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Chapter 1

Introduction

Artificial intelligence (AI) and machine learning (ML) have undergone
a profound transformation over the past decades, establishing them-
selves as critical technologies across a wide range of application do-
mains. Within AI, computer vision has emerged as one of the most
dynamic and practically impactful fields, providing the foundation for
advances in areas such as autonomous driving, medical diagnostics,
environmental monitoring, and augmented reality. As visual data be-
comes increasingly complex and abundant, and as sensing systems op-
erate in more diverse and uncontrolled environments, there is a growing
demand for methods that can operate robustly under adverse condi-
tions, incomplete observations, or structural variations.

Among the many open challenges in computer vision, two funda-
mental aspects stand out: the availability of realistic and representative
training data and the reliability and generalizability of prediction mod-
els. Data-driven models, especially deep neural networks, are known to
achieve impressive performance when trained on high-quality datasets.
However, in real-world scenarios, such datasets often lack coverage of
rare events, adverse weather conditions, or other edge cases. This mo-
tivates the need for advanced simulation techniques that can augment
existing data with physically plausible variations, particularly in the
context of safety-critical applications.

On the other hand, the performance of deep classifiers, including
convolutional neural networks (CNNs), is heavily influenced by their
sensitivity to the training distribution. Despite their expressive power,
individual CNNs often exhibit limited robustness when deployed across
diverse environments or domains. To address this limitation, ensemble
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learning offers a principled way to aggregate multiple models and im-
prove both predictive performance and uncertainty estimation. How-
ever, the effectiveness of ensemble methods critically depends on the
diversity of the constituent models, a factor that is often overlooked or
not optimized in sufficient detail in standard settings.

This dissertation addresses two independent but equally pressing
problems situated within this broader context:

First, we propose a new strategy for increasing the diversity and
robustness of CNN ensembles. While ensemble learning is a well-
established tool in statistical learning theory, its practical applica-
tion in deep learning is still evolving. In particular, we introduce
a loss function augmented with a Pearson correlation-based penalty
term that discourages correlated predictions among ensemble mem-
bers. This term is designed to penalize jointly made incorrect pre-
dictions while preserving agreement on correct decisions. By doing
so, we guide the optimization process toward learning complementary
decision boundaries. The result is an ensemble that is not only more
accurate, but also more resilient to out-of-distribution inputs. Further-
more, our method facilitates the construction of lightweight ensembles
with minimal computational overhead, making it suitable for resource-
constrained deployment scenarios.

Second, we investigate the development of a physically based al-
gorithm for simulating synthetic fog in outdoor images by discretizing
the Radiative Transfer Equation (RTE). The accurate modeling of vis-
ibility degradation caused by atmospheric scattering is crucial for de-
veloping autonomous vehicles and robotics perception systems. Unlike
traditional fog augmentation techniques that assume homogeneous fog
or rely on heuristic image blending, our method is grounded in first-
principles physics. It captures spatial inhomogeneity, depth-dependent
attenuation, and anisotropic scattering, thereby enabling the genera-
tion of fog effects that are both perceptually plausible and physically
interpretable. Although the computational cost of the complete RTE
solution is high, we propose an optimized tensor-based implementa-
tion that balances realism with efficiency. This enables the generation
of large-scale, high-quality datasets for training and evaluation under
degraded visibility conditions.

The central scientific challenges addressed in this work include:

• Improving the diversity and robustness of CNN ensembles by
explicitly penalizing correlated outputs during training and ana-
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lyzing the trade-off between accuracy and diversity.

• Overcoming the limitations of traditional fog simulation models
by developing a discretized, learnable version of the RTE suitable
for image-space synthesis of non-homogeneous fog.

• Demonstrating the effectiveness of the proposed methods on mul-
tiple datasets, including both natural, medical and real-world im-
agery, and providing a comprehensive empirical evaluation using
appropriate metrics.

• Bridging the gap between physical modeling and machine learn-
ing by integrating parameter estimation into the fog simulation
pipeline via differentiable loss functions.

The contributions of this dissertation reflect a dual commitment:
improving algorithmic reliability in classification tasks via ensemble
diversity and enhancing the realism of synthetic data via physically
grounded simulation. Though distinct in nature, these directions con-
verge in their relevance to practical computer vision systems that must
operate under uncertainty and environmental variation.

The dissertation is organized as follows:

• Chapter 2 reviews the necessary theoretical background in deep
learning, ensemble methods, and radiative transfer theory, em-
phasizing the bias–variance trade-off and model uncertainty.

• Chapter 3 presents our correlation-penalized ensemble training
framework, including its mathematical formulation, theoretical
justification, and empirical validation across various datasets.

• Chapter 4 details the physically based fog generation pipeline,
including the discretization of the RTE, the numerical solver,
and parameter learning via gradient-based optimization.

• Chapter 5 summarizes the main findings, discusses their impli-
cations for robust computer vision, and outlines directions for
future research including real-time adaptation and multimodal
integration.
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Chapter 2

Background and Notation

2.1 General Notation and Learning
Paradigms

We denote the dataset by D, whose elements depend on the machine
learning paradigm under consideration:

• Unsupervised learning: D = {x(i)}mi=1, x(i) ∈ Rn, where no
external labels are provided.

• Supervised learning: D = {(x(i), y(i))}mi=1, where x(i) is the
input and y(i) is the corresponding label of the i-th example.

• Self-supervised learning: D = {x(i)}mi=1, where labels are au-
tomatically derived from the structure of the data itself (e.g., via
contrastive objectives or context prediction).

In practice, the dataset D is typically divided into three disjoint
subsets:

D = Dtrain∪Dval∪Dtest, Dtrain∩Dval = Dtrain∩Dtest = Dval∩Dtest = ∅.

• Dtrain: Used to learn the model parameters by minimizing the
training loss.

• Dval: Used for model selection and hyperparameter tuning; it
monitors generalization during training.
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• Dtest: Used only once after training to evaluate final model per-
formance on unseen data.

This split helps to ensure that the model generalizes well and is not
overfitted to the training set.

In supervised settings, the goal is to approximate an unknown func-
tion f : X → Y with a model hΘ parameterized by Θ, such that
hΘ(x

(i)) ≈ y(i) (Sometimes hΘ(x(i)) is referred by ŷ(i)).
Common supervised tasks:

• Regression: y(i) ∈ Rn or a continuous space.

• Classification: y(i) ∈ {1, . . . , L}, where L is the number of
classes.

The model’s performance is usually measured via a loss function
L(y, ŷ) such as:

• Mean squared error (MSE): L(y, ŷ) = ∥y − ŷ∥2

• Cross-entropy (CE): L(y, ŷ) = −
∑L

c=1 yc log ŷc

2.1.1 Bias–Variance Trade-Off
A critical concept in generalization is the bias-variance trade-off:

• Bias: Error due to simplifying assumptions (e.g., underfitting).

• Variance: Error due to sensitivity to training data (e.g., overfit-
ting).

A good learning algorithm balances these components. Mathemat-
ically, for a learned hypothesis h and target function f , the expected
prediction error can be decomposed as:

ED[(h(x)− f(x))2] = Bias2 + Variance + Irreducible noise.

This decomposition is central in evaluating model capacity and
generalization performance.
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2.2 Core Concepts in Deep Learning

Deep neural networks consist of layers of parameterized transforma-
tions. CNNs are specialized for image processing.

2.2.1 CNN Architecture Components
CNNs are composed of several key building blocks, each contributing
to hierarchical feature extraction and classification.

• Convolutional Layers: These layers apply learnable filters
(also called kernels) W ∈ Rk×k×cin×cout to local spatial regions
of the input X. The 2D discrete convolution (without bias) at
position (i, j) for channel m is given by:

Zm(i, j) := (X ∗W )m(i, j) =
k−1∑
u=0

k−1∑
v=0

cin∑
c=1

Wu,v,c,m ·Xi+u,j+v,c.

Two important hyperparameters control the convolution behav-
ior:

– Stride s: The step size with which the kernel moves over
the input. The larger stride reduces the spatial resolution.

– Padding p: Zero-padding around the input to preserve di-
mensions. With padding p and stride s, the output size nout

for input size nin and kernel size k is:

nout =

⌊
nin − k + 2p

s

⌋
+ 1.

• Pooling Layers: These perform spatial downsampling on Z to
reduce dimensionality and increase translation invariance. The
most common types are:

– Max Pooling: Takes the maximum value over a region:

P (i, j) = max
(u,v)∈Ri,j

Z(u, v),

where Ri,j denotes the pooling region around position (i, j).
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– Average Pooling: Computes the average over the region:

P (i, j) =
1

|Ri,j|
∑

(u,v)∈Ri,j

Z(u, v).

• Fully Connected (Dense) Layers: Each neuron in a fully
connected layer receives input from all neurons in the previous
layer. Given an input vector x ∈ Rn, a weight matrix W ∈ Rm×n,
and a bias vector b ∈ Rm, the output is computed as:

y = σ(Wx+ b),

where σ(·) denotes a non-linear activation function such as ReLU
or sigmoid. The output vector y ∈ Rm serves as the input to the
next layer. Fully connected layers are commonly used in the
final stages of classification networks, but they may also appear
in intermediate layers to project features to different dimensions.

• Activation Functions: Nonlinearities applied after convolution
or fully connected layers. Common examples include:

– ReLU (Rectified Linear Unit):

ReLU(x) = max(0, x).

– Leaky ReLU:

LeakyReLU(x) =

{
x if x ≥ 0,

αx if x < 0,

where α ∈ (0, 1) is a small constant (e.g., α = 0.01).

– Sigmoid:

σ(x) =
1

1 + e−x
, σ(x) ∈ (0, 1).

– Tanh (Hyperbolic Tangent):

tanh(x) =
ex − e−x

ex + e−x
, tanh(x) ∈ (−1, 1).
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– Softplus (Smooth ReLU):

Softplus(x) = ln(1 + ex).

• Softmax Output: Used in the final classification layer to con-
vert logits zi into a probability distribution over classes:

Softmax(zi) =
ezi∑
j e

zj
.

It ensures that
∑

i Softmax(zi) = 1, making it suitable for multi-
class classification.

2.2.2 Model Optimization
The goal of training a neural network is to find a parameter vector
Θ ∈ Rd that minimizes a loss function L(Θ,D), given a dataset D =
{(x(i), y(i))}mi=1.

In full-batch gradient descent, the parameters are updated itera-
tively as follows:

Θ← Θ− α∇ΘL(Θ,D),

where α > 0 is the learning rate and ∇ΘL denotes the gradient of the
loss with respect to the parameters. However, evaluating the gradient
over the entire dataset can be computationally expensive and memory-
intensive.

In practice, Stochastic Gradient Descent (SGD) and its vari-
ants are preferred. These methods operate on mini-batches B ⊂ D of
size B ≪ m, yielding the update rule:

Θ← Θ− α∇ΘL(Θ,B),

where the loss is approximated over the mini-batch:

L(Θ,B) = 1

B

∑
(x,y)∈B

L(hΘ(x), y),

and ℓ is a sample-wise loss function, e.g., cross-entropy or MSE.
To improve convergence and stability, adaptive methods dynami-

cally adjust the learning rate for each parameter:

8



• RMSProp: Maintains a moving average of squared gradients to
normalize parameter updates. The update rule is:

vt ← βvt−1 + (1− β)(∇ΘL)2,

Θ← Θ− α · ∇ΘL√
vt + ε

,

where β ∈ [0, 1) is the decay rate, and ε is a small constant for
numerical stability.

• Adam: Combines momentum and adaptive learning rates using
estimates of both first and second moments:

mt ← β1mt−1 + (1− β1)∇ΘL,
vt ← β2vt−1 + (1− β2)(∇ΘL)2,

Θ← Θ− α · mt√
vt + ε

,

where β1, β2 ∈ [0, 1) are decay rates and ε is a small constant for
numerical stability.

This process is repeated for multiple epochs, each consisting of sev-
eral mini-batch updates. Batches are typically sampled randomly at
each epoch to avoid overfitting to data order and to ensure better gen-
eralization.

2.2.3 Architectures
Popular CNN architectures have evolved significantly over the past
decade, each introducing key innovations that contributed to break-
throughs in image classification and other computer vision tasks.

• AlexNet [1]: Marked a major breakthrough by winning the Im-
ageNet 2012 competition by a large margin. Its key innovations
included the use of ReLU activations (instead of sigmoid/tanh),
overlapping max-pooling, and GPU-accelerated training, which
demonstrated the feasibility of large-scale deep learning.

• VGG [2]: Proposed a very deep architecture using only 3 × 3
convolutional filters and 2×2 max-pooling. The simplicity of the
network and the uniform design of the layers facilitated general-
ization and transfer learning. It highlighted that depth alone, if
properly structured, can lead to performance improvements.
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• ResNet [3]: Introduced residual connections, which allows the
training of extremely deep networks (e.g., 152 layers) without
vanishing gradients. The residual block computes F (x) + x in-
stead of just F (x), enabling the network to learn the residual
mappings. This innovation laid the foundation for many subse-
quent architectures.

• MobileNet [4]: Optimized for mobile and embedded devices,
MobileNet introduced depth-wise separable convolutions, which
factorize standard convolutions into depth-wise and point-wise
steps. This drastically reduces the number of parameters and
computations while preserving competitive accuracy.

Beyond classical CNNs, recent years have seen the rise of Vision
Transformers (ViTs) [5] and hybrid CNN-Tuner models [6] as compet-
itive alternatives in computer vision. ViTs treat images as sequences
of patches and apply self-attention mechanisms to capture long-range
dependencies, often achieving state-of-the-art results in classification,
detection, and segmentation tasks. Although they typically require
large-scale datasets and computational resources for practical training,
their ability to model global context represents a significant advantage
over purely convolutional approaches.

Building on this idea, hierarchical variants such as the Swin Trans-
former [7] further improved scalability and efficiency by introducing
shifted window attention, making them competitive in a wide range
of vision tasks. In parallel, hybrid architectures combine CNN-based
feature extractors with Transformer layers to leverage the strengths
of both paradigms: the inductive biases and efficiency of convolutions
with the flexibility and global receptive field of self-attention. Rep-
resentative examples include Bottleneck Transformers [8], CoAtNet
[9], and CMT [10], which consistently demonstrates improved accu-
racy–efficiency trade-offs and strong generalization in domains ranging
from natural images to medical imaging and remote sensing.

Together, these developments reflect the evolution of vision archi-
tectures from convolution-only designs toward attention-based and hy-
brid models, expanding the toolbox for building expressive and efficient
classifiers.

Although this dissertation focuses primarily on CNN ensembles,
these emerging architectures provide promising directions for future
research. In particular, the principles of diversity promotion through
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correlation penalization, introduced in this work, could also be ex-
tended to ensembles composed of ViTs or CNN-Transformer hybrids,
potentially amplifying their robustness in safety-critical applications.

2.3 Ensemble Learning:
Principles and Measures

Ensemble learning aims to improve predictive performance and robust-
ness by combining multiple base models {hi}Ni=1. The effectiveness of
an ensemble stems not only from the strength of the individual learn-
ers, but critically from their diversity—i.e., the ability to make different
errors.

2.3.1 Aggregation Strategies
Given input x ∈ Rd, the ensemble prediction Fens(x) is obtained by
aggregating the outputs {hi(x)}. Common strategies include:

• Simple Averaging:

Fens(x) =
1

N

N∑
i=1

hi(x),

used primarily for regression or soft classification outputs (e.g.,
softmax scores).

• Weighted Averaging:

Fens(x) =
N∑
i=1

wihi(x), with
N∑
i=1

wi = 1, wi ≥ 0,

where weights may be learned or derived from validation accu-
racy.

• Majority Voting:

Fens(x) = argmax
y

N∑
i=1

χy(hi(x)),
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applicable to classification with discrete outputs and χy(·) is the
indicator function defined as

χy(hi(x)) =

{
1, if hi(x) = y,

0, otherwise.

• Stacking: A meta-learner (e.g., MLP or SVM) is trained on the
predictions {hi(x)} to compute the final output.

• Bagging (Bootstrap Aggregating): Trains each model on a
different bootstrap sample. Aggregation typically uses averag-
ing or majority voting. Bagging reduces variance and increases
stability.

• Boosting: Models are trained sequentially, each correcting the
errors of the previous one. The final prediction is a weighted
sum. Boosting reduces bias but is sensitive to noise.

2.3.2 Training Paradigms
• Offline Ensembles: Each hi is trained independently. Diversity

is typically induced via random initialization, different architec-
tures, or data augmentation.

• Online Ensembles: All hi are trained jointly within a unified
architecture. This allows for direct enforcement of ensemble-level
objectives, such as accuracy and diversity, through a shared loss:

L = Lmain + λ · Ldiversity,

where λ ∈ R+ balances task accuracy and output decorrelation.

2.3.3 Diversity Metrics
Ensemble success relies on individual accuracy and prediction diversity.
Several metrics quantify diversity:

• Disagreement Rate:

Dis(hi, hj) =
1

m

m∑
k=1

I[hi(xk) ̸= hj(xk)],

where I is the indicator function and m is the number of samples.
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• Pearson Correlation:

ϱ(Fi, Fj) =
Cov(Fi, Fj)

σFi
σFj

,

where Fi ∈ RK are softmax outputs. Used as a penalty term in
this dissertation.

• Ambiguity:

A(x) =
1

N

N∑
i=1

(
hi(x)− h̄(x)

)2
, h̄(x) =

1

N

N∑
i=1

hi(x),

which measures variance among outputs at a given input.

2.3.4 Diversity Promotion Strategies
• Implicit: Via data augmentation, architecture variation, or dif-

ferent initialization seeds.

• Explicit: Diversity is enforced during training using specialized
loss terms:

– Negative Correlation Learning (NCL) [11]

– KL-divergence between outputs

– Pearson correlation-based penalty (used in this work)

2.4 Radiative Transfer in Computer Vision

The Radiative Transfer Equation (RTE) [12, 13] provides a physically
grounded framework for modeling the propagation of light in partic-
ipating media such as fog, haze, or smoke. It captures key physical
processes including absorption, scattering, and emission, and plays a
crucial role in simulating realistic atmospheric effects in computer vi-
sion and graphics.

In the general time-dependent, spectral form, the radiance function
L depends on spatial position x ∈ R3, direction σ ∈ S2, time t ∈ R,
and wavelength λ ∈ R>0. The full integro-differential form of the RTE
is:
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1

c

∂L

∂t
(x, σ, t, λ) + ⟨∇xL(x, σ, t, λ), σ⟩ =

−K(x, t, λ)L(x, σ, t, λ) + S(x, σ, t, λ)

+Ks(x, t, λ)

∫
S2
ϕ(σ, ω, t, λ)L(x, ω, t, λ) dS(ω)

(2.1)

where:

• K(x, t, λ) is the extinction coefficient (sum of absorption and
scattering),

• Ks(x, t, λ) is the scattering coefficient,

• ϕ(σ, ω, t, λ) is the phase function describing angular redistribu-
tion,

• S(x, σ, t, λ) is the emission source term,

• c is the speed of light in the medium.

The general form of the RTE in a monochromatic, stationary and
emission-free setting is given by:

∂L(r, σ)

∂r
= −K(r, σ)L(r, σ) +Ks(r, σ)

∫
S2
L(r, ω)ϕ(ω, σ) dω,

where:

• L(r, σ) denotes the radiance at position r in direction σ,

• K(r, σ) is the extinction coefficient (comprising both absorption
and scattering),

• Ks(r, σ) is the scattering coefficient,

• ϕ(ω, σ) is the phase function describing angular scattering prob-
ability from direction ω to σ,

• and S2 denotes the unit sphere representing all possible direc-
tions.

This formulation allows modeling of light attenuation (via K), as
well as in-scattering contributions from all directions (via the integral
term). Importantly, the RTE is capable of describing highly anisotropic
and inhomogeneous media, which makes it particularly well-suited for
simulating realistic fog.
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2.4.1 Special Case: Koschmieder’s Law
In homogeneous fog with isotropic scattering:

L(d) = L0e
−Kd + Lair(1− e−Kd).

This corresponds to a zeroth-order approximation of RTE.
For implementation and dataset synthesis, see Chapter 4.
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Symbol Meaning

D Entire dataset
Dtrain Training set
Dval Validation set
Dtest Test set
x(i) Input feature vector for the i-th sample
y(i) True label for the i-th sample
ŷ(i) Predicted label for the i-th sample
f Ground truth target function
h, hΘ Model / hypothesis parameterized by Θ
Θ Model parameters
L(y, ŷ) General loss function
ℓ Sample-wise loss function (e.g., MSE, CE)
α Learning rate
L Number of output classes
LCE Cross-entropy loss
Lcorr Correlation-based penalty term
ϱ Pearson correlation coefficient
A Prediction ambiguity (diversity metric)
cin, cout Number of input/output channels
nin, nout Input/output spatial dimensions
χy(·) Indicator function for class y
ϕ(ω, σ) Phase function (angular scattering)
K or β Extinction coefficient
Ks Scattering coefficient
S(x, σ, t, λ) Emission source term in RTE
L(x, ω) Radiance at point x in direction ω
L0 Initial radiance from the object
Lair Background airlight in Koschmieder’s model

Table 2.1: Extended summary of key symbols used in this thesis.
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Chapter 3

Increasing CNN Ensemble
Diversity via Correlation
Penalty

3.1 Motivation

CNNs have become dominant tools in digital image processing, achiev-
ing state-of-the-art performance in tasks such as classification, detec-
tion, localization, and segmentation [14, 15, 16, 17, 18, 19, 20, 21, 22,
23, 24]. Their success is largely due to their capacity to learn hierar-
chical feature representations from data through convolutional filters.
Nevertheless, the performance of a single CNN model can be limited
by overfitting, architectural biases, and variance in decision bound-
aries. To overcome these challenges, ensemble learning has emerged as
a powerful strategy to improve generalization and robustness.

The idea of combining multiple learners into an ensemble dates
back to early foundational work by Hansen [25], who demonstrated
that an ensemble of neural networks can outperform individual mod-
els. Since then, ensemble techniques have gained prominence across
multiple machine learning domains including regression [26, 11], clas-
sification [27, 28, 29], semantic segmentation [30], and metric learning
[31].

However, building an effective ensemble is not merely about aggre-
gating predictions. It depends critically on two factors: (i) the accu-
racy of individual models and (ii) the diversity among them. Without
sufficient diversity, ensemble members tend to make similar errors, lim-
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iting the potential performance gains.
Several strategies have been proposed to achieve output diversity.

Classical methods involve training models with different initializations,
architectures [32, 33, 34], data subsets, or through variations in prepro-
cessing [35, 28]. Others rely on cyclic learning rate schedules, such as
Snapshot Ensembles [36, 37, 38], or introduce architectural manipula-
tions such as layer splitting [39]. Although these methods are effective,
they are often applied in a manner offline: models are trained indepen-
dently, and their outputs are combined post hoc. This setting makes
it difficult to optimize ensemble diversity during training directly.

Aggregation strategies themselves can be categorized as simple av-
eraging [32], weighted voting [34, 26], majority voting [39, 35, 40],
or meta-learning-based fusion via support vector machines, random
forests, or multilayer perceptrons [27, 41]. While these methods enable
output fusion, they do not address diversity explicitly.

A more promising approach lies in online ensembles, where the ag-
gregation is integrated into the network architecture. Through a joint
fully connected layer or trainable fusion module, CNNs can be trained
simultaneously, allowing the entire ensemble to learn collaboratively
[42, 43, 31, 44]. Such architectures are computationally more efficient
and open up new opportunities for loss-level diversity constraints.

Among loss-level strategies, Negative Correlation Learning (NCL)
[11] stands out. NCL introduces a penalty term into the loss function
that encourages the base learners to differ in their predictions. Though
initially proposed for regression with multilayer perceptrons (MLPs),
it has since been adapted to convolutional networks for crowd count-
ing and image super-resolution [42], and for classification tasks using
variants of AdaBoost [45]. More recent efforts also employ cosine simi-
larity [43], KL-divergence, or mutual information to encourage output
decorrelation.

Despite these advances, most methods either assume Mean Squared
Error (MSE) loss or lack fine-grained control over how correlation af-
fects correct versus incorrect classifications. This motivates our pro-
posed method, which integrates a Pearson correlation-based penalty
term into the cross-entropy loss. The key idea is to penalize strongly
correlated incorrect predictions, while allowing members to agree on
correct ones. This provides a more nuanced and task-appropriate for-
mulation of diversity, particularly suitable for classification problems.

In our earlier work [46], we explored ensemble structures using sev-
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eral well-known CNNs (AlexNet [47], GoogLeNet [48], ResNet [49],
and VGGNet [50]) and showed how statistical aggregation could im-
prove performance without expanding the training set. However, these
ensembles were loosely coupled and trained independently.

Later, we proposed an architectural fusion framework that con-
nects member CNNs through a shared fully connected layer [51], en-
abling joint training and backpropagation through the ensemble. This
dissertation further enhances this architecture by adding a Pearson-
correlation-based regularization term to the loss function. This term
promotes functional diversity by penalizing redundant output behav-
ior, particularly for incorrect predictions.

Through comprehensive experimentation on both natural and clin-
ical image datasets, we demonstrate that the proposed method:

• Improves ensemble classification accuracy across tasks.

• Reduces the frequency of jointly made misclassifications.

• Provides a scalable and architecture-agnostic ensemble training
framework.

The architecture and loss-based training methodology described in
this chapter, aimed at promoting diversity in CNN ensembles via Pear-
son correlation penalization, were originally published in our study
"Composing Diverse Ensembles of Convolutional Neural Networks by
Penalization" [52]. The detailed analysis and experimental results pre-
sented here are derived from that publication, with additional context
and critical interpretation adapted for inclusion in this dissertation.

3.2 Learning Methodology and Network
Architecture

In recent years, numerous CNN architectures have been developed
for natural image classification, including GoogLeNet [48], AlexNet
[47], ResNet [49], VGGNet [50], DenseNet [53], and MobileNet [54],
among others. Many of these architectures are publicly available as
pre-trained models trained on the large-scale ImageNet [55] dataset,
consisting of approximately 1.28 million labeled images across 1,000
categories . This makes them ideal candidates for transfer learning
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[56], where we fine-tune pre-trained weights using task-specific data.
Alternatively, if sufficient labeled data are available, models may be
trained from scratch by initializing the network weights randomly.

This study considers both approaches: transfer learning and train-
ing from random initialization. Multiple CNNs are integrated into a
unified ensemble network, producing a directed acyclic computational
graph where the final layers are fused. Specifically, we concatenate the
outputs of the member networks via a fully-connected (FC) layer. This
fusion strategy allows us to jointly exploit the representational power
of multiple CNNs while enabling the model to learn how to combine
their outputs effectively.

The core challenge in ensemble learning is to increase the classi-
fication performance by leveraging the strengths of individual models
while mitigating their correlated weaknesses. A critical scenario arises
when multiple members of the ensemble misclassify the same sample
in the same way, leading to strongly correlated errors and reduced
ensemble effectiveness. This commonly occurs because the networks
are trained on the same data and optimized using the same objective
function.

To address this issue, we propose a methodological innovation that
jointly optimizes the CNN ensemble while explicitly encouraging di-
versity among the members, particularly in their misclassification pat-
terns. We achieve this by augmenting the conventional categorical
cross-entropy loss function with a novel penalty term that measures
the pairwise correlations of the ensemble outputs and the target one-
hot vector. This encourages the ensemble members to make different
errors, thereby increasing the robustness and generalization capacity
of the final model.

In practice, we construct the ensemble by interconnecting well-
known CNNs — pre-trained or randomly initialized — via a shared
FC layer, followed by a softmax activation. The parameters of the fu-
sion layer and the CNNs are updated simultaneously using backprop-
agation. The loss function L for training takes the following general
form:

L = LCE + λ · Lcorr,

where LCE denotes the standard categorical cross-entropy loss and
Lcorr represents the correlation penalty that discourages redundant er-
rors among CNNs. The hyperparameter λ > 0 controls the trade-off
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between accuracy and diversity.
Cross-entropy is selected as the base loss since it is widely used

in classification tasks and serves as a component in several hybrid loss
functions, particularly in object classification [57, 58, 59, 60]. Nonethe-
less, our method is flexible and supports alternative loss formulations
as well.

By incorporating this diversity-oriented penalty directly into the
training objective, we ensure that the final ensemble not only per-
forms well in terms of accuracy but also exhibits improved robustness
through diversified member behavior. This forms the basis of this dis-
sertation’s methodological contribution, setting the stage for the de-
tailed formulation of the Pearson correlation-based penalty in the next
section.

3.2.1 The Fusion of the Member Networks
To implement the ensemble structure as a single trainable neural net-
work, we propose a specific architectural fusion of N CNNs. Instead
of treating each CNN as an independent module followed by post-hoc
prediction fusion, we integrate them at the architectural level, resulting
in an end-to-end trainable system.

In the proposed framework, we begin by modifying each individ-
ual CNN. Their final softmax layers are removed, and their original
fully connected (FC) output layers are replaced with new task-specific
FC layers, whose output dimensionality equals the number of target
classes, denoted by L. These task-specific FC layers transform the
learned features into class logits, which are subsequently normalized
into probability vectors.

The outputs of all member CNNs are concatenated and passed
through an additional trainable fusion fully connected layer (hereafter
referred to as the fusion FC ), as illustrated in Figure 3.1. While the
task-specific FC layers generate predictions for each individual CNN,
the fusion FC is designed to learn an adaptive combination of these
predictions. Formally, it applies a weighted linear transformation to
the concatenated outputs and produces an aggregated representation,
which is then normalized by a final softmax layer to yield the ensemble
probability distribution. This design enables the fusion FC to empha-
size or down-weight individual networks depending on their reliability,
providing a more flexible and learnable alternative to naive averaging

21



or majority voting.

Figure 3.1: Architecture of the proposed ensemble of CNNs. Task-
specific FC layers are used to produce class-level outputs for each CNN,
which are concatenated and passed through a fusion FC layer to obtain
the ensemble prediction.

Let the training dataset be denoted by:

{x(n), y(n)}, n = 1, . . . ,M,

where x(n) is the n-th input sample and y(n) ∈ RL is its corresponding
one-hot encoded class label. Here, M denotes the total number of
training examples and L the number of distinct classes, typically with
L≪M .

Let h(n)i denote the output of the task-specific FC layer of the i-th
CNN for input x(n), producing a probability vector over the L classes.
These vectors are concatenated and passed through the fusion FC,
which computes a weighted combination of the CNN outputs:

F̃ (n)
ens =

N∑
i=1

Aih
(n)
i ,

where each Ai is a learnable weight matrix of size L×L associated with
the i-th CNN. The matrices Ai are initialized close to scaled identity
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matrices:

Ai =


1
N

ε · · · ε
ε 1

N
· · · ε

...
... . . . ...

ε ε · · · 1
N

 , (3.1)

where ε ≈ 0. This initialization approximates a simple arithmetic
mean of the CNN outputs. However, since the Ai matrices are trainable
parameters, they are updated during training through backpropagation
to learn an optimal combination of the base learners’ outputs.

To ensure that the ensemble prediction represents a valid probabil-
ity distribution over the classes, a final softmax layer is applied:

F (n)
ens = softmax

(
F̃ (n)

ens

)
.

This fusion mechanism enables the model to jointly learn both the
CNN parameters and their optimal combination strategy in a fully end-
to-end fashion. It also provides a flexible structure that supports diver-
sity enforcement, which is addressed in the following section through
the introduction of a Pearson correlation-based regularization term.

3.2.2 Loss Function:
Diversity-Penalized Training Objective
To enhance the diversity of the ensemble and reduce the occurrence
of jointly made incorrect predictions, we extend the traditional classi-
fication loss with a novel correlation-based penalty term. This term,
grounded in the Pearson correlation coefficient, is designed to penalize
correlated misclassifications while tolerating agreement on correct pre-
dictions. The goal is to achieve higher ensemble accuracy by explicitly
encouraging diverse decision boundaries among the member CNNs.

As discussed earlier, we denote the original classification loss by
LCE, which in our case is the categorical cross-entropy. This loss en-
courages each individual network to learn to classify input samples
correctly.

Pearson Correlation Coefficient. LetX = (X1, . . . , XK) and Y =
(Y1, . . . , YK) be K-dimensional real vectors. The Pearson correlation
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coefficient ϱ(X, Y ) between X and Y is defined as:

ϱ(X, Y ) =
1

K − 1

K∑
i=1

(
Xi −X
σX

)(
Yi − Y
σY

)
=

∑K
i=1(Xi −X)(Yi − Y )√∑K

i=1(Xi −X)2
∑K

i=1(Yi − Y )2
,

where X and Y denote the means, and σX , σY the standard deviations
of the vectors X and Y , respectively.

Penalty Matrix. For each training sample x(n) with one-hot label
vector y(n), let h(n)i denote the softmax output of the i-th CNN. Define
the (N + 1)× (N + 1) symmetric correlation matrix C(n) as:

C(n) =


ϱ(h

(n)
1 , h

(n)
1 ) · · · ϱ(h

(n)
1 , h

(n)
N ) −ϱ(h(n)1 , y(n))

ϱ(h
(n)
2 , h

(n)
1 ) · · · ϱ(h

(n)
2 , h

(n)
N ) −ϱ(h(n)2 , y(n))

... . . . ...
...

ϱ(h
(n)
N , h

(n)
1 ) · · · ϱ(h

(n)
N , h

(n)
N ) −ϱ(h(n)N , y(n))

−ϱ(y(n), h(n)1 ) · · · −ϱ(y(n), h(n)N ) ϱ(y(n), y(n))

 .

Based on C(n), we define the correlation-based penalty Lcorr over
the full training set of M samples as:

Lcorr =
1

M

M∑
n=1

[
N∑
i=1

N∑
j=i

C
(n)
ij +N

N+1∑
i=1

C
(n)
i,N+1

]
. (3.2)

The first term in brackets accumulates the upper triangular entries of
the N × N block of C(n), quantifying mutual correlation among the
CNNs. The second term encourages each CNN to align with the target
label vector y(n), by penalizing negative or weak correlations (since the
correlation terms enter with a minus sign). Note that the diagonal
values C(n)

ii = 1 are constant and serve as regularization anchors.
The formulation in Equation (3.2) is justified by the following

proposition, which asserts that the penalty term Lcorr grows with the
level of correlated error:

Proposition 1 Including the penalty term (3.2) provides a loss func-
tion having increasing values according to the order of the following
cases:
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• all the experts (member networks) classify the n-th training sam-
ple correctly,

• some of the experts do not assign the n-th training sample to the
true class, but their outputs are different classes,

• some of the experts classify the n-th training sample in the same
false class,

• all experts assign the n-th training sample to false classes, but
these classes differ,

• all experts assign the n-th training sample to the same false class.

Proof. Considering only one input data item, let us investigate the
value of the corresponding part of the penalty term (i.e., only one term
of the outer sum in (3.2), so here we omit the upper index n). Denote
by Lcorr0 the value in the perfect classification case with hi = d for
all i = 1, . . . , N , i.e., when all experts assign the correct class to the
given sample with probability 1. Then all the correlation coefficients
are equal to 1, and

Lcorr0 =
N(N + 1)

2
−N2 +N = −N

2
(N − 3).

Now, perturbing one of the hi vectors (e.g. h1) we have µ1 :=
ϱ(h1, d) < 1 and

ϱ(h1, hj) = µ1 < 1, j = 2, . . . , N.

Denoting by Lcorr1 the current penalty term we obtain that

Lcorr1 = ϱ(h1, h1) +
N∑
i=2

ϱ(h1, hi)−Nϱ(h1, d)

+
N∑
i=2

N∑
j=i

ϱ(hi, hj)−N
N∑
i=2

ϱ(hi, d) +Nϱ(d, d)

= 1 + (N − 1)µ1 −Nµ1 +
(N − 1)N

2
−N(N − 1) +N

= −N
2
(N − 3) + 1− µ1 = Lcorr0 + 1− µ1 > Lcorr0,
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which shows the farther is h1 from the perfect case, the larger is the
penalty.

If we perturb the next vector (h2), too, then µ2 := ϱ(h2, d) < 1 and

ϱ(h2, hj) = µ2 < 1, j = 3, . . . , N.

The values ϱ(h1, hj) remain unchanged for j = 3, . . . , N , and introduc-
ing the variable µ12 := ϱ(h1, h2), the penalty term Lcorr2 can be written
as

Lcorr2 = ϱ(h1, h1) +
N∑
i=3

ϱ(h1, hi)−Nϱ(h1, d) + ϱ(h2, h2)

+
N∑
i=3

ϱ(h2, hi)−Nϱ(h2, d)

+ ϱ(h1, h2) +
N∑
i=3

N∑
j=i

ϱ(hi, hj)−
N∑
i=3

ϱ(hi, d) +Nϱ(d, d)

= 1 + (N − 2)µ1 −Nµ1 + 1 + (N − 2)µ2 −Nµ2

+ µ12 +
(N − 2)(N − 1)

2
− (N − 2)N +N

= Lcorr1 + (1− µ2) + (1 + µ12 − µ1 − µ2).

If µ12 = 1, which means h1 = h2, then Lcorr2 > Lcorr1. When µ12 =
1, or µ12 ≈ 1, i.e., the h1, h2 vectors are highly correlated, then the
penalty depends on the fact whether these vectors are close to d, or
not. In the first case (when they are not the perfect one-hot vector,
but close to it) µ1 ≈ 1 and µ2 ≈ 1, so Lcorr2 ≈ Lcorr1. If h1 and h2 are
farther from d (eventually they miss the correct class), then µ1 << 1
and µ2 << 1, the penalty is larger.

In general, let us denote by Lcorrk the value of the penalty term
when the first k vectors are not perfect one-hot ones. Then for every
i ∈ {1, . . . , k}

µi := ϱ(hi, d) = ϱ(hi, hj) < 1, j = i+ 1, . . . , N.

If we perturb the next vector(hk+1), too, then only the terms
N∑
i=1

ϱ(hk+1, hi)−Nϱ(hk+1, d) =
k∑

i=1

ϱ(hk+1, hi) + ϱ(hk+1, hk+1)

+
N∑

i=k+2

ϱ(hk+1, hi)−Nϱ(hk+1, d)
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change in Lcorrk. The value of
k∑

i=1

ϱ(hk+1, hi) is
k∑

i=1

µi and
k∑

i=1

µi,k+1 in

Lcorrk and in Lcorrk+1, respectively, where µi,k+1 := ϱ(hi, hk+1) < 1
for i = 1, . . . , k. ϱ(hk+1, hk+1) = 1 in both cases, while for i = k +
2, . . . , N the correlation ϱ(hk+1, hi) is 1 in Lcorrk and µk+1 := ϱ(hk+1, d)
in Lcorrk+1.

Hence, we obtain that

Lcorrk+1 = Lcorrk +
k∑

i=1

µi,k+1 −
k∑

i=1

µi

+ (N − (k + 1))µk+1 − (N − (k + 1))−Nµk+1 +N

= Lcorrk + (k + 1) +
k∑

i=1

µi,k+1 −
k∑

i=1

µi − (k + 1)µk+1

= Lcorrk + (1− µk+1) +
k∑

i=1

[1 + µi,k+1 − µi − µk+1] .

Similarly as before, if µi,k+1 ≈ 1, for some i, i.e. hk+1 is close to
hi, and they are close to d as well, then 1 + µi,k+1 − µi − µk+1 ≈ 0,
so it does not change the penalty significantly. If the vectors hi and
hk+1 are close to each other, but farther from d, then µi << 1 and
µk+1 << 1, hence 1 + µi,k+1 − µi − µk+1 > 0, the penalty is larger. □

The complete loss function employed during training is defined as:

L = LCE + λLcorr, (3.3)

where λ ≥ 0 controls the influence of the correlation-based penalty
term. Larger values of λ promote greater diversity among ensemble
members, but if set too high, may adversely affect classification accu-
racy. Therefore, λ should be selected through hyperparameter tuning.

To facilitate efficient training, we derive the gradient of Lcorr with
respect to each softmax output component h(n)k,m of the k-th CNN:

∂Lcorr

∂h
(n)
k,m

=
1

M

M∑
n=1

 N∑
j=1
j ̸=k

∂C
(n)
kj

∂h
(n)
k,m

+N
∂C

(n)
k,N+1

∂h
(n)
k,m

 .
The partial derivative of the Pearson correlation coefficient with
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respect to Xm is given by:

∂ϱ(X, Y )

∂Xm

=
(Ym − Y )−

∑K
i=1(Xi−X)(Yi−Y )∑K

i=1(Xi−X)2
(Xm −X)√∑K

i=1(Xi −X)2
∑K

i=1(Yi − Y )2
.

These derivatives are implemented in the gradient flow to allow end-
to-end training of the ensemble network with the proposed diversity-
promoting objective.

When justifying the choice of correlation metric, it’s important to
highlight that the Pearson correlation coefficient offers several practical
advantages in the context of ensemble training. First, it is computa-
tionally efficient and differentiable, making it well-suited for integra-
tion into gradient-based optimization pipelines. Second, it directly
measures linear dependency between the softmax output vectors of
ensemble members, which is often sufficient to capture redundancy in
incorrect classifications. Its values are also easily interpretable within
a bounded range [−1, 1], providing a stable regularization signal across
datasets and architectures.

Nonetheless, the Pearson correlation is limited to linear relation-
ships. In principle, non-linear dependencies among ensemble mem-
bers could be better captured using alternative measures, such as
Spearman’s rank correlation, mutual information, or KL-divergence.
These metrics, however, are computationally more expensive and less
straightforward to differentiate, which may hinder their scalability to
large ensembles. Moreover, empirical evidence from our experiments
suggests that linear correlation is already a strong and sufficient proxy
for output redundancy. Investigating non-linear correlation penalties
remains an interesting direction for future research, especially in sce-
narios where ensemble members exhibit complex non-linear interac-
tions.

3.3 Architectures, Datasets and Evaluation
Metrics

To comprehensively assess the efficacy of the proposed Pearson corre-
lation-based ensemble regularization, we performed systematic exper-
iments across multiple domains. This section details the architectural
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setup of neural networks, the data sets used for evaluation, and the
performance metrics used for quantitative and qualitative evaluation.

3.3.1 CNN Ensemble Architectures
The ensemble architecture is constructed by fusing the outputs of N
CNNs via a shared FC layer, followed by a final softmax classifier. Each
CNN serves as a backbone feature extractor and is adapted to the cur-
rent classification task by replacing its original classification head with
a custom FC layer that outputs L-dimensional logits, corresponding
to the number of target classes.

The motivation behind using multiple CNNs in ensemble configu-
ration stems from leveraging their complementary strengths and im-
proving their individual classification performance. In particular, the
backbone networks selected for this study: AlexNet[61], VGG16[50],
ResNet50[49], MobileNetV2[54] and GoogLeNet Inception-v3 [48] have
all demonstrated strong performance in both natural and medical im-
age classification tasks [62].

Backbone Architectures.

• AlexNet consists of 5 convolutional layers, some of which are
followed by max-pooling, and 3 fully connected layers, with the
penultimate FC layer containing 4,096 neurons.

• VGG16 comprises 13 convolutional layers using 3×3 kernels and
is followed by 3 fully connected layers. Its architectural simplicity
combined with depth makes it a robust feature extractor.

• MobileNetV2 utilizes an inverted residual structure and light-
weight depthwise separable convolutions. It starts with a con-
volutional layer of 32 filters and includes 19 bottleneck residual
blocks.

• ResNet50 includes 48 convolutional layers, one max-pooling,
and one average-pooling layer. It employs residual identity map-
pings to mitigate vanishing gradients in deep architectures.

• GoogLeNet Inception-v3 adopts parallel inception modules
for multi-scale feature extraction and has been shown to be par-
ticularly effective in dermatological image classification.
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Each CNN was either randomly initialized or fine-tuned from the
pre-trained ImageNet weights. To construct the ensemble, the orig-
inal final FC layers were removed and replaced with new FC layers
that corresponded to the number of output classes. Then these were
concatenated and passed through a joint fusion layer, which learns to
integrate the predictions. The final classification is obtained by apply-
ing a softmax activation to the output of the fusion layer.

Two types of ensembles were studied:

• Homogeneous Ensembles: Composed of multiple instances of
the same CNN architecture (e.g., 3×AlexNet, 3×VGG16), ini-
tialized independently. This setup is useful to observe how the
penalty term λLcorr affects diversity even when architectural va-
riety is absent.

• Heterogeneous Ensembles: Combine different CNN architec-
tures (e.g., AlexNet + ResNet50 + MobileNetV2 or AlexNet +
VGG16 + Inception-v3). These are naturally more diverse due
to architectural differences and are expected to benefit further
from the penalty term.

All ensemble architectures were implemented in TensorFlow/Keras
and trained end-to-end using backpropagation. The training objective
includes the categorical cross-entropy loss and the proposed Pearson
correlation-based penalty term, weighted by the hyperparameter λ.
As detailed in Section 3.2.1, this formulation encourages the ensemble
members to learn decorrelated representations while maintaining task-
specific discriminative power.

Altogether, four ensemble configurations were constructed to en-
able comprehensive evaluation (see Figure 3.2). These include both
homogeneous and heterogeneous setups, with and without the correla-
tion penalty.

As we shall see in Section 3.4, these configurations enable a compar-
ative analysis of how architectural diversity and penalization interact
to influence overall classification accuracy and robustness.

3.3.2 Datasets and Preprocessing
To evaluate the effectiveness of our proposed ensemble training frame-
work with the Pearson correlation-based penalty, we conducted a com-
prehensive set of experiments on four publicly available image datasets.

30



Figure 3.2: Ensemble networks composed by connecting different mem-
ber architectures. Homogeneous ensembles (a) and (b) contain multi-
ple instances of the same CNN, while heterogeneous ensembles (c) and
(d) integrate diverse backbone architectures.

These datasets span both natural and clinical image domains and were
selected to reflect classification tasks with varying levels of complex-
ity, resolution, and class balance. Figure 3.3 illustrates representative
samples from each dataset.

ISINI Dataset

The ISINI dataset, introduced by Roy et al. [63], contains 6,899 natural
scene images distributed across eight categories: airplane, car, cat,
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Figure 3.3: Sample images from the (a) ISINI, (b) CIFAR-10, (c) DR,
and (d) ISIC image sets.

dog, flower, fruit, motorbike, and person. The number of samples
per class is nearly balanced, ranging from 702 to 1,000 images, thus
supporting stable training across all categories. The original image
resolutions vary significantly (from 43× 114 to 2, 737× 2, 229 pixels),
so we resized all images to a uniform resolution of 227 × 227 pixels
for compatibility with standard CNN input layers. The dataset was
partitioned into a training set of 5,519 images and a test set of 1,380
images, maintaining the original class distribution. Sample images are
shown in Figure 3.3(a).

CIFAR-10 Dataset

The CIFAR-10 dataset [64], created by Krizhevsky et al., is a bench-
mark for image classification and is widely used for evaluating CNN
performance. It consists of 60,000 color images of 32 × 32 pixels, di-
vided evenly into 10 classes (airplane, automobile, bird, cat, deer, dog,
frog, horse, ship, and truck). The dataset is split into 50,000 training
and 10,000 test images. Due to its small image resolution, we modified
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the input layers of the CNNs rather than resizing the images. Sample
images are shown in Figure 3.3(b).

Diabetic Retinopathy (DR) Dataset

To evaluate our method in the clinical domain, we constructed a com-
prehensive Diabetic Retinopathy (DR) classification dataset by com-
bining three publicly available resources: the Kaggle DR dataset [65],
the Messidor database [66], and the Indian Diabetic Retinopathy Im-
age Dataset (IDRiD) [67]. Each image was labeled according to DR
severity: no DR (DR0), mild (DR1), moderate (DR2), severe (DR3),
and proliferative DR (DR4).

The merged dataset contains 18,127 training and 4,529 test images,
with the following class distributions: 9,975/2,493 for DR0, 2,085/520
for DR1, 4,537/1,134 for DR2, 757/189 for DR3, and 773/193 for DR4.
Image resolutions vary widely from 400× 315 to 5, 184× 3, 456 pixels.
Sample images are shown in Figure 3.3(c).

ISIC Skin Lesion Dataset

To further evaluate our method for medical image classification, we uti-
lized the ISIC 2017 skin lesion dataset [68]. The training set contains
2,000 manually annotated dermoscopic images classified into three cat-
egories: nevus (1,372 images), melanoma (374 images), and seborrheic
keratosis (254 images). Evaluation was performed on a separate test
set with 393 nevus, 90 melanoma, and 117 seborrheic keratosis sam-
ples. All images were resized to 224 × 224 pixels prior to training.
Representative samples are shown in Figure 3.3(d).

Data Augmentation Strategy

For the ISINI, DR, and ISIC datasets, the number of available train-
ing images in certain classes is relatively limited. This poses a risk of
overfitting, particularly when using large ensemble architectures. To
mitigate this, we applied standard data augmentation techniques dur-
ing training, in line with the recommendations for deep learning-based
classification tasks [55]. The augmentations include:

• Random horizontal flipping,
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• Image rotation with randomly chosen angles,

• Shearing transformations up to 20◦,

• Random zoom in the range of [0.8, 1.2].

These transformations increase the diversity of the training data and
promote better generalization of the CNNs and their ensembles.

3.3.3 Training Protocol and Hyperparame-
ters
All models were trained using the Adam optimizer with initial learn-
ing rate 10−5, batch size 32, and a maximum of 100 epochs. Early
stopping based on validation loss was employed to avoid overfitting.
For ensemble training, we experimented with multiple values of the
regularization coefficient λ ∈ {0, 0.5, 1.0, 5.0}.

The all proposed networks were trained using TensorFlow’s multi-
GPU MirroredStrategy, with weights distributed across NVIDIA TI-
TAN RTX and RTX 2080 Ti GPUs.

3.3.4 Evaluation Metrics
To assess ensemble classification performance, we primarily relied on
the following metrics:

• Accuracy: The overall proportion of correctly predicted sam-
ples, computed as:

Accuracy =
1

m

m∑
i=1

χy(i)(ŷ
(i)),

where ŷ(i) is the predicted label and y(i) the ground truth for the
i-th sample.

• Double/Triple Miss Count: For ensembles, we additionally
computed the number of test samples that were misclassified by
at least two (double miss) or all (triple miss) ensemble members.
These quantities serve as empirical indicators of model diversity:
lower joint error rates indicate reduced correlation among mem-
ber predictions.
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Each experiment was repeated five times with different random
seeds. The reported results include the mean and standard deviation
of the accuracy and miss counts. To support qualitative analysis, con-
fusion matrices and bar diagrams of ensemble prediction overlaps were
also examined.

3.4 Experimental Results

This section presents a comprehensive evaluation of the proposed en-
semble training method with the Pearson correlation-based penalty.
Our primary objectives were (i) to validate whether the introduced
penalty increases ensemble diversity and (ii) to quantify its impact on
classification performance across natural and medical imaging datasets.

3.4.1 Evaluation on the ISINI Dataset
The ISINI dataset [63] contains eight balanced categories of natural
images (e.g., airplane, cat, fruit), offering a relatively clean and low-
noise classification scenario. This makes it an ideal candidate to test
the impact of ensemble diversity on classification accuracy without
additional complications from data imbalance or low-resolution inputs.

In this experiment, we utilized three independently initialized in-
stances of AlexNet as ensemble members in a homogeneous setting.
These models were trained together using a loss function that incorpo-
rated varying values of the diversity penalty coefficient, denoted as λ,
with values of λ ∈ {0, 0.5, 1, 5}. We then compared the performance
of these models to that of:

• A single AlexNet baseline,

• Classic ensemble fusion methods Simple Majority Voting (SMV),
Weighted Majority Voting (WMV), and Averaging (AVE) using
separately trained AlexNets.

As seen in Table 3.1, the proposed ensemble training method out-
performs both the single AlexNet and the classic fusion techniques
(SMV, WMV, AVE). Notably, even the unregularized ensemble (λ = 0)
achieves better accuracy than the baseline and traditional ensemble
methods.
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Table 3.1: Classification accuracy of different setups of AlexNet on the
ISINI set.

CNN architecture value of λ accuracy total # of double missed triple missed

missed images

single AlexNet - 0.9328 ± 0.0029 92.6 ± 4.04 - -

SMV - 0.9465 ± 0.0047 74 ± 6.53 51.0 ± 4.12 27.8 ± 3.50

WMV - 0.9462 ± 0.0041 74 ± 5.67 51.0 ± 4.12 27.8 ± 3.50

AVE - 0.9504 ± 0.0021 68 ± 2.96 51.0 ± 4.12 27.8 ± 3.50

AlexNet multi 0 0.9543 ± 0.0013 63 ± 1.73 50.4 ± 3.42 27.6 ± 3.51

AlexNet multi 0.5 0.9636 ± 0.0021 50 ± 2.94 36.2 ± 3.99 24.0 ± 3.67

AlexNet multi 1 0.9650 ± 0.0018 48 ± 2.49 32.0 ± 4.99 25.0 ± 4.30

AlexNet multi 5 0.9617 ± 0.0013 52 ± 1.78 31.4 ± 2.82 24.4 ± 2.96

The introduction of the Pearson correlation-based penalty leads to
consistent gains in both accuracy and diversity. With λ = 0.5 and
λ = 1, the ensemble reaches its peak performance ( 96.3%), while the
number of jointly misclassified samples ("double missed" and "triple
missed") drops significantly compared to λ = 0 and the baseline en-
sembles.

Interestingly, when λ = 5, we observe a slight reduction in overall
accuracy, although the number of double/triple missed samples contin-
ues to decrease. This confirms the regularization trade-off: excessive
penalization may compromise accuracy by forcing overly divergent out-
puts.

The ISINI experiment demonstrates the effectiveness of the pro-
posed ensemble architecture and the correlation-based penalty. It con-
firms that even when using clean, balanced datasets, encouraging di-
versity through penalization enhances both the robustness of individ-
ual models and the overall performance of the ensemble. A setting
of λ = 0.5 or λ = 1 offers the best balance between diversity and
accuracy.

3.4.2 Evaluation on the CIFAR-10 Dataset
with AlexNet
The CIFAR-10 [64] dataset is a widely used benchmark in image clas-
sification, containing 60,000 color images of size 32 × 32 across 10
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categories. Due to its relatively low resolution and higher inter-class
ambiguity compared to ISINI, this dataset is particularly useful for
evaluating how ensemble diversity affects performance in a more chal-
lenging visual context.

In this experiment, we employed three independently initialized
instances of AlexNet in a homogeneous ensemble configuration. The
models were trained jointly using the proposed loss function, with λ
values ranging from 0 to 5 similarly as before. We also compared the
results to single-model performance and classical ensemble methods.

Table 3.2: Classification accuracy of different setups of AlexNet on the
CIFAR-10 set.

CNN architecture value of λ accuracy total # of double missed triple missed

missed images

single AlexNet - 0.6431 ± 0.0056 3 569 ± 56 - -

SMV - 0.6308 ± 0.0024 3 692 ± 25 3 797 ± 362 2692 ± 130

WMV - 0.6258 ± 0.0044 3 741 ± 44 3 797 ± 362 2692 ± 130

AVE - 0.6554 ± 0.0079 3 446 ± 79 3 797 ± 362 2692 ± 130

AlexNet multi 0 0.6471 ± 0.0031 3 529 ± 31 3 093 ± 248 2 741 ± 79

AlexNet multi 0.5 0.6656 ± 0.0059 3 343 ± 59 2 124 ± 165 2 290 ± 48

AlexNet multi 1 0.6683 ± 0.0035 3 316 ± 35 2 077 ± 254 2 294 ± 45

AlexNet multi 5 0.6646 ± 0.0042 3 354 ± 42 2 130 ± 261 2 295 ± 119

Table 3.2 shows that classical ensemble fusion methods (SMV,
WMV) do not improve over the single model; in fact, they slightly
underperform. The simple averaging method (AVE) yields a modest
gain over the baseline, highlighting the difficulty of ensemble learning
in high-variance, low-resolution tasks without explicit regularization.

By contrast, our joint training method—especially with λ = 0.5
and λ = 1, clearly improves both the accuracy and robustness. The
best-performing configuration (λ = 1) achieves an accuracy of 66.83%,
outperforming all baselines. Furthermore, the number of jointly mis-
classified samples is significantly lower, indicating enhanced diversity
between the ensemble members.

Notably, while increasing λ from 0 to 1 results in consistent im-
provement, pushing λ to 5 slightly decreases accuracy without further
gains in diversity. This again highlights the trade-off between too much
diversity (which may lead to desynchronization) and insufficient penal-
ization (which may lead to redundancy).
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These results confirm that even with relatively weak backbone
models such as AlexNet on CIFAR-10, our correlation-based ensem-
ble method consistently outperforms traditional training and naive fu-
sion strategies. The model benefits most from moderate diversity en-
forcement (λ = 1), striking an effective balance between independent
learning and ensemble coherence.

3.4.3 Evaluation on the CIFAR-10 Dataset
with VGG16
VGG16 is a deeper architecture with greater representational capacity
then AlexNet, making it a strong candidate for evaluating how archi-
tectural capacity interacts with ensemble diversity mechanisms. Using
the same CIFAR-10 dataset, we assessed whether diversity promotion
via Pearson correlation penalization could further boost the already
solid performance of VGG16-based ensembles.

We constructed a homogeneous ensemble composed of three inde-
pendently initialized VGG16 models and trained them jointly under
varying penalty strengths (λ ∈ {0, 0.5, 1, 5}). As before, we compared
our approach to a single VGG16 model and to classical fusion tech-
niques.

Table 3.3: Classification accuracy of different setups of VGG16 on the
CIFAR-10 set.

CNN architecture value of λ accuracy total # of double missed triple missed

missed images

single VGG16 - 0.8051 ± 0.0016 1 949 ± 16 - -

SMV - 0.7800 ± 0.0243 2 199 ± 243 2 036 ± 274 660 ± 48

WMV - 0.8197 ± 0.0111 1 802 ± 111 2 036 ± 274 660 ± 48

AVE - 0.8331 ± 0.0060 1 668 ± 60 2 036 ± 274 660 ± 48

VGG16 multi 0 0.8743 ± 0.0013 1 256 ± 13 1 537 ± 318 661 ± 49

VGG16 multi 0.5 0.8923 ± 0.0024 1 077 ± 25 812 ± 31 540 ± 13

VGG16 multi 1 0.8931 ± 0.0018 1 068 ± 18 818 ± 30 526 ± 30

VGG16 multi 5 0.8892 ± 0.0027 1 108 ± 27 908 ± 44 545 ± 29

Table 3.3 highlights several key findings. First, the single VGG16
model outperforms all AlexNet-based configurations (cf. Section 3.4.2),
underlining the strength of deeper architectures. However, even with
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such a strong baseline, our proposed ensemble strategy yields substan-
tial improvements.

Compared to the single model, the unregularized ensemble (λ = 0)
increases accuracy by almost 7%, indicating that joint training alone
is beneficial. More importantly, adding the correlation-based penalty
with λ = 0.5 or λ = 1 leads to additional gains, reaching a maximum
of 89.31% accuracy and a sharp drop in jointly missed samples.

As in previous experiments, setting λ = 5 causes a slight drop in
both accuracy and diversity metrics, supporting the conclusion that
excessive penalization may interfere with learning relevant shared pat-
terns.

The VGG16 experiment on CIFAR-10 further validates the efficacy
of diversity-driven training, even in the context of strong base learn-
ers. Our ensemble method consistently improves upon classical fusion
strategies, with λ = 1 again providing an optimal trade-off between
accuracy and diversity.

3.4.4 Evaluation on the Diabetic Retinopa-
thy Dataset
The DR dataset presents a substantially more complex and clinically
significant classification task, involving fundus images labeled accord-
ing to disease severity. The dataset poses unique challenges due to the
high intra-class variability and subtle visual features that distinguish
adjacent severity levels.

In this experiment, we constructed a heterogeneous ensemble us-
ing three different CNN architectures: AlexNet, MobileNetV2, and
ResNet50. These were chosen to represent varying levels of archi-
tectural depth and complexity. As in previous tests, we trained the
ensemble jointly under different values of the correlation penalty co-
efficient λ ∈ {0, 0.5, 1, 5} and compared the results with single CNN
models and classic fusion baselines.

As shown in Table 3.4, none of the individual CNN architectures,
including deeper models like ResNet50, were able to surpass 66% ac-
curacy. This highlights the complexity of the DR classification task
and indicates that single-network solutions may struggle to capture
its high intra-class variability and subtle visual features. Traditional
ensemble fusion strategies (SMV, WMV, AVE) offered only limited
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Table 3.4: Classification accuracy of the ensemble of CNNs on the DR
dataset.

CNN architecture value of λ accuracy total # of double missed triple missed

missed images

AlexNet - 0.5760 ± 0.0035 1 920 ± 16 - -

MobileNetV2 - 0.6114 ± 0.0101 1 760 ± 46 - -

ResNet50 - 0.6515 ± 0.0193 1 578 ± 87 - -

SMV - 0.6250 ± 0.0163 1 698 ± 73 600 ± 50 1 110 ± 111

WMV - 0.6384 ± 0.0182 1 637 ± 82 600 ± 50 1 110 ± 111

AVE - 0.6462 ± 0.0182 1 602 ± 82 600 ± 50 1 110 ± 111

CNN ensemble 0 0.6584 ± 0.0170 1 547 ± 77 580 ± 152 1 136 ± 86

CNN ensemble 0.5 0.6707 ± 0.0081 1 491 ± 36 460 ± 140 883 ± 21

CNN ensemble 1 0.6662 ± 0.0034 1 511 ± 15 651 ± 128 866 ± 27

CNN ensemble 5 0.6599 ± 0.0099 1 540 ± 45 742 ± 224 913 ± 122

improvements over the weaker models (AlexNet, MobileNetV2), but
notably underperformed compared to the strongest individual model,
ResNet50.

This suggests that naively combining heterogeneous models while
increasing architectural diversity may degrade ensemble performance
when weaker networks dilute the stronger ones’ predictions. In this
setting, classical diversity-inducing strategies fail to leverage their the-
oretical benefits.

By contrast, our proposed joint training method shows clear perfor-
mance gains, especially with moderate correlation regularization. The
ensemble with λ = 0.5 achieved the highest accuracy (67.07%), while
also minimizing the number of jointly misclassified samples. These
results demonstrate that enforcing output diversity in a principled
manner allows heterogeneous ensembles to outperform all baselines,
including the best single model, by encouraging complementary rather
than redundant or detrimental behavior across networks.

As before, a penalty value of λ = 5 led to a slight degradation in
accuracy, again reinforcing the notion that overly strong regularization
can hinder convergence in high-variance environments.

The DR dataset results confirm that the proposed ensemble method
remains effective in heterogeneous settings and on challenging clini-
cal data. The method not only outperforms all baselines, but also
demonstrates robustness in learning complementary decision bound-
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aries among diverse CNN backbones when diversity is appropriately
enforced.

3.4.5 Evaluation on the ISIC Skin Lesion
Dataset
The ISIC dataset comprises dermatoscopic images of pigmented skin le-
sions, annotated with melanoma and non-melanoma classes. It poses a
demanding classification challenge due to intra-class variability, subtle
textural patterns, and limited data quantity. Thus, it offers a valu-
able test case for evaluating whether ensemble diversity can improve
classification performance in a real-world medical context.

In this experiment, we constructed a heterogeneous ensemble of
three distinct CNNs—AlexNet, VGG16, and Inception-v3—based on
their previously demonstrated performance in dermatological image
analysis [62]. The models were trained jointly using our correlation-
penalized loss function, and the results were compared to individual
CNNs and standard ensemble techniques.

Table 3.5: Classification accuracy of the ensemble of CNNs on the ISIC
dataset.

CNN architecture value of λ accuracy total # of double missed triple missed

missed images

AlexNet - 0.6858 ± 0.0011 188 ± 1 - -

VGG16 - 0.7033 ± 0.0014 178 ± 1 - -

Inception-v3 - 0.7099 ± 0.0016 174 ± 1 - -

CNN ensemble 0 0.7011 ± 0.0239 179 ± 14 99 ± 30 106 ± 7

CNN ensemble 0.5 0.7294 ± 0.0178 162 ± 11 102 ± 29 94 ± 13

CNN ensemble 1 0.7355 ± 0.0111 158 ± 6 150 ± 31 57 ± 37

CNN ensemble 5 0.7011 ± 0.0267 179 ± 16 177 ± 25 39 ± 8

Table 3.5 reveals that the best individual CNN, namely Inception-
v3, reaches an accuracy of 70.99%, slightly outperforming AlexNet and
VGG16. The unregularized ensemble (λ = 0) does not yet surpass this
value, but once the correlation penalty is introduced, the ensemble
begins to outperform all baselines.

With λ = 0.5 and especially λ = 1, the ensemble achieves improved
accuracy and fewer total missed classifications. Notably, λ = 1 yields
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the highest accuracy (73.55%) and one of the lowest triple miss counts,
supporting the conclusion that moderate penalization enhances both
prediction confidence and complementarity between networks.

Interestingly, although λ = 5 achieves the fewest triple misses (39),
the overall accuracy regresses to that of the unregularized case. This
suggests that over-penalization may sacrifice decision consensus in fa-
vor of artificial diversity.

On the ISIC dataset, the proposed ensemble framework demon-
strates its ability to adapt to complex medical imagery. The com-
bination of architectural heterogeneity and learned diversity not only
boosts classification accuracy but may also improve safety in clinical
deployment by reducing agreement on erroneous predictions. These
findings underscore the potential of the method in diagnostic support
systems, especially with carefully tuned regularization.

3.4.6 Effect of the Penalty Term
To investigate the influence of the Pearson correlation-based penalty
on ensemble behavior, we conducted a systematic study by varying the
hyperparameter λ across a broad range. This hyperparameter controls
the relative strength of the diversity-promoting penalty term intro-
duced in Section 3.2.2.

Figure 3.4 illustrates the empirical trade-off observed between en-
semble accuracy and prediction correlation across datasets. As λ in-
creases from 0 to 1.0, classification accuracy improves, reaching a max-
imum in most cases around λ = 0.5 or 1.0. This performance gain
coincides with a notable reduction in output correlation among ensem-
ble members, suggesting that the penalty effectively induces functional
diversity without compromising discriminative power.

However, beyond a critical value (λ = 5.0), the benefits start to
diminish. In some cases, further increasing λ leads to degraded per-
formance, which we attribute to over-regularization: the models are
encouraged to diverge excessively, possibly at the cost of underfitting
or inconsistent representation learning.

These findings confirm the hypothesis that ensemble performance
benefits most from moderate decorrelation. The penalty acts as a soft
constraint guiding ensemble members toward complementary decision
boundaries, rather than enforcing strict independence, which could be
detrimental.
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Figure 3.4: Trade-off between accuracy and ensemble correlation for
varying λ values on different datasets.

3.4.7 Diversity Analysis
To provide a more concrete evaluation of ensemble diversity, we ana-
lyzed the distribution of misclassification overlaps among the ensemble
members. Specifically, we computed two metrics:

• Double miss: A sample incorrectly predicted by at least two
members.

• Triple miss: A sample incorrectly predicted by all three ensem-
ble members.
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These measures reflect the degree of functional similarity among
the models. High double or triple miss counts indicate redundant be-
havior, while lower values suggest more diverse and complementary
predictions.

Our evaluation, summarized in Table 3.5, shows a clear trend: in-
creasing λ from 0 to 1 significantly reduces the number of triple misses
(from 106 to 57), while simultaneously increasing classification accu-
racy (from 70.11% to 73.55%). The number of double misses remains
relatively stable or increases slightly with higher λ, which can be at-
tributed to reduced triple overlaps splitting into distinct double errors.

This effect is visually confirmed in Figure 3.5, which presents bar
diagrams for the ISIC dataset under different λ values. As λ increases,
the overlap between misclassified samples decreases, reflecting a reduc-
tion in error correlation and an improvement in ensemble robustness.

Figure 3.5: Bar diagrams of misclassified samples under different λ
values (a) λ = 0, (b) λ = 0.5, (c) λ = 1, and (d) λ = 5. (ISIC dataset).

This analysis supports the interpretation that the penalty encour-
ages ensemble members to specialize on different subregions of the
input space, thereby reducing joint failure modes—a highly desirable
property in safety-critical applications.
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3.5 Claims

Claim 1 A cohesive and trainable CNN ensemble architecture inte-
grates a Pearson correlation penalty, computed on the softmax out-
puts of the member networks, into the joint loss function. This design
enables simultaneous optimization of all ensemble members, explicitly
discourages redundant misclassifications, and enhances prediction di-
versity. The λ parameter in the joint loss function explicitly controls
the trade-off between classification accuracy and ensemble diversity.

Reasoning. The proposed ensemble model connects multiple CNNs
via a shared fully connected layer, allowing simultaneous backprop-
agation across all components. The loss function integrates a Pear-
son correlation-based penalty that explicitly discourages output re-
dundancy, particularly on incorrect predictions. This was proofed in
1. This differentiable regularization mechanism enables functional di-
versity to be optimized jointly with classification accuracy, offering
advantages over traditional offline ensemble schemes where diversity
cannot be directly enforced during training. The total loss function
L = LCE + λ · Lcorr allows λ to act as a regularization strength that
balances two competing objectives: accurate predictions and low inter-
model correlation. Experimental results across different datasets con-
firm that moderate values of λ (e.g., 0.5 or 1) yield optimal perfor-
mance, whereas extreme values either under-regulate (leading to redun-
dancy) or over-regularize (leading to performance degradation). This
tunability makes the method adaptable to task-specific constraints
such as uncertainty quantification or resource limitations. □

Claim 2 The proposed method outperforms classical ensemble strate-
gies such as majority voting, averaging, and weighted fusion across
diverse datasets, including clinical image domains.

Reasoning. Empirical evaluation in four datasets, including natu-
ral images (ISINI, CIFAR-10) and clinical images (DR, ISIC), demon-
strates consistent performance gains over standard fusion techniques.
The method surpasses majority voting, weighted voting, and averaging
by integrating ensemble-level training and explicit diversity enforce-
ment. The improvements are statistically significant, and especially
pronounced in clinically relevant settings where model disagreement
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can reflect meaningful uncertainty and yield more robust predictions
in ambiguous cases. □

3.6 Conclusions

This chapter summarizes the findings and practical implications of
a novel ensemble training approach that promotes output diversity
among CNNs through a Pearson correlation-based penalty term. By
augmenting the standard cross-entropy loss with a correlation penalty
Lcorr, we encourage ensemble members to make uncorrelated incorrect
predictions, which improves both robustness and overall accuracy. The
effect of this term is controlled via a hyperparameter λ, which tunes the
balance between individual model accuracy and inter-model diversity.

Our results across multiple datasets, including both natural (ISINI,
CIFAR-10) and clinical (DR, ISIC) domains, confirm the following key
points:

• Improved ensemble accuracy: Joint training with moderate
penalty (λ ∈ [0.5, 1]) consistently outperformed both individual
CNNs and classical ensemble aggregation strategies (e.g., major-
ity voting, averaging).

• Increased output diversity: The number of jointly misclassi-
fied samples (double/triple misses) decreased notably when the
penalty term was active. This reflects a reduction in correlated
errors, which is especially important in safety-critical settings.

• Model-agnostic design: The approach generalizes across CNN
architectures, including homogeneous (e.g., multiple AlexNets)
and heterogeneous (e.g., AlexNet + VGG16 + Inception-v3) en-
sembles, without requiring changes to the underlying networks.

• Sensitivity to λ: As shown by empirical curves (e.g., Fig-
ure 3.4), excessively large λ values can degrade performance,
as the model prioritizes decorrelation over correct classification.
Thus, λ must be treated as a tunable hyperparameter similar to
the learning rate.

These findings demonstrate that encouraging structured diversity
is not only theoretically sound but also practically effective. The pro-
posed penalty term integrates smoothly into standard backpropagation
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and can be readily applied to modern deep learning pipelines using ex-
isting frameworks (e.g., TensorFlow/Keras).

Despite its advantages, the current method has several practical
limitations:

• Computational overhead: Ensemble training with multiple
large CNNs requires significant GPU memory and time (e.g.,
over 16 hours with 500M+ parameters), making it less suitable
for edge devices or rapid prototyping.

• Overfitting risk: When ensemble members are pretrained or
initialized similarly and trained jointly on small datasets, over-
fitting may still occur despite the penalty. Data augmentation
alleviates but does not eliminate this issue.

• Penalty granularity: The Pearson correlation penalty operates
on softmax outputs, which may not capture deeper structural
similarities (e.g., in feature representations or internal activa-
tions). This limits its discriminative ability in complex settings.

• Manual tuning of λ: There is currently no principled way to
select the optimal penalty strength; λ must be tuned manually
via grid search, adding to the training burden.

In conclusion, this work provides a theoretically grounded and prac-
tically validated method to increase ensemble diversity via direct pe-
nalization of correlated errors. The resulting improvement in accuracy
and robustness, especially on medical datasets, supports its relevance
for real-world deployment in high-stakes applications. Future research
may explore extensions to feature-level diversity constraints or adap-
tive penalty mechanisms, but such directions require further investiga-
tion beyond the scope of this dissertation.
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Chapter 4

Physically Based Fog Modeling
in Inhomogeneous Media

4.1 Motivation

Atmospheric scattering phenomena—such as fog, mist, and haze—are
prevalent in outdoor environments and introduce significant challenges
for both human vision and computer vision systems. These effects
emerge from complex light–particle interactions, including absorption,
single and multiple scattering, and forward-directed radiative transfer.
In safety-critical scenarios—such as autonomous driving, drone navi-
gation, or surveillance—robust understanding of scene geometry under
degraded visibility is essential. However, collecting large-scale, anno-
tated datasets of foggy images under controlled conditions is expensive,
logistically complex, and often infeasible.

To overcome this limitation, synthetic fog generation has become
a key component in dataset augmentation workflows. By simulating
realistic fog effects over clear-weather imagery, one can expose vision
systems to adverse conditions without requiring physical data acqui-
sition. Nevertheless, current fog synthesis techniques are constrained
by either overly simplistic physical assumptions or limited structural
controllability.

Classical methods based on Koschmieder’s law [69, 70] provide
closed-form solutions for radiance attenuation under homogeneous fog
with isotropic scattering. These models are computationally efficient
and widely used in automotive vision and real-time applications [71,
72]. However, they assume spatially uniform media and constant
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airlight, which prevents them from capturing essential visual phenom-
ena such as depth-dependent fog density, visibility gradients, or direc-
tional light scattering.

In contrast, data-driven methods, including CycleGAN [73] and
StarGAN [74, 75], generate fog effects via domain translation or adver-
sarial image synthesis. While these models produce visually plausible
results, they lack physical grounding, offer limited parameter control,
and often introduce geometric inconsistencies or style-based artifacts
[76, 77, 78]. Moreover, their stochastic nature makes them unsuitable
for safety-critical use cases where reproducibility and interpretability
are crucial.

Recent advances in radiative modeling [79, 80, 81, 82] have demon-
strated the power of the RTE in describing the propagation of light
through scattering media. However, full 3D volumetric solvers (e.g.,
[83, 84]) remain computationally prohibitive for image-space fog syn-
thesis, and often require multi-view input or sensor-level simulation.

To bridge this gap, we propose a novel image-space fog synthesis
method based on the discretized Radiative Transfer Equation. The
RTE framework allows for modeling of spatially inhomogeneous fog
densities and anisotropic scattering using the Henyey–Greenstein phase
function. By discretizing both spatial and angular domains, we con-
struct a numerically tractable, recursive formulation that approximates
light transport along each image ray, incorporating depth-dependent
extinction and directional in-scattering.

Our implementation uses tensor-based operations and precomputed
angular scattering matrices to achieve significant computational ac-
celeration—from O(n5) to O(n) per iteration—without compromising
physical realism. This balance enables high-fidelity fog synthesis that
is structurally consistent with scene geometry while remaining suitable
for large-scale data generation.

In addition, we introduce a curated dataset of foggy–cloudy image
pairs, annotated with subjective fog density scores. These data allow
for gradient-based calibration of the model’s extinction and scattering
parameters, following approaches similar to [85, 86]. This training
scheme ensures that the model can adapt to real-world atmospheric
conditions and generalize across varied scenes.

Quantitative evaluations demonstrate the superiority of our method
over Koschmieder and GAN-based baselines. In particular, our ap-
proach yields up to 42% improvement in Fréchet Inception Distance
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(FID) [87] and a 21% increase in Pearson correlation with respect to
real foggy images. These results highlight the benefits of combining
physical modeling with learnable, image-aware parameterization.

In summary, our motivation is grounded in the need for a fog
synthesis method that is (i) physically interpretable, (ii) structure-
preserving, and (iii) computationally feasible. The discretized RTE
framework provides a principled approach that addresses the limita-
tions of both classical and generative methods, and supports realis-
tic, controllable, and reproducible simulation of inhomogeneous atmo-
spheric scattering in image space.

The method and algorithmic framework introduced in this chapter
for physically grounded fog simulation, including the discretization of
the Radiative Transfer Equation and the associated optimization strat-
egy, were published in our article titled "Generation of Synthetic Non-
Homogeneous Fog by Discretized Radiative Transfer Equation" [88].
The results reported here reflect a refined presentation of the original
findings, with added emphasis on the theoretical formulation and eval-
uation benchmarks relevant to realistic image augmentation in adverse
weather conditions.

4.2 Theoretical Background:
Radiative Transfer Equation

The propagation of light in foggy or turbid media is governed by the
principles of radiative transfer theory. This framework models how
electromagnetic radiation interacts with a participating medium, ac-
counting for absorption, scattering, and emission processes. In the con-
text of atmospheric phenomena such as fog, this interaction is mathe-
matically described by the RTE, which provides a continuous, integro-
differential formulation of radiance along a given path.

The general form of the RTE in a monochromatic, stationary and
emission-free setting is given by:

∂L(r, σ)

∂r
= −K(r, σ)L(r, σ) +Ks(r, σ)

∫
S2
L(r, ω)ϕ(ω, σ) dω,

where:

• L(r, σ) denotes the radiance at position r in direction σ,
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• K(r, σ) is the extinction coefficient (comprising both absorption
and scattering),

• Ks(r, σ) is the scattering coefficient,

• ϕ(ω, σ) is the phase function describing angular scattering prob-
ability from direction ω to σ,

• and S2 denotes the unit sphere representing all possible direc-
tions.

This formulation allows modeling of light attenuation (via K), as
well as in-scattering contributions from all directions (via the integral
term). Importantly, the RTE is capable of describing highly anisotropic
and inhomogeneous media, which makes it particularly well-suited for
simulating realistic fog.

For practical applications and computational tractability, the RTE
is often simplified under assumptions of homogeneity and isotropy. The
most well-known simplification is the Koschmieder model, which as-
sumes:

1. constant scattering and absorption coefficients (K,Ks ∈ R),

2. constant in-scattered radiance Lin ≈ const.

Under these assumptions, the radiance at distance d can be com-
puted analytically as:

L(d) = L0e
−Kd + Lair(1− e−Kd),

where L0 is the initial radiance at d = 0, and Lair is the background
airlight component representing the integrated in-scattered contribu-
tion from the atmosphere:

Lair =
Ks

K

∫
S2
Lin(p(0), ω)ψ(σ, ω) dω.

Here d denotes the propagation distance along a ray. In the general
case, this distance is not constant but depends on the viewing direction,
i.e. d(σ) is a depth function assigning to each σ ∈ S2 the distance
from the camera to the first object along that ray. In image-based
settings, d(σ) corresponds to a per-pixel depth map, i.e. a matrix of
depth values.
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While the Koschmieder model is suitable for homogeneous fog simu-
lation in real-time systems, it fails to capture spatially varying densities
or directional scattering effects present in real-world scenarios.

To overcome this limitation, our method is built upon the general
RTE and explicitly supports:

• spatially varying extinction and scattering parameters K(r, σ),
Ks(r, σ),

• anisotropic scattering via the Henyey-Greenstein phase function:

ϕ(ω, σ) =
1

4π
· 1− g2

(1− 2g⟨Pω, Pσ⟩+ g2)3/2
,

where g ∈ [0, 1) is the asymmetry factor and ⟨Pω, Pσ⟩ is the cosine
of the angle between incoming and outgoing directions.

This theoretical foundation enables the physically grounded simu-
lation of fog, providing a basis for the discretized numerical algorithm
presented in the following section.

4.2.1 Toward Inhomogeneous Fog Model-
ing
Realistic fog in natural environments is rarely homogeneous. In such
scenarios, the assumption of constant coefficients fails, and the full
RTE must be considered. This dissertation adopts a discretized and it-
erative approach to solve the RTE under inhomogeneous and anisotrop-
ically scattering conditions. This enables more accurate modeling of
fog’s spatial variability and complex light interactions, forming the ba-
sis of our synthetic fog rendering algorithm described in the following
sections.

4.3 Overview of the Algorithm

The proposed fog synthesis framework models the attenuation and
scattering of light in a foggy atmosphere by discretizing the RTE in
both spatial and angular domains. The algorithm takes as input a
clear-weather image along with its corresponding depth map and pro-
duces a physically plausible foggy version of the same scene.
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The key idea is to simulate, for each image pixel, the amount of di-
rect transmission and in-scattered radiance that would reach the cam-
era under a given fog distribution. To this end, we divide the line-of-
sight between the camera and each scene point into uniformly spaced
depth layers and recursively apply an approximation of the RTE.

The algorithm proceeds as follows:

1. Preprocessing. Given an input RGB image I and a per-pixel
depth map d, and compute directional parameters using a spher-
ical coordinate system.

2. Initialization. We initialize the radiance tensor L̃0 using the
original image, assuming no fog is present at depth s = 0.

3. Discretization. For each direction σ, the radial interval s ∈
[0, d(σ)] is discretized into n uniform steps of size ∆s = d(σ)/n.
In parallel, the angular domain σ ∈ S2 is two-dimensional and is
partitioned into an n × n of directions. This separation ensures
that depth sampling and directional sampling are treated consis-
tently. This forms the basis for recursive radiance evaluation.

4. Recursive Evaluation. For each depth step j ∈ {0, . . . , n−1},
we compute the attenuated radiance L̃j at distance s = jd(σ)/n
using:

• exponential decay due to extinction,

• accumulation of in-scattered radiance from all directions
weighted by the phase function,

• spatially varying extinction and scattering coefficients.

5. Fog Image Synthesis. After the final iteration j = n− 1, the
radiance tensor L̃n−1 encodes the fog-attenuated appearance for
each pixel. This tensor is projected back into a standard RGB
image format.

Our method allows for the simulation of spatially inhomogeneous
fog (i.e., depth-dependent coefficients) and anisotropic scattering (e.g.,
forward-directed), making it significantly more expressive than classi-
cal fog models. Additionally, the algorithm is implemented in a tensor-
based format, which enables efficient computation and integration into
differentiable pipelines.
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The following sections provide the full mathematical and algorith-
mic details of this procedure.

4.3.1 Discretization of the Radiative Trans-
fer Equation
To model the propagation of light through non-homogeneous and aniso-
tropic fog in a way that is computationally manageable, we use a dis-
cretized version of the RTE. This approach enables us to generate
synthetic fog that maintains physically consistent depth-dependent at-
tenuation and directionally varying scattering.

Angular and Spatial Discretization

Figure 4.1: Geometric configuration of the observer Mobs and the ob-
ject Mobj in spherical coordinates defined by azimuth σ1 and elevation
σ2.

Let the observer (camera) be located at point Mobs ∈ R3, and
consider the viewing direction σ = (σ1, σ2) ∈ [0, π]× [0, π

2
] in spherical

coordinates, where σ1 denotes the azimuth and σ2 the elevation angle
(as Figure 4.1 shows). The associated unit direction vector Pσ ∈ S2 is
given by:

Pσ = (cosσ1 sinσ2, sinσ1 sinσ2, cosσ2) .
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The object point Mobj at distance d in direction σ is defined as:

Mobj =Mobs − dPσ.

We discretize both the angular and radial domains. The angular
domain is discretized into n× n directions:

σ1 =
k1π

n
, σ2 =

k2π

2n
, for k1, k2 ∈ {0, . . . , n− 1}.

At the initialization stage, we define the first layer:

L̃0(k1, k2) := L(0, σ), where σ1 =
k1π

n
, σ2 =

k2π

2n
. (4.1)

Here, n ∈ N, k1, k2 ∈ {0, 1, . . . , n − 1}, and σ ∈ [0, π] × [0, π
2
]. This

initial matrix represents the radiance in direction σ as seen in a clear
atmosphere, and thus serves as a fog-free reference image.

Directional sampling in spherical coordinates follows this discretiza-
tion: σ1 = 0 points right, π left, σ2 = 0 upwards, and π/2 for-
ward. Any arbitrary direction σ can be approximated via the grid
σ1 = k1π

n
, σ2 = k2π

2n
. In our discretization scheme, not only the an-

gular domain σ is discretized, but also the radial distance along each
direction. Specifically, we represent the per-direction distance field as
a matrix d ∈ Rn×n, where each entry corresponds to the distance to
the object surface along a given sampled direction σ.

We now define tensors indexed by j = 1, . . . , n− 1, intended to ap-
proximate L̃j(k1, k2), i.e., the radiance after j steps. The discretization
is bounded as:∣∣∣∣djn − r

∣∣∣∣ ≤ 1

n
,

∣∣∣∣k1πn − σ1
∣∣∣∣ ≤ π

n
,

∣∣∣∣k2π2n − σ2
∣∣∣∣ ≤ π

2n
. (4.2)

Recursive Approximation of the RTE

We assume that L(r, σ) is sufficiently smooth for a first-order Taylor
expansion:

L̃(r, σ) ≈ L̃

(
r − d

n
, σ

)
+
d

n

∂L̃

∂r

(
r − d

n
, σ

)
. (4.3)
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Substituting the RTE into the derivative yields:

L̃(r, σ) ≈ L̃

(
r − d

n
, σ

)
·(

1− d

n
K

(
r − d

n
, σ

))
+
d

n
Ks

(
r − d

n
, σ

)
·

4

∫ π

0

∫ π/2

0

L̃

(
r − d

n
, ω

)
ϕ(ω, σ) sinω2 dω2 dω1.

(4.4)

Numerical Approximation of the Integral Term

The scattering integral is approximated by discrete summation. Com-
bining this with the phase function and the discretized radiance values
yields:

d

n
Ks

(
(j − 1)d

n
, σ

)
· 4

n−1∑
l1=0

n−1∑
l2=0

π

n
· π
2n

L̃j−1(l1, l2)A(l1, l2, k1, k2),

with

A(l1, l2, k1, k2) =
1

4π
·
(1− g2) sin

(
πl2
2n

)
B(l1, l2, k1, k2)

,

where the denominator B(·) encodes the anisotropic angular depen-
dence via the Henyey–Greenstein formula:

B(l1, l2, k1, k2) =

(
1− 2g

[
sin

(
πl2
2n

)
sin

(
πk2
2n

)
cos

(
π(l1 − k1)

n

)
+cos

(
πl2
2n

)
cos

(
πk2
2n

)]
+ g2

)3/2

.

(4.5)

Collecting the constants and rearranging the terms, the final ex-
pression simplifies to:

πd

2n3
Ks

(
(j − 1)d

n
, σ

)
(1− g2)

n−1∑
l1=0

n−1∑
l2=0

L̃j−1(l1, l2)Ã(l1, l2, k1, k2),

with the simplified weight tensor:

Ã(l1, l2, k1, k2) =
sin
(
πl2
2n

)
B(l1, l2, k1, k2)

.
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This approximation reduces the integral over the sphere to a dis-
crete summation over angular directions. The tensor Ã ∈ Rn×n×n×n

can be precomputed and reused across all iterations, which greatly
enhances computational efficiency.

Iterative Update Rule

The recursive update for radiance becomes:

L̃j+1(k1, k2) = L̃j(k1, k2)

(
1− d(k1, k2)

n
K

(
jd

n
, σ

))
+
πd(k1, k2)

2n3
Ks

(
jd

n
, σ

)
(1− g2)·∑

l1,l2

L̃j(l1, l2)Ã(l1, l2, k1, k2).

(4.6)

This update is iterated until j = n − 1, and the final matrix L̃n−1

represents the synthetic foggy image as observed from direction σ.

Extinction and Scattering Coefficients

The extinction and scattering coefficients are modeled as affine func-
tions of the depth d and radiance L:

K(d, L) = A · d+B · L+ C, (4.7)
Ks(d, L) = X · d+ Y · L+ Z, (4.8)

where A,B,C,X, Y, Z ∈ Rn×n are coefficient matrices, and · denotes
element-wise multiplication. This formulation enables spatially varying
fog densities and supports depth- and brightness-dependent effects.

Numerical Properties and Convergence

The recursive approximation converges to the physical solution of the
RTE as n → ∞, assuming the scattering kernel and radiance field
are smooth and bounded. In practice, setting n = 100 offers a good
compromise between accuracy and efficiency.

The algorithm is implemented using GPU-accelerated tensor con-
tractions and precomputed scattering matrices, allowing efficient par-
allel computation across all spatial directions and color channels.
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Parameter Optimization via Gradient Descent

To ensure the physical consistency of the synthesized fog, the param-
eters of the extinction and scattering functions, K(d, L) and Ks(d, L),
must be calibrated using real-world data. In our framework, both func-
tions are modeled as linear combinations of the pixel-wise depth and
radiance:

K(d, L) = A · d+B · L+ C, Ks(d, L) = X · d+ Y · L+ Z, (4.9)

where A,B,C,X, Y, Z ∈ Rn×n are learnable matrices, and · denotes
element-wise multiplication. Our goal is to find the optimal parameter
set such that the simulated foggy image L̃ closely approximates its
real-world counterpart Lf , given the same depth map.

To achieve this, we minimize the Pearson-based distance between
L̃ and Lf :

min
A,B,C,X,Y,Z

D(L̃, Lf ), (4.10)

where the Pearson distance is defined as:

D(L̃, Lf ) = 1− ϱ(L̃, Lf ). (4.11)

The Pearson correlation coefficient ϱ(X, Y ) between two RGB im-
ages X, Y ∈ Rn×n×3 is given by:

ϱ(X, Y ) =

∑
i,j,c

(Xi,j,c −X)(Yi,j,c − Y )√∑
i,j,c

(Xi,j,c −X)2 ·
√∑

i,j,c

(Yi,j,c − Y )2
, (4.12)

with the mean pixel intensity values defined as:

X =
1

3n2

∑
i,j,c

Xi,j,c, Y =
1

3n2

∑
i,j,c

Yi,j,c. (4.13)

Pearson distance is invariant to linear brightness shifts, making
it more robust for fog simulation than MSE, which penalizes overall
brightening due to the white fog effect.

Gradient computation Due to the recursive structure of our for-
ward simulation, computing the gradients of D(L̃n, Lf ) with respect
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to each parameter U ∈ {A,B,C,X, Y, Z} requires applying the chain
rule across all iteration steps:

∂D(L̃n, Lf )

∂U
=

∂D

∂L̃n

· ∂L̃n

∂U
. (4.14)

The second term is computed recursively as:

∂L̃n

∂U
=
∂L̃n−1

∂U
·
(
1− K(·)

n
· d
)
+ L̃n−1 ·

∂

∂U

(
1− K(·)

n
· d
)

+
∂

∂U

(
(1− g2)πKs(·)

2n3
· d
)
· (Ã : L̃n−1)

+
(1− g2)πKs(·)

2n3
· d · Ã :

(
∂L̃n−1

∂U

)
,

(4.15)

where Ã is the fixed scattering kernel, and d is the pixel-wise depth
matrix.

This recursive process is initialized using the base-case gradients at
the first iteration (i = 1):

∂L̃1

∂A
= −L · d

2

n
,

∂L̃1

∂B
= −L2 · d

n
,

∂L̃1

∂C
= −L · d

n
,

∂L̃1

∂X
=

(1− g2)πd2

2n3
· Ã : L,

∂L̃1

∂Y
=

(1− g2)πd
2n3

· L · Ã : L,

∂L̃1

∂Z
=

(1− g2)πd
2n3

· Ã : L.

(4.16)

We manually implemented these derivatives and used a custom ver-
sion of the RMSProp optimizer to minimize the loss over 50 iterations.
TensorFlow’s automatic differentiation was used only for computing
the ∂D/∂L̃n term to reduce memory usage.
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Figure 4.2: The proposed RTE-based fog synthesis workflow. The
top row shows the training phase using paired fog–cloudy images and
depth maps; the bottom row shows the inference phase on unseen clear-
weather images.

This discretized RTE framework enables physically grounded sim-
ulation of fog with non-uniform, anisotropic scattering. Its recursive,
tensor-based structure makes it highly compatible with modern depth-
aware vision pipelines and synthetic data generation tasks.

To provide a high-level overview of the method, Figure 4.2 illus-
trates the complete training and inference pipeline of the proposed
RTE-based fog synthesis. The top part shows the optimization of phys-
ical parameters from fog–cloudy image pairs and depth maps, while
the bottom part demonstrates the application of the learned model to
unseen scenes using only depth information.

4.3.2 Dataset Construction
To support the evaluation and calibration of our fog simulation model,
we constructed a curated dataset of real-world outdoor scenes with
diverse atmospheric conditions. The dataset was designed to provide
foggy–cloudy image pairs and fog density annotations suitable for both
physical parameter optimization and quantitative benchmarking.
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Image Collection and Curation

A total of 25,527 images were collected over the course of one month
using 608 publicly accessible web cameras located across 18 countries,
primarily in Europe, with additional sources from Canada and Russia.
The selected cameras covered various urban, suburban, and rural en-
vironments to ensure diversity in landscape and atmospheric visibility.

The following filtering steps were applied:

• Illumination filtering: Nighttime images and frames with ex-
cessive backlighting were discarded to ensure consistent natural
lighting.

• Quality filtering: Images with compression artifacts, motion
blur, or severe occlusion were excluded.

• Geometric filtering: To mitigate lens distortion (e.g., from
fisheye optics), only the central region of each frame was retained
for analysis.

After these steps, a clean set of 2041 images was retained, manually
annotated into three weather categories: sunny (1192), cloudy (526),
and foggy (323).

Fog Density Annotation

To facilitate domain adaptation of the CycleGAN[73] baseline—which
was originally trained on automotive image datasets with predomi-
nantly urban street scenes—a subjective fog density score in the [0, 1]
range was introduced. The goal was to fine-tune the model for nat-
ural, landscape-oriented webcam images, where the pretrained model
exhibited significant performance degradation. The fog intensity score
served as a conditioning signal during fine-tuning, enabling the gen-
erator to synthesize more appropriate fog effects adapted to different
levels of atmospheric thickness.

Paired Fog–Cloudy Image Extraction

A subset of 123 paired foggy–cloudy images was identified from
the dataset, based on the following criteria:

• Spatial consistency: Same camera and scene geometry.
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• Temporal proximity: Within a short time window to reduce
seasonal and lighting variation.

• Weather variability: Presence of visibly different fog condi-
tions while retaining overall scene identity.

To facilitate high-confidence pair selection, an AlexNet-based CNN
weather classifier was developed to differentiate between sunny, cloudy,
and foggy conditions. The model was trained using a manually curated
dataset consisting of 2,041 images, which includes 1,192 sunny, 526
cloudy, and 323 foggy examples. After training, the classifier achieved
an accuracy of 97.1% on the training set and 85.2% on the test set,
resulting in a weighted test accuracy of 87.7%. This classifier was then
employed to automatically identify consistent fog-cloudy pairs from
the remaining pool of images, ensuring spatial and temporal coherence
across the selected scenes. To mitigate the class imbalance present in
the training dataset (1,192 sunny, 526 cloudy, and 323 foggy examples),
class-size weighting was applied in the loss function, ensuring that no
class was overrepresented in the optimization process. Furthermore,
an independent validation set was used together with an early stop-
ping criterion, which prevented overfitting to the majority class and
helped maintain balanced performance across categories. These mea-
sures minimized the negative impact of the dataset imbalance on the
final model.

Use in Model Calibration and Evaluation

The collected data served two primary purposes:

• Parameter optimization: The paired fog–cloudy images were
used to optimize the coefficients A,B,C,X, Y, Z in the fog model
via gradient-based minimization of a Pearson-based image simi-
larity loss.

• Quantitative benchmarking: The same pairs allowed consis-
tent evaluation using LPISP[89], FID[87], and Pearson correla-
tion metrics, as discussed in Section 4.3.5.

Thanks to this dataset, we were able to validate our RTE-based
synthesis method not only qualitatively but also in terms of structural
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realism and physical consistency. The dataset’s geographic and at-
mospheric diversity enhances the generalizability of the experimental
findings.

4.3.3 Depth Map Estimation using
Marigold
Our fog simulation model relies on accurate per-pixel depth estimates
to determine the amount of light attenuation and in-scattering along
each viewing ray. Since most real-world images lack ground truth
depth, we use Marigold [90], a recent monocular depth estimation
model based on latent diffusion, to infer dense distance maps from
single RGB images.

Overview of the Marigold Model

Marigold is a monocular depth estimation method derived from Stable
Diffusion. It leverages the rich visual priors learned during large-scale
image generation training, and fine-tunes only the denoising U-Net on
synthetic RGB-D datasets (Hypersim, Virtual KITTI). Both the input
image and depth map are encoded into a shared latent space using a
pretrained variational autoencoder (VAE), and the denoising process
is carried out in this latent space.

Marigold differs from conventional CNN or Transformer-based ar-
chitectures by functioning entirely in the latent domain. It generates
depth predictions that are affine-invariant and can generalize effectively
to real-world scenes, all without needing camera intrinsics or scale in-
formation. During inference, the model gradually denoises a randomly
initialized latent code, conditioned on the input image, to reconstruct
the estimated depth map.

Application to Our Dataset

We used the public Google Colab implementation1 provided by the
authors to apply Marigold to our curated fog–cloudy dataset (Sec-
tion 4.3.2). All parameters were set to their highest-quality settings:

1https://marigoldmonodepth.github.io
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• Ensemble size: 10

• Number of denoising steps: 20

• Processing resolution: 768

• Match input resolution: True

We did not apply any additional normalization or filtering to the
output. The predicted depth maps were used directly as distance fields
d ∈ RH×W for computing fog optical thickness along each ray. The
ensemble strategy effectively reduced the generative variance inherent
in diffusion-based inference and provided stable, structurally coherent
depth estimations.

Limitations of Monocular Depth Estimation

While Marigold delivers consistent and robust depth predictions even
for in-the-wild imagery, it inherits some common limitations of monoc-
ular depth estimation:

• Loss of detail in thin or reflective structures,

• Inaccuracies in large untextured or homogeneous regions,

• Reduced reliability under extreme weather (e.g., dense fog),

In particular, fog can obscure important scene features and de-
grade the accuracy of predicted depth. To mitigate this, in our paired
fog–cloudy image setup, we always generated the depth map from the
cloudy (i.e., fog-free) image. This ensured that the resulting distance
field was as accurate as possible and not biased by weather-induced
visibility loss.

Alternative Approaches

Our pipeline is compatible with any depth estimation method, includ-
ing:

• stereo-based depth (if available),

• structure-from-motion (SfM) [91],
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• LiDAR ground truth for evaluation,

• learned depth via other monocular models (e.g., MiDaS [92],
DPT [93]).

Nevertheless, Marigold was chosen due to its strong generalization
ability, single-image input requirement, and metric scale outputs.

4.3.4 Algorithmic Implementation of the
Discretized RTE
In this section, we provide the full algorithmic formulation of our dis-
cretized radiative transfer simulation framework. The method was de-
veloped in three stages, each enhancing computational efficiency and
flexibility, culminating in a gradient-compatible version suitable for
parameter learning.

Original Algorithm: Direct Iterative Scheme

The first version of our algorithm corresponds to a direct implementa-
tion of the discretized radiative transfer equation as defined in (4.6).
It performs explicit nested loops over all angular directions and color
channels, iteratively constructing the radiance tensor layer by layer.
Although computationally expensive due to the O(n5) complexity, this
naive version is useful for didactic purposes and was used as a baseline
implementation.

The pseudocode is shown in Algorithm 1, where L̃ denotes the
discretized radiance field, K and Ks are the extinction and scattering
coefficients, and Ã is the anisotropic scattering kernel derived from the
Henyey–Greenstein phase function.

Optimized Tensor-based Algorithm

To enhance computational efficiency, we reformulated the radiative
transfer update rule via full tensorization. Instead of summing over
angular directions for each pixel and each depth step, we express the
update as a tensor contraction, enabling a significant reduction in per-
iteration complexity.
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Algorithm 1 Original Algorithm
Require: L, d, n, g,K,Ks ▷ Input image L, depth map d, steps n,

asymmetry g, kernels K,Ks

Ensure: L̃ ▷ Final radiance after n iterations
L̃← L ▷ Start from fog-free image
for j = 0 to n− 1 do ▷ j = depth iteration; dependence via L̃j

L← 0n×n×3 ▷ Buffer for next iterate
for c = 0 to 2 do ▷ RGB channels

for k1 = 0 to n− 1 do ▷ Pixel index (horizontal)
for k2 = 0 to n− 1 do ▷ Pixel index (vertical)

S ← 0 ▷ Accumulator for in-scattering at (k1, k2)
for l1 = 0 to n− 1 do ▷ Angular index #1

for l2 = 0 to n− 1 do ▷ Angular index #2
S ← S + Ã(k1, k2, l1, l2) L̃[l1, l2, c]

L[k1, k2, c]← L̃[k1, k2, c](
1− d[k1, k2]

n
K(d, L̃[:, :, c])[k1, k2]

)
+

(1− g2)πd[k1, k2]
2n3

Ks(d, L̃[:, :, c])[k1, k2]S

▷ Recursive update
L̃← L ▷ Advance to next depth step

66



Let us denote the radiance tensor at iteration j and color channel
c as L̃(c)

j ∈ Rn×n. To facilitate vectorized computation, we define base
matrices L̃1, L̃2 ∈ Nn×n as:

L̃2 :=

1 2 · · · n
...

... . . . ...
1 2 · · · n

 , L̃1 := L̃T
2 . (4.17)

From these, we construct 4D tensors L1, L2 ∈ Nn×n×n×n by tiling L̃1

and L̃2 along the third and fourth axes. Similarly, we define K1 := LT
2

and K2 := LT
1 for index inversion.

The Henyey-Greenstein scattering kernel is precomputed for all di-
rectional combinations and stored in a 4D tensor Ã = Ã(L1, L2, K1, K2)
and Ã ∈ Rn×n×n×n. This step fixes the anisotropy parameter g for the
duration of the simulation, which is a necessary trade-off to achieve
runtime efficiency.

The optimized per-channel update rule is then formulated as:

L̃
(c)
j+1 = L̃

(c)
j ·

(
1−

K(d, L̃
(c)
j )

n
· d

)
+

(1− g2)π
2n3

·Ks(d, L̃
(c)
j ) · d · Ã : L̃

(c)
j ,

(4.18)
where · denotes element-wise multiplication and : is a double tensor

contraction over the third and fourth axes:

Ã : L̃ =
∑
l1,l2

Ãl1,l2,:,: L̃l1,l2 . (4.19)

This reformulation significantly reduces the computational com-
plexity of each update step from O(n5) to O(n) per channel by lever-
aging tensor contraction and precomputed angular weights. While the
theoretical gain is substantial, the most impactful practical benefit
is observed in the runtime and memory usage. In the original algo-
rithm, even relatively small resolutions such as 32 × 32 pixels proved
impractically slow, especially when processing color images over mul-
tiple recursive steps. In contrast, the optimized version enables image
synthesis at resolutions up to 200 × 200, making it suitable for mid-
scale image augmentation tasks. Importantly, this acceleration was
achieved by reformulating the inner four nested loops of the original
algorithm into a single tensor operation, thereby exploiting matrix and
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tensor algebra for efficient computation. Furthermore, by utilizing the
CuPy Python library, the algorithm was ported to the GPU, where the
massively parallel architecture could be fully leveraged for large-scale
tensor contractions. While these changes drastically improved runtime
performance, they simultaneously increased the memory requirements
of the method, since the precomputed scattering kernel and interme-
diate tensors must be stored explicitly in GPU memory.

For learning-based parameter calibration, we adopted a compro-
mise resolution of 100×100 pixels. This choice balances computational
feasibility and spatial expressiveness, allowing the model to capture
meaningful fog structure while keeping GPU memory requirements and
training time manageable.

While the computational gain is substantial, it comes at the cost of
significantly increased memory consumption, due to the size of the ten-
sor Ã, which scales as O(n4). Moreover, since the scattering kernel is
fixed for a given g, dynamic adjustments to the asymmetry parameter
require full recomputation of Ã.

Nonetheless, precomputing the scattering kernel once enables the
reuse of Ã across all iterations and color channels. In practice, we
found that fixing g = 0.85 provides a realistic forward-scattering effect
that aligns well with real-world fog distributions.

The optimized inference algorithm is summarized in Algorithm 2.

Gradient-based Version for Training

To enable supervised learning of the fog parameters (A,B,C,X, Y, Z),
we extend the previous version to include gradient propagation through
the iterative simulation. This allows us to compute the partial deriva-
tives of the final radiance tensor with respect to the learnable coeffi-
cients using recursive differentiation.

Each derivative is propagated through the radiative update using
the chain rule. The recursion involves both the direct dependence on
parameters (e.g., ∂L̃

∂A
) and the indirect dependence via L̃j. The base

step initializes the gradients with respect to each parameter analyti-
cally, and the full update procedure follows through n steps.

This version is described in Algorithm 3, which was used during
model calibration via RMSProp optimization.
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Algorithm 2 Optimized Algorithm
Require: L, d, n, g,K,Ks, L1, L2, K1, K2 ▷ Input image L, depth

map d, steps n, asymmetry g, kernels K,Ks, tensors for computing
Ã: L1, L2, K1, K2

Ensure: L̃ ▷ Final radiance after n iterations
S ← Ã(L1, L2, K1, K2) ▷ Calculating in-scattering
L̃← L ▷ Start from fog-free image
for j = 0 to n− 1 do ▷ j = depth iteration; dependence via L̃j

L← 0n×n×3 ▷ Buffer for next iterate
for c = 0 to 2 do ▷ RGB channels

L[:, :, c]← L̃[:, :, c] ·
(
1− K(d, L[:, :, c])

n
· d
)

+
(1− g2)πKs(d, L[:, :, c])

2n3
· d · S : L̃[:, :, c]

▷ Recursive update
L̃← L ▷ Advance to next depth step

Algorithm 3 Optimized Algorithm with Gradient (Part 1)
Require: L, d, n, g,K,Ks, L1, L2, K1, K2

Ensure: L̃, ∂L̃
∂A
, ∂L̃
∂B
, ∂L̃
∂C
, ∂L̃
∂X
, ∂L̃
∂Y
, ∂L̃
∂Z

Initialize:

S ← Ã(L1, L2, K1, K2), L̃← L,

L̃∂A0 ← −L ·
d2

n
, L̃∂B0 ← −L2 · d

n
, L̃∂C0 ← −L ·

d

n
,

L̃∂X0 ←
(1− g2)πd2

2n3
· S : L,

L̃∂Y0 ←
(1− g2)πd

2n3
· L · S : L,

L̃∂Z0 ←
(1− g2)πd

2n3
· S : L.
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Optimized Algorithm with Gradient (Part 2)
for j = 0 to n− 1 do

Initialize L← 0n×n×3

for c = 0 to 2 do
Compute the updated L̃:

L[:, :, c]← L̃[:, :, c] ·
(
1− K(d, L)

n
· d
)

+
(1− g2)πKs(d, L)

2n3
· d · S : L̃[:, :, c].

Compute gradients:

L̃∂A[:, :, c]← L̃∂A0 [:, :, c] ·
(
1− K(d, L)

n
· d
)

− d

n
· L[:, :, c] · (L[:, :, c] + A · L̃∂A0 [:, :, c])

+
(1− g2)πX · L̃∂A0 [:, :, c]

2n3
· d · S : L[:, :, c]

+
(1− g2)πKs(d, L)

2n3
· d · S : L̃∂A0 [:, :, c],

L̃∂X [:, :, c]← L̃∂X0 [:, :, c] ·
(
1− K(d, L)

n
· d
)

− d

n
· L[:, :, c] · (A · L̃∂X0 [:, :, c])

+
(1− g2)π(L[:, :, c] +X · L̃∂X0 [:, :, c])

2n3
· d · S : L[:, :, c]

+
(1− g2)πKs(d, L)

2n3
· d · S : L̃∂X0 [:, :, c].

Apply similar updates for L̃∂B, L̃∂C , L̃∂Y , and L̃∂Z .
Update:

L̃← L, L̃∂A0 ← L̃∂A, L̃∂B0 ← L̃∂B, L̃∂C0 ← L̃∂C ,

L̃∂X0 ← L̃∂X , L̃∂Y0 ← L̃∂Y , L̃∂Z0 ← L̃∂Z .
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Comparison and Practical Notes

All three implementations were evaluated for numerical correctness
and speed. The original algorithm served as ground truth but proved
computationally impractical beyond n = 32. The optimized version
was used for inference and visual experiments, while the gradient-based
implementation supported parameter fitting using paired fog–cloudy
image data.

Table 4.1 summarizes the computational trade-offs between the
three versions.

Table 4.1: Comparison of the three RTE simulation algorithms.

Version Purpose Complexity Training support

Original Baseline, verification O(n5) No
Optimized Efficient forward model O(n) No
With Gradient Parameter optimization O(n3) Yes

We note that all variants converge to the same radiative field as
n → ∞, assuming the extinction and scattering fields are smooth.
The gradient-compatible formulation introduces minor overhead but
is necessary for learning interpretable physical parameters from image
data.

4.3.5 Comparison with Analytical and
GAN-based Models
To evaluate the realism and physical fidelity of our proposed fog simu-
lation method, we compare it against two commonly used fog synthesis
baselines:

1. Koschmieder’s model: a classical analytical formulation based
on homogeneous extinction and constant airlight.

2. GAN-based synthesis: a deep-generative approach trained to
generate fog in clear-weather images using unpaired image trans-
lation.
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Koschmieder’s Law

Koschmieder’s model assumes a homogeneous medium and isotropic
scattering. The observed radiance L(d) at a scene point located at
distance d is given by:

L(d) = L0 · e−Kd + Lair ·
(
1− e−Kd

)
, (4.20)

where L0 is the object radiance without fog, K is the constant
extinction coefficient, and Lair is a background airlight color. This
model has been widely used in synthetic fog augmentation for vision
dataset, but suffers from several limitations:

• It assumes uniform fog density across the scene.

• It neglects angular dependencies of light scattering.

• It produces overly smooth transitions without accounting for spa-
tial structure.

Our method generalizes this formulation by numerically approx-
imating the full RTE along each viewing ray. This includes depth-
dependent extinction K(d), direction-dependent scattering, and recur-
sive integration of in-scattered light. Koschmieder’s equation emerges
as a special case of our model under the assumptions of constant coef-
ficients and isotropic scattering.

GAN-based Fog Simulation

We also compare our method to a CycleGAN-based model trained to
perform image-to-image translation from clear to foggy images. This
approach uses adversarial and perceptual losses to learn the transfor-
mation without relying on physical modeling or depth information.

The baseline CycleGAN model was originally trained on urban and
driving-oriented datasets, including Cityscapes [94], SFSU Foggy Driv-
ing [95], and the RESIDE dataset [96]. While this enables strong
performance on street scenes, we observed poor generalization to our
webcam-based landscape images, which contain diverse geometry, veg-
etation, and lighting conditions.

To address this, we manually annotated a subset of our dataset
with subjective fog density scores in the [0, 1] interval, representing
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perceived atmospheric thickness. These annotations were then used to
fine-tune the CycleGAN model, effectively introducing a conditioning
mechanism on fog strength and enabling adaptation to natural outdoor
scenes.

While GAN-based methods can generate visually plausible results,
they exhibit several drawbacks in the context of physically motivated
synthesis:

• Lack of depth awareness: fog intensity is not explicitly linked
to scene geometry.

• Loss of structure: thin objects and edges may be distorted or
oversmoothed.

• No physical consistency: these models cannot simulate vis-
ibility range, scattering profiles, or light halos in a controllable
manner.

Figure 4.3 illustrates side-by-side results generated by all three
methods using the same clear-weather input and associated depth map.
Our method maintains spatial structure and depth-dependent gradi-
ents.

Quantitative Evaluation Metrics

To assess the realism and fidelity of the generated foggy images, we
employ the following quantitative metrics:

• LPIPS (Learned Perceptual Image Patch Similarity) [89]:
Measures perceptual similarity based on deep feature distances
extracted from pretrained networks. Lower values indicate higher
perceptual similarity to reference foggy images.

• FID (Fréchet Inception Distance) [87]: Computes the dis-
tance between feature distributions of generated and real images
using a pretrained Inception network. Widely used for genera-
tive model evaluation; lower scores indicate higher realism and
distributional alignment.

• Pearson Correlation: Measures the correlation between the
mean feature vectors used in the FID metric. It helps visualize
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(a) Cloudy image
(input)

(b) Real fog (ground
truth)

(c) Proposed RTE-
based model

(d) Koschmieder’s
model

(e) CycleGAN out-
put

Figure 4.3: A visual comparison of synthetic fog generated by different
models. The proposed RTE-based method (c) produces fog effects that
are visually more consistent with the real-worldreference (b), capturing
both depth-aware attenuation and directional scattering: (a) cloudy
image (input); (b) real fog (ground truth); (c) RTE-based model; (d)
Koschmieder’s model; (e) CycleGAN output.

image-level similarity and complements FID when evaluating fog
synthesis quality, especially in cases of limited data.

Instead of a single summary, we report the results in two separate
evaluations due to the nature of the metrics:

• FID and Pearson Correlation are computed between sets of
images and thus allow comparison across scene groups (e.g., foggy
vs. generated).
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• LPIPS requires image-to-image correspondence and was there-
fore computed only on aligned foggy–cloudy (123) pairs.

FID and Pearson Correlation Evaluation

Table 4.2 presents normalized FID scores between real and synthesized
fog variants. Our RTE-based model consistently achieves the lowest
FID values relative to the real fog group across all comparison sets,
indicating superior distributional alignment in feature space. In par-
ticular, the synthetic fog generated using our method more closely re-
sembles the true fog distribution than both the classical Koschmieder-
based rendering and the learned CycleGAN transformation.

Interestingly, the Koschmieder model exhibits the highest similarity
to the cloudy image group, indicating that it deviates the least from
the original, fog-free input images. While this results in moderate
performance in cloudy-related comparisons, it also suggests that the
model performs minimal domain transformation, which limits its real-
ism and effectiveness when compared directly to real foggy images. The
CycleGAN-based results yield consistently higher FID scores across all
pairings, suggesting that the generated fog diverges more significantly
from the statistical distribution of real foggy images. This is likely due
to the lack of physical constraints in the adversarial training process,
resulting in stylized but less physically realistic outputs. Since FID is
sensitive not only to mean feature differences but also to covariance
mismatches, the elevated values indicate both visual and structural
discrepancies.

Table 4.3 complements these findings with Pearson correlation val-
ues computed between mean deep feature vectors of image groups.
Here too, the RTE-based model exhibits the strongest correlation with
both the real fog and the fog–cloudy pairs. These results reinforce
the conclusion that our method not only matches global feature distri-
butions (FID), but also preserves fine-grained feature trends in deep
semantic space.

Figure 4.4 visualizes this distribution via a 2D PCA projection of
mean feature vectors. While the CycleGAN output (cyan) may ap-
pear most visually compelling at first glance, it primarily aligns with
the distribution of generic foggy images rather than with the real fog in
the paired dataset. In contrast, the RTE-based output (olive) points
more directly toward the fog-pair group, reflecting stronger seman-
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Table 4.2: Normalized Fréchet Inception Distance (FID) between im-
age groups. Lower is better.

Fog Fog pair Ours (RTE) Koschmieder CycleGAN
Fog - 0.399 0.512 0.570 0.785

Fog pair 0.399 - 0.327 0.448 0.867
Cloudy 0.535 0.580 0.638 0.577 0.979
Sunny 0.553 0.618 0.654 0.580 1.000

Table 4.3: Pearson correlation between mean feature vectors of image
groups. Higher is better.

Fog Fog pair Ours (RTE) Koschmieder CycleGAN
Fog - 0.964 0.926 0.887 0.765

Fog pair 0.964 - 0.953 0.929 0.759
Cloudy 0.864 0.893 0.858 0.909 0.589
Sunny 0.844 0.872 0.848 0.909 0.567

tic alignment with physically grounded transformations. Notably, the
Koschmieder model’s vector (red brown) remains close to the original
cloudy direction (purple), indicating that it performs minimal transfor-
mation and captures only limited fog characteristics. This visualization
reinforces the interpretation that our RTE-based method not only pre-
serves structure but also generates fog effects that are statistically and
semantically consistent with real fog events.

LPIPS Evaluation

Table 4.4 displays LPIPS scores calculated for foggy–cloudy image
pairs using three backbone networks. Our RTE-based method achieves
the lowest perceptual distances across all configurations, indicating
strong structural consistency and high perceptual realism.

While LPIPS is not a distributional metric like FID, it serves as a
complementary, image-level measure of perceptual fidelity. The consis-
tently lower LPIPS values for our method suggest that the RTE-based
synthesis preserves key content and spatial structure from the source
cloudy images, while applying fog in a visually plausible yet physically
grounded way.

Interestingly, the ranking of the baselines varies across backbones:
CycleGAN achieves the second-best LPIPS scores under AlexNet and
SqueezeNet, likely due to its learned stylization capabilities. In con-
trast, the Koschmieder model ranks second with VGG, which is more
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Figure 4.4: 2D visualization of the mean feature vectors.

sensitive to high-frequency texture distortions—suggesting that the an-
alytical model preserves spatial coherence better than CycleGAN un-
der that criterion.

Together, these results demonstrate that our physically grounded
fog synthesis model strikes an effective balance: it aligns well with real
fog characteristics while maintaining high perceptual similarity and
minimal content distortion on a per-image basis.

Table 4.4: Average LPIPS scores for aligned foggy–cloudy image pairs.
Lower is better.

Method AlexNet SqueezeNet VGG

Koschmieder 0.3151 0.2560 0.3753
CycleGAN 0.2659 0.2197 0.4041
Ours (RTE) 0.2172 0.1639 0.2215

Sensitivity to Depth Estimation Noise

To evaluate the robustness of our RTE-based fog synthesis to inaccura-
cies in depth estimation, we conducted a noise injection experiment. A
subset of 40 fog–cloudy image pairs was selected, and synthetic Gaus-
sian noise was added to the depth maps before fog rendering.

The noise was sampled from a zero-mean normal distribution with
standard deviations σ = 0.05 and σ = 0.10, corresponding to 5% and
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10% relative perturbations with respect to normalized depth values.
For each noise level, we regenerated the synthetic fog images and re-
evaluated their quality using the same metrics as before: FID and
Pearson correlation.

Table 4.5 summarizes the results.

Table 4.5: Impact of Gaussian noise in depth estimation on fog syn-
thesis quality. All metrics averaged over 40 image pairs.

Noise Std. (σ) FID Pearson Corr. ∆Correlation (%)
0 (baseline) 1.000 0.937 –

0.05 1.093 0.928 -1.0%
0.10 1.162 0.910 -2.9%

As shown, increasing the noise level leads to a gradual degrada-
tion in both perceptual quality and physical consistency. Nevertheless,
even with 10% perturbation, the Pearson correlation remains above
0.91, and the FID increase is moderate. These results suggest that
our method is robust to moderate depth inaccuracies, such as those
commonly encountered in monocular depth estimation.

4.4 Computational Efficiency and
Resource Analysis

In addition to qualitative and quantitative evaluations, we assessed the
computational demands of our RTE-based fog synthesis framework.
Understanding the runtime and memory usage is essential for scaling
the method to large datasets or deploying it in practical scenarios.

4.4.1 Inference Cost Analysis
Table 4.6 shows the average inference time and GPU memory consump-
tion for different image resolutions, measured during fog synthesis on
an NVIDIA RTX 3090 GPU. As expected, both time and VRAM us-
age increase with resolution, due to the use of angularly dependent
radiative transfer computations across spatial grids.

While computationally more intensive than closed-form methods,
the RTE-based approach enables a finer level of physical realism and
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Table 4.6: Average inference time and VRAM usage for RTE-based fog
generation.

Resolution Time (s) VRAM (MB)
25×25 0.115 330
50×50 0.266 444
75×75 0.870 960

100×100 2.515 2366
125×125 6.150 5392
150×150 13.302 10960
175×175 25.550 18356

parameter control. In practice, intermediate resolutions (e.g., 100–125
pixels) offer a good trade-off between fidelity and computational cost.

4.4.2 Training Cost and Scalability
Table 4.7 presents the average time and VRAM usage per single train-
ing iteration using the RMSProp optimizer and TensorFlow. Similar
to inference, resource requirements grow with spatial resolution due to
the need to store high-dimensional intermediate tensors.

Table 4.7: Average training time and VRAM usage per iteration (RM-
SProp).

Resolution Time (s) VRAM (MB)
25×25 0.661 1133
50×50 2.001 1247
75×75 9.469 1754

100×100 30.073 3197
125×125 77.633 6323
150×150 169.786 11874
175×175 330.760 21173

In our experiments, we trained the model for 50 iterations per im-
age, which empirically provided a good balance between convergence
and numerical stability. Higher iteration counts occasionally led to ex-
ploding gradients or instability, especially at higher resolutions. Thus,
the reported values represent the per-iteration cost, while the full train-
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ing process consisted of 50 such steps per image. Importantly, after
integrating gradient computation and TensorFlow into the algorithm,
the complexity increased to approximately O(n3) in training mode,
due to the need to propagate and store derivatives across the high-
dimensional tensor contractions.

4.4.3 Comparison with Baselines
For comparison, the classical Koschmieder model requires negligible
time and memory, due to its closed-form structure. The CycleGAN-
based method is also highly efficient at inference: generating a 256×256
image takes only 0.037 seconds and 1.5 GB VRAM. However, this
comes at the cost of expensive training (multi-day GPU use), instabil-
ity, and limited generalizability.

4.5 Claims

Claim 3 The discretized Radiative Transfer Equation (RTE), applied
in image space using monocular depth maps, enables physically con-
sistent fog synthesis. The integration of the Henyey–Greenstein phase
function is essential to simulate forward-scattering behavior accurately
and to achieve perceptually realistic fog effects.

Reasoning. The proposed model formulates fog simulation as a re-
cursive numerical solution to the RTE in a discretized spatial–angular
domain. Using a per-pixel depth map inferred from a single RGB
image, the method computes light attenuation and in-scattering in ac-
cordance with physical radiative principles. Crucially, the use of the
Henyey–Greenstein phase function with forward asymmetry parame-
ter g ≈ 0.85 models the directional nature of light scattering in real
fog. This leads to depth-dependent airlight accumulation and angu-
lar glow effects that are not captured by traditional isotropic models
(e.g., Koschmieder). Quantitative evaluation using LPIPS, FID, and
Pearson correlation confirms that this combination produces more re-
alistic and structure-preserving synthetic fog than isotropic or purely
heuristic baselines. □

Claim 4 The proposed recursive numerical form of the RTE reduces to
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the Koschmieder model under homogeneous and isotropic assumptions,
thus serving as its physical generalization.

Reasoning. By setting K = const. and ϕ(ω, σ) = const. in the dis-
cretized RTE formulation, the recursive integral simplifies to an ex-
ponential decay model with constant airlight, matching the analytical
form of Koschmieder’s equation:

L(d) = L0e
−Kd + Lair(1− e−Kd).

This shows that the proposed model encompasses Koschmieder’s as a
special case, and extends it to inhomogeneous, anisotropic media. □

Claim 5 Images generated using the proposed RTE-based model ex-
hibit higher perceptual and structural realism compared to traditional
analytical or GAN-based synthesis methods, as measured by LPIPS,
FID, and Pearson correlation. At the same time, the RTE’s recursive
discretization is efficiently implementable in tensor-based deep learning
frameworks and is fully differentiable, allowing integration into learn-
ing pipelines for gradient-based optimization.

Reasoning. In our experiments on a curated fog-cloudy dataset, the
RTE-based method consistently outperformed Koschmieder’s analyti-
cal model and CycleGAN regarding perceptual similarity (LPIPS) and
distributional realism (FID). Additionally, the synthetic fog produced
by this method showed a stronger correlation with depth maps and
actual fog data in feature space, achieving higher Pearson correlation
scores. These findings confirm that the model yields more realistic and
physically consistent images, aligning with both human visual percep-
tion and physical properties of fog.

From an implementation perspective, the algorithm was imple-
mented in TensorFlow using recursive tensor contractions and precom-
puted scattering matrices. The radiative update is differentiable with
respect to extinction and scattering parameters, enabling gradient-
based learning via RMSProp. Despite its high memory footprint, the
method scales to moderate resolutions (e.g., 100x100) and is suitable
for synthetic data augmentation and differentiable simulation tasks. □
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4.6 Conclusions

In this chapter, we proposed a physically grounded method for syn-
thetic fog generation based on a discretized numerical solution of the
Radiative Transfer Equation. Unlike traditional analytical models or
generative adversarial networks, our method integrates depth informa-
tion and models both extinction and in-scattering effects along each
viewing direction using a recursive tensor-based approach.

Compared to classical models such as Koschmieder’s law, our model
offers the following advantages:

• simulation of spatially varying fog densities based on input depth
maps,

• using the Henyey–Greenstein phase function to incorporate the
anisotropic scattering,

• recursive radiative accumulation over a discretized angular do-
main,

• GPU-accelerated implementation using per-channel tensor con-
tractions.

We conducted wide quantitative and qualitative evaluations using
a real-world foggy–cloudy image dataset. Our method achieved:

• the lowest Fréchet Inception Distance (FID), indicating strong
distributional alignment with real fog images,

• the highest Pearson correlation with real fog scenes, reflecting
semantic and structural realism,

• the lowest LPIPS scores across all backbones, confirming minimal
perceptual distortion relative to ground truth fog.

While the CycleGAN model produced visually stylized results, it
deviated from the real fog distribution and showed higher perceptual
errors due to its unpaired, non-physical training. The Koschmieder
model, though physically interpretable, remained close to the original
(cloudy) input domain and failed to produce a significant structural
transformation.
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These findings confirm that our discretized RTE-based model ef-
fectively bridges physical plausibility and visual fidelity. The 2D PCA
feature-space visualization further demonstrated that the generated fog
aligns with real fog–cloudy image pairs, unlike GAN outputs, which
tend to cluster near the general fog group, and Koschmieder results,
which barely deviate from the source domain.

Despite its strengths, our implementation has several limitations:

• the use of first-order recursion may omit higher-order scattering
terms,

• the fog is assumed static and spatially stationary, neglecting tem-
poral effects,

• the Henyey–Greenstein phase function, while anisotropic, is still
a simplification of full Mie scattering,

• angular resolution is fixed and limited due to memory constraints,
affecting directional precision.

Training was performed using gradient-based optimization over 50
iterations per image. Although the algorithm requires more compu-
tational resources than analytical or GAN-based models, our results
show that moderate-resolution synthesis remains tractable with mod-
ern hardware.

In summary, the proposed RTE-based fog simulation framework
achieves a favorable trade-off between physical accuracy, perceptual
quality, and computational feasibility. Its modular design makes it
suitable for integration into differentiable image processing pipelines
or as a data augmentation tool in adverse weather modeling — partic-
ularly in safety-critical domains such as autonomous driving.

83



Chapter 5

Summary

This dissertation addresses two major challenges in the field of com-
puter vision: increasing the robustness of deep neural networks via
ensemble learning, and generating physically realistic foggy images us-
ing a physics-based image synthesis pipeline.

In the first part of the thesis, a novel ensemble learning method is
introduced that jointly trains multiple CNNs with a correlation-based
penalization term. The approach encourages diversity among ensem-
ble members by penalizing positively correlated outputs. The penalty
term is computed using the Pearson correlation between the penulti-
mate feature representations of the CNNs. The method is evaluated on
multiple medical and general vision datasets, consistently outperform-
ing both individual models and traditional ensembles in classification
accuracy. The proposed model architecture and loss formulation show
strong generalization and robustness across data domains.

The second part of the dissertation presents a physically inspired
method for generating synthetic foggy images. This method utilizes
a discretization of the RTE, which enables the modeling of inhomoge-
neous fog density and anisotropic scattering. By doing so, it addresses
the limitations found in traditional Koschmieder-type homogeneous fog
models.

The method is evaluated using various perceptual and physical real-
ism metrics. This demonstrates that it achieves greater perceptual and
physical realism in the simulated fog effects compared to learning-based
synthesis methods, such as GAN, and traditional analytical models.
Additionally, the synthetic dataset generated by this approach proves
valuable for training and assessing fog-robust computer vision models.
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Chapter 6

Összefoglaló

Ez a disszertáció a számítógépes látás két jelentős kihívásával foglalko-
zik: egyrészt a mély neurális hálózatok robusztusságának növelésével
ensemble tanulás alkalmazásán keresztül, másrészt fizikailag valósághű
ködös képek generálásával egy fizikai alapokon nyugvó képszintézis-
rendszer segítségével.

A dolgozat első részében egy új ensemble tanulási módszer kerül
bemutatásra, amely több konvolúciós neurális hálózat (CNN) együttes
tanítását valósítja meg egy korrelációalapú büntető tag bevezetésével.
A megközelítés célja a modellek közötti diverzitás elősegítése azáltal,
hogy bünteti a pozitívan korrelált kimeneteket. A büntető tag a hálók
utolsó rejtett rétegbeli reprezentációi közötti Pearson-féle korreláció
alapján kerül kiszámításra. A módszer több általános és orvosi képa-
datbázison is kiértékelésre került, és következetesen felülmúlta mind
az egyedi modelleket, mind a hagyományos ensemble technikákat az
osztályozási pontosság tekintetében. A javasolt modellarchitektúra és
veszteségfüggvény erős generalizációs képességet és robusztusságot mu-
tatott különböző adattartományokon.

A disszertáció második része egy fizikailag megalapozott módsz-
ert mutat be szintetikus ködös képek generálására. Az eljárás a radi-
atív transzfer egyenlet (RTE) diszkretizált alakját alkalmazza, amely
lehetővé teszi az inhomogén ködsűrűség és az anizotróp szórás mod-
ellezését. Ezzel a megközelítés túllép a hagyományos, homogén (Kosch-
mieder-típusú) ködmodellek korlátain.

A módszert különböző perceptuális és fizikai realizmust mérő mu-
tatók segítségével értékeltük. Az eredmények azt mutatják, hogy az
eljárás nagyobb fokú perceptuális és fizikai realizmust ér el a szimulált
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ködhatások tekintetében, mint a tanulásalapú (például GAN-alapú)
képszintézis-módszerek, illetve a hagyományos analitikus modellek. E-
mellett az így generált szintetikus adathalmaz értékes eszköznek bi-
zonyult ködre robusztus számítógépes látási modellek tanításához és
kiértékeléséhez.
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