lw()ldr

1

< f Loty = FO] + [fE) = AL+ ) - (D) w)ldr
2.34 ‘
@3 o f Lg() - FH)luridr + f Lf) - F)woldr

1 1[\tH! 1611
+ f LG = ()| w(o)ldr.
1t 1[\sH™!

The first inequality in (2.29) and the second estimate in (2.31) imply that, for s €
1t = 6.1,

meas (10, 1[\(1 + (In 5)"'H)) = (—In s)"" meas(]0, — In s[\H)
(2.35) - plnt - p(1+p) -

2Ins 2

Thus (2.28) holds with T :=]0, 1[\(1 + (In s)‘lﬁ). Using (2.27) and (2.30), then
substituting 7 = s7 and finally applying inequality (2.28), we get

L) - ¢(H)|lwo)ldr

1t 1[\sH!
(2.36) < f L]+ loHDlwldr
1s,1[\sH™!
< 2lgll, Il f Lint - ns)” ' (-In7)dr

1s,1[\sH!

< 20l I lly(— In sy7 ! f (1 -0y et ldo
10,10\(1+(In $)~' H)
20l Il (~ In 5y e _£
= 6llglllly (= Inpypra=t + 1 3
Applying this inequality for s = ¢, we also get

s s &
2.37) f A - owldr < 3.

I 1\tH™!
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Consider the second expression on the right hand side of (2.34). We prove that

(2.38) lim f L = fO|w@ldr =0
111

By the continuity of f, the integrand pointwise converges to zero hence, in view of
Lebesgue’s dominated convergence theorem, it suffices to show that the integrand
admits an integrable majorant which is independent of s €]t — 6, f[.

Using the inequality (2.27) and (2.30), we get that, for all T € [#, 1[ and s €]¢—0, 1],

L = FONw@ < L(|FO)] + Al

< _|||¢|||,,J|¢/|||q (n7=InH”™" + (n7-Ins)” ' )(=In7)?".

Now there are two cases. If p < 1 we have that the function s — (In7 — Ins)”"! is
nondecreasing, hence
(Int-Ins)” ' <(nt-1Inr)*' (relnl], s €]0,1]).

This means that, in this case,

2ll¢llp Il
T

HEd) - fOpl < (Int—Inty”'(-In)"™" (e[t 1], s €]0,1]).

Moreover, the right hand side is integrable with respect to 7 because, with the substi-
tution 7 = ¢, it follows that

1
(2.39) f Yint-Inty’ ' (~In7)¥'dr = (= In "' B(p, q) < 0.
t

When p > 1, then the function s — (InT — In s)?~! is decreasing, hence, for all
Tet 1], s€lt—06,1],
(Int—Ins)” ' <(nt-1In(t - &))" < (~In@ - )" .
Thus, in this case, for all T € [t, 1[, s €]t — 6, 1],

I||¢||Ip Il (

L) - Ol < (Int—Inty”™" + (= In(t = §))" " )= In7)*".

Again, the majorant is integrable because (2.39) holds, and (substituting 7 = ¢7)

1 1
f L-In(t - )" ! (-In7)? 'dr = (= In(t — 6))""" f Y- ldr
= (—=In(t - 6))" "(-Int)?B(1, g) < oo.
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Therefore, Lebesgue’s Theorem can be applied and hence (2.38) holds. Thus there
exists 0* €]0, 6], such that, for all s €]t — 6", ¢,

(2.40) f LA - fOw@ldr < 2
1.1]
Combining the inequalities (2.32), (2.33), (2.34), (2.36), (2.37), and (2.40), we get
(@ =)@ = (@) <& (s€lt—5",1),

which proves the left-continuity of ¢ = ¢ at r.
To prove the right-continuity of ¢ * ¢ at t, we apply (2.32) for s €]¢t,¢ + 6[. The
second inequality in (2.31) implies that
ns’

Ins P
1)< — <p.
meas (] D T+p o

Thus, inequality (2.28) holds with the interval 7' :=] Ins 1[. Therefore, for the first

Tnz®

term on the right hand side of (2.32) (using the estimates (2.27), and substituting
7 =17 in the evaluation of the integral), we get

2.41) f Lol (o)ldr < g

To obtain an estimate for the second term on the right hand side of (2.32) (when ¢ < s),
we use ¢(x) = f(x) for x € H and obtain

1
f He(L) - o(H)|w)ldr

1
< [ 3o - £+ 170 - 1@+ - o wtonar

(2.42) < f %|¢(%)—f(£)llw(f)ld7+f%lf(i)—f(f)hlp(r)wr
Is,1[\rH"! 15,1
* f H7) - o)l @ldr.

1s,1[\sH™!

Applying an analogous argument as before, for s €]¢, 7+0[, we can obtain the estimates

cay O -slwear < aa [1) - sl <.

15, 1[\sH! |s,1[\tH™!
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Consider the second expression on the right hand side of (2.42). We will prove
that

(2.44) lim fﬂf(ﬁ)—f(f)“l/’(‘fﬂd?':o-

s—1+0
Is,10
First, with the substitution 7 = 0'11?7?, for s €]¢t,t + 6[, we can obtain

] Ins Ins Ins
f LA - fOlwldr = = [ 2o~ = flso™ ) (o #)|ao
1s,1[ 161[

< [ Lt - 5o ¥t e
1610

(2.45)

By the continuity of f and the local boundedness of ¢ (which is a consequence of the
inequality (2.27)), the integrand on the right hand side of (2.45) pointwise converges
to zero as s — t+ 0, hence, in view of Lebesgue’s dominated convergence theorem, it
suffices to show that the integrand admits an integrable majorant which is independent
of s €]t,t+ 6[. Using the inequality (2.27) and (2.30), we get that, for all 7 € [, 1[ and
s E€lt,t+ 9],

Ins

L f(eo ) = flso 8 (e )]
< 1ol lly 2((—n (05~ + (= In (so™ B )y~ )( = In (o )7,

Since s — (—In 5)?"! is monotone on ]0, 1[, therefore, for s €]t,t + 5[, we have

Ing - —Inolns\q4— n - -
(—In(om))?! = (Fachsy=t < max {1, (RED) Ty jn gryeT,

Similarly, for s €]z, + ¢[ and o €], 1[, we get

(—In(sow))P! = (%)’H(— Inz+Ino)P!

{(_ln<f+6> Y (~Int+Inoyt ifp<l,
<

Int
(=Int+Ino)?! ifp>1,
and
(=Int+Ino) ! ifp<l,

(_IH(ZO'_II%))I)_] = (_ln[+ lnlsnhtlo-)p—l < |
(= Inp»~! if p>1.
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Combining these inequalities, for s €]z, ¢ + 6[ and o €]¢, 1[, we obtain
_lns _lns Ins

s o™t = flsom ) |u(or )

< {|||¢|||p|||w|||q(1 + () max {1, (MY L~ Ing + Ino)y ! (= In o)

gl Bl max {1, ()T H(~lnt+ o)™ + (= Iy~ )(=Ino)s!
if p < 1orp > 1, respectively. It is easy to check (by substituting oo = ¢7) that the
function on the right hand side of this inequality is integrable with respect to o over
1¢, 1[. Therefore, Lebesgue’s Theorem can be applied and hence (2.44) holds. Thus

there exists 6™ €]0, 6*], such that, for all s €]¢,¢ + 6**[,

(2.46) f LA - folwldr < 2.

15,10
By summing up the respective sides of the inequalities (2.41), (2.42), (2.43), and
(2.46), for all s €]t,t + 0**[, we get

(@ +¥)(0) = (¢ Y)(9)] <&,

which completes the proof of the right-continuity of ¢ * i at z.
To prove (2.24), let t €]0, 1] be fixed. Using (2.27) and substituting 7 = #*, we get

1 1
(¢ = ¥)(D)| < f HeHlw@ldr < gl Il f L= (-0 ldr

1
= Il I lly (= In 2y ! fo (1 - sy 57 'ds

-1 T +g-1
= B(p. llpllly(— In )P4~ = ——"[igll, lyll(— In £)"*7~",
PQ¢p¢q r(p+q)¢pwq
which proves the inclusion ¢ * y € ®,.,, and the inequality (2.24).
In the proof of (2.25) first we use Fubini’s theorem and then the variable #/7 is

replaced by s:

1 1 1 1 T
[f@ewnar= [ [ tocwnnar= [ [ Lot
1 T 1 1
= [Cuo(t [ ot = [ uwar [ oas
0 0 0 0

LemMa 2.12. (Mako—Piles [45])
Let p > 0 be arbitrarily fixed, then, for all x € R,

2.47 lim =0
( ) n—oo F(np)
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and the convergence is uniform on every compact interval of R.

Proor. To prove the lemma, we will show that the series #p) is convergent on
R. Using Cauchy’s root test on this series and the Stirling formula for the I" function,

we get that
n 1
lim 4 M lim i Il lim — e
n—oo F(np) n—oo r(np) nmee, 271('1P)np

np™ e

. e’'Xnp
= |x| lim

% (o

This means that the series is absolute convergent on R and hence the convergence is
uniform on compact subsets of R, which yields the statement. O

PropositioN 2.13. Let p > 0 and ¢ € ®,. Define the sequence ¢, :10,1[— R by the
recursion

(2.48) ¢1:=¢, O+l 1= @ x Py (n €N).
Then, for alln € N,

@), Ly
(2.49) &n € Opp, Npnllp < Tnp) Nl j(; ¢ = ( fo ¢)

and, for all s €]0, 1],
(2.50) lim ¢,(s) =0
furthermore, for all § €0, 1, the convergence is uniform on [0, 1[.

Proor. By the definition of ¢, (2.49) holds trivially for n = 1. Assume that
(2.49) is valid for some n. By Proposition 2.11 and the inductive assumption, ¢, =
¢ % dp € Dy,

I'(p)X'(np)

|||¢n+l|"(n+1)p < l—‘((Tl)p)|||¢|"p"|§z§n"|np
L (p)I'(np) )" e Y
< T+ Dp) Il T(p) ol = T + Dp) el

al

nd
1 1 1 1 1 1 n 1 nal
\L%F£¢Wﬁﬁ¢ﬁ%zﬁﬂ£@=qﬁ),
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which proves (2.49) for n + 1. To prove (2.50), choose ng such that nop > 2 and let
6 €]0, 1[. Since the Gamma function is increasing on the interval [2, co[, by (2.49),
forall n > ng and s € [6, 1], we have

Btno (] < Wb lnrngyp(— I 5) "+~
(T(p)yr+m
= [((n + ng)p)

(2.51) = (=In sy~ 'T(p) gl

Il (= In )0t

(C(p)(=1ns)ligll,)"
I'((n + no)p)

(T(p)(=1ns)"ligll,)"

I'(np)
(T(p)(=1n6)"lipll,)"

['(np) '
Letting n — oo in (2.51) and using Lemma 2.12, we get (2.50). The estimate (2.51)
also ensures the uniformity of the convergence on the compact subsets of ]0,1]. O

< (= Ins)""'T(p) gl

< (=Inoy"~'T(py°lel?

ProrosiTion 2.14. (Mako—Pales [45])
Let g : [0, 1] — R be an upper bounded measurable function which is upper semicon-

tinuous at 0. Let p > 0, ¢ € @, be a nonnegative function with fol ¢ = 1 and define
the the sequence ¢, 110, 1[— R by (2.48). Then

1
(2.52) lim supf g($)dn(s)ds < g(0).
0

n—oo

Proor. Let € > 0. If g is upper semicontinuous at 0, then there exists § €]0, 1[,
such that

(2.53) g(s) < g(0) + g forall s €0,
and, by the upper boundedness, there exists K > max(0, —g(0)), such that
(2.54) g(s) <K (s € [0, 1]).

By Proposition 2.13, lim,_,. ¢, = 0 and the convergence is uniform also on [d, 1[.
Hence, there exists ny € N such that, for all n > ng,

(2.55) da(s) < % (s € [6.1]).

Using the third expression (2.49) and j(;l ¢ = 1, we have that

1 1
(2.56) fo(pnz(fo ¢) =1.
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Applying (2.56) and the nonnegativity of ¢,, we obtain

1
f g($)pu(s)ds — g(0)
(2.57) 0

1
= f (g(s) — g(0)pn(s)ds + f (g(s) — g(0)pn(s)ds
5
To obtain an estimate for the first term of the right hand side, we use (2.53) and (2.56).
Then, for all n € N,

&

) 0 e & 1
(2.58) f (9(s) = 9(0))pn(s)ds < f 5 n(8)ds < §f $u(8)ds = 7.
0 0 0

Consider the second expression on the right hand side of (2.57). Then using (2.54)
and (2.55), we obtain, for all n > ny,

1 1
L (9(s) = 9(0)Pn(s)ds < f6 2K¢n(s)ds

1
E E &
< | 2k—ds=2(1-6)<=.
—f6 g =30 -9 <3

Combining the inequalities (2.57), (2.58) and (2.59), we get that, for all n > ny,

(2.59)

1
f g()Pn(s)ds — g(0) < &,
0
which proves the statement. .

The main result of this section is stated in the following theorem.

THeorREM 2.15. (Maké—Piles [45])
Let B : D* — R be even and radially upper semicontinuous, p : [0,1] — R, be

integrable with fol p = 1 and there exist c > 0 and p > 0 such that

(2.60) p(t) <c(—=Infl =2e)?"" (£ €10, 1[UlL, 1D,

and A € [0,1]. Then every f : D — R lower hemicontinuous function satisfying the
approximate upper Hermite—Hadamard inequality (2.1), a-Jensen convex provided
that « : D* — R is a radially lower semicontinuous solution of the functional in-
equality

1

(2.61) a(u) > f a(|1 = 2tlu)p(t)dt + B(u) (u € DY)
0

and a(0) > B(0).

The proof of Theorem 2.15 is based on a sequence of lemmas.
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Lemma 2.16. (Mak6—Pales [45])

Let B : D* — R be even, p : [0,1] — R be integrable and A €]0,1[. Then ev-
ery f : D — R lower hemicontinuous function satisfying the approximate Hermite—
Hadamard inequality (2.1), fulfills

1 s
P UL P RPN e A AL

< fo)+ f(y) +28(x - y) (x,y € D).

Proor. Changing the role of x and y in (2.1), then adding the respective sides of
the inequality so obtained and the original inequality (2.1), by the evenness of 5, we
get that, for all x,y € D,

1
(2.63) fo (fx+ A =0y + f((A = Dx + m))p)dr < f(x) + f(y) + 28(x — y).

Replacing ¢ by 1 — ¢ in the integral on the left hand side of (2.63), it follows that, for
all x,y € D,

1
(2.64) j(; (F((A =Dx+ 1) + fx+ (1 = y)p(l = Ddi < f(x) + f(y) + 2B(x — y),

hence, adding the respective sides of the inequalities (2.63) and (2.64), we obtain, for
all x,y € D,

1
(2.65) fo (flex+ (1= Dy) + F((1 = Ox + 1) 228D gr < f(x) + f(y) + 2B(x — y).

Finally, substituting ¢ := % in the integral on the left hand side of (2.65), we arrive
at

1 (! C . . WP +p(13)
(2.66) Eﬁl(f%x+%y)+f(17x+%y) B

SfO+f+2B(x-y)  (x,yeD).
Since the integrand on the left hand side of (2.66) is even, this inequality reduces to
(2.62), which completes the proof of the lemma. m}

In what follows, we examine the Hermite—-Hadamard inequality (2.62).

Lemma 2.17. (Mako—Pdles [45])
Let p : [0, 1] = R, be integrable with fol p = 1 and there exist ¢ > 0 and p > 0 such
that (2.60) holds. Define ¢ :]0, 1[— R by

Lesy 4 o(l=s
(2.67) #(s) = P+ r(F) )2p (Z) (s €10, 1[).

Then(ﬁe(Dpandfolgb: 1.
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Proor. Inequality (2.60) results that

P(s) = <c(=Insy™' (s €]0,1]),

p(55%) +p(5%)
2
which proves ¢ € ®,. The equality fol ¢ = 1 is an automatic consequence of the

. 1
assumption fo p=1 O

Lemma 2.18. (Mako6—Piles [45])

Let p,qg > 0 and ¢ € @, Yy € O, be nonnegative functions. Let a : D* — R and
let B : D* — R be a radially upper semicontinuous function. Assume that a lower
hemicontinuous function f : D — R satisfies the approximate Hermite—Hadamard
inequalities

1
j(; (f m)c+ = )+f(—x+ 1+Yy)) (s)ds

(2.68)
< fx)+ fy) +2a(x—-y) (x,y€D),
and
1
(2.69) jo‘ (f bx + _y) + f(—x + my))l,b(s)ds

Sf@+fy)+28(x-y) (x,y€D).

Then, for all x,y € D, f also satisfies the inequality

1
fo (F(52 0+ 52) + f(5x + 2y))(@ « w)(9)ds
(2.70)

1
S f)+ fy) +2a(x—y) + 2[() B(t(x = y))p(1)dt.

Proor. Assume that f : D — R satisfies the inequalities (2.68) and (2.69). To
prove (2.70), let x, y € D be fixed. Applying (2.69) for the elements %x+ %y, %x+
L1y € D, we obtain

1
[ (e e+ s 2 uionts

< f(5tx+ ) + f(Fx + Hly) + 28(1(x ~ ).
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Multiplying this inequality by ¢(#) and integrating the functions on both sides with
respect to ¢ on ]0, 1[, then using that f also satisfies (2.68), we get that

f f f(l+t¥ 1- my) +f(12”x+ 1+”y))(//(s)ds¢(t)dt
@7y < f (F5tx+ )+ f(5x + Bty))p)dr +2 f BU(x = y)p(o)di
0
< () + ) + 2ax — ) + 2 fo BltCx — y)d(d.

Now we compute the left hand side of the previous inequality. Substituting s = 7 and
using also Fubini’s theorem, we obtain

1 1
f f (P + 150) 4 (5 + 589 () s
0 0

1 t
B fo fo (f(%x * I%Ty) + f(% 1+Ty)>lﬁ( ) dre(t)dt
2.72)

1

= fo ((f xSy + (5 ) f 1z )¢<r>dr)dr
1

= fo (f(5mx+ 52y) + F(55x + 5y)) @+ g0

Combining (2.71) and (2.72), the inequality (2.70) follows, which completes the
proof. O

LemMma 2.19. (Mako—Pales [45])
Let ¢ :]0,1[— R, be an integrable function and let y : D* — R be a radially upper
semicontinuous. Then, the function 6 : D* — R defined by

1
2.73) S(u) = f Yewddt (e DY)
0

is also radially upper semicontinuous on D*.

Proor. To prove that ¢ defined by (2.73) is radially upper semicontinuous at uy €
D, let s, — so be an arbitrary sequence in [0, 1]. We have that

Y(tsatig) < sup y(Tup) =: K (te[0,1],neN),
7€[0,1]
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thus, K¢ is an integrable majorant for the sequence of functions t — y(ts,ug)¢(?).
Using Fatou’s lemma and the radial upper semicontinuity of vy, we get that

1
lim sup d(s,up) = lim sup f y(tsuuo)p(t)dt
0

n—oo n—oo

1 1
< f lim sup y(s,uo)p(1)dt < f Y(Esouo)p(t)dr = 6(souo),
0 0

n—oo

which proves the statement. O

Lemma 2.20. (Mako—Pales [45])

Let p > 0, ¢ € @, be a nonnegative and 8 : D* — R be a radially upper semicon-
tinuous function. If f : D — R is lower hemicontinuous and fulfills the approximate
Hermite—Hadamard inequality

1
fo (F52x+ 5y + f(50x + 2y) )e(s)ds

Sf+f+2B(x-y) (x,yeD),
then, for all n € N, the function f also satisfies the Hermite—Hadamard inequality

(2.74)

1
(2.75) fo(f(%x + 15200+ f(5x 4 2y))du(s)ds

SO+ fy) +2a(x-y) (x,y€D),
where the sequences ¢, :10, 1[— R, and a,, : D* — R are defined by (2.48) and

1

(2.76) a =, @pe1(u) = f a(tw)g(ndt + fu)  (u€ DY),
0

respectively.

Proor. We note that, by Lemma 2.19, the sequence of functions (a,) is well-
defined and «, is radially lower semicontinuous for all n € N.

Let x,y € D and p > 0. To prove (2.75), we use inductiononn € N. Forn = 1, we
have (2.74). Assume that (2.75) holds for n € N. Since ¢ € @, by Proposition 2.13,
we have that ¢,, € @,,,. The function f satisfies (2.74) and also (2.75), for n € N. Thus,
in Lemma 2.18, (2.68) holds with the functions ¢ and « := «;. Furthermore, by the
inductive assumption, also in Lemma 2.18, (2.69) holds with the functions ¢ := ¢,
and B8 := a,, for n € N. Hence the function f also fulfills the Hermite—Hadamard
inequality (2.70), which results,

1
[ (stre 2+ s 200 00008

1
Sf)+ fy) +2B(x—y) + 2f0 an(1(x — y)(t)dt,
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which is the case n + 1. O

Lemma 2.21. (Mak6—Pales [45])

Let p > 0 and ¢ € @, be a nonnegative function with fol ¢()dt =land f : D - R
be lower hemicontinuous. Then, for all x,y € D,

1
@77 liminf fo (P + 52y) + (500 + B2y (s)ds = 2 f(xTW).

Proor. To prove the statement, let x,y € D and p > 0. Define g, : [0,1] - R
by

gey(s) 1 = fOFx+ 5y + f(Fx+ Fy) - (s€[0.1]).

The lower hemicontinuity of f implies that g, , is lower semicontinuous and hence
lower bounded on [0, 1]. Thus, we can apply Proposition 2.14, for g := —g,, and
¢ € @, which yields that

1
liminf f Iy ($)Pn(8)ds > g, (0).
0

n—oo

This inequality is equivalent to (2.77). O

Lemma 2.22. (Mako—Pales [45])

Let p > 0 and ¢ € ®, be a nonnegative function, and  : D* — R be a radially
upper semicontinuous function. Then, for all n € N, the function «,, : D* — R defined
by (2.76) is radially upper semicontinuous and the sequence () is nondecreasing
[nonincreasing |, whenever B is nonnegative [nonpositive]. Furthermore, if « : D* —
R is a radially lower semicontinuous solution of the functional inequality

1
(2.78) a(u) > f a(su)p(s)ds + B(u) (u e D),
0
then
(2.79) lim sup @, (1) < a(u) — (0) +B0)  (u€ D).

Proor. The statement about the radial upper semicontinuity directly follows from
Lemma 2.19.

Assume first that 8 is nonnegative. We will prove by induction on n € N, that the
sequence (@,) is nondecreasing, i.e.,

(2.80) Apy1 = Qp (n € N).

For n = 1, by the nonnegativity of a; = 3, we have that

1
ar(u) = f(; a1 (su)g(s)ds + B(u) > a1 (u) (u e D).
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Assume that (2.80) holds for some n € N and consider the case n + 1. Using the
definition of @41, the inductive assumption and the nonnegativity of a,, we get that,
for all u € D*,

1

1
2 () = fo e (s10)(5)ds + Bu) fo @ (s0B($)ds + Bu) = e (1)

Analogously, if 8 is nonpositive, we can obtain that the sequence (a,) is nonincreas-
ing.

To prove (2.79), let @ : D* — R be a radially lower semicontinuous solution of
(2.78). Subtracting the respective sides of the inequalities (2.78) from (2.76), for the
sequence of functions g, := @, — @, we obtain

1
Gn1(u) < f gu(sw)d(s)ds (€ D*, neN),
0

We obviously have that g, is also radially upper semicontinuous.
Iterating this inequality, similarly as in Lemma 2.18 and Lemma 2.20, it can be
proved that

1
(2.81) Gnr1(u) < f g1(su)pp(s)ds ~ (ueD’, n€N),
0

where ¢, is defined by (2.48). Taking the limsup as n — oo in (2.81), by Proposi-
tion 2.14, we get that, for all u € D*

1
lim sup g,,+1 (1) < lim supf g1(suw)d,(s)ds < g1(0) = B(0) — a(0),
0

n—oo n—oo

which immediately yields (2.79). O

ProoF oF THEOREM 2.15. Assume that the conditions of Theorem 2.15 hold and
f + D — R is an upper semicontinuous solution of (2.1). Then by Lemma 2.16, f
also fulfills (2.74), where ¢ :]0, 1[— R, is defined by (2.67). Then, by Lemma 2.17,
¢ € @, and fol ¢ = 1. Using Lemma 2.20, we get that (2.75) also holds, where, for all
neN, @, : D* - Ris defined by (2.76). Since « satisfies the functional inequality
(2.61), thus applying Fubini’s theorem, then substituting s := 1 — 2¢ and s := 27 — 1,
we get that

1/2 ]
o) > f (1 = 20uw)p(dr + f (21 = Duyp(dt + Blu)
0 1/2
1 1
= [ atsupcztas + [ atupctsids +
0 0

1 L+s 1-s 1
= f a(su)%ds + Bu) = f a(su)p(s)ds + B(u),
0 0
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which means that (2.78) also holds. Taking the liminf as n — oo in (2.75), using also
Lemma 2.21, Lemma 2.22 and $(0) < a(0), we get that

2/(*52) < £0+ f@) + 2liminf a,(x =) < f0)+ f) + 2im sup ay(x — )

< f)+ ) + 2alx = y) + B0) — a(0)) < f(x) + f(y) + 2a(x - y).
Hence f is a@-Jensen convex, which completes the proof of Theorem 2.15. O

In what follows, we examine the case, when X is a normed space and § is a linear
combination of the powers of the norm with positive exponents, i.e., if 8 is of the form

(2.82) Bu) := f llull?dv(q) ~ (u € D),

10,00[

where v is a signed Borel measure on the interval ]0, co[. An important particular case
is when v is of the form Zle ci0g,, Where ci,...,cr €R,qq,...,qx > 0and 6, denotes
the Dirac measure concentrated at g.

THEOREM 2.23. (Mak6—Pales [45])

Let p : [0, 1] — R be integrable with fol p = 1 and assume that there exist ¢ > 0 and
p > 0 such that (2.60) holds. Let A € [0, 1] and v be a signed Borel measure on 0, o[
such that

(2.83) f lul?divi(q) < oo (ue€ D)
10,00
and
1 -1
(2.84) f( , (1—|1—2t|q)p(t)dt) dvl(g) < oo.

10,00[
Assume that f : D — R is lower hemicontinuous and satisfies the Hermite—Hadamard
type inequality
1
(2.85) ff(t)C + (L =ypdr < Af(x) + (1 =) f(y) +f||x —yll'dv(q)
0
10,00[

forall x,y € D. Then, for all x,y € D, f also fulfils the Jensen type inequality

1 -1
(2.86) f(x;y) < f(x);f(y) + f (fo a-11- 2t|q)p(t)dt) llx — yll%dv(q).

10,00[
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Proor. By Theorem 2.15, it suffices to show that the function

1 -1
a(u) = f ( fo (1—|1—2z|")p<r>dt) lullldv(q) (u € D")

10,00[
is well-defined and satisfies (2.61) with equality where 8 : D* — R is defined by
Bu) = f lulldv(q) (u € D").
10,00[

To see that, for all u € D*, a(u) is finite, we distinguish two cases. If |lu|| < 1,
then |[u||? < 1 for all g > 0, and hence, by assumption (2.84),

1 -1
)| < f ( fo (1—|1—2r|q)p<t)dt) divl(g) < .

10,00[

Now let [lu]] > 1. Then, the functions ¢ — ||u||? and g — fol (1 =11 =2e)p(t)dt are
increasing functions, hence

1 -1
)| < lul f ( fo (1—|1—2r|q)p<r>dt) dvl(q)

10,1]
1 -1
o fo (1 - 11 = 2o f llldvI(g),

11,000

which is again finite by conditions (2.83) and (2.84).
To prove that « satisfies (2.61), using fol p = 1, we compute

1
f a(l1 = 2slu)p(s)ds + Blw)
0

1 1 -1
=f0 f(fo (I-11- 2!I")p(t)dt) 11 = 2slull’dv(q)p(s)ds +ﬁ|ull"dV(q)

10,00[ 10,00[
1
[T —2sl90(s)ds llull
= f( lfo + l)llull"dv(q):f : dv(q) = a(u),
ol o (L=11 = 200)p(0)d ok (U= 11 =2e9p(0ds
which proves that (2.61) holds with equality. O

CoRrOLLARY 2.24. (Makoé—Pales [45])
Let 1€ [0,1], e e Rand g > 0. Assume that f : D — R is lower hemicontinuous and
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satisfies the Hermite—Hadamard type inequality
1
f flx+ (1= Dyydt < Af ) + (1= Df @) + el —yll! (xy € D).
0

Then f is (s%, q)-Jensen convex.

Proor. Observe that the constant weight function p = 1 satisfies the assumptions
of Theorem 2.23 with ¢ = p = 1. Also, with v := &§,, conditions (2.83) and (2.84)
hold trivially. Thus, for all # € D* the conclusion of Theorem 2.23 is valid with

allul|? _ allul|?
fo1 (1 =11 =2|a)dt fj (1= (1 =209)dt + f; (1 =2t = 1)9)dt

which proves the statement. O

+1
= aT=lull?,

a(u) =



Implications between lower Hermite-Hadamard and
convexity inequalities

Given a nonempty open real interval I, denote by A(I) and A°(]) the sets

{(x,y)elIxI|x<y} and {(x,y)elIxI|x<y},

respectively.

To describe the regularity assumptions for our main results, we introduce the
following terminology for real valued functions defined on A(Z). Let ® : A(/) —
R. The function O is called separately continuous (separately strictly increasing) if,
for all z € I, the mappings u — ®(u,z) and u — D(z,u) are continuous (strictly
increasing) on the intervals ] — co,z] N [ and on [z, co[N], respectively. We say that
@ are separately partially differentiable at the diagonal of I X I if, for all z € I, the
mappings u — ®(u,z) and u — D(z, u) are differentiable at z with derivatives denoted
by 9,®(z, z) and 9,D(z, z), respectively. The function @ is called a two-variable mean
on [ if, for all (x, y) € A(I), the inequalities x < ®(x,y) < y hold. A mean @ is called
strict if both of these inequalities are strict whenever x < y.

We say that a pair (wg, w) is a Chebyshev system over I, if wg,w; : I — R are
continuous functions and

wo(x)  wo(y) 20

wi(X) i) (. y) € A

3.1 Q(x,y) = '

One can easily see, that if wy is a positive function, then (3.1) holds if and only if
w1 /wy is strictly increasing on I. In this latter case, (wg, w;) will be called a positive
Chebyshev system over I. On the other hand, we can always assume that wy is a
positive function, because for every Chebyshev system (wy, w;), there exists @, €
R such that ewy + Bw; > 0 (cf. [9], [10]). In the sequel, for fixed x,y € I, the
partial functions u — Q(u,y) and u — Q(x, u) will be denoted by Q(-, y) and Q(x, -),
respectively. An important property of Chebyshev systems is that for every two pairs

57
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(x,6),(y,n) € I x R with x # y the function w defined as

0y Q)
Qx,y) " Qxy)
is the unique linear combination of w( and w; such that w(x) = ¢ and w(y) = n hold.

Given a positive Chebyshev system (wo, w;) over I and a proper subinterval J of
I, afunction f : J — R is called (wy, wy)-convex on J if, for all x < u < y from J,

w:=¢

Jfo  fw  f)
(3.2) wo(x)  wo(u) woly) | =0,
wi(x) wi) wy)
or equivalently,
Qu, y) Q(x, u)
(3.3) fu) < o, y)f(X) T o, y)f(y)-

If (3.2) holds with strict inequality sign “>”, then f is said to be strictly (wg, w1)-
convex on J. We also need the following lemma, which gives various characterizations
of (wq, w1)-convex functions.

Lemma 3.1. (Bessenyei—Pdles [11])
Let (wy, w1) be a positive Chebyshev system over I, J C I be a proper subinterval and
f:J = R. Then the following statements are equivalent:

(i) fis [strictly] (wo, wy)-convex on J;
(ii) (u%o) o (i—(‘)f1 is [strictly] convex in the standard sense on (i—(‘))(]);
(iii) for everyu € J°, there exist constants a, 8 € R such that f(u) = awy(u) + Bw (1)
and, for all x € J\{u}, the inequality f(x) > awy(x)+Bwi(x) [the strict inequality
f(x) > awo(x) + Bw;(x)] holds.

Let (wg, w1) be a positive Chebyshev-system. Assume that f : I — R satisfies
the following approximate (wy, w)-convexity inequality

Q(u, Q(x,
(3.4) Fuy < 2OV iy o 2O s e W) (e Dy,
Q(x,y X, Y)

) Q
where, for all (x,y) € A°(I), &, : [x,y] — R is an error function. One can easily see
that if f is (wo, w1)-convex, it satisfies (3.4) with the error function &, := 0.

In [11] and [9], the authors established the following connections between (wy, wy )-
convexity and Hermite-Hadamard type inequality.

THeOREM 3.2. (Bessenyei—Pdles [11])
Let (wy, wy) be a positive Chebyshev system on an open interval I and letp : I — R
be a positive integrable function. Define, for all elements x < y of I, the functions
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&(x,y), c(x,y), ci(x,y) and cr(x,y) by the formulas

fxy w1p fxy wWop
17 wop wo(é(x, y))’

A function f : I — R is (wg, wy)-convex if and only if, for all x < y of 1, it satisfies the
inequality

Y
(3.6) c(r ) fEr ) < f f.

w1

(35) ex) = ()7

) and c(x,y) =
wo

In Theorem 3.7 and Theorem 3.30 below, this theorem will be generalized. Thus,
we will investigate the connections between (3.4) and the following approximate
lower Hermite—-Hadamard type inequality

(3.7) S(Mo(x,y)) < f At x, y) f(M(t, x, y))du(t) + E(x, y)  ((x,y) € A)),
T
where f : I — R is an unknown function, € : A°(I) — R and we make the following
assumptions:
(1) (T,A,p) is a measure space,
@) A:TxA(I) - R,
(iii) M : TxA°(I) —» Randforall t € T, the map (x,y) — M(t, x, y) is a two-variable
mean on I. My : A°(I) — I is a strict mean such that, for all (x, y) € A°(1),

(3.8) wteT | A, x,y) >0, M(t, x,y) # My(x,y)} > 0.

(iv) There exist an (wp, w;)-Chebyshev system on I such that wy is positive. Further-
more, for i € {0, 1},

39 olMo(x.y) = f Al % (Mt 5, p)du(t) () € A°(D).
T

In [34], Hazy and Pdles also established a connection between an approximate lower
Hermite—-Hadamard type inequality and an approximate Jensen type inequality by
proving the following results.

TrEOREM 3.3. (Hazy-Piles [34])

Let @ : D* — R, be a nonnegative radially Lebesgue integrable even function. As-
sume that f : D — R is hemi-Lebesgue integrable and approximately a-Jensen con-
vex in a sense of (5). Then, for all x,y € D, f also satisfies the approximate lower
Hermite—Hadamard inequality

1 1
(3.10) f(x ; y) < f flx+ (1 = y)dr + f a(t(x — y))dt.
0 0
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THeOREM 3.4. (Hazy—Piles [34])

Let B : D* — R, be a nonnegative even function. Assume that f : D — R is an
upper hemicontinuous function satisfying the approximate lower Hermite—Hadamard
inequality

1
G.11) f(x;y)sff(tx+(1—t)y)dt+ﬁ(x—y) (x,y € D).
0

Then f is a-Jensen convex where a : 2D* — R, is a nonnegative, radially increasing
solution of the functional inequality

1
(3.12) a(u) > f aCtu)dt + B(u) (u e D).
0

In Theorem 3.10 and Theorem 3.34 we will generalize these results. In Re-
mark 3.13 and Remark 3.36, we will deduce these results (Theorem 3.3 and Theo-
rem 3.4) as a consequence of Corollary 3.12 and Corollary 3.35, respectively. Con-
sider the following approximate convexity type inequality

(3.13) A =Dx+1y) < (1 =Df () +1f(y) + ey () ((x,y) € D*, 1 € [0, 1]),

where f : D — R is an unknown function and for all (x,y) € D?, exy - [0,1] - R
is a given function. Thus, we will investigate connections between (3.13) and the
following approximate lower Hermite—Hadamard type inequality

(3.14) f((l—m)X+u1y)Sff((l—t)x+ty)du(t)+E(x,y) ((x,y) € D?),
[0.1]

where f : D — R is an unknown function, y is a measure on [0, 1], u; := f[o,l] tdu(t)
and E: D> - R.

The following theorem, which has been stated in [43], [44], [67] and [66], is
also a consequence of our main result (Theorem 3.34). We will also derive it in
Remark 3.38 by applying Corollary 3.37.

THeoreM 3.5. (Tabor—Tabor [67], Maké—Pales [44])

Let @ : D* — R, be a nonnegative even function. Assume that f : D — R is an upper
hemibounded a-Jensen function, then, for all x,y € D and s € [0, 1], f also satisfies
the following convexity type inequality

= 1
(3.15) A =9)x+sy) <1 -5)f(x)+sf(y) + Z ga(dz(Z"S)(x - ).
n=0
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3.1. From convexity type inequalities to lower Hermite-Hadamard inequalities

In this section we will investigate the implication from the (wy, w;)-convexity
type inequality (3.4) to the lower Hermite—Hadamard inequality (3.7). Consider the
following basic assumptions,

(A1) (T, A, ) is a measure space.

(A2) A: T xA°(I) - R, is u-integrable in its first variable.

(A3) M : T x A°(I) - R is A-measurable in its first variable and for all ¢ € T, the
map (x,y) — M(t,x,y) is a two-variable mean on I. My : A°(I) — I is a strict
mean such that (3.8) holds.

(A4) There exist an (wyp, w;)-Chebyshev system on [ such that wy is positive. Fur-
thermore, for i € {0, 1} (3.9) holds.

For all (x,y) € A°(I), denote
T,,:={teT|Altx.y) >0, Mt x,y) < Mo(x,y)},
T/, :=={teT | At x,y) >0, M(t,x,y) > Mo(x,y)}.
Observe that, for all (x,y) € A°(]), T)’c!y and T)’C’y are in A, moreover, by (3.8), the

p-measure of Ty, U TY, is positive. Define, for all (x,y) € A°(D),i € {0, 1},

Si(x,y) = f At x, y)wi(M(t, x, y))dp(r)

’
Tx,y

(3.16)
Si(xy) = f/\(t, x, Ywi(M(t, x, y)du(r).

T3y
The following proposition describes the properties of these sets and numbers.

ProposiTioN 3.6. (Maké-Pales [47])
If (A1)—(A4) hold, then for all (x,y) € A°(I),

(3.17) Sixey) + 87 (x5 y) = wi(Mo(x,y))  (€{0,1}).
Furthermore, the p-measure of the sets Ty, and T, is positive.

Proor. Let (x,y) € A°(1). (3.9) implies that

wi(Mo(x, ) = f Al x )os(M(E x, )i
T
- f Al )os(M(t, x, )dut) = S1x,y) + ST (x y),
{teT|A(t,x,y)>0}

for i € {0,1}. Hence (3.17) holds. To prove the positivity of u(T)’C,y) and ,u(T)’ny),
assume that u(Ty ) = 0. Then S;(x,y) = 0 and, in view of (3.8), it follows that
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/,t(T)’ny) > 0. Thus, by (3.17), we have that

wiMo(x,y)) = Si(x,y) + S (x,y) = S} (x,y) = f A, x, y)wi(M(t, x, y))du(t)
Ty,
for i € {0, 1}. Dividing the above identities by each other and using also the positivity
of wy, we get that

[ A x, )y (M, x, y))dpu()

7, _ o1(Mo(x.p)
[ A, %, wo(M(t, x, y)du(t)  wo(Mo(x, )’
77,

Rearranging this equality, we obtain that

fA(t5 X, y)Q(MO(x» U)» M(t5 X, l/))dll(f) = O
T,

Hence,

At x, QMo (x, y), M(t, x, y)du(r) = 0.
{reT|A(t.x.y)>0, M(1,x.y)>Mo(x.y)}
On the other hand, for all # € T with M(¢, x,y) > My(x, y), we have that
Q(Mo(x, y), M(1, x,y)) > 0
and, by (3.8), it follow that
ute T | At x,y) >0, M(t, x,y) > Mo(x,y)}) > 0.
This yields that

A(l, X, y)Q(MO(xa .’/)a M(t’ X, y))dﬂ(f) > 07
{reT|A(t,x,y)>0, M(t,x,y)>Mo(x,y)}

which is a contradiction.
The proof for the case when u(77/,) = 0 is analogous. O

One of the main result of this section is established in the following theorem.

TueoreM 3.7. (Maké-Péles [47])

Assume that (Al)—(A4) hold. Let f : I — R be a locally upper bounded Borel measur-
able solution of the approximate (wy, w)-convexity type functional inequality (3.4),
where for all (x,y) € A°(I) and u €]x, yl, the function (v, w) — &,,,(u) is bounded and
Borel measurable for (v,w) € [x,u] X [u,y]. Then f also satisfies the approximate
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lower Hermite—Hadamard type inequality (3.7), where € : A°(I) — R is defined by
the following way

[ [ 0., % eme v gy Mo, y)dpt” du(t')
T, TY,

(3.18) E(x,y) =

[ [ 0@, x, pdu)du(t’)
T., T

’
Y Xy

where, for all (t',t", x,y) € T2 x A°(),
T, 7, x,y) = A, x, AT, x, QUM , x,y), M(t", x, y)).

Remark 3.8. (Mako6—-Pales [47])

In the above theorem, the regularity condition for f can be relaxed if the error function
&y enjoys boundedness and continuity properties. For instance, if €, , is bounded on
[x, y] for some (x, y) € A°(I), then (3.4) implies that f is bounded on [x, y]. Similarly,
if limsup,,_, .o &xy(®) = 0 for some (x,y) € A°(]), then (3.4) implies that f is upper
semicontinuous at x from the right.

Proor. Let (x,y) € A°(I). Substituting in (3.4) xby M(¢', x,y) and y by M(¢”, x, y),
and u by My(x,y), where ¢’ € T;,y andt” € T? , we get that

Xy’
QM x,y), M(t”, x, ) f(Mo(x, y))
< Q(Mo(x, y), M, x, ) f(M(T', x, ) + QM x, y), Mo(x, ) f(M(”, x, )
+ QMY x, ), M(t", X, Y)em xpm vy (Mo(x, 1))
Multiplying this inequality by A(¢', x, y)A(¢”, x, y) and integrating with respect to uXu

onTy, xTY,, we get that
(3.19)

Y, 1", x, ydut”)du@) f(Mo(x, y)

TiyTyy

< f f A X A, x, PQUMo(x, y), M, x, y) (M, x, y)dp(t" )du(t)

’ 7"
T)[,_z/ T)‘».‘/

+ f f A, x, A, x, QM x, y), Mo(x, y) f(M@”, x, y)dp(t” )dp(t)

7 T
Tx.y Tx,'/

+ff‘r(t,,t”,x’y)SM(t’,x,y),M(t",x,y)(MO(xsy))dﬂ(t”)d/l(t,)~
T, Ty,
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Applying Fubini’s theorem and the notation of (3.16), we get that

(3.20) f fT(f/, 7, x,y)du()du(t') = So(x, ST (x, y) = S1(x, S (x, y).

’
Ty

"

xy

Observe that (S (x, y)S | (x, y) =S (x, y)S { (x, y)) is positive. Indeed, by the definition
of the Chebyshev-system, we have, for all (', ¢”) € T)’(’y X T;'cf“

QM x,y), M(", x,y)) > 0.

By Proposition 3.6, the measure of 7y, x T7/, is positive. Hence the left hand side of
(3.20) is positive. Using the identity (3.17), it follows that
(3.21)

f f AW, AW 3 QMo ), M, ) fOA(E s %, )t Y
Tiy T2y

= (wo(Mo(x, y)S | (x, y)—w(Mo(x, y)S § (x, y)) f A, x, ) f(M(, x, y)du(t’)
77,

= (S, ST (x,y) = ST, ST y) | AW, x, (M, x, y)du(t’),

7
Ty,

and similarly,

f A, AW, x, QUM x, y), Mo(x, y) fF(M(1”, x, y)dp(t” )du(t)

(3.22) Tl
= (ST SHxy) = S§ (xS (x,y) f AW, x, ) f(M({”, x, y))dut”).

’
TX Y

Substituting the above formulas (3.20), (3.21), and (3.22) into (3.19) and dividing the
inequality so obtained by (S (x, y)S| (x,y) — 8| (x,y)S;(x,y)), we get (3.7) with the
error function € : A°(I) — R defined by (3.18), which completes the proof. ]

Remark 3.9. (Mako6-Pales [47])

A direct corollary of this theorem is the lower Hermite—Hadamard type inequality
established by Theorem 3.2. Indeed, suppose that, with the notations introduced in
(3.5), the assumptions of Theorem 3.2 hold. Then, the (wy, w,)-convexity of f implies
that it is locally bounded and Borel measurable. We show first that the conditions of
Theorem 3.7 are also valid. Let u denote the Lebesgue measure on [0, 1] and define,
for all (x,y) € A°(]), t € [0, 1],

y—xp(1-0x+ ty)_

Mo(x,y) ==& y), Mt x,y)=0-tHx+ty, At x,y) = o)
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Since M(t, x,y) = My(x, y) can hold only for one value of ¢, hence (3.8) holds trivially.
We also have

1 _ 1
f AL, x, gy (M(t, x, y)de = 2 f o((1 = Dx + )y (1 = Hx + ty)dt
0 cx,y) Jo

Y
1 y w1p
= f paw; =wo(§(x,y>)f); 1
c(x,y) Jy [~ wop

= wo(é(x, y))z—:)(é’(x, ) = w1(§(x,y)) = wi(Mo(x, y))

and, similarly,

1 1 Yy
f A, x, y)wo(M(t, x, y))dt = —— f pwo = wo(&(x, y)),
0 c(x,y) Jx

which proves (3.9). Thus all the assumptions (A1)-A(4) are verified. Therefore, if a
function f : I — R is (wg, wi)-convex, i.e., satisfies (3.4) with &, := 0, then it fulfills
(3.7) with € := 0, which, by the obvious identity

1 Y !
f fp= f A, x, y) f(M(2, x, y))dt
C(X, y) X 0

is equivalent to the left hand side inequality in (3.6).

The following result could be deduced form Theorem 3.7, however a direct proof
is more convenient here. Given a set D, denote {(x,y) | x,y € D, x # y} by D**.

Taeorem 3.10. (Maké—Piles [47])

Let D be a convex set of a linear space X. Let A be a sigma algebra containing the
Borel subsets of [0, 1] and u be a probability measure on the measure space ([0, 1], A)
such that the support of i is not a singleton. Denote

S(w) == p([0, p111) f tdu(t) — u(lu, 11) f tdp(?).
Ju1.1] [0.p1]
Assume that f : D — R is an hemi-u-integrable solution of the functional inequality
(3.13) where, for all (x,y) € D, exy 1 [0,1] = R is a function such that

" ’ -t ’ 7
I(x,y) == f f (" =1 )e(l—t’)x+t’y,(1—t”)x+t”y(/;,,—_t,)d,u(t )dp(r”)

T, 11 10,1
exists in [—oo, o] for all (x,y) € D*. Then, for all (x,y) € D%, the function f also
satisfies the lower Hermite—Hadamard type inequality (3.14), where

_(xy)

(3.23) E(x,y) := S ((x,y) € D*).
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Remark 3.11. (Maké—Pales [47])

In the above theorem, the hemi-u-integrability condition for f can be relaxed if the
error function e, , enjoys boundedness and continuity properties. For instance, if e,
is upper bounded on [x, y] for some (x, y) € D**, then (3.4) implies that f((1—£)x+ty)
is upper bounded for ¢ € [0, 1]. Similarly, if lim sup,_,,( ex,(t) = 0 for some (x,y) €
D?*, then (3.4) implies that £((1 — £)x + ty) is an upper semicontinuous function of ¢
at zero from the right.

Proor. Let (x,y) € D**. Substituting in (3.13) x by (1 —=#)x+ 'y, y by (1 —1")x+
"y and t by 5=, where 0 < ¢’ < yy and yy < 1 < 1, we get that

t’ —H ’ ’ M1 — r 7 ’”
S =p)x +my) <— ,lf((l —Ox+y)+ ———f((1 = 1x+1"y)
t" -t " —t
(3.24) ,
1 =1
+ 6(1—ﬂ)x+ﬂy,(l—z”)x+t~y(m)-

Multiplying (3.24) by ¢t/ — ¢’ and integrating on [0, u;]X]Juy, 1] with respect to the
product measure y X p, we obtain

(" = )du()du(t”) f(1 = p)x + p1y)

Jur, 17 [0u1]
< f (" = w)du(t”) f F( =)x+ y)du)
(3.25) Jui 1] [0,e1]
+ f (1 = £)du(t’) f J(A =1")x + 1" y)du”)
[0,1] Jua,1]
’” ’ -t ’ ”
+ f f (A )e(l7t’)x+t'y,(lft”)ert”y(l;—i mpr )du(t Ydu(t'”).
Jur 17 [0,
Applying Fubini’s theorem, we get that
f f(t// _ t’)du(t’)dy(t")
(3.26) Jur 11 [0y ]
= u([0, p11) f " dpu(t”) = p(us, 11) f rdu(t’) = S ().

1] [0,u1]

Using that the support of u is not a singleton, we can see that the left hand side of
(3.26) is positive and hence so is S (u).
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Applying also Fubini’s theorem, it follows that

3.27) f (" = p)du(e”) = u({0, 1) f (") = p(lpu, 1) f tdu(n) = S (@

Jui.1] I 1] [0.1]

and, similarly,

(3.28) f (w1 = )du’) = S ().
[0,1]
Substituting the above formulas (3.26), (3.27), and (3.28) into (3.25) and dividing the

inequality so obtained by S (i), we arrive at (3.14), where E is defined by (3.23). This
completes the proof. O

The following corollary is analogous to the result of [34].

CoroLLARY 3.12. (Maké—Piles [47])
Assume that f : D — R a hemi-Lebesgue integrable solution of the functional in-
equality (3.13), where, for all (x,y) € D>, exy - [0,1] — Ris a function, such that

1 ’

I ri t
(3.29) I(x,y) 3=f f (t"_t/)e(l—t’)xﬂ’y,(l—t”)x+t”y(;—)d[’dt,l
1 Jo
2

—

exists in [—oo, co]. Then, for all x,y € D*, the function f also satisfies

X+y
2

1
(3.30) f=2) < f F(Q = B)x + ty)dt + 81(x, y).
0
Proor. We apply Theorem 3.10, when A is the family of Lebesgue measurable
subsets of [0, 1], u is the Lebesgue measure. Then y; = % and S (u) = % and the result
directly follows from Theorem 3.10. O

RemMArk 3.13. (Maké—Pales [47])
In what follows, we deduce the conclusion of Theorem 3.3 from the above corollary
under stronger regularity assumption on f. Let @ : D* — R, be a nonnegative radially
Lebesgue integrable function and assume that f : D — R is hemi-upper bounded and
approximately a-Jensen convex. Then, by Theorem 3.5, f fulfils the approximate
convexity inequality (3.15), i.e., (3.13) holds with e, , defined as

)= 3 ALy

> ((x,y) € D*, t€[0,1]).

n=0
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Thus, by Corollary 3.12, the inequality (3.30) holds with

1 ’

! )dt dr’

1 )
j: (1" = 1)eq—ryxrry(1-xsrry (t —

3 > f f (" = )a(dz )( " —t)(x - y))dr'dt”
1
z—f

2
2"

I(x,y) =

n

l—

(t + s)a(dz(tz_'_ts)(t + 5)(x — y))drds

1l
i

)(z + 5)(x — y))dsdt.

n=0
The last equality above is the consequence of the symmetry of the integrand with

respect to the variables s, t. Forn = 0,

f f(t + s)a dZ )(t + 8)(x — y) dsdt = f f(t + $)a(2s(x — y))dsdt

=2 fo f (t + $)a(2s(x — y))dtds = fo (1—2s)<§s+1)01(25(x y))ds

1
= l f (1 -0)3o + Da(o(x — y))do.

0
To compute the double integral for n > 1, we will split its domain according to the
position of % related to integer numbers. Foralln e Nand 0 < s <t < %, there
exists a unique m € {2"!,...,2" — 1} (namely m := [%]) such that

n

<m+1.

2"t 1
either m< <m+ = or m+ = <
t+s 2 27+
,2" — 1}, in terms of ¢ yields the following inequalities for

This, for all m € {2"1,. ..
s
2"—m-% 2" —m 2" —m—1 :
<5< t and
m—i—l m m+1 m+%

respectively. On these intervals, we have that

2"t
|
r+s
n_ 1 .
2 m]zt<s§ Z#mt’

271 _ n

(EL —m)(t + ) = 2(2" — m)t — 2ms, T

(t+8)=20m+1-20 +20m + )s, L2lpc g <203
2

)t +5) =

20m +1-21)
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Thus, we get that

f f (t + s)adz( 2" )(H—s)(x y))dsdt

on —m

f Z f (£ 9@ = m)t = ms)(x = )ds

m=2n-1

I
)
7

—m—

+ ﬁ +,% (t + $)a(2((m + 1 =21 + (m + D)s)(x ~ y))ds)dt

—m—

on+l,

T o + oty ntly o
Z f f a(o(x — y))( G127 + am)y? )dO‘)dl

m=2n-1
1
TorT 2 o+ 2"y 2y — o

mzz: f ﬂm:n«r alolx—y ))<(2m +2)? " (2m)? )dt)da

Xl rm 2m+1 \o@m+3)+2" o(m—1)+2"
lémzz; a(o(x — y))(] -~ 0')( 1)y + e )dO’

-]

2m+1 o2m+3)+2" o@m-1)+2"

- f atotx—y)1 - T50) (T + T o

2”]

(Here x* stands for the positive part of x.) Summarizing our computations, for
81(x,y), we get

1
81(x,y) = fo a(o(x — y)P(o)do,

where

o 2'—]

R i I - e LI e

n1m2"1

One can easily see that ® is a continuous function over [0, 1] with ®(r) > 1 for
0<tr< Z and ®(1) = 0. Hence the error term 8/(x, y) obtained in (3.30) is not
comparable with that in (3.11).

In what follows, we examine the case, when X is a normed space and e, ,(?) is a
linear combination of the products of the powers of ¢, 1 — ¢, and of ||x — y||, i.e., for all
(x,y) € D, ey, is of the form

(A1) ery(t) = f A== yl" " dvp, ) ((x.y) € DP),
[0,00%
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where v is a o-finite Borel measure on [0, co[2. An important particular case is when
y is of the form Zf;l CiO(pig)» Where ci, ..., cx > 0and (p1,q1),. .., (Pr.qx) € [0, oo[2.

THeoreM 3.14. (Maké—Pales [47])
Let A be a sigma algebra containing the Borel subsets of [0, 1] and u be a probability
measure on the measure space ([0, 1], A) such that the support of u is not a singleton.

Let v be a o-finite Borel measure on [0, co[? such that, for all s € {||x — yl| | (x,y) €
D*},

J(s) = f ( f (11 = )P du(t) f (t”—m)"du(t"))s’”""dV(p,q)
[0,00[2  [O,u1] Jui,1]

exists in [—oo,0]. Assume that f : D — R is a hemi-u-integrable solution of the
functional inequality

332 S =Dx+m) < (1 =Df0) +1f@) + f (1= 1flx - gl dv(p. q)
[0,00[2

for all (x,y) € D* and t € [0, 1]. Then, for all (x,y) € D*, the function f also fulfils
the Hermite—Hadamard type inequality

333 S =px+my s[ 0[] S = )x + ty)dp() + Si(ﬂ)f(ux .

Remark 3.15. (Maké—Piles [47])

In the above theorem, the hemi-u-integrability condition for f can be relaxed if the
measure v is finite with compact support contained in 10, co[>. Then the function ery
defined by (3.31) is continuous on [x, y] and e, ,(0) = e, (1) = 0, hence (3.32) implies
that r — f((1 — #)x + ty) is upper bounded on [0, 1] and upper semicontinuous at the
endpoint of [0, 1]. Thus f is hemi-upper bounded and upper hemicontinuous on D,
which yields its hemi-u-integrability.

Proor. We want to apply Theorem 3.10. Let (x,y) € D** be arbitrary and eyy
[0, 1] — R defined by (3.31). Then, (3.32) is equivalent to (3.13). To deduce (3.33),
by Theorem 3.10, we obtain that

15, y) = f ﬁt"—t’) f W (I ) e P v, @) )

Jp1,1][01] [0,00[?
= f ( f (1 = )P du(’) f(t” — )t du(e))llx =yl dv(p, q) = J(llx - ylI,
[0,c0[2 [0,1] Tur,1]

which proves the statement. O
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CoRrROLLARY 3.16. (Maké6-Péles [47])
Let v be a o-finite Borel measure on [0, oo[?, such that for all s € {||x —yl| : (x,y) €

DZ* },
sPtra-1 4
f 7t g

[0,00[
exists in [—oo, 0o]. Assume that f : D — R is a hemi-Lebesgue integrable solution of
the functional inequality

(3.34) S =Dx+1y) <A =0f(x) +1f(y) + f (1= 0lx = ylI"* " dv(p, g),
[0,00[2

where (x,y) € D** and t € [0,1]. Then, for all (x,y) € D*, f also satisfies the
Hermite—-Hadamard type inequality

r+y |lx — gl
335 S5 sff((l — )x + ty)dr + f 0 DT P

[0,1] [0,00[2

Proor. Observe that (3.34) is equivalent to (3.13), where for all (x,y) € D%,
exy - [0,1] — Ris defined by (3.31). We have S (u) = % and using Theorem 3.14, we
obtain that

% 1 o Sp+q—1
J(s):ffO (%—t)”dtj; (t = 3)ides" ‘dV(p,q)=f2p+q+2(p+ g+ 1)dv{p,q),

[0,00[2 [0,00[2

which yields (3.35). |

3.2. Korovkin type theorems

The subsequent results are Korovkin type theorems. In the sequel, denote by
C([a,b]) and B([a, b]) the space of continuous and bounded Borel measurable real
valued functions defined on the interval [a,b] equipped with the usual supremum
norm.

TheoreM 3.17. (Maké—Piles [46])
Leta < b, T, : B(la,b]) = B([a,b]) (n € N) be a sequence of positive linear operators
and let (wy, w1) be a positive Chebyshev system over |a, b] such that, for all u € [a, b],

(3.36) lim (T,w0)(w) = wo(w) — and  lim (T,w1) () = w1 (w).

Suppose that there exists a function g € C([a, b]) with g(a) = g(b) = 0 and g > 0 on
la, b[ such that lim,,(7,9)(u) = 0 for all u € [a,b]. Then, for all bounded upper
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semicontinuous function f : [a,b] = R,
Q(u, b) Q(a, u)

(3.37) limsup T, f(u) < f(a) 0@.b) + f(b) Q@b)

Remark 3.18. (Maké—Piles [46])

It easily follows from the above theorem that, if f is continuous, then (3.37) holds
with equality and the “limsup” can be replaced by “lim”. By a generalization of
the classical Korovkin Theorem if, for some continuous (wy, w1)-convex function g :
[a,b] — R, T,,g converges to g, then T, f converges to f for all f € C([a, b]).

(u € [a, b]).

ProoF. As a consequence of (3.36), it follows that

(338 lim (TQ0.)w = Qub) and  lim (T,Q(a, 0)(w) = Qa, u)

for all u € [a, b]. To prove (3.37), let £ > 0 be arbitrary and define ¢ :]a, b[— R by

Qa, b)f — f(@Q(, b) — f(D)Qa, -) — &(a, b)wy

Q(a, b)g '

Since f is upper semicontinuous at a and also at b, there exists 0 < ¢ < b%“ such that
Qa,b)f(u) — f(@)Qu,b) — f(b)Qa,u) < eQa,b)wy(u) if a<u<a+d,
Q(a,b)f(u) — f(@)Qu,b) — f(b)Q(a,u) < eQ(a,b)wy(u) if b-6<u<hb.

Hence, the function ¢ is nonpositive on [a,a + 6[U]b — §,b]. On the other hand, ¢

is upper semicontinuous on the compact interval [a + 6, b — J], therefore ¢ attains its
maximum on [a + J, b — §], which we denote by K. This implies that

¢ =

f < f(a) g((al;)) + f(b) g((;’b)) +Kg+ewy on [ab].
Applying the linearity and the monotonicity of J,,, for all n € N and u € [a, D], we get
Tuf)0) < (LD + D (T, ) + KT, + T,
Upon taking the limit # — oo and using (3.38), we obtain
lim sup(T,, f)(u) < f@ Q(u, b) + fb) Q(a, u) + ewo(u) (u € [a, b)),
oo Q(a, b) Q(a, b)
which results the statement. O

The following result offers a sufficient condition for (3.37) to hold when the se-
quence (7,) is obtained as the sequence of iterates of a positive linear operator.

CoroLLARY 3.19. (Mako6—-Pales [46])
Leta < b, T : B([a,b]) — B([a, b]) be a positive linear operator and let (wy, w) be a
positive Chebyshev system over [a, b] such that wy and w, are fixed points of 7T, i.e.,

(3.39) Twy = wy and TJw; = wy.
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Suppose that there exist a function g € C([a, b]) with g(a) = g(b) = 0and g > 0 on
la, b[ and a constant q €]0, 1] such that

(3.40) (Tg)w) < q9(u) (u € [a, b]).
Then, for all upper semicontinuous f € B([a, b)),
. Q(u, b) Q(a, u)
(3.41) hfqn—fgp T f(u) < f(a)Q(a, b + f(b)Q(a, D (u € [a, b]).

ReMARK 3.20. (Maké—Pales [46])
It easily follows from the above corollary that, if f is continuous, then (3.41) holds
with equality and the “limsup” can be replaced by “lim”.

Proor. We apply Theorem 3.17 to the sequence of operators T, := J”. Now
(3.36) automatically holds by (3.39). On the other hand, by induction on n € N, we
get 0 < T"g < ¢"g. Taking the limit n — oo, this inequality yields that lim,_,., T"g =
0. Hence, Theorem 3.17 applies and we obtain (3.37), which is now equivalent to
(3.41). O

The following two result establish a connection between (wq, w)-convexity and
the inequality f < Tf.

ProrosiTioN 3.21. (Maké-Piles [46])

Leta < b, T : B([a,b]) — B([a, b]) be a positive linear operator and let (wy, w1) be a
positive Chebyshev system over [a, b] such that wy and w; are fixed points of T. Then,
for all (wy, wy)-convex functions f : [a,b] = R,

(3.42) S@) < (T (u €la, b[)
holds.

Proor. Assume that f : [a,b] — R is a (wy,w;)-convex function. Then it is
continuous on the interior of [a, b] and upper semicontinuous at the endpoints of [a, b],
furthermore, it is also bounded. Hence f € B([a, b]). In view of Lemma 3.1, for all
u €la, b[, there exist constants «, 8 such that

awy(u) + Bwi(u) = f(u) and awy + Pwy < f.

Applying T to the last inequality and using that wy and w; are fixed points of T, we
get
awy + Pw; < Tf.

Evaluating both sides at u, it follows that
Sfw) = awo(u) + Bwi (1) < (Tf)(w).
This proves (3.42). O



74 Implications between lower Hermite—Hadamard and convexity inequalities

ProposiTioN 3.22. (Maké-Péles [46])

Let a < b, T : B([a,b]) — B(la,b]) be a positive linear operator and let (wy, w1)
be a positive Chebyshev system over [a, b] such that wy and w are fixed points of 7.
Assume that there exists a function g € C([a, b]) with g(a) = g(b) = 0 and g > 0
on la,b[ such that (3.40) holds for some q € [0, 1[. Then, for all bounded upper
semicontinuous function f € B([a, b]) which satisfies f < Tf, the inequality

Q(u, b) Q(a, u)
(3.43) FW =< FD5an T O %@
holds.

(u € [a, b])

Proor. Assume that f : [a,b] — R is a bounded upper semicontinuous function
which satisfies f < Tf. Then, by induction, 7" f < 7"*! f and hence f < T"f follows
for all n € N. On the other hand, by Corollary 3.19, (3.41) also holds. Therefore,
upon taking the limit n — oo in the inequality f < T”f, and using (3.41), the desired
inequality (3.43) follows. O

In what follows, we construct a large family of positive linear operators on B([a, b])
which satisfies the assumptions of the previous results and will be instrumental in the
investigation of approximate convexity.

For a triplet (u, A, m) define a linear operator J,, ; ,, : B([a, b]) — B([a, b]) by the
following formula:

(3.44) T = [ A0 f0n(t.0)duto)
T

where, on the data (u, A, m), we make the following assumptions:

(H1) (T, A, ) is a measure space.

(H2) A : T X [a,b] — R, is measurable in its first variable and continuous in its
second variable, furthermore, the function ¢ : T — R, defined by

(1) := sup A(t,u)
u€la,b)
is y-integrable, i.e., [, £(1)dpu(r) < +oo.

(H3) m : T x[a, b] — [a, b] is measurable in its first variable, continuous in its second
variable on [a, b] differentiable in its second variable at the endpoints of [a, b]
and it is uniformly calm at the endpoints of [a, b], i.e., there exist constants
6 > 0 and K > 0 such that

|m(t,v) — m(t,u)| < Kl — u| if uela,b}l,velab], |v-—u|<é.

Furthermore, for all t € T, m(t,a) = a, m(t,b) = b, and, for all u € [a, b],
uft e T | At,u) # 0, m(t,u) #u} >0 if ué¢{a,b},

(3:45) wteT | Atu) #0, m'(tLbu) 1} >0  if uela, bl



Korovkin type theorems 75

(H4) There exists a positive Chebyshev system (wy, w1) over [a, b] such that wy is
positive, Z—; is differentiable at a and at b with (z—[‘))’(a) > 0 and (%)’(b) > 0.
Furthermore, for i € {0, 1},

(3.46) i) = [ ey @ lab),

T
ProrosiTioN 3.23. (Maké—Piles [46])
Assume that (u, A, m) fulfills hypotheses (HI1)-(H4). Then

(3.47) f At,a)du(t) = 1, f A, b)du(t) = 1,

T T

(3.48) f AL, aym’ (¢, a)du(r) < 1, f AL, b)m' (¢, b)du(r) < 1,
T T
and, if p €]0, 1],

(3.49) [atamarau <1, [ awboncyan <.
T T
Proor. We note that a < m(t,u) < b for all (t,u) € T X [a, b], hence the as-
sumptions m(:,a) = a and m(-,b) = b imply that m’(¢t,a) > 0 and m’(¢,b) > 0 for all
teT.
The substitution u = a in (3.46) and m(:, a) = a yield that

wo(a) = f AL, @)wo(m(t, a))dpu(t) = f AL, a)wo(a)du(r) = wo(a) f A, a)du(r),
T T T
which, by wg(a) > 0, results the first formula in (3.47). The proof of the second
formula is analogous.

To prove (3.48), let u €]a, b| be arbitrary. Using (3.46), we have that

350) @0l ()@ = f Alt, ) - wo(m(t, u)) - (2)(m(t, a))dp(r).

T

and

(3.51) wou) - (5H)(u) = f At u) - wo(m(t,w)) - (54 )(mt, w)dp(?).
T

Subtracting (3.50) from (3.51) and then dividing by u — a, we get that
(3.52)

(£)w) - ()@
- AL

u—a

(EHm(t, w) = (£L)(m(t, a))
du(r)

u—a

wo(u

= f/l(t, u) - wo(m(t, u)) -

T
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Observe that the integrand is a nonnegative measurable function of the variable ¢ for
all u € [a,b]. Now, let u, > a be an arbitrary sequence tending to a and substitute u
by u, in (3.52). Then, taking the limit n — oo and using the Fatou Lemma, we get

() ) - (2)@

wo(a)-(%(‘])/(a) = liminf wq(u) -

U, —a
. (SH)m(t, uy)) = (H)(m(t, a))

= hrrlrig]lf f/l(t, uy,) - wo(m(t,u,)) - p— du(r)

T
.. ((Z_(l))(m(t’ I/tn)) - (%)(m(t’ 61))

> fhrlgglf At uy) - wo(m(t, uy)) - p— du(t)
e n

= f/l(t, a) - wo(a) - (2L) (@) - m' (1, a)dp(z)
T

Using wy(a) - (%(‘))'(a) > 0, the first inequality in (3.48) follows. The proof of the
second inequality is analogous.

Let p €]0, 1[ be fixed. The function s + s” is strictly concave over [0, cof,
therefore

sP<ps-1)+1 (s € [0, o[)
and equality is valid if and only if s = 1. Hence,
(3.53) (m'(t, @)’ < pm’(t,a)+1-p  (€T),

and equality holds if and only if m’(#,a) = 1. Thus, by the second inequality in
assumption (3.45), on a set of positive u measure we have strict inequality in (3.53).
Multiplying this inequality by A(#, a) and then integrating by ¢ with respect to u, and
using (3.47) and (3.48), it follows that

[0 wwardm <p [ 1o weaduo + - p [aeaduo < 1.
T T T
The proof of the second inequality in (3.49) is completely similar. O
ProposiTioN 3.24. (Maké-Piles [46])

Assume that (i1, A, m) fulfills hypotheses (H1)-(H4) and define T, y,, by (3.44). Then
Tuam = B(la, b]) — B(la, b]) is a bounded positive linear operator with

(3.54) 1T pamll < f L@)du(r).

T

In addition, T, i, has the following properties:
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(i) Forall f € B([a, b)),
(3.55) (Tu,l,mf)(a) = f(a) and (“T,uxl,mf)(b) = f(b).

(ii) If f : [a,b] — R is bounded and lower (upper) semicontinuous then J, i, f is
also lower (upper) semicontinuous, respectively.

(iii) If f, € B(la, b)) is a norm-bounded sequence converging pointwise to fy €
B([a, b)) then

Tim (T fi) @) = Tanfo)a) (€ [a,b]).

Proor. If f € B([a, b]) then, for all fixed u € [a, b], the function ¢ — A(¢, u) f(m(t, u))
is A-measurable on 7. On the other hand, [A(¢, u) f(m(t, u))| < €(2)||f]], hence the inte-
gral on the right hand side of (3.44) is well-defined and

|(Tpam )@ < f Az, w) f (m(2, w))ldp(t) < f LD du@|If1l;
T T
which proves the boundedness of T, ,,, and (3.54). The linearity and positivity of
Jy.am is obvious. The endpoint properties (3.55) are consequences of hypothesis (H3)
and Proposition 3.21.

Now we show that T, 5, f is lower semicontinuous whenever f € B([a,b]) is
also lower semicontinuous. Let (u,) be an arbitrary sequence in [a, b] converging
to up € [a,b]. By the continuity-semicontinuity properties of A, m and f, and the
uniform integrable bound estimate |A(z, u,) f (m(t, u,))| < €(?)||f|l, Fatou’s Lemma can
be applied. Thus

lim inf (T, 0, f) (1) = lim inff/l(t, u,) f(m(t, u,))du(t)
T

> [ timint ) Font, () > [ A0 00100 = (T, )
T T

which proves the lower semicontinuity of J), 1, f at ug. Hence T, 1, f is lower semi-
continuous at every point of [a, b] provided that f is also lower semicontinuous on
[a, b]. The proof for the upper semicontinuity is analogous.

To verify (iii), assume that f, € B([a, b]) is a norm-bounded sequence converging
pointwise to a function fy : [a,b] — R. Then fy € B([a,b]) and, by Lebesgue’s
Dominated Convergence Theorem, for all u € [a, b],

Jim (T, )00 = fim [ 200, e 1))
T

- f Tim (A(t,0) fum(r, 1)du() = f At ) fom(e, u)dpu(t) = (T fo)(0),

T T
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which proves (iii).
Finally, we prove that T, ; ,, f is a bounded Borel measurable for all f € B([a, b]).
For, define the class of functions By([a, b]) by

By([a,b]) := {f € B([a,b]) | Tuamf € B([a, b])}.

Obviously, this class is a subspace of B([a, b]) which contains C([a, b]) because, by
(ii), the images of continuous functions are continuous. On the other hand, if f,
is a norm-bounded sequence of functions from By([a, b]) converging to a function
Jo € B([a, b)), then, by (iii), T, 1, fo is the pointwise limit of the sequence of bounded
Borel functions T, 4, f», and hence, it T, 4 . fo has to be also a Borel function, i.e., fy €
By([a, b]). In other words, the class By([a, b]) is closed with respect to the pointwise
convergence and contains C([a, b]). Hence the equality By([a,b]) = B([a,b]) must
hold (cf. [15]), which was to be proved. m]

The following proposition is a counterpart of Proposition 3.21

ProrosiTion 3.25. (Mako—Pales [46])
Assume that (1, A, m) fulfills hypotheses (HI)-(H4) and define T, 5, by (3.44). Then,
for all strictly (wo, w))-convex functions f : [a,b] — R,

(3.56) f@) < (Typamf)(u) (u €la, b).

Proor. Let u €]a, b[ be a fixed element. Then, by Lemma 3.1, there exist con-
stants @, 8 € R such that

awo(u) + fw (u) = f(u)  and
awo(v) + Bwi (V) < fv) (v € [a,b]\ {u}).
We show that image of the function f — (awg + Sw;) by T, a.m is everywhere positive

on [a, b]. If this were not the case, then there would exist an element v € [a, b] such
that

(3.57)

(Tuam(f — awo — Bw1))(v) = 0.
By the definition (3.44) of T, 4, yields that

f A(t,v) - (f = awo = Pwi)(m(t, v))du(?) = 0.
T

The function t — (f — awy — Bw;)(m(t, v)) vanishes if and only if m(z,v) = u. Since
the integrand is a nonnegative measurable function of the variable ¢, it can only vanish
if and only if the set

S={teT|Atv) >0, mt,v) #u}

has zero M measure.
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On the other hand, by assumption (H4), for i € {0, 1}, we also have that

w@=fﬂmmwmmwm=fﬂwammwm

T T\S
=jdmwww@m=wmxfﬂmwmo=wwjﬁmwwm.
T\S T\S T

Dividing the above identities by each other, we get that
L) = L.
wo wo

This, by the strict monotonicity of %(‘] contradicts v # u. Using also (3.46), this means
that
awy + pw = Tyam(awy + Bwi) < Tyamf on [a, b].

Substituting the fixed element u €]a, b[ and using also (3.57), we get that
f) = awo(w) + Bwi (W) < (Tyamf)w),
which proves (3.56). ad

THEOREM 3.26. (Mak6—Pales [46])

Assume that (u, A, m) fulfills hypotheses (H1)—(H4) and define T, 4,» by (3.44). Then,
there exists a (wg, wy)-concave function g : [a,b] — R, with g(a) = g(b) = 0, and a
constant q € [0, 1[ such that

(3.58) (Tuam@)W) < ggw)  (u € [a,b]).
Proor. For p €]0, 1[, define g, : [a, b] — R by the following way:
gp(u) := wo(u) min (L W) — L (@), (L(b) - Lw)").
Observe that g,(a) = g,(b) = 0, g,(u) > 0 for all u €]a, b[, and

wo)(Zw) = @)’ ifuefa,cl,
(3.59) gp(u) =
Wo)(L(b) ~ L W) ifu € [c.b]

where ¢ := (ﬁ—(‘])"(%z—(‘)(a) + %Z’T(‘](b)), furthermore

(e ()@ =min(@ - 2@, (2B -0))  @e[E@, LoD,
which is the minimum of two strictly concave functions on [Z)L(‘J(a), %(‘)(b)] in the stan-
dard sense. Therefore, by Lemma 3.1, g, is strictly (wp, w)-concave (i.e., (—g,) is
strictly (wo, w;)-convex). Using Proposition 3.25, we obviously have that

(3.60) Tuamgp < gp on la,bl.
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To prove (3.58), we will first show that
T Tim
(3.61) lim sup —( pkmGp) (1) <1 and lim sup —( pdamdp) (1)
u—a gp(bt) u—b gp(u)
For the calculation of the first limit in (3.61), observe by (3.59) that, for u €]a, c],
(“Tu,/l,mgp)(u) _ f/l(l‘, ) gp(m(tv u))
gp(u) gp(u)

<1.

dp(1)
(3.62)

< f/l(t, " wo(m(t, u))( o (m(t,u)) = T2 (a) )pd,u(t).
T

wow) \ Z(u) - Z(a)

In what follows, to ensure the applicability of the Lebesgue Dominated Convergence
Theorem, we show that the integrand in rightmost integral has a u-independent inte-
grable upper bound.
Lete := %(%‘])’(a). By the differentiability of %, there exists 7 > 0 such that
w) w
) = (@) , ,
S — () (@[ < 3(E) (@ (weEla,a+n).
u—a
Therefore,
(&Y (@) - (u=a) < 2w - L(a)
<3 Y@ -w-a)  (uela,a+n).

Let 6 > 0 and K > 1 be the constants required in hypotheses (H3) such that K¢ < 7.
Define the function ¢ : T — R, as in hypotheses (H2). Then ¢ is a u-integrable
function and

(3.63)

At u) <0t ((t,u) € T x [a, b]).

On the other hand, by the uniform calmness assumption on m, for (¢, u) € Tx]a, a+4],
we have that [u — a| < n and |m(¢, u) — m(t, a)| < n, hence, applying (3.63), we obtain

wmtw) - 5@ 3(5)@ - (miu) —a)
Z_A(u)— uwT('](a) B %(Z—(‘))’(u}(u—a)
_ 3m(t, u) —m(t,a) <
u—a -
Using the above estimates, it follows that

3K ((t,u) € Tx]a,a + 6]).

wo(m(t, u))( o(m(t,u) = 2H(a)
wo(u) () = 2Ha)

for all (t,u) € Tx]a,a + 6]. Therefore, upon taking the limit # — a in (3.62),

Lebesgue’s Theorem can be applied. Let u, be an arbitrary sequence in ]a,a + d]

r 1
A(t, u) ) < @) - llwoll - llwg 1 - BK)”
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converging to a. By taking a subsequence if necessary, we may assume that the se-

Tpdm n) - .
quence TadmdpXtn) 3 convergent. Then we obtain

gp(ttn)
 (Tuamgp) ) wom(t, uy,)) { o Mt n)) = ZH(a)\p
R T B =N B e (e =zt ) 0

L f}LH;, (/l(t, ) wo(m(t, up)) ( S (mt, uy)) = S(a) ),, )dﬂ(t)

wo (i) up) = L)
T

= f/l(t, a)(m' (t, a))’ du(r).
T

The choice of the sequence (u,) being arbitrary, we get, by the first relation in (3.49),
that

T
lim sup ( ,u,/l,mgp)(u)

< f/l(t, a)(m' (¢, a))’du(r) < 1,
u—a gp(u) v

which results the first inequality of (3.61). The proof of second inequality is similar.
Let p €]0, 1[. Consider, the function G, :]a, b[— R defined by

Tyt
Gplw) = (H2I) iy (u €la,bD.
p

Then, by Proposition 3.24, G, is continuous on ]a, b[ and, by (3.60), we have that

G,(u) < 1 for all u €]a,b[. Using (3.61), we can find constants 0 < ¢ < b=a and

2
qo € [0, 1] such that
G,(u) < qo if wu€la,a+d6]UI[b-24,bI.
Since G, is continuous on |a, b[,

q1:= sup G,u) <L
u€la+8,b—4]

Thus,
(Ty,ﬂ,tr1gp)(u) < max(qo,q1) - gp(“) (u €la, b[).
On the other hand, by (3.55) in Proposition 3.24, we also have that
(Tu,/l,mgp)(a) = gp(a) =0 and ((‘T/J,/l,mgp)(b) = gp(b) =0.

Then using the previous observations, we get (3.58) with g := max(qo, q1)- O

The following theorem is the main result of this section.
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TueoreM 3.27. (Mako—Péles [46])

Assume that (u, A, m) fulfills hypotheses (H1)—(H4) and define T, ; , by (3.44). Then
Tuam = B(la, b]) — B(la, b)) is a bounded positive linear operator with the properties
(i)—(iii) listed in Proposition 3.24. Furthermore, for all bounded upper semicontinu-
ous function f : [a,b] — R,

) " Q(u, b) Q(a, u)
G64)  msup(T] L, N0 < @G s+ fbgens (e fa bl
If, in addition, f satisfies the inequality f < T, ymf, then
Q(u, b) Q(a,u)
(3.65) flw) < f(a)Q(a, » f(b)Q(a, b) (u € [a, b]).

Proor. The first part of this theorem is a consequence of Proposition 3.24. By
(3.46) in hypothesis (H4), we obviously have that wy and w; are the fixed points
of Ty am. Using also Theorem 3.26, we get that there exists an (wp, w;)-concave
function g € C([a, b]) such that g(a) = g(b) = 0 and (3.58) holds for some ¢ € [0, 1[.
Hence Corollary 3.19 can be applied with T := T, ,,, and we obtain (3.41) which
is equivalent to (3.64). If, in addition, f satisfies the inequality f < T, 4. f, then
Proposition 3.22 can be applied and (3.65) follows. O

CoroLLARY 3.28. (Maké—Piles [46])
Let u be a Borel probability measure on [0, 1], denote yu; = f[O]] tdu(t) and as-
sume that the support of u is not a singleton, i.e., u # 0,,. Define the operator
T : B(la, b]) — B(la, b)) by the following formula:

[ f(u-a)+a)dut) if a<us<(-p)a+mb,
3.66) (T, = 0 ,
G660 CTuDW =1 T (A== by + b)) if (1= i+ pib < < b,

[0,1]
Then T, : B(la,b]) — B(la, b)) is a bounded positive linear operator with ||T,|| = 1,
Ju(C([a, b)) € C([a, b]) and
(Tuf)a) = f(a),  (Tuf)b) = f(b),
(3.67) and inf f < (T,f)w) < sup f - (u € [a,b])
s [a,b]

for all f € B(la,b]). Furthermore, for all bounded upper semicontinuous function

fila,bl = R
(3.68) limsup(T;f)(ta + (1 = b) < tf(@) + (1 = D)f(b) (1 €[0,1]).

If, in addition, f satisfies the inequality f < T f, then
(3.69) fta+ (1 -0)b) <tf(a)+ A -10)f(b) (t€[0,1]).
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Proor. The measure y is not a Dirac measure, therefore 0 < ¢; < 1 and hence T,
is well-defined. Define A : [0, 1] X [a,b] = R, and m : [0, 1] X [a, b] — [a, b] by the
following way:

Lu—-a)+a, if a<u<(-py)a+wub,
(3.70) At,wy=1, mt,u):={"
{ﬁiw-m+b,if(l—mm+MMSusb

One can see that T, defined in (3.66) equals T ,, ,, defined in (3.44) with A and y from
(3.70). In order to make Theorem 3.27 appliable, it is enough to show that the triplet
(4, u, m) satisfies the conditions (H1)-(H4). It is obvious that (H1) and (H2) hold.
Furthermore, the equalities m(-,a) = a and m(-,b) = b are also trivial. Observe that
m defined in (3.70) is continuous in its first variable and differentiable in its second
variable at every element u € [a,b] \ {(1 — uj)a + y1 b} and

L if a<u<(l-p)a+ub,
’ H
m'(t,u) =

i% if (1—p)a+mb<u<b.

-
On the other hand, for all ¢ € [a, b]
|m(t,u) —a| = #i](u—a)s I%](u—a) if 0<u-a<u(b-a)),
and
|m(t,u) — b| = 1'j’](b—a)s Lb—a) if 0<b-—u<(—u)b-a).

1=
This shows that m is uniformly calm at the endpoints of [a,b]. (3.45) also holds,
because if u ¢ {a, b}, then m(t,u) = u can hold if and only if # = y; and the support
of u is not the singleton w;. Similarly, if u € {a, b}, then m’(¢,u) = 1 can hold if and
only if t = u;, which yields the second condition in (3.45). To show (H4), let (wy, w1)
be the standard Chebyshev system, i.e., wo(#) = 1 and wo(x) = u, if u € [a, b]. Using
that i is a Borel probability measure and the definition of u;, we get that

1= f 1du(t) and u= fm(t, w)du(r) (u € la, b)),
[0,1] [0,1]
which proves that wy and w; are fixed points of T, and hence (H4) follows. Thus, all
the hypotheses (H1)—(H4) hold and hence Theorem 3.27 can be applied.

Therefore, T, is a bounded positive linear operator with the properties listed in
the theorem, (3.67) can be checked directly. Using the formula Q(x,y) = y — x, and
putting u = ta + (1 — )b into (3.64) and (3.65), the inequalities (3.68) and (3.69)
follow, respectively. O

Remark 3.29. (Maké—Piles [46])
The assumption in Corollary 3.28 that u is not a Dirac measure is essential, because if
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1 =0;with0 <7 <1, then u; = 7 and TJ,, is the identity operator on B([a, b]). Then,
(3.68) and (3.69) cannot hold for all upper semicontinuous functions.

3.3. From lower Hermite—-Hadamard inequalities to convexity type inequalities

Consider the approximate lower Hermite—Hadamard type functional inequality
(3.7), for the unknown function f : I — R, where we make the following assumption:
(B1) (T, A, pu) is a measure space.

(B2) A : TxA(I) — R, is measurable in its first variable and separately continuous in
its second variable; furthermore, for all (x, y) € A(J), the function L, : T — R,

defined by
L, (1) := sup max (A(t, x,u), A(t,u, y))

uelxy]
is yr-integrable, i.e., [, Ly, (1)du(t) < +co.

(B3) M : T x A(I) — R is measurable in its first variable and for all r € T, the map
(x,y) — M(t, x,y) is separately continuous and partially differentiable at the
diagonal of I X I. My : A(I) — I is a separately continuous, strictly increasing
and partially differentiable at the diagonal of I x I with dMy(z,z) > 0 and
0,My(z,z) > O for all z € I. Furthermore, M(t,-) is separately uniformly calm
with respect to M| at the diagonal of I X 1, i.e., for all z € I, there exist constants
0 > 0and K > O such that, forallt € T,

=M@t u,z) < K(z— Mo(u,z))  (welz-92z]),
M(t,z,u) -z < K(Mo(z,u) —2)  (u € [z,z+6)),

and (3.8) holds and, for all z € I and i € {0, 1},
(3.71) ut €T At,z,2) #0, 9;M(t,z,2) # 0:Mo(z,2)} > 0.

(B4) There exist functions wy, w; : I — R such that wy is positive, %{‘J is differentiable
on I, with (%(1))’ > 0. Furthermore, for i € {0, 1}, (3.9) hold.

THeoreM 3.30. (Maké—Péles [46])

Suppose that conditions (Bl)—(B4) hold and assume that f : I — R is an upper
semicontinuous solution of the functional inequality (3.7), where € : A(I) - Risa
Sfunction. Assume that, for all (x,y) € A°(D), &, : [x,y] — R is a lower semicontinu-
ous function with &, ,(x) = &, ,(y) = 0 satisfying the following system of inequalities:

Exy(Mo(x, 1)) > f A2, x, w)e,, (M2, x, w)du(t) + E(x,u)  (u € [x,y),
T

Exy(Mo(u, y)) 2 f At u, )y (Mt u,y))du(n) + Eu,y) - (u € [x, y]).
T

(3.72)
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Then, for all fixed (x,y) € A°(I), the function f also satisfies the approximate (wy, w1 )-
convexity inequality (3.4).

Proor. To prove (3.4), let (x,y) € A°(I) be fixed. In what follows, we will apply
Theorem 3.27 for functions defined on the interval [a, b] := [x,y]. We are going to
construct the functions A and m so that all hypotheses of Theorem 3.27 be satisfied.

By the separate continuity and strict increasingness of the mean M), the func-
tions u — My(u,y) and u — My(x,u) are continuous, strictly increasing and map
[x,y] onto [My(x,y),y] and [x, Mo(x,y)], respectively. Therefore they are continu-
ously invertible and hence there exist continuous functions « : [My(x,y),y] — [x,y]
and S : [x, Mo(x,y)] — [x,y] such that

Mo(a(u),y) =u  (u € [Mo(x,y),y]) and  Mo(x,B(w) =u (u € [x, Mo(x, p)]).

Define the functions A,m : T X [x,y] — R and n : [x,y] — R by the following
formulas:

A, x,B(w)  if u € [x, Mo(x,y)],
At au),y)  ifu € [Mo(x,y),yl,
M1, x,B(w)) if u € [x, Mo(x, y)],
M(1, au), y)  if u € [Mo(x, y), yl,

E(x,pw)) ifu € [x, Mo(x, y)],
g(a(u)v y) ifue [MO(x9 y)’ y],

At u) = Ay (t,u) = {
(3.73) m(t,u) := my,(t,u) := {

n(u) := 1y (u) 1= {

respectively. To see that A, m and n are correctly defined, observe that (x,B(u)) =
(a(u),y) for u = My(x,y). By a(y) = y and B(x) = x, we can see that m(t, x) = x,
m(t,y) =y, forallteT.

It immediately follows from the definition of A and m and from the measurability
and separate continuity assumptions in (B2) and (B3) that A and m are measurable in
their first variable and continuous in their second variable. Using (B2), we can also
see that A fulfills the integrability condition in hypothesis (H2) with £(¢) := L, ,(?).

Applying the partial differentiability assumptions of (B3) at z = xand z = y
and the chain rule and elementary calculus rule for the differentiation of real inverse
functions, it follows that, for all + € T, m is differentiable at the endpoints of [x, y]
with
B 0L M(t, x, x)
B 62M0(x, x)

OM(t,y,y)
Moy, y)

To prove the uniform calmness property of m, we apply the uniform calmness of
M with respect to My at z = x and z = y from (B3). Then there exist constants

(3.74) m'(t, x) and m'(t,y) =
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0<d <y-xand K > 0 such that

y— Mt vy <Kly-Mow,y)  (ely-6byD,
M(t, x,v) — x < K(My(x,v) — x) (v € [x,x+ ).

Substituting v = a(u) and v = B(u) into these inequalities, we get

y—mt,u) < Kly—u)  (ue[Moy-29y)yl,
m(t,u) — x < K(u — x) (u € [x, My(x, x + O)]).

Choose ¢ := min(My(x, x + 6) — x,y — Mo(y — 6,y)). Then, { > 0 and
[x,x+ ] C[x,My(x,x+06)] and [y—<,y] C[Mo(y—93,y),yl.

Then, we obtain that

y—-mt,u) <Kly—-u)  (uely-7y),
mt,u) —x < Kw—-x)  (uelxx+],

which yields the uniform calmness of m at the endpoints of [a, b].

To check condition (3.8), let u €]x,y[. In the case u < My(x,y) the equalities
A(t,u) = 0 and m(¢, u) = u can hold if and only if A(¢,v) = 0 and M(¢, x,v) = My(x,v)
are valid with v = B(u), respectively. Therefore, applying the first inequality for
(v,y) € A°(D), we get (3.8) is satisfied. The case My(x,y) < u is analogous.

Using formulas (3.74), it is completely similar to show that the condition (3.45)
in (H3) is a consequence of inequality in (3.71).

By condition (B4), for i € {0, 1}, we have that

wi(Mo(x, 1)) = f Al %, 0 (M x 0)dut) (€ [xyl),
T

wi(Mo(v, ) = f At v, Pwi(M(t, v, )du(n) (v € [x, y]).
T

Substituting v = S(«) and v = a(u) into the above identities, respectively, we get that

wi(u) = f At Wwi(m(t, w)dpu(t) — (u € [x,y]).
T
This proves that hypothesis (H4) is also satisfied.

Thus, we have verified that all the hypotheses (H1)—(H4) of Theorem 3.27 are
fulfilled.
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Now define the operator T, 1, : B([x,y]) = B([x,y]) by (3.44). Using (3.7), we
have that

f(Mo(x,v)) < f A(t, x,0) f(M(t, x,0))du(t) + E(x,v) (v € [x,y]),

(3.75) ’

Jf(Mo(v,y)) < f At 0, P f(M(t,0,)dp(n) + E,y) - (v € [x,yD).

T
The function f is upper semicontinuous, therefore, the restriction fi,,) is bounded
from above (but maybe unbounded from below). Thus the integrals on the right hand
side of (3.75) do exist and, by the inequality (3.75), are also finite for all v € [x,y].
With the substitutions v = B(u) and v = a(u), respectively, we get that

fu) < f At w) f(m(t, w)du(t) +nQ) — (u € [x,y]).
T
Therefore, we obtain that f|., satisfies the following inequality

(376) fl[x,y] < Ty,/l,m(fhx,y]) + n.

Similarly, due to the separate lower semicontinuity of &, ,, the integrals on the right
hand side of (3.72) exist and are also finite. Thus, replacing u by B(u) and a(u) in
inequality (3.72), respectively, it follows that

(3.77) Exy = Tpdm(Exy) +17.

Combining (3.76) and (3.77), we get that

(3.78) Flixgt = Exy < Tuam(flixg) — Exy)-

By our semicontinuity assumptions on f and &y, the function i = fl,) — &x,y

is upper semicontinuous, and (3.78) is equivalent to the inequality & < T, 3,,h. In
order to make Theorem 3.27 appliable, we approximate i by a sequence of upper
semicontinuous and bounded functions. For n € N, define

/’ln = max(h, (—Vl)wohx’y]).
Then, one can see that (%,) is a sequence of upper semicontinuous functions which
pointwise converges to 4. On the other hand,
(_n)w0|[x,y] = (‘Ty,/l,m(_nw0|[x,y]) < (I/J,/l,mhn and & < rJdy,/l,mh < rJdy,/l,mhw

Therefore, we get that
hy < Ty amhy (n e N).

Now, applying the last statement of Theorem 3.27, for u € [x, y], we obtain that

Qwy) |, 0w

ha(u) < hu(x) oY) Q(x, y)

(n e N).
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Upon taking the limit n — oo, it follows that

Q(u, y) h(y) Q(x, u) - f) Q(u, y) Q(x, u)

Flu) = o0y ) = ) < WG+ h g = FOG S+ f g
which results (3.4). m]

ProrosiTioN 3.31. (Maké-Piles [46])

Suppose that conditions (B1)—(B4) hold and, in addition, € : A(I) = R, is a nonneg-
ative separately lower semicontinuous function with £(z,z) = 0, for all z € 1. Then
the following three statements are equivalent.

(i) Forall (x,y) € A°(I), there exists a nonnegative bounded lower semicontinuous
Junction €, : [x,y] — R satisfying &, (x) = &, ,(y) = 0 and condition (3.72)
with equality.

(ii) For all (x,y) € A°(I), there exists a bounded lower semicontinuous function
&xy 1 [x,y] — R satisfying e,,(x) = &, (y) = 0 and inequality (3.72).

(iii) For all (x,y) € A°(I), the series

[ee)

3k .—— n

Exy = z ‘Tﬂ»/lx.yvmx‘ynx>y
n=0

is pointwise convergent and bounded on [x,yl, where the functions A ,,my,,
and 1y, are defined by (3.73).

Furthermore, if the above equivalent conditions are satisfied, then, for all (x,y) €
A°(D), the function €, , is bounded lower semicontinuous and satisfies &, ,(x) = & ,(y) =
0 and condition (3.72) with equality.

Proor. The implication from (i) to (ii) holds trivially.

Consider the implication from (ii) to (iii). Let (x, y) € A°(/) and assume that there
exists a bounded lower semicontinuous solution &, : [x,y] — R of (3.72) satisfying
&xy(x) = &,,(y) = 0. Define the function 7., : [x,y] — R by (3.73). Since E is
nonnegative, separately bounded and separately lower semicontinuous, we have that
7.y 1s nonnegative, bounded and lower semicontinuous. As we have seen in the proof
of Theorem 3.30, the functions 7., and &,, satisfy the functional inequality (3.77)
and hence

Ny < Exy = Tpdyme, Exy-

Applying the positivity of T, , we get by induction on i € N, that

Xy My

i—1 i
= ‘Iﬂ,/l,mgxs!d - Ty,/l,mgx».’/‘

i—1
Uiy Mxy

Summing these equalities from 1 to n, we get

n

i—1
(3.79) D T ey S Exy = Ty S £xy (MEN).

i=1
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Hence, by the nonnegativity of 7, the series ), TJ'L L m. Txy 18 pointwise conver-

gent and, by (3.79), is also bounded on [x, y]. This proves (iii).

Finally, assume that (iii) holds. By the lower semicontinuity and nonnegativity
assumptions, the series -, ‘I}’;‘ Ly, T2y has nonnegative and lower semicontinuous
terms. Therefore, its sum, denoted by s;y is also a lower semicontinuous function on
[x, y]. To complete the proof, we need to show that &} , satisfies (3.72) with equality.

Indeed,

n n-1
Z ‘Ji/ll,/lx_wmx_y nx’y = nx,y + ‘J‘/la/lx,_t/’mx,y( Z ‘Ji;l,/l’rvy,mx_y nx,y)-
i=0 i=0
Taking the limit n — oo and applying the pointwise convergence property of the
operator J, 1, m,,» We get (i). m]

Now we consider the most important particular cases of Theorem 3.30.

CoroLLARY 3.32. (Maké—Péles [46])
Suppose that conditions (B1)—(B4) hold and let f : I — R be an upper semicontinuous
function. Then f is a solution of the functional inequality

380 S < f A% FMGE 6 ) () € AD)

T

if and only if f is (wg, w1 )-convex.

Proor. Assume that f : I — R is an upper semicontinuous solution of the
functional inequality (3.80). Then f also fulfills (3.7) with £ = 0. Then, for all
(x,y) € A(D), &xy : [x,y] — R defined by &,, = 0 is a lower semicontinuous solution
of (3.72). Hence Theorem 3.30 can be applied, which results (3.4) holds &,, = 0.
Thus f is (wg, w1 )-convex.

Conversely, assume that f : I — R is (wg,w;)-convex. Then f|,, is upper
semicontinuous and bounded on [x,y]. The inequality (3.80) trivially holds if x =
y € I. Let (x,y) € A°(). Define the triplet (u, Ay, my,) by (3.73) as in the proof
of Theorem 3.30. Then, by Proposition 3.24 we have that (T4, m,,/)(x) = f(x)
and (Tya,,m,, S)Y) = f(y). On the other hand, T := T4 m,, is a positive linear
operator with fixed points wylix, and wifx,). Hence, by the (w(j, wi)-convexity of f
and Proposition 3.21, we get

fl[x,y] < (Tp,/lw,mx,yfhx,y])a

which means that

J) < f Ayt W) f(my (1, ))dp(t) — (u € [x,y]).
T
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Substituting u = My(x, y) into the above inequality and using the definition of A, , and
my,, we get (3.80), which completes the proof. O

Remark 3.33. (Mako6-Pales [46])

A direct consequence of this corollary is the reversed implication of Theorem 3.2, with
a stronger assumptions. Indeed, suppose that, with the notations introduced in (3.5),
the assumptions of Theorem 3.2 hold and wy is positive and (w; /wy) is differentiable.
We show first that the conditions of Corollary 3.32 are also valid. Let i denote the
Lebesgue measure on [0, 1] and define, for all (x,y) € A°(/) and ¢ € [0, 1],

My(x,y) := é(x,y), Mt x,y):=(1 —)x+1y,
and A(t,x,y) := (y—0p((1 -nx+ ty)'
c(x,y)

It can be also seen that (B3) holds. Similar as in Remark 3.9 we also have that (3.9)
hold. Thus all the assumptions (B1)—(B4) are verified. Therefore, if a function f :
I — R satisfies (3.6), then it is (wg, w1 )-convex.

THeoreM 3.34. (Maké—Pales [46])
Let u be a Borel probability measure on [0, 1], denote u; = f[o 1 tdu(t) and assume

that the support of  is not a singleton, i.e., u # 6,,. Assume that, for all (x,y) € D?,
f : D — R is an upper hemicontinuous solution of the functional inequality (3.14),
where E : D*> — R. Assume that, for all (x,y) € D?, exy 1 [0,1] = R is a lower
semicontinuous function with e, ,(0) = e, ,(1) = 0 satisfying the following system of
inequalities:

(3.81)
Jexy(E)dp() + E(x, (1 = 2)x + 2y) (s € [0,u]),
exy(s) = {10 o . s
Y [Ofl]ex,ya—W)du(z) +E(E=x+ (1-1=5)y,y) (s € [, 1)),

Then, for all (x,y) € D* and t € [0, 1], the function f also satisfies the approximate
convexity inequality (3.13).

Proor. Assume that (3.14) holds. Let (x,y) be arbitrarily fixed elements of D?.
Substituting x by ux + (1 — w)y and y by vx + (1 — v)y, where u < v from [0, 1], we get
that

QA = pu + pro)x + (1 = (1= p)u — pay0)y)
(3.82) < f FUA = tu+ w)x+ (1 = (1 - u — to)y)du(r)

[0,1]
+ E(ux + (1 — wy,vx + (1 —v)y).
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Define g := g, : [0, 1] — R by the following way
g(u) = gyy(w) = flux+ (1 —wy) (@ e[0,1])
and
F(u,v) .= E(ux + (1 —wy,vx+ (1 —v)y) ((u,v) € A([O, 1])).
Then, (3.82) reduces to

g((1 = p)u + pyv) < f g((1 = Du + w)du(@) + F(u,v)  ((u,v) € A([0, 1])).
[0,1]
Define the functions A : [0, 1] X A([0,1]) = R,, M : [0, 1] X A([0, 1]) — [0, 1] and
M, : A([0, 1]) — [0, 1] as follows:
(3.83) At,u,v):=1, M(t,u,v):=1-0Du+tw and My(u,v) := (1 — p)u+ yyo.

In order to make Theorem 3.30 appliable for the function g, it is enough to show that
A, u, M, and M, satisfy the conditions (B1)—(B4). It is obvious that (B1) and (B2)
hold. Observe that M defined in (3.83) is measurable in its first variable and, for
all r € [0, 1], the map (u,v) — M(t,u,v) is a two-variable mean on [0, 1], which is
separately continuous and partially differentiable at the diagonal of [0, 1] % [0, 1], i.e.,
forall ¢ € [0, 1]

OM(t,z,2)=1-1t and OM(t,z,7) =t (z €[0,1)).

The function My : A([0, 1]) — [0, 1] is also separately continuous, strictly increasing
and partially differentiable at the diagonal of [0, 1] x [0, 1], i.e.,

O My(z,2) =1 — and 0o My(z,2) = (z €[0,1]).

Observe that these derivatives are positive for all z € [0, 1]. The uniform calmness of

M with respect to Mo also holds with K := max (-, 1=-). The equalities

M(t,u,v) = Mo(u,v) ((u,v) € A°([0,1])) and 0O;M(t,z,2) = O;My(z,z) (z€[0,1])

can hold if and only if # = uy, hence u # 6, yields that (3.45) holds. To show (B4),
let (wp,w;) be the standard Chebyshev system, i.e., wo(u) = 1 and wy(u) = u, if
u € [0, 1]. Using that i is a Borel probability measure and the definition of u;, we get
that

1= f ldu(®), (1 —pu+pv = f(l = Du + todu(t)  ((u,v) € A([0, 1])),
[0.1] [0.1]
which proves that wy and w; fulfill (3.9) and hence (B4) follows.

Let (u,v) € A°([0,1]) be a fixed element and define &,, : [u,v] — R in the
following way:

Su,v(w) = eux+(l—u)y,vx+(1—v)y(%) (w € [u, U])
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Then the definition of g,, is correct and by the lower semicontinuity of the function
Cux+(1-u)yox+(1-v)y» Eup 18 also lower semicontinuous. We show that g, is a solution of
(3.72). Using (3.81) and the previous notations, for w € [u, v], we have that

8u,v(M0(ua w)) = gu,v((l - /.1|)L£ + ,ulw) = eux+(l—u)y,vx+(1—v)y(/~ll %)

> f Cux+ (1ot (1o (=2 )du(t) + E(ux + (1 — wyy, wx + (1 — w)y)

v—u

[0,1]
= f (1 = Hu + tw)du(t) + F(u,w) = f Eup(M(t, u, w))du(t) + F(u, w)
[0,1] [0,1]

and
gu,u(MO(w, V) = 81«,1}((1 — M)W + () = eux+(1—u)y,ux+(l—u)y(1 = (1 =) - %))

> f eltx+(1—u)y,ux+(l—v)y(1 - (1 - t)(l - %))dﬂ(l‘) + E(wx + (1 - w)y’ ux + (1 - U)!/)

[0,1]
= f (1 = Hw + to)du(t) + F(w,v) = f Euy(M(t,w,v))du(t) + F(w,v).
[0.1] [0.1]

Then, g,, satisfies the condition (3.72) in Theorem 3.30. On the other hand ¢, , (1) =
eux+(l—u)y,vx+(l—v)y(0) = 0 and ‘Su,u(v) = gux+(l—u)y,vx+(1—v)y(1) = 0. Thus, we can apply
Theorem 3.30 for the function g, which yields that for all s € [u, v],

v— 8 s—u

g(s) £ ——g) + ——g(v) + £4,(5).

v—u v—u
Substituting # = 0 and v = 1, we get that, for all s € [0, 1],
g(s) = flsx+ (1 = s5)y) < (1 = 5)g(0) + sg(1) + £0,1(5) = (1 = 5)f(y) + 5f(x) + €xy(s),
which means that (3.13) holds. O

The following corollary is a generalization of the result of [34] recalled in Theo-
rem 3.4.

CoroLLARY 3.35. (Mak6—Piles [46])

Let B : D* — R and assume that f : D — R is an upper hemicontinuous function
satisfying the approximate lower Hermite—Hadamard inequality (3.14). Then, for all
x,y € Dand s € [0, 1], f satisfies the approximate convexity inequality

(3.84) J(1 = 9)x+sy) < (1 - 9)f(x0)+ sf(y) + a(min(Zs, 2(1 - $))(x - y)),
where a : D* — R is a radially lower semicontinuous solution of the functional

inequality

(3.85) a(su) > % f sa(min(2t, 2(1 = H)u)dt + B(su) (u € D, s €]0,1])
0
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with a(0) = 0.

Proor. We apply Theorem 3.34, when u is the Lebesgue measure on [0, 1]. Then
we obviously have that y; = fol tdt = % Then, it can be seen that (3.81) is equivalent

to the following system of inequalities:
LMo, (0dt + E(x,(1-25)x + 2sy) (s €10, 1),
1
535 foy exyOdi + E(2 = 25)x + (2s = Dy.y) - (13.1D).

Let 8 : D* — R be an even function and « : D* — R, be a lower semicontinuous
solution of (3.85). Define E : D*> — R and, for all x, y €D, ey, :[0,1] - R by the
following formulas:

E(x,y):=B(x—-y)  (x,yeD),
exy(s) 1= a(min(2s, 2(1 — $))(x — y)) (s €[0,1]).

(3.86)  ex,(s) > {

We show that E and e, , satisfy (3.86). First, let s €]0, %], then
1 2s
exy(s) = a2s(x —y)) 2 7 f a(min(2z, 2(1 = H)(x — y))dt + B2s(x — y))
0

1 2s
=5 f exy(Ndt + E(x, (1 = 25)x + 2sy).
S Jo

On the other hand, if s e]%, 1[, we obtain that

exy(s) = a2(1 - s)(x — y))

1 2(1-5)
> 20 —) j(; a(min(2z, 2(1 — 0))(x — y)dt + B2(1 — s)(x — y))
1 1
=30y - a(min(2t, 2(1 — 1))(x — y))dt + B2(1 — 5)(x — y))
1
=3 —12s f; 1 e, (Ddt + E((2 - 2s5)x + (2s — Dy, y).

Hence (3.86) holds, which means that Theorem 3.34 can be applied. Thus, f satisfies
(3.13), which is equivalent to (3.84). |

Remark 3.36. (Mak6—Piles [46])

In what follows, we deduce the conclusion of Theorem 3.4 from the above corollary.
Let f be an upper hemicontinuous solution of (3.7) and assume that § : D* — R is
nonnegative and even. Let @ : 2D* — R be a nonnegative radially increasing, radially
lower semicontinuous solution of (3.12). First, we show that the assumption (3.85) of
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Corollary 3.35 hold for @ and S8. Indeed, for u € D* and s €]0, 1], using (3.12), we get

\)

1 S
a(su) > f atsu)dt + B(su) = % f a2ru)dt + B(su)
0 0

1 A
> — f a(min(27, 2(1 — 7))u)dt + B(su),
s Jo
which means that (3.85) holds. Thus, by Corollary 3.35, we get that (3.84) holds.
This, with the substitution s = %, implies the a-Jensen convexity of f.

The following result is related to the main result of the paper [33, Theorem 6].

CoroLLARY 3.37. (Maké—Piles [46])
Let T €]0,1] and E : D*> — R. Assume that f : D — R is an upper hemicontinuous
solution of the functional inequality

(3.87) f@=Dx+7y) <1 -D)f() +7f@W) + E(xy)  (xy) € D).

Assume that, for all x,y € D, ey, : [0,1] — R is a lower semicontinuous function
with e, ,(0) = ey, (1) = 0, satisfying the following system of inequalities:

Ter,(5) + E(x, (1 - Hx+ 2y) (s €[0,7]),

(1 = Dery(3E) + EEx+ (1 - ),y (s €lr 1)).

Then, for all x,y € D and t € [0, 1], the function f also satisfies the approximate
convexity inequality (3.13).

(3.88) e.y(s) z{

Proor. We apply Theorem 3.34, when y is a measure on [0, 1] defined by u :=
(1 = 7)d¢ + 76;. Then we obviously have that y; = f[o 1 tdu(t) = 7. Now we can see
that (3.87) and (3.88) are equivalent to (3.14) and (3.81), respectively. O

Remark 3.38. (Maké—Pales [46])

In what follows, we deduce the conclusion of Theorem 3.5 from the above corollary
under stronger regularity assumption on @ and f. Let @ : D* — R, be a nonnegative,
even and radially lower semicontinuous function with @(0) = 0 and assume that f :
D — R is upper hemicontinuous and e-Jensen convex in a sense of (5). For all
x,y € D, define E : D> — R and exy i [0,1] = R, by

E(x,y) :=a(x—y) and e, (s):= a(dz(2"s)(x—y)) (s e[0,1]).

1
o

Mg

I
(=]

n

Then, f is also a solution of (3.87) with 7 = % By the nonnegativity and radial lower
semicontinuity of a, for all x, y € D, we get that e, is lower semicontinuous on [0, 1].
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Obviously, e, ,(0) = e,,(1) = 0. We show that e, , satisfies the functional equation
(3.88) with equality, which can equivalently be written as

e, (25) + a2s(x — y)) it sel0,1],

(3.89) exy(s) = |
le,2s—D+a(@-25)(x-y) if se[s,1]

Let s € [0, %], then

Sl
exy(s) = aQs(x =) + ) 5o aldz(2's)(x - y))
n=1

I w1 1
=a2s(x-y) + 3 Ea(dz@”ZS)(x -y) =a2s(x—y)) + Eex,y(zs)~
n=0
The case s € [%, 1] is similar. Thus, Corollary 3.37 yields that f is approximately
convex in the sense of (3.13) which is equivalent to (3.15).

In what follows, we examine the case, when X is a normed space and E is a linear
combination of the powers of the norm with positive exponents, i.e., if E is of the form

(390, By)i= [ le-yitdvg) (v eD)

10,1(
where v is a Borel measure on the open interval ]0, 1[. An important particular case is
when v is of the form Zle cidg,, where ¢, ...,ck > 0, q1,...,q; €]0,11.

THeoreEM 3.39. (Maké—Piles [46])
Let u be a Borel probability measure on [0, 1], denote yu; := f[o 1 tdu(t) and assume
that the support of u is not a singleton, i.e., u # 0,,. Let v be a Borel measure on 10, 1]

such that

(3.91) f Y(@)dv(q) < o,
10,11
where
K (1= )
= ; 0, 1[).
7(4) max (/1(]1 _ f qulu(T) (1 _,Ul)q — f (1 _ T)"dy(‘r)) (CI E] D
[0.1] [0.1]

Assume that, for all (x,y) € D*, f : D — R is an upper hemicontinuous solution of
the functional inequality

(3.92) (A = p)x + pry) Sff((l — Dx + ty)du(t) + fllx — yll'av(g).

[0,1] 10,1[
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Then, for all x,y € D, f also fulfills the convexity type inequality (3.13) where, for all
x,y €D, exy : [0,1] = R is defined by

(3.93) eww):\fymﬁmn«jﬁ,ﬁzVWx—MWh@)(SEWJD
10,11
Proor. Let E be defined by (3.90). Then (3.92) is equivalent to (3.14). To deduce
(3.13) using Theorem 3.34, it suffices to show that, for all x,y € D, the function ey,
defined by (3.93) satisfies (3.81). Observe that, for all x,y € D, e, is finite-valued

and continuous since (3.91) holds. It is also obvious that e, ,(0) = e, ,(1) = 0. For all
q €10, 1[, let ¢, : [0, 1] — R be defined by

B4(s) 1= (@) min ()7, (£2)).

Observe that e, ,(s) = f]o T dq(S)llx — yll“dv(q). First we show that ¢, satisfies the
following functional inequality,

[ $o(E0du) + ()7 (O <5 <),

3.94 >
SR MR T - a0+ (2 <5<
0,1]

To see that (3.94) holds, let 0 < s < u; be arbitrarily fixed. Using the definition
of y, we have that, for all g €]0, 1[,

q

H
gz —F—.
pi = | tdp(r)

[0,1]

Rearranging the previous inequality, we get that

J tdu(n)

y@zﬂﬁﬂ7r—+1 (g €10, 1]).
1

Multiplying this inequality by (p‘i])‘] , we get that

Y@ 2 f Y@Gn'du® + ()" (g €10,1D.

[0,1]

which implies that (3.94) holds for s € [0, u;]. The proof in the case y; < s < 11is
similar.



From lower Hermite—Hadamard inequalities to convexity type inequalities 97

Multiplying (3.94) by ||x — y||9, then integrating on ]0, 1[ for g with respect to v,
and finally using Fubini’s theorem, we get that

ery(s) = f¢q(S)||x—yllqu(CI)

1011
2ff%(jt)llx—yllqdu(t)dV(q)+f(fl)qllx—yllqu(q)
10,1[ [0,1] 10,1[

= f f ¢q (oDl — yllfdv(g)du(t) + f G5 llx = yll*dv(q)
[0.17]0.1] 10.1]
=Lfax—oamyrjljﬂu—wwww,ifOSsSuL
[0,1] 10,1[

In the case y; < s < 1, we similarly obtain that

ery(s) 2 f ery(l - = D)du(n) + f (F55) 1 = yll?dv(g).
[0.1] 10,1[
Thus, e, satisfies (3.81). Therefore, by Theorem 3.34, the statement follows. m]

CoroLLARY 3.40. (Maké6-Péles [46])
Let v be a Borel measure on 10, 1] such that

1
(3.95) Fdv(@) < oo,

10.11

Assume that, for all (x,y) € D?, f : D — R is an upper hemicontinuous solution of
the functional inequality

x+y

A

ffm—m+@m+fm yldv(g).
10,11
Then, for all x,y € D and s € [0, 1], f also fulfills the convexity type inequality

fm—m+MSGﬂmmﬂmmjﬁ%hmwa—wm ylav(q).
10,11
Proor. We want to apply Theorem 3.39. Let u be the Lebesgue measure, then
U = % and
(L) (L) oL
(%)q - fol radr (%)q - fol(l - 1)4dt 1-24 fol radr  q4+1-21

@) = maX(
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By (3.95), we get that (3.91) holds in Theorem 3.39. For all x,y € D and s € [0, 1],
we obtain that
. e \d [1-5\d
exy(s) = f s min((755)° (43) ) Ilx - wltdvg)
10,11

= f s min (57, (1 = 9)7)llx - yll’dv(g),

10,11
which proves the statement. O

CoroLLARY 3.41. (Mako6—Pales [46])
Let 7 €]0, 1[ and let v be a Borel measure on 10, 1[ such that

+d < 00,
fl(max(‘r,l‘r))I ‘ V(q) 0

10.11

Assume that, for all (x,y) € D?, f : D — R is an upper hemicontinuous solution of
the functional inequality

A1 =Dx + 1) < TF) + (1= D f ) + f = ylldv(q).
10,1]

Then, for all x,y € D and s € [0, 1], f also fulfills the convexity type inequality
S =9x+sy) < (1 —s5)f(x)+sf(y)
1 . s
+ f min ((£)7, (2))llx - yll“dv(g).

— — I-q
]0’1[1 (max(r, 1 — 1))

Proor. We apply Theorem 3.39, when y is a measure on [0, 1] defined by u :=
(1 = 1)00 + 78;. Then, we obviously have that y; = 7 and

4 (I-7)1
v(q) = max(Tq ~ f a-’ldu(O')’ (1-1) - f (1- o-)qd,u(a'))
[0,1] (0.1]
:max( Tq (1 _T)q ): 1 .
(-0 (-0 1 (max(n, 1 - 1))

Thus, for all x,y € D and s € [0, 1],

1
ew®= [ min ((£)%, (5)7)lx - ldv(@),

1 — max(r,1 - 1)l
10,11

which proves the statement. o



Summary

This PhD dissertation contains new results related to the theory of approximate
convexity. It consists of three main parts.

In the introduction the preliminary results are reviewed and the main objectives of
this work are formulated. In Chapter 1, we introduce Takagi-like functions, which ap-
pear naturally in the investigation of approximate convexity. To recall their definition,
let ¢ : [0, 1] — R and introduce the following Takagi type functions.

o p(dz(2" S
Ty(x) :=Zw and S 4(x) :=Z¢(§)dz(2"x) (x €R),
n=0 n=0

where
dz(x) :=2dist(x,Z) :=2min{|x — z| : z € Z} (x e R).

Our main results state that, under some natural regularity assumptions for ¢, the func-
tions Ty and S are approximately Jensen convex. To describe the details, we shall
need to recall the notion of higher-order monotonicity and convexity. Let I € R be
a proper interval and ¢ : I — R. Given h € R, we use the notation A,¢(x) :=
¢(x + h) — ¢(x) whenever x € I N (I — h). We say that a function ¢ is n-monotone
((n—1)-Wright-convex) on I if, for all hy, ..., h, > Oand forall x € IN(I—h;—---—h,),
the inequality

Ap, - Ay, p(x) 2 0
holds.

THeorREM. (Makoé—Pales [43])

Let ¢ : [0,1] — R, be a continuous function. Assume that $(0) = 0 and ¢ is I- and
3-monotone, and (—¢) is 2-monotone. Then Ty is approximately Jensen convex in the
following sense

X+ y) - Ty(x) + Ty(y) N

Ty( ) < : ¢odz(%) (x,y €R).

99
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TueoreM. (Maké-Péles [48])
Let ¢ : [0,1] — R,. Assume that ¢$(0) = 0 and the mapping x — @
10, 11. Then S 4 is approximately Jensen convex in the following sense

is concave on

S¢(x;y>ss¢(x)-£5¢(y) x;l/)

Applying these theorems, we can get the approximate Jensen convexity of the
following Takagi type functions:

+¢ody(

(x,y € R).

00

2\ (d(275)) 1
T (x)= ) @ and  S,(x) = Y 570220 (xeR),
n=0 n=0

where g > 0.

CoroLLARY. (Maké—Piles [43])
For 0 < g < 1, the Takagi type function T, satisfies, for all x,y € R,

Tq(x sz y) < Ty(x) ; Ty(y)

CoroLLARY. (Tabor-Tabor [66])
For 1 < q <2 the Takagi type function S 4 satisfies, for all x,y € R,

+ d%(x _ y).

2

x+yy _ Sp,0)+S@) L x-—y
S 5 )< 5 +di 5 )-

These results can be applied in theory of approximate convexity. Let D be a
nonempty convex set of the normed space X and denote D* := {||x — y|| : x,y € D}.
Let ¢ : D* — R, be a given error function. We say that f : D — R is ¢-Jensen
convex on D, if for all x,y € D,

x+yy _ f)+ fy)
<
=)=
An important particular case occurs when ¢ : D¥ — R, is of the form ¢(u) := eu?,
where ¢,& > 0 are arbitrary constants and u € D*. In this case, a ¢-Jensen convex

function f is called (&, g)-Jensen convex on D.
Define, for all (r,u) € R x D™,

+@(llx = ylD.

00

T(tu)= Y w and  S,(t,u):= ) go(zin)dz(z"t).
n=0

n=0
Hereafter we shall formulate some Bernstein—Doetsch type theorems.

THeoreEM. (Mako6—Pales [44], Tabor—Tabor [67])
Let f : D — R be locally upper bounded on D. Assume that ¢ : D* — R, is a
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continuous function, such that ¢(0) = 0. Then f is ¢-Jensen convex on D, if and only
if

fx+ (A =0y <1f(x) + (1 =0)f @) + T, llx -yl
forall x,y € Dandt € [0, 1].

THEOREM. (Tabor-Tabor [67])
Let f : D — R be upper semicontinuous on D and let ¢ : D* — R, be nondecreasing
such that )" @(27") < oo for some ng € N. Then f is ¢-Jensen convex on D, if and

only if

=]
n=ngp

flx+ (1 =0y <tf(x) + (1 =) f(y) + 8u(t, llx = yll)
forall x,y € D andt € [0, 1].

Some immediate consequences of these theorems can be formulated in the fol-
lowing corollaries.

CoroLrary. (Hézy [29])
Let f : D — R be locally upper bounded on D and & > 0,q > O Then f is (&, q)-Jensen
convex on D, if and only if

flx+ 1 =y <tf(x) + (1 =0 f(y) + Ty (Dllx -yl
forall x,y € Dandt € [0, 1].

CoroLLArY. (Tabor-Tabor [67])
Let f : D — R be upper semicontinuous on D and € > 0,q > 0 Then f is (g, q)-Jensen
convex on D if and only if

fx+ 1 =0y <tf(x) + (A =0 f(y) + &Sqllx - yll?
forall x,y € Dandt € [0, 1].

In [14] Boros proved that if ¢ = 1 and 7 € [0, 1] is fixed, then S | (¢) = T(¢) is the
smallest possible. In [66] Tabor and Tabor showed thatif 1 < g <2 and ¢ € [0, 1] is
fixed, then S ,(¢) is the smallest possible value.

It is also an important question whether the error terms T, (¢, [lx—yll), Sy (¢, llx—yl)
and T,(¢) are the smallest possible ones. In other words, for all fixed x,y € D, we
want to obtain the exact upper bound of the convexity-difference of ¢-Jensen convex
functions defined by

Co(x,y,0) = sup {f(tx+(1-0y)—1f(x)— A -0fh
fedCy(D)
where
dC,(D) :={f : D — R |f is ¢-Jensen convex on D}.
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Tueorem. (Mako-Pales [43], [48])
Let ¢ : D — R, be a continuous nondecreasing function with ¢(0) = 0. Then, for
all fixed x,y € D,

Colx,y, 1) = Ty (1, llx — yl) (r€[0,11)

provided that ¢ is 3-monotone, and (—¢) is 2-monotone on D*. Furthermore, for all
fixed x,y € D,

Co(x,y, 1) = Su(t,lx—yl) (£ €[0,1]),

[40]
u

provided that u — is concave on D* \ {0).

Applying the previous result to the function ¢(u) := suf. where €, € R,, we
obtain the following results.

CoroLLARY. (Mak6—Péles [43],[48] Tabor—Tabor [66])
Let e e Ry, g > 0. Then, with p(u) := eud, for all x,y € D and t € [0, 1],

T 0l -yl? if 0<q<1,

Cy(x,y,t) =
o {ssqmnx—ynq if 1<q<2.

In what follows, let D be a nonempty, convex subset of the linear space X. Denote
D* := (D - D) and D* := {(x,y) € D?|x # y}. Let @ : D* — R be a given even
function (we note that @ need not be nonnegative). We say that f : D — Ris a-Jensen
convex on D, if, for all x,y € D,

f(x+!/) PRACORII))
2 /7 2
An important particular case occurs when X is a normed space and @ : D* — R is of
the form a(u) := &||u||?, where € € R and g > 0 are arbitrary constants and u € D*. In
this case, a @-Jensen convexity is equivalent to (g, g)-Jensen convexity on D.

In Chapter 2, we investigate connections between a-Jensen convex functions and
functions which satisfy the following upper Hermite—-Hadamard type inequality:

+ a(x —y).

1
Q) fo fltx+ A = Dypdt < Af(x) + (1 =Dfy) +Bx-y)  (x,y € D),

where § : D* — R is a given even functions, 4 € [0,1], and p : [0,1] — R, is an
integrable nonnegative function with fol p=1

Two implications from @-Jensen convexity to an upper Hermite-Hadamard type
inequality are stated in the following two theorems.

Tueorem. (Maké—Pales [45])
Let @ : D* — R be radially bounded and measurable and p : [0,1] — R, be
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a Lebesgue integrable function with fOlp = 1. Assume that f : D — R is hemi-
integrable and a-Jensen convex on D. Then f also satisfies the approximate upper

Hermite—-Hadamard inequality (1) with A := Ll to(t)dt and B : D* — R defined by

Bu) = Z > fo a(dz2"Du)p(tdt  (u € D).
n=0

THeorEM. (Mako6—-Pales [45])

Let @ : D* — R, be nonnegative, radially increasing such that }.,," a(5;) < oo if
ue D" If f : D — R is upper hemicontinuous and a-Jensen convex on D, then f also
satisfies the Hermite—Hadamard inequality (1) with A := fol to()dt and B : D* — R
is defined by

o 1
Py = a'(%) fo dz(2"Dp(hdt (u € D).
n=0

Now, if we consider the case when p = 1 and f is (g, g)-Jensen convex, then these
theorems reduce to the following corollaries.

CoroLLARY. (Maké—Pales [45])
Let e € Rand q > 0. Assume that f : D — R is hemiintegrable and (&, q)-Jensen con-
vex. Then f also satisfies the following approximate Hermite—Hadamard inequality

f)+ f(y) N 2e
2 q+1

1
f fltx+ (1 = Hy)dt < llx =yl (x,y € D).

0
CoroLLARY. (Maké—Piles [45])
Let e € R, and q > 0. Assume that f : D — R is upper hemicontinuous and (&, q)-
Jensen convex. Then f also satisfies the following approximate Hermite—Hadamard
inequality

J) + f(y) 2

1
‘ﬁ‘ﬂm+(l—nwms LSSl ey eD).

The following theorem states that approximate upper Hermite—Hadamard in-
equality can also imply a-Jensen convexity with a properly chosen function @. The
core of our approach is a multiplicative type convolution and its asymptotic properties.

Tueorem. (Mako—Pales [45])
Let B : D* — R be even and radially upper semicontinuous, p : [0,1] — R, be

integrable with fol p = 1 and there exist c > 0 and p > 0 such that

p(t) < c(=In|l =2eDP~" (1 €]0, §[U]3, 1D,
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and A € [0,1]. Then every f : D — R lower hemicontinuous function satisfying
the approximate upper Hermite—Hadamard inequality (1), is a-Jensen convex pro-
vided that « : D* — R is a radially lower semicontinuous solution of the functional
inequality

1
a(u) > f a(|1 = 2tlu)p(t)dt + B(u) (u € DY)
0
and a(0) > B(0).

Now we consider the case in the previous theorem when p = 1 and 3 is of the
form g|| - ||9.

CoroLLARY. (Maké—Piles [45])
Let 1€ [0,1], e € R and g > 0. Assume that ' : D — R is lower hemicontinuous and
satisfies the Hermite—Hadamard type inequality

1
fo fax+ A -nydt < Af()+ (A - Df@) +ellx—yll”  (x,y € D).

Then f is (s%, q)-Jensen convex.

Let (wg, w;) be a positive Chebyshev system on the real interval /. In Chap-
ter 3, we establish connections between an approximate (wy, w;)-convexity inequal-
ity and an approximate lower Hermite—Hadamard type inequality. First, we investi-
gate implication from approximate (wy, w|)-convexity to approximate lower Hermite—
Hadamard type inequality. Consider the following basic assumptions.

(A1) (T, A, w) is a measure space.

(A2) A: T xA°(I) — R, is u-integrable in its first variable.

(A3) M : T x A°(I) — R is A-measurable in its first variable and for all t € T, the
map (x,y) — M(t, x,y) is a two-variable mean on I. My : A°(I) — I is a strict
mean such that

) ufte T | A, x,y) >0, M(t,x,y) # My(x,y)} >0

holds.
(A4) There exists an (wp, w;)-Chebyshev system on [ such that wy is positive. Fur-
thermore, for i € {0, 1}

3) wi(Mo(x,y)) = f A, x, ) w(M(t, x,y)du(n) - ((x,y) € A°(])).
T

holds.
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THEOREM. (Mako6—Péles [47])
Assume that (Al)—(A4) hold. Let f : I — R be a locally upper bounded Borel mea-
surable solution of the approximate (wq, w1 )-convexity type functional inequality

@ fluy < S gy 4 200

oy’ " oy
where for all (x,y) € A°(I) and u €]x, y[, the function (v, w) = &,,(u) is bounded and
Borel measurable for (v,w) € [x,u] X [u,y]. Then f also satisfies the approximate
lower Hermite—Hadamard type inequality

JW) +exyw)  (u€[xyl),

5)  fMo(xy) < f Aty F(M( %)) + ECey) - (x,y) € AD),
T
where € : A°(I) — R is defined by
[ X1, % oM@ vy mir gy MoCx, ) Ydp(t')

Try T7,
E(x,y) = S

[ [ Y@ e x yydudu) ’

T3y Ty
where, for all (t',t",x,y) € T2 x A°(I),
T, 1", x,y) = AW, x, ) A", x, ) QUM , x,y), M(t", x, y)),
T,,={teT|Atxy) >0, Mt x,y) < Mo(x,y)},
T., ={teT|Alt xy) >0, Mt x,y) > Mo(x,y)}.

The reversed implication will be stated in the theorem below, which was the main
result of this chapter. The key for the proof of this result is a Korovkin type theorem
which enables us to deduce the approximate convexity property from the approxi-
mate lower Hermite—-Hadamard type inequality via an iteration process. Consider the
following basic assumptions:

B1) (T, A, p) is a measure space.

(B2) A : TxA(I) — R, is measurable in its first variable and separately continuous in
its second variable; furthermore, for all (x, y) € A(J), the function L., : T — R,
defined by

L, (1) := sup max (A(t, x,u), A(t,u,y))
uelx,y]
is u-integrable, i.e., fT L, ()du(t) < +oo.

(B3) M : T x A(I) — R is measurable in its first variable and for all t € T, the map
(x,y) — M(t, x,y) is separately continuous and partially differentiable at the
diagonal of I X I. My : A(I) — I is a separately continuous, strictly increasing
and partially differentiable at the diagonal of I x I with 9, My(z,z) > 0 and
0,My(z,z) > O for all z € 1. Furthermore, M(t,-) is separately uniformly calm
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with respect to M) at the diagonal of I X 1, i.e., for all z € I, there exist constants
0 > 0and K > 0O such that, forallre T,

7= M(t,u,z) < K(z — Mo(u, 7)) (u€lz-46,z]),
M(t,z,u) — 2 < K(Mo(z,u) — 2) (u € [z,z + 5,
and (2) holds and, forall z € I and i € {0, 1},

(B4) There exist functions wy, w; : I — R such that wy is positive, Z’T‘) is differentiable
on I, with (Z—:})’ > 0. Furthermore, for i € {0, 1}, (3) hold.

THeorEM. (Maké-Piéles [46])

Suppose that conditions (B1)—(B4) hold and assume that f : I — R is an upper
semicontinuous solution of the functional inequality (5), where € : A(I) — R is an
arbitrary function. Assume that, for all (x,y) € A°(I), &xy : [x,y] — R is a lower
semicontinuous function with g, ,(x) = &x,(y) = 0 satisfying the following system of
inequalities:

Exy(Mo(x,u)) > f A2, x, w)e,, (M2, x, w)du(t) + E(x,u)  (u € [x,y]),
T
Exy(Mo(u, y)) > f At u, ey (Mt u, )du() + Eu,y) - (u € [x, y]).
T
Then, for all fixed (x,y) € A°(I), the function f also satisfies the approximate (wy, w1 )-

convexity inequality (4).

Important applications of these theorems are related to the investigations of the
connections of the following inequalities.
Consider the following approximate convexity type inequality:

6)  f(1=Dx+1y) < (1 =Df) +1f) + eey () ((x,y) € D, 1€ [0, 1)),

where f : D — R is an unknown function and for all (x,y) € D?, exy : [0,1] = Ris
a given function. In Chapter 3, we also investigated the connections between (6) and
the following approximate lower Hermite—Hadamard type inequality

7 f((l—ul)x+u1y)sff((l—t)X+ty)d,u(t)+E(x,y) ((x,y) € DY),

[0,1]

where f : D — R is an unknown function, y is a probability measure on [0, 1],
Uy = f[o  tdp( and E : D* > R.
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THEOREM. (Mako6—Péles [47])

Let A be a o-algebra containing the Borel subsets of [0, 1] and u be a probability
measure on the measurable space ([0, 1], A) such that the support of u is not a single-
ton. Denote

S () :=u([0,u1])ftdu(t)—u(]m,l])ftd#(t).

Jur1] [01]

Assume that f : D — R is an hemi-u-integrable solution of the functional inequality
(6) where, for all (x,y) € D%, exy i [0,1] = Ris a function such that

’” ’ 1~ v ’ 7
1(x,y) := f f (" -1 )e(1—z')x+z'y,(1—r~)x+ﬂ'y('l:,,—_t,)d,u(f )du(t”)
1,11 [0,p1]

exists in [—oo, ). Then, for all (x,y) € D*, the function f also satisfies the lower

Hermite—Hadamard type inequality (7), where E(x,y) := IS(X—(#y))

TueoreM. (Mako-Pales [46])
Let u be a Borel probability measure on [0, 1], denote y; = f[O 1 tdu(t) and assume

that the support of j is not a singleton, i.e., u # 6,,. Assume that, for all (x,y) € D?,
f : D — R is an upper hemicontinuous solution of the functional inequality (7),
where E : D* - R. Assume that, for all (x,y) € D?, exy - [0,1] — R is a lower
semicontinuous function with e, ,(0) = e, (1) = 0 satisfying the following system of
inequalities:

Jexy(E)dp() + E(x, (1 = 2)x+ 2y) (s € [0,u]),

0,1
exy(s) 2 [f] (1= 02900y 1y 4 B(=s x4 (1— = ) (se 1]
; l]ex,y T—, ,Lt( ) T—1 X ( T—; )y, Y (S [/Jls )

Then, for all (x,y) € D* and t € [0, 1], the function f also satisfies the approximate
convexity inequality (6).

An important application of this result is a Bernstein—Doetsch type theorem (see:

(8.

CoroLLARY. (Maké—Piles [46])
Let T €]0,1[ and E : D*> — R. Assume that f : D — Ris an upper hemicontinuous
solution of the functional inequality

S =Dx+1y) <A =DfD) +7f@W) + E(y)  (xy) € D).
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Assume that, for all x,y € D, e, : [0,1] — R is a lower semicontinuous function
with e, ,(0) = e, ,(1) = 0, satisfying the following system of inequalities:

Tex,y(%) + E(X,(l - ;Y—)x + ;Y—y) (S € [Oa T])s
ey (8)=
(1 =Dex,(32) + EEx+ (1 - =y, (s €lr 1D.

-7

Then, for all x,y € D and t € [0, 1], the function f also satisfies the approximate
convexity inequality (6).



Osszefoglalas

Ez a PhD értekezés a kozelitSleg konvex fiiggvények vizsgalatdval foglalkozik.
Harom {6 részbdl all.

A bevezetésben attekintjiik a korabbi eredményeket és megfogalmazzuk az ér-
tekezés célkittizéseit. Az elsé fejezetben Takagi-tipusu fiiggvényekkel foglalkozunk.
Ezek a fiiggvények ugyanis fontos szerepet jatszanak a kozelitleg konvex fiiggvények
elméletében. Adott ¢ : [0, 1] — R folytonos fiiggvény esetén tekintsiik a kovetkezd
Takagi-tipusu fiiggvényeket

o P(dz(2" A
Tyx):= ). W & Sy(x):= > ¢<2—n)dz(2”x) (x€R),
n=0 n=0

ahol
dz(x) := 2dist(x,Z) :=2min{|lx — z| : z € Z} (x €R).

A fejezet f6 eredménye az, hogy T, és S4 kozelitSleg Jensen-konvexek, ha ¢
rendelkezik bizonyos regularitési tulajdonsagokkal. Az eredményeink ismertetéséhez
sziikségiink van a magasabb rendben monoton fiiggvények definiciéjara. Legyen I C
R egy valddi intervallum és ¢ : I — R. Adott h € R esetén jelolje App(x) :=
¢(x+h)—¢(x) hax € IN(I—h). Azt mondjuk, hogy a ¢ fiiggvény n-monoton ((n—1)-
Wright-konvex) I-n ha, barmely hy,...,h, > 0ésbarmely xe IN (I —hy —---—h,)
esetén a kovetkezd

Apy - g, p(x) 2 0
egyenlbtlenség teljesiil.

TéteL. (Mako—Pales [43])
Legyen ¢ : [0, 1] — R, olyan folytonos fiiggvény, hogy ¢(0) = 0, ¢ 1- és 3-monoton,
illetve (—¢) 2-monoton. Ekkor Ty a kiovetkezd értelemben Jensen-konvex:

X+ y) - Ty(x) + Ty(y) N

Ty( ) < : ¢odz(%) (x,y €R).

109
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TéreL. (Mako—Péles [48])
Legyen ¢ : [0, 1] — R, olyan fiiggvény, hogy $(0) = 0és a x — @ leképezés konkdv
10, 1]-n. Ekkor S 4 a kévetkezd értelemben Jensen-konvex

x+y><S¢(x)+S¢(y) x—y) (t.y €R).

S¢(2 = 2 2

Alkalmazva ezeket a tételeket, a kovetkezd Takagi-tipusu fiiggvények kozelitd
Jensen-konvexitdsat is kapjuk:

+¢ody(

o (dz(2"x))? 1
T,(x) :=§ (Z(z—x)) és S ,(x) :=§ ﬁdz(f'x) (x € R),
n=0 n=0

ahol g € R,.

KoverkezmEny. (Maké—Pales [43])
HaO0<g<1ésx,ycR,akkor

Tq(x;!/) < Tq(x);Tq(y) +d%(x;’/).

Ko6verkezmENY. (Tabor-Tabor [66])
Hal <g<2ésxycR, akkor

x+yy _ Sp(0)+S4©y) xX—y
5,(51Y) < O 2y

Ezek az eredmények alkalmazhatdak a kozelitSleg konvex fiiggvények elméleté-
ben. Legyen D egy nemiires, konvex részhalmaza az X normadlt térnek és vezessiik be
a kovetkezs jelolést: DY := {|lx — y|| : x,y € D}. Legyen ¢ : D* — R, egy adott
hibafiiggvény. Azt mondjuk, hogy az f : D — R fliggvény ¢-Jensen-konvex D-n, ha
barmely x,y € D esetén

x+yy _ JO)+ @
(=57) = = +ellx-yl.
A p-Jensen-konvex fliggvények fontos osztalyat alkotjak az (e, g)-Jensen-konvex fiigg-
vények. Ebben az esetben ¢ : D* — R, fiiggvény a ¢(u) := eu? mbédon van

értelmezve, ahol ¢,& > O tetszSleges konstansok és u € D*. Definidljuk minden
(t,u) € R X D" esetén a

[ee) d 2” (o)
T (t,u) := Z w 6s  Sy(t,u) = Z go(%)dZ(Z"t)
n=0 n=0

7 2

fiiggvényeket. A kovetkezd tételek Bernstein—Doetsch tipustiak.
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TETeEL. (Mako6-Pales [44], Tabor—Tabor [67])
Legyen f : D — R lokdlisan feliilrél korldtos D-n és ¢ : D* — R, egy olyan folytonos
fiiggvény, amelyre ¢(0) = 0. Ekkor f pontosan akkor p-Jensen-konvex D-n, ha

fx+ (1 -0y <tf(x)+ (1 -0f(y) + T, llx = yl)
teljesiil minden x,y € D és t € [0, 1] esetén.

TéteL. (Tabor-Tabor [67])

Legyen f : D — R feliilrél félig folytonos D-n és tegyiik fel, hogy ¢ : DT — R,
monoton novekvd, iigy hogy 3.,., ¢(27") < oo valamely no € N esetén. Ekkor f
pontosan akkor p-Jensen-konvex D-n, ha

fax+ A =0y) <tf(x) + (A =0 f W) + Se(1 llx — yll)

teljesiil minden x,y € D és t € [0, 1] esetén.

7.z

Az el6z6 tételekbdl azonnal adédnak a kovetkezdk.

Koverkezmény. (Hazy [29])
Legyen [ : D — R lokdlisan feliilrél korldtos D-n és és € > 0,q > 0 Ekkor f pontosan
akkor (g, q)-Jensen-konvex D-n, ha

flx+ A =y <tf(x)+ (A =0 f(y) + Ty (D)llx - yll?
minden x,y € D és t € [0, 1] esetén.

KoverkezmEny. (Tabor-Tabor [67])
Legyen f : D — R feliilrél félig folytonos D-n és & > 0,q > 0. Ekkor f pontosan
akkor (g, q)-Jensen-konvex D-n, ha

flx+ (1 =y <tf(x) + (1 =0 f(y) + &S @Ollx -yl
minden x,y € D és t € [0, 1] esetén.

A [14] cikkben Boros megmutatta, hogy ¢ = 1 esetén S(#) = T(¢) a lehetd
legkisebb, amit hibafiiggvényként az el6z6 egyenl6tlenségbe {rhatunk. [66]-ben Ta-
bor és Tabor bebizonyitottdk, hogy 1 < g < 2 esetén S ,(¢) a lehetd legkisebb.

Az elsé fejezetben arra keressiik a valaszt, hogy az T, (¢, [lx — yll), Sy, llx — yll) és
T,(t) milyen ¢ hibafiiggvény €s g konstans esetén lesznek a legoptimalisabb valasztés.
Mas szavakkal, minden rogzitett x, y € D esetén a ¢-Jensen-konvex fiiggvények kon-
vexitdsi differencidjanak keressiik a pontos fels6 korlatjat. Azaz C,(x, y, )-t, ahol

Colx,y,0) = sup {f(tx+ (1 =1)y) —1f(x) = (L =D f W)},

J€dCy(D)

dC,(D) :={f : D — R |f ¢-Jensen-konvex D-n}.
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TéteL. (Mako6—Péles [43], [48])
Legyen ¢ : D* — R, olyan folytonos, monoton névekvd fiiggvény, hogy ¢(0) = 0.
Ekkor, minden rogzitett x,y € D esetén

Colx,y, ) =Tp(t llx—ylh)  (1€[0,1])

ha ¢ 3-monoton, és (—¢) 2-monoton D*-n. Tovdbbd, minden x,y € D esetén
Colx,y, 1) = 8(t,Ix -yl (€[0,1]),

ha, u v 2 konkdv D* \ {0}-n.

Alkalmazva az el6z6 eredményt (&, g)-Jensen-konvex fiiggvényekre, a kovetkezd-
ket kapjuk.

KoverkezmENy. (Makdé—Pales [43],[48] Tabor—Tabor [66])
Legyen € € Ry, g > 0. Ha p(u) := gu?, akkor bdarmely rogzitett x,y € D és t € [0, 1]
esetén
T,Olx—yll?4 ha 0<g<1,
Cotnyp = [Tl ha 0<q
eSyOlx—ylld ha 1<qg<2.

Az aldbbiakban legyen D egy nemiires konvex részhalmaza az X linedris térnek.
Legyen D* := (D — D) és D> := {(x,y) € D* | x # y}. Tekintsiik az o : D* — R pdros
hibafiiggvényt. (Vegyiik észre, hogy a-rdl nincs megkdvetelve a nemnegativitds.) Azt
mondjuk, hogy f : D — R a-Jensen-konvex, ha, minden x,y € D esetén

x+yy _JO)+ @)
<
577
A masodik fejezetben a-Jensen-konvex fiiggvények kapcsolatat vizsgéljuk, olyan
fiiggvényekkel, amelyek teljesitik a kovetkezd fels6 Hermite—Hadamard-féle egyen-
16tlenséget:

+ a(x —y).

1
(D fo flx+ 1 =nypdt < Af(x) + (1 = Df () +Bx-y)  (xyeD),

ahol B : D* — R a hibafiiggvény, 4 € [0,1], és p : [0, 1] — R, egy nemnegativ
integralhaté fiiggvény, amelyre fol p=1

A kovetkez6 két tétel als6 Hermite—-Hadamard-féle egyenltlenségeket allit a-
Jensen-konvex fiiggvényekre.

TéteL. (Mako—Péles [45])
Legyen a : D* — R, irdnyonként korldtos, mérhetd és p : [0,1] — R, egy Lebesgue-
integrdlhato fiiggvény, amely fol p = 1. Tegyiik fel, hogy f : D — R hemi-integrdlhato
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és a-Jensen-konvex D-n. Ekkor az f fiiggvény A := fol to(t)dt-val és a B : D* — R,
hibafiiggvénnyel, ahol

Bu) = Z > fo a(dz2"Hu)p(tydt  (u € D).
n=0

teljesiti a felsé6 Hermite—Hadamard tipusii (1) egyenldtlenséget.

TeéreL. (Mako—Pales [45])

Legyen a : D* — R, olyan nemnegativ, irdnyonként monoton novekvd fiiggvény,
amelyre 3", a(5;) < oo ha u € D*. Tegyiik fel, hogy f : D — R feliilr6l hemi-
folytonos és a-Jensen-konvex D-n. Ekkor az f fiiggvény A := fol to(Hdt-val és a
B : D* — R, hibafiiggvénnyel, ahol

o0 1
Bu) = Z a(i) fo dz(2"typ(Hdt  (ue D)

n=0 2
teljesiti a felsé Hermite—Hadamard-féle (1) egyenldtlenséget.

A kovetkezdkben azt az esetet tekintjiik, amikor az a hibafiiggvény & - |7 alakid
ésp=1.

KoverkezMmENY. (Maké—Pales [45])

Legyen € € R és q € R.. Tegyiik fel, hogy f : D — R hemi-integrdalhato és
(&, q)-Jensen-konvex D-n. Ekkor f teljesiti a kovetkezo felsé Hermite—Hadamard-féle
egyenldtlenséget:

1
f fx+ (1 —py)dt < J) + f(y) + 2¢e
0 2 q+

KoverkezmENy. (Maké—Pales [45])

Legyen €,q € R,. Tegyiik fel, hogy f : D — R feliilrél hemi-folytonos és (&, q)-
Jensen-konvex D-n. Ekkor, f teljesiti a kovetkezd felsd Hermite—Hadamard-féle egyen-
l6tlenséget:

1||x—y||q (x,y € D).

fO+ /) 2
2 2g+1 _

1
fo Fltx+ (1 =y < Sle=yl (ryeD).

A kovetkez6 tétel azt allitja, hogy a fels6 Hermite—Hadamard-féle egyenlétlen-
ségbdl is kovetkezik a-Jensen-konvexitds tipusu egyenlStlenség, ha az a-t megfeleld
modon valasztjuk. A tétel bizonyitdsa egy multiplikativ tipusi konvoliicié bevezetésén
és tulajdonsagain alapszik.

TéreL. (Mako—Pales [45])
Legyen A € [0,1], B : D* — R pdros és irdnyonként feliilrdl félig folytonos, p :
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[0, 1] — R, integrdlhato, amelyre fol p = 1. Tegyiik fel tovdbbd, hogy létezik ¢ > 0 és
p > 01gy, hogy
p@0) < e(=In|l =2e)""" (1 €]0, 5[V15, 1D,

Ekkor, ha az alulrol hemi-folytonos f : D — R teljesiti a Hermite—Hadamard-féle (1)
egyenldtlenséget, akkor a-Jensen-konvex, ahol a : D* — R irdnyonként alulrol félig
folytonos megolddsa a

1
a(u) > f a(|l = 2tuw)p(t)dt + B(u) (u € DY)
0
fiiggvényegyenldtlenségnek és a(0) > B(0).

Most tekintsiik azt a specidlis esetet, amikor p = 1 és a g8 fiiggvény &l| - ||? alakban
irhato.

KoveTkezMmENy. (Mako—Piles [45])
Legyen A € [0,1], € € R és g > 0. Tegyiik fel, hogy az alulrol hemi-folytonos f : D —
R teljesiti a

1
fo fax+ A -Dydt < Af() + A= Df@) +ellx -y’  (xyeD)

Hermite—Hadamard-féle egyenlétlenséget. Ekkor az f fiiggvény (s%,q)—Jensen—
konvex D-n.

Legyen (wo, w) egy pozitiv Csebisev rendszer az [ intervallumon. A harmadik
fejezetben (wy, w;)-konvexitds tipust egyenl6tlenségek és als6 Hermite—Hadamard-
féle egyenlStlenségek kapcesolatdval foglalkozunk. El6szor azt vizsgaljuk, hogy egy
kozelitdleg (wy, wy)-konvex fiiggvényre milyen als6 Hermite-Hadamard-féle egyen-
16tlenség igaz. Tekintsiik a kovetkezd feltételeket.

(Al) Legyen (T, A, u) egy mértéktér.

(A2) Legyen A : T x A°(I) — R, az els véltozéjaban u-integralhaté fiiggvény.

(A3) Legyen M : T xA°(I) — R az elsé véltozdjaban A-mérhetd és minden ¢ € T-re,
(x,y) — M(t, x,y) egy kétvaltozos kozép I-n. Tovabba legyen My : A°(1) — 1
egy szigoru kozép I-n és tegyiik fel, hogy

() ur e T | A, x,y) >0, M(t, x,y) # Mo(x, )} > 0.
(A4) Tegyiik fel, hogy 1étezik egy (wy, w;)-Csebisev rendszer I-n, tigy hogy wgy > 0

ési e {0,1}esetén

3) wi(Mo(x,y)) = f A, x, Mt x,y)du) - (x,y) € A°(D)).
T
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TéteL. (Mak6—Pales [47])

Tegyiik fel, hogy (Al)—(A4) teljesiil és minden (x,y) € A°(I) esetén gy, : [x,y] - R
egy olyan fiiggvény, hogy tetszoleges u €lx,y[ esetén a (v,w) — &,,(u) fiiggvény
korldtos és Borel-mérhetd [x,u] X [u,yl-en. Ekkor, ha a lokdlisan feliilrdl korldtos
Borel mérhetd f : I — R fiiggvény megolddsa az

Q(u, y)
)_Q( )f(x) Q(

(wy, w1)-konvexitds tipusii egyenlotlensegnek, akkor f teljesiti a

“ Ju f W) +exy) (e lxy))

5)  [Moxy) < f Al % ) f (MG, %, )dp(t) + ECy) (x,9) € AUD)
T
alsé Hermite—Hadamrd-féle egyenlétlenséget, ahol € : A°(I) —» R

[ [0, % eme xmar gy Mo(x, y)dpt” du(t')
Ty T

Xy

E(x,y) =
(X y) f f T(t/, t//, X, y)d/l(t”)d#([/)

Tiy Ty
modon van értelmezve és minden (t',t”, x,y) € T? x A°(]) esetén
T, 1", xy) = A, x, AT, x, ) QM , x, y), M(t", x, y)),
T,,={teT|Alxy) >0, Mt x,y) < Mo(x,y)},
T., ={teT|Atxy) >0, Mt x,y) > Mo(x,y)}.

A masik iranyud implikéci6 bizonyitasa egy Korovkin-féle tételen alapszik, amely
segitségével kozelitd konvexitds tipusi egyenlStlenséget kaphatunk alsé Hermite—
Hadamard-féle egyenl&tlenségbdl. Tekintsiik a kovetkez6 feltételeket:

B1) (T, A, p) egy mértéktér.

B2) A : T xA(l) - R, az elsd valtozdjaban mérhetd és minden ¢ € T esetén a
(x,y) — A(t, x,y) leképezés valtozonként folytonos; tovabba, minden (x,y) €
A(I) esetén a

L, () := sup max (A(f, x,u), A(t,u, y))
’ uelx,y]
mddon definidlt Ly, : T — R fiiggvény u-integralhato, azaz fTLX,y(t)du(t) <
+00.

B3) M : T x A(I) — R az els6 valtozéjaban mérhets és minden r € T esetén
az (x,y) — M(t, x,y) leképezés valtozénként folytonos és valtozénként par-
cidlisan differencidlhat6 7 x [ atléjan. My : A(l) — [ valtozénként folytonos,
monoton ndvekvd és parcidlisan differencialhat6 I x I atl6jan és 0, My(z,z) > O,
0r,My(z,z) > 0 minden z € I esetén. Tovabb4, minden ¢t € T esetén M(t,-,-)
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véaltozonként egyenletesen nyugodt My-ra nézve I X I 4tl6jan, azaz minden z € 1
esetén 1éteznek 0 > 0 és K > 0 konstansok ugy, hogy barmely 7 € T esetén

2= M(t,u,z) < K(z = Mo(u,2)) (u€lz-06,z)]),

M(t,z,u) — 2 < K(Mo(z, u) — 2) (u € [z,2+ ).

Tovébba, (2) teljesiil és, minden z € I és i € {0, 1} esetén
wte T At z,2) #0, O:iM(t,z,z) # 0;Mo(z,2)} > 0.

(B4) Léteznek wy, w; : I — R fiiggvények, hogy wy pozitiv, “—(‘) differencialhat6 I-n,

és (Z’T(‘])’ > (. Tovabb4, ha i € {0, 1} akkor (3) is teljesiil.
TéteL. (Maké—Péles [46])
Tegyiik fel, hogy (B1)—(B4) teljesiil és € : A(I) — R esetén az f : I — R fiiggvény
feliilrdl félig folytonos megolddsa az (5) egyenldtlenségnek. Minden (x,y) € A°(I)
esetén legyen &,, : [x,y]l — R egy olyan alulrdl félig folytonos fiiggvény, amely
megolddsa a

Exy(Mo(x, 1)) 2 f At x, we g, (M(t, x, w)du(n) + E(x,u) - (u € [x, y]),
T

Exy(Mo(u, y)) 2 f At u, Y&y (Mt u, )du@®) + Ey)  (u € [x,y])
T
fliggvényegyenlotlenség-rendszernek és ey, (x) = £.,(y) = 0. Ekkor, minden rogzitett
(x,y) € A°(D) esetén az f fiiggvény teljesiti a (wy, w)-konvexitds tipusii (4) egyen-
l6tlenséget.

.

A kovetkezd fliggvényegyenl6tlenségek kapcsolatdnak vizsgédlata az el6z6 tételek
alkalmazdsa segitségével torténhet. Tekintsiik a:

6)  F(=Dx+1y) < (1 =Df) +1fy) + ey ((x,y) € D, 1€[0,1])

konvexités tipusd egyenl6tlenséget, ahol f : D — R az ismeretlen fiiggvény és min-
den (x,y) € D? esetén exy : [0,1] — R a hibafiiggvény. Illetve tekintsiik a

7 f((l—ul)x+my)ﬁff((l—t)x+ty)dﬂ(t)+E(x,y) (x.y) € D)
(0,11

als6 Hermite—Hadamard-féle egyenlStlenséget, ahol f : D — R az ismeretlen fiigg-
vény, u valoszintiségi mérték [0, 1]-n, y; := f[O 1 tdu(t) és E : D? - R. A harmadik
fejezet masik eredménye tehat (6) és (7) 6sszehasonlitdsa.

TéteL. (Maké—Pales [47])
Legyen A egy olyan o-algebra, amely tartalmazza [0, 1] Borel-mérhetd részhalmazait
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és u egy olyan valosziniiségi mérték a ([0, 1], A) mérhetd téren, hogy u tartdja nem
egyelemii. Jelolje S (1) a

S () := ([0, 1) f tdp(t) — p(lur 17) f tepu(t)
Tu1.1) [0.11]

kifejezést. Tegyiik fel, hogy f : D — R hemi-u-integrdlhato megolddsa (6)-nak ahol,
minden (x,y) € D%, exy - [0,1] = R egy olyan fiiggvény, hogy

ﬂ 24
I(x,y) := f f(l‘ — 1)e1—¢)xiry (-t )x+tr y(tl — )d,u(t )du(t”)
Ju 11 10,4 ]

a kifejezés létezik [—oco, col-ben. Ekkor, minden (x,y) € D* esetén az f fiiggvény
megolddsa az alsé Hermite—Hadamard-féle (7) egyenldtlenségnek, ahol

1(x,y)
Su)

A forditott irdnyd implikaciot a kovetkezd tétel tartalmazza.

E(x,y) =

TéteL. (Mako—Pales [46])

Legyen u egy olyan Borel-valosziniiségi mérték [0, 1]-n, hogy u tartéja nem egyelemii.
Jelolje yuy = f[(),l] tdu(t). Tegyiik fel, hogy minden (x,y) € D? esetén a feliilrél hemi-
folytonos f : D — R megolddsa a Hermite—Hadamard-féle (7) egyenlitlenségnek,
ahol E : D* — R. Tegyiik fel tovdbbd, hogy minden (x,y) € D? esetén az alulrdl félig
folytonos ey, : [0,1] — R megolddsa a

Jexy(E)du() + E(x, (1 = 2)x + 2y) (s € [0,u]),
Hi M1

0.1]
y) (s €lu,1])

[0,
ey (8) >
y( ) fex,y(l a- é)(l ’))d,u(t)+E(1]f
0,1]

1#1

fiiggvényegyenldtlenség-rendszernek és e, (0) = e, ,(1) = 0. Ekkor, minden (x,y) €
D? ést € [0,1] esetén az f fiiggvény teljesiti a kozelitd konvexitds tipusii (6) egyen-
l6tlenséget.

Ennek az eredménynek egy fontos alkalmazdsa a kovetkezd Bernstein—Doetsch-
féle tétel.

KoveETKEZMENY. (Mako6—Péles [46])
Legyen 7 €]0,1[ és E : D* — R. Tegyiik fel, hogy f : D — R feliilrél hemi-folytonos
megolddsa a

S =Dx+1y) <A =Df D) +7f@W) + E(y)  (xy) € DY)
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Jensen-féle egyenlitlenségnek. Tegyiik fel tovdbbd, hogy minden (x,y) € D* esetén az
alulrol félig folytonos e, : [0, 1] — R fiiggvény teljesiti a
Tery (1) + E(x, (1= Dx+2y) (s€[0,7]),
exy(s) >
(= Dexy(F) + EGEx+ (1 - 12y.y) (s€[n1])
fiiggvényegyenlitlenség-rendszert és e, ,(0) = e, (1) = 0. Ekkor, minden (x,y) € D?
éste|0,1] esetén az f fiiggvény teljesiti a kozelitd konvexitds tipusii (6) egyenldtlen-
séget.
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