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Notations and Symbols

T

N

£ (n, N)
¢ (n, N)
n(N)

[z]
f=0(g)
f~g

I{A}

Number of tails interrupting (contaminating) head run sequence.

The first hitting time of the longest contaminated run of length m.

The number of coin tossing or the length of the experiment

Number of precisely T-contaminated head runs of length n.

Number of at most T-contaminated head runs of length n.

Length of the longest contaminated run in a single experiment.
Represents the largest integer less than or equal to z.

Growth rate of a function, that is f(z)/g(x) remains bounded as x — 0.
Asymptotic equality, that is f(z)/g(z) — 1 as @ — oo.

Indicator function of a subset A assuming values 0 or 1.






In this short booklet, we summarize the most important results of this disser-
tation. We mention some of the most fascinating lemmas, propositions, theorems
and simulation results based on our research which consist of three published pa-
pers; [Fazekas and Suja (2021), Fazekas, Fazekas, and Suja (2024) and
(Fazekas, Fazekas, and Suja (2023))].

The introduction contains several historical facts on limit theorems in prob-
ability theory and their applications to the case of coin tossing experiments. In
particular, the study of success runs in Bernoulli trials which has received indu-
bitable attention of several researchers due to its inherent theoretical interest and
intriguing applications. The problem of the length of the longest pure head run
for n Bernoulli random variables was first raised by T. Varga in his classroom
experiment and the findings herald overwhelming research interest, variations and
extensions to other situations.

The results of Erdds and Rényi (1970) and Foldes (1979) had immense
influence on the trajectory of our study. A lot of insights regarding proofs of
theorems were drawn from the main Lemma of Cséki et al. (1987). This powerful
Lemma provided a good approximation to the probabilities which offered limiting
distribution of the random variable 7,, the first occurrence time of the event of
interest.

In Chapter 1, we defined a T-contaminated run of heads and study the lim-
iting distributions of their numbers together with the first hitting time and the
asymptotic behaviour of the length of the longest T-contaminated head run. More
emphasis was devoted to approximation of the numbers of contaminated runs to
both Poisson and compound Poisson limit laws.

In Chapter 2, we dealt with T-contaminated head run but more emphasis
was now shifted to the asymptotic distribution of the length of the longest T-
contaminated head run. Here we investigated the rate of convergence to an ac-
companying distribution and also obtained results for the first hitting time for the
same.

In Chapter 3, we defined a two type contaminated run and studied the limiting
distribution of the first hitting time and the accompanying distribution of the
longest at most two type contaminated runs with trinary outcomes. Our approach
mirrored the one used in Chapter 2.

At the end of the dissertation, possible further research based on the results
obtained is given a long with the appendix which contains the main Lemma non-
stationary finite form of Csaki et al. (1987) where other than providing the
elegant proof, we precisely fixed the condition of the lemma.



Chapter 1

Limit theorems of

T-contaminated run of heads

Now, we begin with the problem setting for our research. Consider the classical
coin tossing experiment. Let p € (0, 1) be the probability of heads and ¢ = 1—p the
probability of tails. Here, p is fixed while we toss a coin NV times independently.
We write 1 when the result is head and 0 when the result is tail. Therefore
we consider independent identically distributed random variables X7, X5,..., Xy
with P(X; = 1) = pand P(X; =0) =¢, ¢ = 1,2,...,N. Let T > 0 be fixed
integer.

In this chapter we list the results of Fazekas and Suja (2021). These are exten-
sions of the results of Féldes (1975) for the case of a fair coin in which p = 1/2 to

an arbitrary case, p € (0, 1).

Number of precisely those T-contaminated run of
heads

Let

1, if there are precisely T' 0 values among
hi=1 (n) = Xy, Xippn—1 and X; 1 =0,

0, otherwise.
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Here we let X be defined as Xg = 0 and let

~ _ N—n+1
E=¢&"(n.N)= > i (n).
i=1
Now §~ = éT (n, N) denote the number of those precisely T-contaminated n length

runs of heads for which the preceding element is a tail.

Our main condition in this first chapter is the following. If we let p € (0,1) be
fixed and T be a fixed non-negative integer. Now if we let N — oo and n — oo
such that

NgT+ipn=TpT
T!

where if )\ is fixed, then we remark that above condition implies that N/n — oo.

—A>0, (1.1)

Now we intend to show that the distribution of §~ converges to the A parameter

Poisson distribution.

Theorem 1. Let T be fized. Let N — 0o and n — oo so that the above condition
(1.1) is satisfied. Then
~ e M\F

lim P(¢¥(n,N) =k) =

Jim k=012,

In proving the theorem, we consider l,, = N—n+landY; =n,i=1,2,...,1,

and checked fulfilment of the conditions of Proposition below due to Sevast’yanov.

Proposition 1. (Sevast’yanov (1972)) LetYV;™ i=1,2,... L, m=12,...,
be a triangular array of Bernoulli random variables, i.e. the values of Y™ are 0
or 1. Let

Zn =Y1™ + Y™ 4 gy, ™ m=1,2

m P

be the row sums and

bl(-:'?7;)27-..1i'r = P(El(m) = K2(m) == Yir(m) = 1)7
where (i1,1a,...,1,.) denotes anr dimensional vector such that integers iy, ia, ..., i,
are pairwise different with 1 < i <l,,, t=1,2,...,r,r=1,2,....
Assume that for eachr = 2,3,...,m =1,2,... there exists an exceptional set I.(m)
consisting of certain vectors a,. = (41,12, ...,14,) such that the numbers iy, ia, ..., i,

are pairwise different with 1 < iy < l,, t=1,2,...,7r.
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In addition, we assume the following that

lim max b =0,
M=001<i<

lm

. (m) _
n}gnoo;bl >0,

- (m) N
Wllg)noo Z bil 82500y . 07
ar€l,.(m)

lim ) b (™ =,

m—00
ar€l.(m)

and uniformly for all o, ¢ I.(m)

(m)
: 21,2250
S R D
11 1y
Then
. e ANk

Number of at most T-contaminated run of heads

Now we turn to the problem of the number of at most T-contaminated runs of
heads and let

1, if there are at most T 0 values among
ni=mn; (n) = Xiyeoos Xign—1
0, otherwise

Now we let
N—n+1

=&, N)= Y ol (n).

i=1
Therefore £ is considered as the number of head runs being at most 7T-contaminated
and having length n. Now we want to prove that the distribution of £ converges

to a compound Poisson distribution in the limit.
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Theorem 2. Let T be fized. We let N — 0o and n — oo so that condition (1.1)

is satisfied. Then, for the generator functions we have

- (N = = _
JégléoE (Z ) <P {)\<1—pz 1)}

Remark 1. More specifically, in our case we need a particular version of com-

pound Poisson distribution, that is the so called geometric Poisson distribution.
Let vy have Poisson distribution P(y = k) = Me /k!, k = 0,1,2,.... Let
01, 02, - - .,be random wvariables independent of each other and of v having q pa-
rameter geometric random distribution:
Plo;=1)=p"1q,1=1,2,...,q€(0,1),p=1—gq.

When v = k, we let the distribution of o to be the same as that of o1 + ...+ ok .
(Here, an empty sum is defined as 0, i.e 0 =0 when vy =0).

Then o has generator function

E(29) = exp [)\ <1 zzpz - 1)] for |zp| < 1.

To give a formal explanation of this fact, let

T — 5t (n). Xign_1, if i>1
n¥(n), if i=1.

To be more precise, we considered the following representation of £ = ¢7'(n, N),

N—n—+1 N—n+1

E=¢"nN) = > A= 3

i=1

where

v =l (n) =n/; [min {k > 0 : either 7;,, =0 or i+k+n—1>N}

First hitting time of T-contaminated runs of heads

Now, we are going to briefly consider the first hitting time of T-contaminated runs
of heads. This is 7, the number of tosses needed in a coin tossing experiment for a
T-contaminated head run of length n to appear for the very first time i.e. its the
first observation time when the number of tails among the last n outcomes is at
most 7T



6 Length of the longest T-contaminated runs of heads

Let
7 =71"(n) = min{N : X(n,N) > 0}.

If T =0, 7 is the usual waiting time for a pure head run of length n. We show that

the appropriately normalized version of T has exponential limiting distribution.

Theorem 3. Let T be fized. Then, for any 0 < z < o0,

T T
lim P (T<n)an+1p”_T < x) =1—e"".

n— oo T!

Length of the longest T-contaminated runs of heads

Next, we now consider the Length of the longest T-contaminated runs of heads.

We describes the accompanying distribution of u? (N). Let
p=p"(N)=max{n: & (n,N) > 0}.

Considering the result of tossing a coin N times, p is the length of the longest run of
heads containing at most 7" tails. We offer a two parameter family of distributions
to approximate the distribution of u. By letting B be a fixed positive number,

then for any positive x, we have that

r=kB+r,
where k is integer and r is the residual for which 0 < r < B. Here k and r are
uniquely determined. We define [z]p and {z}p as [x]p = kB and {z}p = 7.

Theorem 4. Let T be fixed. Let B be a fized positive number and let S be a fixed

number. Then, for any integer k we have

P(uT(N) — [log N 4+ T'log(log N + Sloglog N)|p < k) =

= exp <7qT+1p(k7Tf{log N+T log(log N+S log log N)}B)/Tl) + 0(1)

Here log denotes logarithm to base 1/p.

We also give a new proof based on the above theorem contrary to the extreme
value theory approach where [z] denote the usual integer part of « and {x} is the

fractional part.

Remark 2. The limiting distribution of the length of the longest head run contain-
ing T tails is the same as the limiting distribution of the length of the longest head
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run containing at most T tails. To prove it, let A be the event that the length of
the longest head run containing at most T tails is greater than n. Then, A = BUC
where B is the event that the length of the longest head run containing precisely T
tails is greater than n and C' is the event that the length of a head run containing

less than T tails is greater than n and it is not possible to add some tails to it. But

1N o
P(C) < Z ( _)pN_lq’ < cpNNT—l =50
=0 ¢

as N — 00.

In Gordon et al. (1986), the original proof was based on extreme value
theory, but here we give a new proof using the method of our Theorem. Let [z]

denote the usual integer part of x and {x} is the fractional part.

Proposition 2. Let pu(N) denote the length of the longest T -contaminated run of

heads during the coin tossing experiment of length N, then

P(uT(N) — ur(gN) < t) = P an(W) + {w(qm}] ~ {ur(aN)} < t) +o(1)

for all t, where

pr(gN) =log(gN) + T'loglog(qN) + T'log(q/p) — log(T")

and W has an extreme value distribution P(W < t) = exp(—e™").

Remark 3. We emphasize that the above proposition does not offer a limiting law
for u”T(N) — pr(gN) but it gives a sequence of accompanying laws. The distances

of the laws between the two sequences converge to 0 (as n — o).

Simulation Results

We chose sufficiently large lengths of the sequence N after which contaminated
head runs of specified lengths n are investigated under varying probability values.
We evaluate the contaminated runs and present results for the case of T'=1. We
performed our simulations in R package.

Example 1 (Number of at most T-contaminated runs of heads.). The figures
below show the empirical distribution of the at most T-contaminated head run and

its approximation suggested by theorem 2 and denoted by the red dots.



8 Simulation Results

For 2000 simulations, N = 1.5 x 10, p = {0.5,0.55} and T = 1 we try out

different run lengths n to generate our results. Analysis of the above figures reveal

Number of at most t=1 contaminated head run of length 20 Number of at most t=1 contaminated head run of length 24
© w
n S P
= ° S o
=} °
o
E 4
o
I
8
o o
z z o
[ z
3 g S g |
S
=} =
= &
8 8 J a
e T T T 1 ° T T T T T 1
20 40 60 80 0 10 20 30 40 50
N=1500000andp=05 N =1500000 and p=055
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Figure 1.1: Distribution of the length of at most T' = 1 contaminated head run

a reasonable fit indicating convergence to the suggested compound Poisson distri-

bution.

Example 2 (First hitting time for at most T-contaminated head runs of any spec-
ified length). The figures below show the empirical distribution of the first hitting
time of the at most T-contaminated head Tun and its approximation suggested by
theorem 3 and denoted by the red dotted line.

For 2000 simulations, N = 1.5 x 10%,p = {0.5,0.55} and T = 1 with various

run lengths n, we obtain the results.

First hitting time for t=1 contaminated head runs of length 20 First hitting time for =1 contaminated head runs of length 23
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N=1500000andp=05 N =1500000 and p=055
(a) (b)

Figure 1.2: Distribution of first hitting times for "= 1 contaminated head runs

The figures reveal near perfect fit between the empirical and theoretical distri-

butions for T =1 even with higher values of p.
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Example 3 (Length of longest at most T-contaminated head runs). The figures
below show the empirical distribution of the length of the longest T-contaminated
head run and its approximation suggested by theorem 4 and denoted by the red
doted line.

This variable is independent of the length n and to investigate its properties,
we consider N = 1.5 x 10%,p = {0.55,0.6} and T = 1.

Longest t=1 contaminated head run distribution Longest t= 1 contaminated head run distribution

o«

Fnix)
Fnix)

T T T T T T T T T T T T T
-5 0 5 10 15 20 5 0 5 10 15 20 25

N =1500000 and p = 0.55 N=1500000 andp=0.6
(a) (b)
Figure 1.3: Distribution of the length of longest 7' = 1 contaminated head run
The figures reveal perfect fit between the empirical and theoretical distributions

for T =1 even with higher values of p. However, some slight left skewness is

observed which generally tend to diminish as p increases.



Chapter 2

Convergence rate for the
longest T-contaminated head

rumns

In this part of the summary, we list the results of our paper Fazekas, Fazekas, and
Suja (2024). We describe the background of our problem, rate of convergence for
the longest T-contaminated head runs. We consider the previous approximation
provided by Theorem 1 of Gordon et al. (1986) and after performing some
manipulations to the approximation of the length of the longest run, we state the

following;

Proposition 3. (Gordon et al. (1986)) Let u* (N) denote the length of the
longest T'-contaminated run of heads during the coin tossing experiment of length
N. Let

mo(N) = log(gN) + T log(log(¢N)) + T'log(q/p) — log(T"),

where log denotes the logarithm to base 1/p. Let [mo(N)] denote the integer part
of mo(N) and {mo(N)} denote the fractional part of m(N). Then

P(u" (N) = [mo(V)] < k) = exp(—p" 1)) 4 o(1).

where o(1) denotes a quantity converging to 0 as N — oo.

However, numerical experiments show that the above offered approximation is

quite weak and we therefore aim at improving the result for the quite simple but

10
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most important cases of T'=1 and T = 2.

Let us consider a set of independent and identically distributed random vari-
ables, denoted as X7, X5, -+, Xy with P(X; = 1) = p and P(X; = 0) = g,
1=1,2,...,N. Let T > 0 be a fixed non - negative integer.

We study the T-interrupted runs of heads which means that there are 1" zeros
in an m length sequence of ones and zeros. So if we let m be a positive integer and
A, = A, ., to denote the occurrence of the event at the nth step ,that is, there
are precisely T' zeros in the block of sequence X, X;11,... Xntm—1. Here, we
clarify that the condition X,,_; = 0 is not assumed. Therefore, P(A; Ay - - Ay)
is the probability that no event Ay = A; ,, occurred in any of the first N blocks
of length m i.e the waiting time for the T-contaminated run of heads of length m
described by A; is longer than N.

We let 7, be the first hitting time of the T-contaminated run of heads having

length m. We wish to find the asymptotic distribution of 7, as m — oco.

Theorem 5. Let T =1 orT =2,0<p<1. Let 7,,, be the first hitting time for
the T' contaminated run of heads having length m. Then, for x > 0,

P(tmaP(Ay) > x) ~e™®

m—1

asm — oco. Hereif T =1, then a = q+% and P(A;) = mp™~1q. However,

when T =2, then a = ¢ — 2 and P(A;) = () p™ 24>

Remark 4. One can show that the above Theorem is valid for T = 2 with o =
2(m—2) _m— 2(m—4)  m—
4= g+ A M,
Now, we turn to the case of the length of the longest T-contaminated run of
heads, provide the approximation of its length and the accompanying distribution

from which the rate of convergence is evaluated.

Theorem 6. Let T =1 or T =2, and let 0 < p < 1 be fived. Let u*(N) be the
length of the longest T'-contaminated run of heads during N times of coin tossing.
Let

m(N) =log(gN) + T log(log(qN))+
olog(log(gN)) T 1% (log(log(¢N))\*
T clog(gN) cqolog(gN)  2¢ ( log(gNV) ) "
2 log(log(gV)) , . 5log(log(qN))
cqo(log(gN))? (clog(gNV))?

+ (Tlog(Z) —log(T!)> <1+ T —T21°g(1°g(qN))>,

clog(gN) c(log(qNN))?
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where log denotes the logarithm to base 1/p and ¢ = In(1/p), where In denotes
the natural logarithm to base e. Let [m(N)| denotes the integer part of m(N) while
{m(N)} denotes the fractional part of m(N), i.e. {m(N)} = m(N) — [m(N)].
Then,

(k—{m(N)})(l—ClogT(qN)+T2 105(1"(%(1‘\1,1;’))2)) 1
P(u” (N)=[m(N)] < k) =e? 1 g
(4T ()~ [m(N)] < ) = ¢ (1+0 (g ))
for any integer k, where f(N) = O(h(N)) means that f(N)/h(N) is bounded as
N — oo.

Remark 5. Using our method for T =1 and T = 2 and for mo(N) from the above
proposition (3), we obtain that the rate of convergence is O(log(log(N))/log(N)),
that is;

P (N) = [mo(N)] < k) = exp (=p*~ ")) (14 O(log(log(N) / 1og(N))

By doing a comparison of the two approximations, it can be seen that our Theorem
6 considerably improves Theorem 1 of Gordon et al. (1986) in the cases of T =1
and T = 2.

We now present preliminary proofs to some Lemmas in Cséki et al. (1987)

which plays a fundamental role in the proofs of our theorems.

Lemma 1. (main lemma, stationary case, finite form). Let m be fized. Assume
that A, is stationary. Assume that there is a fized number p, 0 < p < 1, such that
the following three conditions hold for some fired k with 2 < k < m, and fized ¢
with 0 < € < min{p/10,1/42}

(1)
IP(Ag - -+ Ak A1) — p| <,
(SII)
Z P(Ai|A1) < e,
k+1<i<2m
(SIII)
P(Ay) <e/m.
Then, for all N > 1, B _
P(ds - A|A1)

— —p| < Te
P(As - Ay) p
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and

e~ (p+10e)NP(A1)—2mP(A1) P(A; - Ay) < o~ (P—=10)NP(A1)+2mP (A1) (2.1)

We check conditions (SI) - (SIII) of the Lemma, for the case k = m and try
verifying them with appropriate choices of €. This made it possible to determine

the limiting distribution of the waiting time 7,,, = {first n; such that A, occurs}.

Remark 6. We first considered condition (SIII) and show that it is true for any

T if m is large enough. We have

m — mT m— €
P(Ay) = <T>pm Tqh < TP g < —

T
mItpm < ¢ <p> T,
q

and the last inequality is satisfied for any positive € if m is large enough.

Remark 7. Consider condition (SII).

T
m _ m _
P(Ai|A1) = P(Ai) = (T>pm TqT < m TqT7

if i > m because of independence. So

2m m mT

> P(AiA) =mP(4) = m<T)pm_TqT <mop™ Tt <e,
1=m-+1 !

therefore we obtain again condition (SIII) hence condition (SII) is true if m is

large enough.

To check condition (SI) of the Lemma, we separately evaluated the joint prob-
abilities P(A; Ay - - - A,) taking into account different values of T'. First, we fixed
T=1.

Lemma 2. Condition (SI) of the Lemma, stationary case finite form is satisfied

for T =1 and k = m in the following form

[P(A2 - Ap|A1) — af <&,

m—1_4

with o = ¢ + 22°—=1,

m
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Lemma 3. Condition (SI) of the Lemma, stationary case finite form is satisfied

for T =2 and k = m in the following form

|]P(A2A3 .. Am‘Al) — Oé‘ <eg,
with a = q— 2 + O(p™) as as m — 0o

Remark 8. A more careful calculation shows that the Lemma, stationary case

finite form is valid for T =2 with a = q— 2 + me_z - me_l, too.

Simulation Results

In this section, we begin by presenting simulation results that demonstrate the
numerical behaviour of the first hitting time 7, for a T-contaminated head run.
The obtained findings provide empirical evidence in favor of Theorem 5.
Example 4. Let p = 0.5, length of the coin tossing experiment denoted as N =
108, while the number of the repetitions of the experiment s = 2000.

0.9 —— —-sim 0.9 o sim
08 / 08
0.7 / 0.7
06 / 06
05 05
04 04
03 03} |
02 02

0.1 0.1

(a)First hitting time, T'=1 (b) First hitting time, T = 2

Figure 2.1: Comparison of empirical and asymptotic distribution

Figure 2.1 shows the first hitting time of the T-contaminated run with lengths
of n =13 and 27, corresponding to T values of 1 and 2, respectively. The empiri-
cal distribution, represented by the solid line in the simulation, is contrasted with
the asymptotic theoretical distribution, depicted by the dashed line as described in
Theorem 5. The fit of the item is satisfactory.

We now present simulation results for u(N), i.e. for the length of the longest T-
contaminated run. They show that our new approximation in Theorem 6 is better

than the former one quoted in Proposition 3. We implemented the simulation in
Matlab.
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Example 5. Let p = 0.5, T = 1, length of the coin tossing experiment N = 10°
and the number of the repetitions of the experiment s = 2000. On parts (a) and
(b) of Figure 2.2 sign o shows the theoretical asymptotic probability and * shows
the relative frequency of those experiments when u' (N), that is the longest T-

contaminated run is shorter than the given value on the horizontal axis.

4 New theorem 4 Old theorem
Coas ¥
¥

*
09 ® theor 09
08 * 08
07 ? 07
06 06
05 ¥ 05
04 04
03 % 03
02 02

0.1 @ 01

0 0
-30 20 -10 0 10 20 30 -30 20 10 0 10 20 30

(a) Longest run (new) (b) Longest run (old)

Figure 2.2: Comparison of empirical and asymptotic distribution

Part (a) of Figure 2.2 shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by our Theorem 6. This shows a nice fit.
Part (b) of Figure 2.2 shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by the old result quoted in Proposition 3. The distri-

bution does not fit nicely.

Convergence rate

In order to assess the numerical accuracy of the approximation to the limit dis-
tribution, the uniform distance measure, also known as Kolmogorov’s distance

measure, is employed. This measure is defined as
de(X,Y) = di(Fx; Fy) = sup|Fx (z) — Fy (z)|

, where X and Y represent random variables with distribution functions F'x and
Fy, respectively.The determination of the rate of convergence will be deduced
through the utilization of Kolmogorov’s distance measures.

Example 6 (Convergence rate). We performed the coin tossing experiment of
length N = 10%, with 2000 repetitions and calculated the Kolmogorov’s distance.
In the table below, T is the number of contaminations, p is the probability of heads.

K14 is the Kolmogorov’s distance between the empirical distribution of u(N) and
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the asymptotic distribution given by the old result quoted in Proposition 3. The
values are high hence indicating a poor fit. Ki,ey s the Kolmogorov’s distance
between the empirical distribution of u(N) and the asymptotic distribution given

by our Theorem 6. The values are low hence indicating a relatively good fit.

T D Koq Krew

1 0.5 0.0778 0.0264
2 0.4 0.1948 0.0172
2 0.5 0.2129 0.0148
2 0.6 0.1953 0.0250

Table 2.1: Kolmogorov’s distance measure



Chapter 3

Limit theorems for runs
containing two types of

contaminations

In this chapter we list the results of our paper Fazekas, Fazekas, and Suja (2023).
We defined and investigated the at most two-type contaminated sequence of runs
with trinary trials. Let X3, Xs,..., Xy be a sequence of independent random
variables with three possible outcomes; 0, +1 and -1 labeled as success, failure of
type I and failure of type II.

P(X;=0)=p, P(X;=+1)=q¢ and P(X; = —1) = g2 where p+¢q1 +q2 =1
and p>0, g1 >0, g2>0.

An m length sequence is called a pure run if it contains only 0 values. It is
called a one-type contaminated run if it contains precisely one non-zero element
either a +1 or a -1. On the other hand, it is called a two-type contaminated run
if contains precisely one +1, and one -1 while the rest of the elements are 0’s.

A run is called at most two-type contaminated if it is either pure, or one-
type contaminated, or two-type contaminated. So for an arbitrary fixed m, let
A, = A, ., denote the occurrence of the event at the nt? step ,that is, there is at
most a two-type contaminated run in the sequence X, X;,41,... Xp4m—1 and let
A,, be its non-occurrence.

Let 7,,, be the first hitting time of the at most two-type contaminated run of
heads having length m. We shall be interested in finding the limiting distribution
of 7, as m — oo for the case of a sequence containing at most two types of

contamination but no two of the same type.

17



18 Limit theorems for runs containing two types of contaminations

Theorem 7. Let P(X; = 0) = p, P(X; = +1) = ¢1 and P(X; = —1) = ¢q2 be
probabilities of success, failure of type I and failure of type II, respectively where
p+aqgi+qg=1andp>0, g1 >0, go2>0. Let T, be the first hitting time of the

at most two-type contaminated run of heads having length m. Then, for x > 0,
P(rpaP(A1) > x) ~e™ ™

as m — oo. Here . .
CO + Ecl + 702

m(m—1)

- p(1—p) »’
1+ (m—1)q1q2 + m(m—1)q1q2

(&%

2 2 2 2 2 2(2
where; Cy = (q1 + q2), C1 = 7”(%11252) —1,Cy = 751?1(1;(%_)% + ppj + 2@ptDa19s &tll))%m and

P(Ay) =p™ +m(1 —p)p™ ' +m(m —1)p™ 2qi1q2

We again check the fulfilment of the conditions given in the main Lemma of
Cséki et al. (1987) for the case of k = m (for fixed m) and 0 < p < 1, such that
for e > 0:

Remark 9. First, we shall consider condition (SIII) and show that it is true for

any large enough m.

P(Ay) =p™ +m(1 — p)pm_1 +m(m — 1)pm_2q1q2

p(l —p) P’ } < E
(m—=1Dqqg mm-1qagep) ~ m

=m(m — 1)p" *qqo {1 +

This inequality is true for any positive € if m is large enough.

(log N)®
N

If m ~ log N, then p™ =~ p'o8 N % and then, € ~ . (Here, log denotes

logarithm to base % )

Remark 10. Now, considering condition (SII), if © > m, then A; and Ay are

independent, therefore

Zm ]P(AZ|A1) = mP(Al) <e€

i=m-+1

which gives precisely the previous assumption on satisfaction of condition (SIII).

Lemma 4. Condition (SI) is satisfied for k = m in the following form

|P(A2,A37 e 7A7m|A1) - Oé| <e¢
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with
Co + %Cl + mc&

= p(1—p) p?
1+ (m—1)q1q2 + m(m—1)qi1q2

(07

Let pu(N) be the length of the longest at most two-type contaminated run in
X1,Xs,..., Xn. Then,
{u(N) < m} <= Any m length run in Xy, Xo,..., Xy is neither two-type con-
taminated nor one-type contaminated nor pure.

Theorem 8. Let 0 < p < 1 be fized. Let u(N) be the length of the longest at most
two-type contaminated run in X1, Xs,..., Xn. Then for k > 0,

H(k—{m(N)}Ho(m)

B(u(N) — [m(N)] < k) ="

~= 40 ()

:ep

Here,

m(N) = log(Copquq2) + H(k — {m(N)}) + O ((loglN)g’)

, Co=(q1 + q2) and

2X 4 loglog N ¥ 2 4loglog N 1 1

2
HX)= -X+ ClogN ~ C (logN)2 ~ CClog NP~ ~ CllogNE~ T
8(log log N)? 4(loglog N) X2 4 Ci—Cy 1 X4
C(logN)3 C(log N)3 CCy (log N)?
4(Cy — Cy) loglog N
CCy  (logN)3
2 4 loglog N C1—Cy 1
= X e N T Clog N2 T TCC, ogNE T
N (4(01 -Co) 8) loglog N 8 (loglog N)*
CCy C?) (logN)3 C (logN)3
1 1 5  4loglog N _ o
" C (logN)? C (logN)3

Simulation results

By considering analysis at the beginning of the proof of Theorem 8, we can see that
the lemma of Csaki et al. (1987) offers good approximation if p is small, but it
does not offer good approximation if p is close to 1. However, our simulation study
show that the approximation for the longest run is very good for small values of

p, but it is still appropriate if p is close to 1.
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We performed several computer simulations for certain fixed values of p, ¢;
and ¢o. The left hand side part of each figure shows the empirical distribution of
the longest at most two-type contaminated run and its approximation suggested
by Theorem 8. Asterisk (i.e. #*) denotes the result of the simulation, i.e. the
empirical distribution of the longest at most two-type contaminated run and circle
(o) denotes approximation offered by Theorem 8.

The right hand side of each figure shows the first hitting time of the m-length at
most two-type contaminated run. Solid line shows the result of the simulation for
the distribution function and dashed line shows the distribution function 1 —e™*
suggested by our Theorem 7.

Example 7. Let p = 1/3, ¢1 = 1/3, g2 = 1/3. The length of the coin tossing
experiment is N = 3 x 10%, the number of the repetitions of the experiment is
s = 3000.

09 09
08 & 08
07 07
06 06
05 05
04 0.4
03 03
02 ’ 02

0.1 0.1

-15 -10 -5 0 5 10 15 20 0 1 2 3 4 5 6 7 8 9
(a) Longest run (b) First hitting time, m = 16

Figure 3.1: Longest at most two-type contaminated run and the first hitting time

The figure 3.1 shows the fit of the empirical distribution of u(N) to the asymp-
totic distribution given by our Theorem 8. The fit is good.

Example 8. Let p = 0.6, g1 = 0.2, go = 0.2. The length of the coin tossing
experiment is N = 4 x 10%, the number of the repetitions of the experiment is
s = 3000 in both cases.

The figure 3.2 shows the fit of the empirical distribution of u(N) to the asymp-
totic distribution given by our Theorem 8. The fit is not good.
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Figure 3.2: Longest at most two-type contaminated run and the first hitting time
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