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ABSTRACT

The main aim of this paper is to prove that the nonnegativity of the Riesz’s logarithmic kernels with respect to the Walsh—
Kaczmarz system fails to hold.
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1. INTRODUCTION

The question of almost everywhere convergence is highly celebrated in the theory of Fourier series.
It is quite well-known for both Walsh-Paley and trigonometric Fourier series, that the behavior of

the logarihmic means
n

1 Y Sk(f)
logn &k

is very nice. That is, for each function f which is integrable on the unit interval, the logarithmic
means converge to f almost everywhere.

In [5] Hardy gave a necessary and sufficient condition for the convergence of a certain point of
Riesz’s logarithmic means of a function with respect to the trigonometric system. For some material
concerning the trigonometric system see the book of Zygmund [2]. With respect to Walsh—Paley-
Riesz logarithmic means see e.g. the paper of Gat and Goginava [4]. Behind of many results in
the trigonometric case there is the fact that the Riesz’s logarithmic kernel function is everywhere
nonnegative. This very useful property of the kernel is given with the help of Abel transform and
the fact that the Fejér kernels are everywhere nonnegative. On the other hand, it is quite simple
to give Walsh—Paley-Fejér kernels which take negative values. That is, the method used in the
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trigonometric case does not work as a proof of the nonnegativity. However, with a more difficult
way the authors of this paper verified that Riesz’s logarithmic kernels with respect the Walsh-Paley
system take only nonnegative values. This result will be published elsewhere. The aim of this paper
is to show that the Walsh-Paley and the Walsh-Kaczmarz system are different in this point of view.
More precisely, we give a sequence of Walsh-Kaczmarz—Riesz logarithmic kernels such that all of
them take negative values on some intervals. Next, we give some necessary preliminaries.

2. PRELIMINARIES

We follow the standard notions of dyadic analysis introduced by the mathematicians F. Schipp,
P. Simon, W. R. Wade (see e.g. [1]) and others. Denote by N := {0,1,...}, P := IN\ {0}, the set of
natural numbers, the set of positive integers and I : = [0, 1) the unit interval. Denote by A(B) = |B|
the Lebesgue measure of the set B (B < I), with normalized Haar measure. Denote by LP(I) the usual
Lebesgue spaces and |.|, the corresponding norms (1 < p < o0). Let

e pr1|
J~—{[2n, o }-p,nelN}

be the set of dyadic intervals and for given x € I and let I(x) denote the interval I(x) € J of length
27" which contains x (n € IN). Also use the notation I, := I,(0) (n € IN). Let

x = Z xnz—(n+1)
n=0

the dyadic expansion of x € I, where x, = 0 or 1 and if x is a dyadic rational number (x € {2‘% :
p, n € N}) we choose the expansion which terminates in 0’s. The Rademacher functions are defined
as:

ra(x) = (1) (xe[0,1[,n e N)
Set the definition of the nth (n € N) Walsh—Paley function at point x € I as:

H(r] x))" 2] 0 %

We defined the set of Walsh-Paley system: w := (w,, n € N).
The nth (n € P) Walsh-Kaczmarz function at point x € I is defined as ([6], [1]):

|nl-1

Kn(x) = Nl (x) H Nnl-1-k (x))" = qn‘(x)( 1)Zk 0 Mk Xn|-1-k

where P3n=3Y,, nj2/ (nj €{0,1} (j € N)), and kg = 1. The Walsh-Kaczmarz system is denoted
as Kk := {kp,n € N}.
By means of the transformation 74 : I — I, (A € N)

(X05 X1y eer s XA—1XAs XA+1s ) = (XA-15 XA=25 +e» X15 X05 XAs XA+15 -+)s
which is clearly measure-preserving and such that z4(z4(x)) = x we will be able to discuss the values
of Walsh—Kaczmarz functions and kernels. That is, we have (see also [6]) the following important
equality:
Kn(x) = Np(X)on(tn(x))  (n €N).
It is known [1] that the system (w,, n € IN) is the character system of (I, +), where the group
operation + is the so-called dyadic or logical addition on I. That is, for any x,y € I

x+y = Z |50 = yn27 D).
n=0

Let a be either k or w. Denote by

n-1 n-1 DI(Z
_ a . _ 1 a . a a . _
_kz;]ak, K& - ZDk, RS logn - DK =0
= =1
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the Dirichlet, the Fejér or (C, 1) kernels and Walsh-logarithmic means, respectively. If in the notation
« is missing, then we mean the Walsh—Paley ordering. Moreover: ([1])

2" x ey,

Dgn(x) = {0 xe[
> ns

Dy(x) = on(x) i niriDzi(x)~
i=0

It is also known that the Fourier coefficient, the nth partial sum of Fourier series and the Fejér or
(C,1) means of f,

‘WM=LWMMMM(MNx
n-1
SEF) = Y feka(y) = / Fx+ )DXx) dAGx) (n€ P.SES = 0),
k=0 I
1 n-1
o) = 1 Y SEF0) = [FWKE(+ 0dAx) (e Puoif =0,y €D,
k=0 I

2.1. The key observation

In the sequel we will need the following lemma.
LEMMA 2.1. For j,n € N,j < 2™ we have

Djn,(x) = Dan(x) + ra(x)Dj ().
LEMMA 2.2 (Young-inequality). [8] Let n € P. Then

L gy <
2zn+1) Hk BTV = o

. = 1
where y = nhinm (kz_; i log(n)).
COROLLARY 23. Let n,N € N and N > n. Then

N-1
1 N 1
0< - -1 — )<=
Z:k 0g<n> n

k=n

The main aim of this paper is to prove the following negativity result concerning the Riesz’s
logarithmic kernels with respect to the Walsh-Kaczmarz system.

1 1
THEOREM 2.4. Letbe A =2"+2"1and x = 5*3 where n € N. Then

4 + 2n+1’

log(A)R% (x) < -0.02 - 2",

ifn=>11.
3. PROOFS
Proof of Lemma 2.1. Use the formula of Skvortsov for Walsh—Kaczmarz-Dirichlet functions in [6].
2"-1 j-1
Dfn.j(x) = Y ki(x) + Y7 pn k(%) = Dyn(x) + ra(x) D ().
k=0 k=0
This completes the proof of Lemma 2.1. O

Next, we turn our attention to the proof of the main result. That is, to Theorem 2.4.
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Proof.

n, on-1_ n_ n, on-1_
2"+2 lD]{c(x) B 27-1 D]K(x) +2 +2 lD]’-c(x)

log(ARS() = . -y D

j=1 J j=1 .] j=2n J

-12i11 24211 i
n Dk( ) + Dj (X)

2,

i=0 [=2i j=2m J
n-12 K x) 2n1q D&, (x

Z 2 2N+t Z t( ) (1) + (2)
i=0 t=0 21 +t t=0 2 +

We start with estimation of (2): Notice that r,(x) = -1, Dan(x) = 0 and

Tn(x) = (0,0,...,0,1,1,1,0,... ) = (Y0, V15 -5 Yn-3s Yn-2> Yn-1> Yns Yn+1s ---)-
Furthermore,
Di(ta(x)) =1,  forl=0,1,2,...,2"2 -1,
Letl € {2"‘2,...,2”‘1 -1}.Thenl = 2"2 4+ b where b € {o, 1,...,2"m2 _ 1}. By this we have
Di(tn) = D2, (7u) = Dyn-2(7) + Fuca( () Dy(ea) = 272 + (1) b

Then

on 1 znfl_l

@-"3 Do) P35 Drle) + D)

= 2"+t = 2"+t

U5 ~Dilmlx)
- g 2"+t
I D) | Z"i‘l ~Di(ta(x)

n n
= 2+t (oma 2+t

n-2_ n-2_
2 1 2 1 on-2_

™
™

— 2n+ 2" 2+ b

-2
“logn_; 627 1gn2 5. on-2 _y

t

t=2" t t=5-21"2
52721 52m 21 6221 6-2"2-1

=2y 1. > o1-6:-2"7 Y 1y >

t t
t=4.2n2 t=4.2n2 t=5.2n"2 t=5.2n-2

() ot S e()

That is, it is left to give an estimation for (1). We apply Lemma 2.1. That is,

112-1DK (x)  DR(x)  DX(x) LD 2] ) + ri(x)De(i(x))
20+t _ 1 L 22 3
20 o T 2 Z;‘ Z 2+t .

t=0
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We have Dg,»(x) =0, fori=1,2,...n.For 2 < i < nit holds ri(x) = 1. Furthermore ry(x) = x1(x) =
w1(x) and K2(x) = wa(x) = r1(x). Now, return to the investigation of (1).

n-12-1 D;l}t(x) 10 nzlzz_:l Dy(7i(x))
i 2t i=2 1=0 2l +t
2 DG Dln) g D) PR T D) | Y D)
SEE ((11) (12)+ (13) + (14).

i=

In the sequel recall that 7;(x) = 21‘1—1 + % + ﬁ =: yl,eia+ yl et + yien, where e 1/281,

That is, note that the only coordinates (with not greater index than n) of y* = 7;(x) different from
zero are y;_g, yi-1 and y, for any i < n. Now, turn our attention to the investigation of (1.1).

-y D) 5
e 204t 204t

t=0 t=0
242150 522 521y
—_ — p— 1 -
2R P YR Ve
1=2! I=4.2i-2 I=4.2i-2

2 (3-m ()

Meanwhile for (1.2) we have

Zi_171 i 2i—271 . .
12)= Y 2D _“e Doy ()

S 20+t 2042072 4 ]

_ 220D i2(7i(x)) + ri—2(7i(x))Dy(7i(x))
- Z 2 21 4 212 4 |

1=0
i-2 . 9i-2_ .
Zzl 272 _ ] 62216~2’_2—t
= = R
I=0 2t+ 270+ t=5-21-2 t

6:27%-1 62721

=6-272 Y —- Z 1

ot
t=5-2i-2 t=5.2i-2

2i<§log(§)+#—l)
4 5 4.5.272 4

Similarly, we investigate the term (1.3) as follows:

zi*1+zzi:*2—1 Dy(ri(x)) _ Zi%:l Dyi1,(7i(x))

1.3) = - - -
(1.3) 20+t 204201 4]

=211
2721
B Dyi-1(7i(x)) + ri-1(7i(x)) Dy(i(x))
- Z 20+ 2071 4]

1=0
21721 -1 7271 ¢ gim2 _

z
- Z 6-224+1 Z z

=0 z=6-21-2

2! (§ lo <z>+L—l>
1 %% \s 6-4-272 4/

A
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At last, we have to discuss (1.4)

21 ) 2i-lg A
- ¥ Di(ri(x)) _ 3 Dyio1,(7i(x))

rogitTgi2 20+ t oy 2042071 4 ]
21
S Dyi-1(7i(x)) + ri-1(7i(x)) Dy(zi(x))
1 204201 4 ]

L

20+ 2071 4] 20 4 271 4 2I=2 4 §

- ZE‘:I =Dyi-2(7i(x)) - ri-a(ri(x))Dj(i(x))
= 20 42071 4 2072 4 j

22 4 g-2i2-

L g.oi2 4
7-22 45

J

Jj=0 j=7-21-2

821721 1 821721

=822 Y —+ Y 1

j=72i2 J j=72i2
i(_810(8). 1
<2 log +=.
4 7 4

These assumptions above lead us to the estimation of (1) wanted as follows:

n-12'- 2 2 n-1
’+t
= - ((1.1) + (1.2) + (1.3) + (1.4))
;§ 204 ¢t 3 =
2 o1 5 6 6 1
<—+ Y2 (f—log(7)+flog(f)+ -
3 47 \4 4 5/ 4.5.2i 4
+E lo (z)+L—1—§lo (§)+1)
1 %8\ 6-4-2i72 108 7 4
2 8 8 11
SEOR]
3 4 7 5

4

5[ ) ()
6
4

o (5] Sa(9) (D) Sou(2) - B

Finally, we have the inequality

n-12i-1 o191 ok
log(ARS () = (1) + @)= 3 3 Lzt T Dinaelx)

S 2+t =0 2"+t
) 11 2
<27 -0.01451 + ?(n—2)+§—2 -0.050337 + 1

5
=-0.035827 - 2" +2.2- (n-2) + 3= -0.02 - 2",

if n = 11. This completes the proof of Theorem 2.4. O
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