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Introduction

Density functional theory (DFT) [1-3] provides a quantum-mechanical
formalism for the quantitative calculation of the electronic structure of mat-
ter. In this method without loss of rigor the electron density can be used
as the basic variable, instead of the wave function. In contrast to the appli-
cation of the many-variable wave function, usage of the electron density is
very advantageous because it has only three variables independently of the
size of the system under investigation, so the density functional approach
is a fundamental and very efficient tool for the calculation of the properties
of systems which contain a large number of electrons (molecules, solids, lig-
uids and surfaces, etc.). Density-functional methods are employed for many
contemporary calculations done for solids, and increasingly applied to atoms
and molecules. The electron density is a non-negative simple function of the
three space coordinates. In addition, it is a measurable physical quantity:
its Fourier-transform can be readily visualized from diffraction experiments.

Density functional theory has its roots in the papers of Thomas and
Fermi [4-6] in the 1920s. They used statistical considerations to describe the
charge-clouds of atoms. Their approximation replaces the electron-electron
interaction energy by its classical part, the Coulomb potential energy, and
takes kinetic energy from the theory of a non-interacting uniform electron
gas. Later Dirac [7], Gombds [8], Gdspar [9] and other workers extended the
theory of Thomas and Fermi with an exchange energy formula.

The Hohenberg-Kohn theory [10] formally completes the original Thomas-
Fermi theory by showing that all ground-state observables of a many-electron
system, for example the kinetic, the electron-electron interaction and the
external potential energies are functionals of the electron density, and it
also provides a variational principle for the total energy functional. The
Hohenberg-Kohn theory only states the existence of the functionals, but does
not offer a practical guide to their explicit construction.

However, density functional theory yields a computational scheme, the
Kohn-Sham equations [11]. These are similar to Hartree-Fock equations, but
they include both exchange and correlation effects through a local, density-
dependent, one-particle exchange-correlation potential. The Kohn-Sham
method offers an important simplification of the many-particle problem. It
is in principle an exact theory, however, the exact forms of the exchange-
correlation energy and potential functionals are unknown, so in actual calcu-



lations approximations have to be used. The simplest and most widely used
approximations are the local functionals, in which the exchange-correlation
energy density depends on the space coordinates only through the electron
density. The local density approximation (LDA) [12]-[16] is based on the
theory of the homogeneous interacting electron gas. In the lowest order per-
turbation theory for a homogeneous electronic system the contribution to the
exchange energy density can be obtained, while higher order perturbations
lead to terms contributing to the correlation energy density. The generalized
gradient approximations (GGAs) [17, 18] contain gradient corrections to the
exchange-correlation energy functional.

In the ground-state theory, exchange can be treated exactly via the op-
timized effective potential (OEP) method [23-26], in which one employs the
exact exchange energy expressed in terms of the one-electron spin-orbitals.
Only the correlation part of the exchange-correlation energy needs to be
approximated in this approach. The central equation in this generation
of DFT is still the Kohn-Sham equation, but as a consequence of the or-
bital dependence of the exchange-correlation energy the calculation of the
exchange-correlation potential is somewhat more complicated than in the
classical Kohn-Sham scheme. It can be determined by solving an integral
equation known as the OEP equation, which is a very difficult task. Krieger,
Li and Iafrate (KLI) [27-32] proposed a semi-analytical scheme for solving
the OEP integral equation approximately.

In this work Chapter 1 summarizes the basic results of density functional
theory: the Hohenberg-Kohn theorems and the constrained-search method
of Levy and Lieb, the Kohn-Sham approach, and the OEP and KLI methods.

A well known theorem of quantum mechanics is Kato’s theorem [33], from
which a relationship involving the values of the density and its derivative at
the nuclei was derived [34]. The cusps of the density inform us about the
atomic numbers and the position of the nuclei. The integral of the density
gives the number of electrons, so from the density the Hamilton operator can
be readily obtained. From the Hamiltonian, in principle, every property can
be determined, so the density contains all information on the system. This
argument [35,36] can only be applied to the Coulomb potential, however,
DFT is valid for any local external potential. In addition, Kato’s theorem
also plays an important role in a density functional approach of excited states
[37]. Recently, higher order cusp-relations were derived for the wave function
and the electron density of the ground and highly excited states of atoms,
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ions and molecules [38-40].

In a recent paper March [41] showed for a bare Coulomb potential en-
ergy that the total electron density can be calculated if the density of the
s-electrons is known, and he gave an explicit formula, which can be consid-
ered as the spatial generalization of Kato’s theorem. The total density can
be determined from the s-density not only for a bare Coulomb field. In a
spherically symmetric system one can always determine the total density if
the s-density is known [42]. Of course, the relation is not so simple as in
the bare Coulomb field. For a non-interacting electron system in a central
potential it can be stated, that there exists one-to-one correspondence be-
tween the potential and the s-state density. This theorem was proved by
Theophilou [43] not only for the angular momentum quantum number [ = 0
but also for arbitrary /. Theophilou and Gidopoulos [44] proved also the
following theorem which may be regarded as the generalization of the afore-
mentioned statement: “For a non-interacting system of /N electrons, the part
of the density due to the spin-orbitals that transform according to a cer-
tain irreducible representation of a group, determines uniquely the ground
state.” This means, that in a Kohn-Sham system the [-state contribution to
the electron density contains all information about the ground-state system.
If the [-part of the density is given, in principle it is possible to compute the
Kohn-Sham potential and the total electron density. In Chapter 2 this prob-
lem is solved in practice by the aid of a numerical method. A cusp-relation
for the [-shell contribution to the ground-state electron density is derived in
case of central field atoms to get the atomic number from the [-state density.
As a numerical demonstration of the theorem of Theophilou calculations are
performed for spherically symmetric systems in the exchange-only density
functional case [45].

For development of new approximations of the kinetic, exchange and cor-
relation energy functionals, exact relations and criteria that are fulfilled by
the exact functionals are of great help. Hierarchies of the equations were de-
rived for the energy functionals [46-48]. These relations are exact. One way
of application of these hierarchies is to truncate them. In Chapter 3 hier-
archies of equations for the correlation energy and kinetic energy correction
functionals are reviewed. Truncation of the hierarchies at different orders
leads to explicit relations for the correlation energy and its kinetic compo-
nent which are expanded in terms of powers of the moments of the electron
density [48]. The moment expansion techniques in density functional theory



are essential for constructing non-local functionals [49], which are important
for the accurate description of systems for which the exchange-correlation
hole can be spread over several atomic centers [50,51]. A given density is
uniquely determined from an appropriate set of moments. The essence of
the problem of moments is the development of complete sets of moments for
different families of distribution functions. The moments of the density can
be used as the fundamental variables in DFT [52].

Coordinate scaling conditions indicate how various components of the en-
ergy change as coordinates in the electron density are scaled uniformly. Such
constraints play an important role in the development of density functionals.
The connections between the coordinate scaling and the adiabatic connection
formulation link the coordinate scaling conditions and accurate functionals
[97,54]. In Chapter 3 the dependence of the correlation energy on the adi-
abatic constant is presented for several atoms and ions. For some two- and
four-electron systems the correlation energy and its derivative are compared
with the exact results, and with the local density (LDA) and the generalized
gradient (GGA) values [55].

Density functional theory was originally developed for the ground state,
and it can be applied only for the lowest-energy state in each symmetry
class. The symmetry problem in DFT was analyzed in several works [56-58].
The multiplet structure can also be examined using DFT methods [59-62].
Nagy [63] generalized the KLI method for calculating the multiplet energies.
In Chapter 4 the OEP method and the KLI approximation generalized to
treat the lowest-lying multiplets are reviewed. Generalized KLI calculations
with the Colle-Salvetti correlation (KLICS) [64,65] for the p? electron con-
figuration of some atoms are presented [66]. Results are compared with the
experimental values and those obtained by the generalized KLI with the local
Wigner correlation (KLILW) [72,73].



1  The ground-state problem in density
functional theory

This chapter starts with the summary of the Hohenberg-Kohn theory,
which was originally formulated for local, spin-independent external poten-
tials. Then the Kohn-Sham theory is reviewed.

The spin-independent version of the optimized effective potential (OEP)
method and the Krieger-Li-Iafrate (KLI) approximation are also summarized.

1.1 The Hohenberg-Kohn theory

The ground-state energy Egs and the ground-state wave function ¥qg of
an N-electron system can be found from the variational principle

EGS = mq}n<q1|]f[|\ll> = <\Ifgs|ﬁ|‘lfgs> s (11)
where H is the Hamiltonian of the system
H=T+V,+V,., (1.2)

T is the kinetic energy operator
. X 1
T=Y <—§v§> , (1.3)

and

. N 1
‘/:28:2

1<j

(1.4)

r; — ;]
is the electron-electron repulsion energy operator, and
. N
Ve =D v(r;) (1.5)
i=1
is the electron-nucleus attraction energy operator, in which

o(r) = —z% (1.6)
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is the so-called external potential acting on electron i, due to nuclei of charges
Zy. Atomic units are used throughout this work.

The definition of the electron density n generated by the N-electron wave
function ¥ is

n(ry) = N/ U (x4, Xz, .. XN ) [2ds1dxg...dXy (1.7)

x stands for both the coordinates and the spin, x = (r, s).

For an N-electron system, the external potential v(r) completely fixes
the Hamiltonian, thus N and v(r) determine all properties for the ground
state. In the sense of the first Hohenberg-Kohn theorem [10] the electron
density is the basic variable. The theorem states, that the external potential
v(r) is implicitly determined by the ground-state density ngs(r) within a
trivial additive constant. Obviously ngg also determines the total number of
particles NV:

/nGS(r)dr - N, (1.8)

thus, the knowledge of the electron density determines the entire Hamilto-
nian operator, the ground-state wave function ¥gg and all other electronic
properties of the system. The external potential v(r) is not restricted to
Coulomb potentials. The proof of the theorem is based on the minimum-
energy principle for the non-degenerate ground state. Let v and v’ be two
different external potentials giving the same electron density ngs. We have
two Hamiltonians, H and H' with the different wave functions Vs and V.

Egs < (Wgs|H|Vis) = (os| H'|Was) + (Vs H — H'|Vgs) (1.9)
= Bis+ [nas(®)o(r) - o'(x)]dr,
where Egg and Ef,¢ are the ground-state energies for H and H'. Similarly,

using the variational principle for the Hamiltonian H’ with the trial function
Uss, we have

ElLo < (Uas|H' [ Wgs) = (Uas|H|Was) + (Uas|H' — H|Wqs) (1.10)
= Eas+ [ nas(n)(x) - o(r)dr



Adding Eq. (1.9) and Eq. (1.10) we obtain the contradiction
Egs—FEIGS < EIC;S+EGS , (111)

consequently the external potentials v and v" are not differing by more than
a constant:

v'(r) =wv(r) +C, (1.12)

where C' is a constant.

Once the Hamiltonian is known from ngg(r), all ground-state properties
can be considered as functionals of the electron density. For a given external
potential v(r) the total energy functional can be written as

&m:/ﬁmmmn+ﬂm, (1.13)

where the functional F[n] is the sum of the kinetic energy functional T[n]
and the electron-electron repulsion energy functional V,.[n]:

Fln] = Tn] 4 Veeln] . (1.14)

The second Hohenberg-Kohn theorem [10] provides the energy variational
principle. For any trial density n, such that n(r) > 0 and [n(r)dr = N,

Egs = By[ngs] < Euln] . (1.15)

Using the conventional Rayleigh-Ritz variational principle it is easy to show
that the functional E,[n] attains its minimum when n(r) is the ground-state
density and that its minimum value is the ground-state energy. The first
Hohenberg-Kohn theorem assures that n determines its own wave function
V. For the trial wave function ¥

(U|H|W) = /n(r)v(r)dr + F[n]| = E,[n] > Egs . (1.16)

The functional F'[n] is defined only for v-representable densities. A wv-
representable density is one that is associated with a ground-state wave func-
tion of some Hamiltonian with a local external potential.

The variation principle of Hohenberg and Kohn allows the determination
of the exact ground-state density and energy of a specified many-particle
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system. With the subsidiary condition of a specific particle number the
variational principle

ﬁ‘(r) (Bulin] = i [ n(x)iir) =0 (1.17)

leads to the FEuler equation

0E,[n]
on(r)

(1.18)

The Lagrangian multiplier x4 is the chemical potential of the system. If the
functional F[n] were known, Eq. (1.18) with the particle number N would
be an exact equation to obtain the ground-state density and energy.

According to the Hohenberg-Kohn theory there is a one-to-one correspon-
dence between the ground-state electron density ngs(r) and the ground-state
wave function Wgg. Wgs gives ngs(r) by quadrature. But there exists an in-
finite number of antisymmetric wave functions that all give the same density.
How to find the real ground-state wave function? This problem was solved
by the constrained-search method by Levy and Lieb [74-76].

According to Levy’s constrained-search method the minimization of the
total energy of the system can be performed in two steps:

Egs = min {min<qf|f1|qf>} , (1.19)

U—n

where ¥ — n denotes such ¥ which integrates to the given electron density
n. The inner minimization is constrained to all wave functions that give
n(r), while the outer minimization is a searching over all the N-representable
densities. We say that an electron density is N-representable, if there exists
an antisymmetric wave function that yields the given density. It can be
proved that the density n is N-representable if

n(r) >0, (1.20)

/n(r)dr ~ N, (1.21)
and

/|vn(r)1/2|2dr < oo (1.22)
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Eq. (1.19) can be rewritten as
Egs = min {F"8[n] + B[]} = F"™"ngs] + Eewlnas) ,  (1.23)

where the constrained-search definition for the Hohenberg-Kohn density func-
tional FX[pn] is

FUK[p] = min(U|T + Voo |0) = (WK [n]|T + Voo [THK[n]),  (1.24)

U—n

and the external energy functional is
Eouln] = / v(r)n(r)dr . (1.25)

The ground-state density ngs(r) corresponds to the ground-state wave func-
tion \Ifgs.

Eq. (1.24) gives a new proof for the first theorem of Hohenberg and
Kohn, and it is not necessary to suppose the non-degeneracy of the ground
state. The original Hohenberg-Kohn minimization requires v-representable
densities. The variation (1.23) is the extended definition of F[n| to include
also non-v-representable densities, it is over all N-representable densities.

The functional F#X[n] is universal in the sense that it is independent of
the external field v(r).

Splitting the result of Eq. (1.24) into the kinetic and interaction energy
terms we have

FIE[p] = THX[n] + EZ%[n] (1.26)
where
TR [n) = (K[| T 1w n]) | (1.27)
and
E[ R [n] = (U7X [n]|Vee | 075 [n]) . (1.28)

The expectation values of T and ‘768 can be written in terms of the reduced
density matrices:

1
THK[”] = _iv%Q(rla r2)|r1:r2:rdr ) (129)
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and

1
EgK[n] = /nz(r,r')mdrdr' s (]_30)

where p and ny are the first and second order density matrices generated by
PHE,

o(ry;r)) = N/\I]*HK(XI,XQ, LX) U (X %y, x ) ds dXy, ..dxy ,(1.31)
and
ng(ry,ry) = N/\IJ*HK(Xl,XZ,...XN) (1.32)
\I/HK(Xl, X9, ...XN)dsldSQdX3, ...dXN .

The interaction energy can be divided into its classical and non-classical
parts:

Ee"[n] = Eesln] + Epf [n] (1.33)

ncl

where

Ees drdr’ 1.34
2/ |r—r’|rr (1:34)

is the classical electrostatic energy of the electronic cloud of the density n
and

EMKn, ho] = 2/ "Yho(r,1') T |drdr (1.35)

is the non-classical part of the electron-electron interaction energy, where
ha(r,r’) is the pair-correlation function which is defined by

na(r, v') = %n(r)n(r')[l +ho(r, )] (1.36)
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1.2 The Kohn-Sham approach

The Kohn-Sham model [11] for the description of the interacting electron
system introduces a non-interacting system, which has the same electron
density as the original system.

Applying the variational principle to solve the ground-state problem of
an N-electron non-interacting system in an external potential field vy(r) we
have

Eiys = min{® [T + Vil ®p) = (@] + Vil i) (1.37)
D
where
. N
Vi=Y uvs(r;). (1.38)
i=1

The variational function is determinantal because it describes a non-
interacting system. Performing the minimization in two steps

Elq = mnin{ min (®p|T|Pp) / } (1.39)

@D—Wl

is obtained. With the help of the non-interacting kinetic energy functional
T.[n] = min (®p|T|Pp) (1.40)
and the external energy functional
Eiuln] = [ n(x)u,(x)dr (1.41)
we arrive at
Egs = min E°[n] = min {Ty[n] + E7,[n]} = Tings] + Egpngs] - (1.42)
The non-interacting ground-state problem may be solved by varying the N

spin orbitals ¢;(x) comprising the determinant wave function ®p with the
Lagrange-multiplicators £7; and the ortonormalization conditions

[ 6:x)05(x) = 6 (1.43)
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The variation of the functional

Z/ r)|s(x) [2dx + - Z/qﬁ [ %W] ¢i(x)dx (1.44)
-y [

i=1j5=1

leads to the equations

N
hoi =Y 05, (1.45)
j=1
where
o 1 9
The one-electron Hamiltonian / is a Hermitian operator. Hence (g;;) is a
Hermitian matrix, it can be diagonalized by a unitary transformation of the

orbitals. The one-electron Schrodinger equations are thus obtained in their
canonical form:

1

The ground-state wave function ®f.¢ is a Slater determinant built from the
N occupied orbitals ¢;(x). For the ground-state density and kinetic energy
we have

ngs(r) =3 ; | (r, 5)]* (1.48)
Tifniss] = [ to(x Infss)r (1.49)

where the non-interacting kinetic energy density is

to(r; [nfs]) = ZZW@ r,s)|”. (1.50)

s =1
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Now the Kohn-Sham method for solution of the ground-state problem of
the original interacting electron system is presented:

Subtracting the non-interacting kinetic energy functional T55[n] = T,[n]
from the Hohenberg-Kohn kinetic energy functional 7"%[n] the Kohn-Sham
correlation kinetic energy functional is obtained:

TES[n) = THE[n] — TXS[n] . (1.51)
The Hohenberg-Kohn functional FZX[p] can be rewritten as
FPE[n] = Ty[n] + Ees[n] + Eveln) (1.52)
with the exchange-correlation energy functional

E,.[n] = TX[n] + EXE] . (1.53)

ncl

The exchange-correlation functional defined by the equation above consists
of two contributions, a difference between the interacting and non-interacting
kinetic energy functionals and the non-classical part of the electron-electron
energy functional.

Defining the Kohn-Sham effective potential energy functional

VESIn] = Eou[n] + Eos[n] + Ege[n] (1.54)

the ground-state total energy of the interacting system can be written in the
form

Egs = min B[n] = min {T,[n] + V*¥[n]} = Tu[ngs] + V*¥[nes] . (1.55)

The variation of the interacting system energy functional E[n] is

OFE[n] = / [Z%([:L)] + 6‘(;1(1.[)”]] on(r)dr , (1.56)

and the variation of the non-interacting system energy functional is

§E°[n] = / [gs([z] +vs(r)] sn(r)dr . (1.57)

Comparing Eq. (1.56) with Eq. (1.57) it can be seen that the minimization
in Eq. (1.55) can be performed using methods developed for handling of the

15



non-interacting problem. The variations 6 E[n] and § E*[n] become equivalent
if
SVES[n
vis (15 [n]) = vs(r) = Wr[)] = 0(r) + ves (r; [n]) + vae(r; [n]), - (1.58)

where vig is the effective Kohn-Sham potential, and v, is the electrostatic
potential:

Vs (13 []) = 5E€S ”] / r r,|d / (1.59)

and v, is the Kohn-Sham exchange—correlation potential:

Ope(r; [n]) = 5;&’? . (1.60)

The ground-state density of the interacting system ngg(r) can be determined
from the solutions of the so-called Kohn-Sham equation:

——v +vm] IS = SKSYKS (1.61)

The ground-state density is calculated from the Kohn-Sham orbitals {$X<5}
in a similar way as the density of a non-interacting system can be obtained
from the one-electron orbitals:

ngs(r) =Y Z |61 (x; (1.62)
s 4=1

The Kohn-Sham exchange-correlation energy is the sum of the exchange
and the correlation energy parts:

Exc[n] = E:v[n] + Ec[n] ) (163)

where the exchange-only contribution E,[n| is the non-classical part of the
Kohn-Sham electron-electron interaction energy:
Eyln] = Epi[n] = (@5 [0]|Vee| @55 [n]) — Ees[n] | (1.64)

where ®X5[n] is the minimizer in

T5[n) = min (®p|T[@p) = (@5 [n]|T]25°[n]) (1.65)
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Defining the exchange potential by

O E,[n]
on(r) ’

vz(r; [n]) = (1.66)

the exchange-correlation potential is also partitioned into the exchange and
correlation potential contributions:

Vae(r; [1]) = v2(x5[n]) + ve(rs [n]) (1.67)
where the correlation potential is

v(r: [n]) = iﬁ—(“;] . (1.68)

For the correlation energy functional holds
En] <0 (1.69)
because the correlation energy can be calculated as
Ec[n] = (WX [)|T + Vee W7 n]) — (@5 [0)|T + Vee|@5°[n])  (1.70)

and UHK[p] is the minimizer of the expectation value (U[n]|T + V..|¥[n]).
Eq. (1.70) can be rewritten as

Efn] = (T""[n] = T"%[n]) + (EL"[n] - E°[n)) (1.71)
= TX5[n] + UXS[n) .

Eq. (1.71) shows, that due to the differences between the Hohenberg-Kohn
and Kohn-Sham wave functions, the correlation energy comes from two
sources, from the differences in kinetic energies and electron-electron inter-
action energies. ®X5[n] is the minimizer of (¥[n]|T|¥[n]), so

TS [n) = (WIK[)| T10 T [n]) — (@55 [n)|T|@55[n]) 2 0. (1.72)
From Eq. (1.71) and Eq. (1.72) it is obvious that

UKSn] <o. (1.73)
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In the Kohn-Sham theory the interacting system can be described with
the one-electron equations of a non-interacting system, in which the electrons
move in a common, effective potential field vxg(r). The ground-state density
of the non-interacting system is equal to the ground-state density of the
original system, and the ground-state energies are equal, too. The interaction
of the electrons in the Kohn-Sham model is included in the Kohn-Sham
potential vig. The Kohn-Sham equations are in principle exact, however,
there are no explicit expressions known for the exchange-correlation potential
and energy as functionals of the electron density, so for calculating in practice
one has to apply approximations. The most popular functionals have a form

appropriate for slowly varying densities: the local density approximation
(LDA)

ELPAn] = /ne“”’f(n)dr : (1.74)

where £%%/(n) is the exchange-correlation energy per particle of a uniform
electron gas, and the generalized gradient approximation (GGA)

ECGA[) = / f(n, Vn)dr , (1.75)

which improve upon the LDA description of atoms, molecules and solids. In
the practical calculations £%"/ and f must be parametrized analytic func-
tions. €%/ (n) is well established [12-16], but the best choice for f(n) depends
on the derivations and formal properties of various GGA’s [17-22].

1.3 The optimized effective potential method and the
KLI approximation

The starting point of the optimized effective potential (OEP) method
[23-26] is the total energy functional

EOFP[{¢.)] = Z / 85 (x (—%W) 65(x)dx (1.76)

! / ﬁdrdf + [wln(r)de + QP51

where, in contrast to ordinary density functional theory, the exchange-
correlation energy EQPP[{¢;}] is an explicit functional of the one-electron
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orbitals {¢,} and therefore only an implicit functional of the electron density

n(r).
The one-electron spin orbitals {¢;} are eigenfunctions of the one-electron
Schrodinger equation with a local effective potential V (r)

<—%V2 + V(r)> ¢;(x) = €;0;(x) (1.77)

by requiring that V'(r) is the optimized one yielding orbitals minimizing the
total energy functional E9FF[{¢;}], that is

6EOEP {qﬁj}] Z/ 6EZZP {0;} ]65?;(( )) X +ee.=0.  (L78)

The functional derivative of the one-electron orbital ¢;(x) with respect to the
local effective potential V' (r) can be calculated using first-order perturbation
theory,

6¢z (XI)

5V () = ;Gi(x',x)@-(x) : (1.79)
Gi(x',x) = i'% : (1.80)

where the prime in the sum indicates that only states with ¢; # ¢; are
summed, and G;(x’,x) is the Green function of the Kohn-Sham equation
projected onto the subspace orthogonal to ¢;(x). It satisfies the equation

(—%VZ +V(r) — 6Z-> Gi(x',x) = =6(x' —x) + ¢:i(x")pi(x) . (1.81)

If we define h; by

BB
ol i) (152)
then
hi = —%V2 + Ves (r) + 0(T) + Vaei(X) (1.83)
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where the orbital dependent potential v, ;(x) is

SER""[{;}]
Progi

From Eqgs. (1.77)-(1.84) an integral equation for the effective exchange-
correlation potential

Vge,i(X) = (1.84)

Vae(r) = V(r) = ves(r) — v(r) (1.85)

is obtained:

Z: / &7 (%) (Vae(r') = vgei (X)) Gi(x', %)y (x)dx’ + c.c. = 0. (1.86)

The main advantage of the OEP method is that it allows for the exact
treatment of the exchange energy. In the exchange-only Kohn-Sham theory
the exchange energy functional assumes the same form as the Hartree-Fock
exchange energy expression:

Eul{5}] = Z / e v LI (1.87)

zyl —I'|

with the {¢;} being the Kohn-Sham orbitals. The exact exchange potential

(1.88)

can be found numerically by employing the OEP method. Writing the full
OEP integral equation (1.86) separately for the exchange and correlation
potentials the OEP equation for V,(r) is

; / $5(x') (Va(t) = 0ps(x)) Gi(x, X)di(x)dx' + c.c. =0, (1.89)

and for any given approximate correlation energy functional E.[{¢;}] the
correlation potential

Ve(r) = (1.90)




can be obtained by the solution of the corresponding integral equation

Z/qﬁ r') — v,5(x')) Gy(x', %) i (x)dx’ + ce. = 0.  (1.91)

Performing the functional derivative of the exact exchange energy E,[{¢;}]
with respect to the orbitals one obtains for the exchange part of v, ;(x):

P - B N
el = G e~ 2 g9 [ S e - (1

ve,i(x) is the orbital dependent correlation potential

L SE{o)]
9;(x) 00i(x)
Both the exchange-only OEP and Hartree-Fock approaches are based

on the same total energy functional, which contains the exchange energy
expression (1.87):

(1.93)

Vei(x) =

Bl = 3 [ 616 (+577) s (1.99)

+ %/%drdr'—k/v(r)n(r)dr
RS LT

v —r/|

dxdx'

zyl

While in the Hartree-Fock method this total energy functional is minimized
without restriction (expect the ortonormality of the orbitals) leading to a
single-particle Schrodinger equation containing a non-local effective potential
VHE Via the equation

(V7 4,)(x) = / ot

in the exchange-only OEP scheme the total energy functional (1.94) is min-
imized under the subsidiary condition that the orbitals arise from a local

HO0C) '$5(x) , (1.95)

r’|
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potential, which is determined by the OEP integral equation (1.86). A con-
sequence [36] of the non-locality of the Hartree-Fock potential is that the
occupied Hartree-Fock orbitals all have the same exponential decay

I (x) — e W28 s r| w0 ; i <N (1.96)

)

elF" is the energy of the highest occupied Hartree-Fock state. The orbitals

arising from the OEP method, on the other hand, fall off each with its own
orbital energy [67]:

¢ZOEP(X) _ 6*(\/*25i)|r| , as |r| — 00 ; ’LS N . (197)

The results of the OEP and Hartree-Fock calculations for the physical quan-
tities are almost identical [68]. The self-consistent Hartree-Fock solutions
yield the lowest possible value of the total energy (1.94), so the ground-state
energy obtained from the exhange-only self-consistent OEP scheme is neces-
sarily higher,

BES < EGE", (1.98)
however, the difference is very small.

The OEP method correctly reproduces the discontinuity properties
[28,30,67] required for the exact exchange-correlation potential [69-71]. A
number of other rigorous statements on the optimized effective exchange and
correlation potentials of finite systems can be derived [67]. An important
property is that

[ o0 (x)ow(x)dx = [ o (V. x) o (x)dx (199

is satisfied for v, x(x) belonging to the exact exchange energy functional
(1.87). Likewise,

[ oxX)vanx)on(x)dx = [ 63 (0 Ve(r)on (x)dx (1.100)

is satisfied for any approximate correlation energy functional leading to
asymptotically bounded functions

Ve,i(x) — const., as |r|] s o00; 1 < N. (1.101)
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The consequence of these statements is the asymptotic behaviour of the ex-
change and correlation potential. V,(r) and v, y(x) approach each other
exponentially fast for [r| — co. The asymptotic form of v, x(x) is —‘—11,‘. This
implies that

Va(x) — —7=, as |r| = o0 (1.102)

r]
The difference between V,(r) and v, y(x) decays exponentially as well, so the
way of testing the asymptotic behaviour of V,(r) for a given approximate
orbital functional E.[{¢;}] is that one only determines how v, x(x) falls off.

Since there is no known analytic solution of V,,. depending explicitly on
the set of the single-particle orbitals {¢;}, in order to use the OEP method
one needs to solve the full integral equation (1.86) numerically, which is a very
demanding task because of various numerical problems. It has been achieved
so far only for spherically symmetric systems [32,110], for complex systems
like molecules, where the potential lacks spherical symmetry, no systematic
method has yet been devised to solve Eq. (1.86). However, Krieger, Li
and Iafrate [27-32] proposed a highly accurate approximation [KLI] for the
effective exchange-correlation potential V,.(r), which reduces the complexity
of the original OEP equation significantly, and at the same time keeps many
of the essential properties of the OEP method unchanged. With the help of
the definition

Pr(x) = /d):(x') (Vae(r") — vae,i(x")) Gi(x', x)dx’ (1.103)

performing some algebra one arrives at the exact transformation of Eq. (1.86)

Vie(r) =% ; 'éﬁ:ﬁ (thaei(%) + Ve = Trei) + .. (1.104)
where
Uaes(X) = Vpes(X) — mv (1 (%) V(%)) | (1.105)

V s and Ty, ; denote the expectation values of V. (r) and v, ;(x) with respect
to the orbital ¢;(x):

Viei = [ 6:60Valm)si(x)dx (1.106)
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Trei = [ 01() 020 (%) 5 (x)dx . (1.107)

Eq. (1.104) may serve as a starting point for constructing accurate approxi-
mations of V,.(r). The simplest one can be obtained by neglecting the terms
involving 1;(x). This approximation leads to an analytic expression similar
to the Slater construction for V,.(r):

2
VLT (p) +ZZ| i) (Vies = Taed) +ec.,  (1108)

s =1 (I‘

where

ZZ |¢)z Ux)cz( ) (1.109)

s =1

is a Slater-type potential.
The rigorous properties of the full OEP are preserved by the KLI approx-
imation [67]:

KLI

Tan = Vi > (1.110)
and
Ten = Von (1.111)

if {v.;(x)} are asymptotically bounded. The KLI exchange-only potential
VELI(r) and v, n(x) approach each other exponentially fast for |r| — oo
with the same exponential function as for the full OEP, so V.X*/(r) decays
as

1
r]

The difference of VX! (r) from the Slater approximation is due to the second
term in Eq. (1.108), which enables the KLI potential V.*%/(r) to preserve
the property of integer discontinuity. The solution of Eq. (1.108) is unique
up to an additive constant, which can be determined by the requirement of
the correct asymptotic behaviour of VX! (r). The exact relationship

VEL(p) — —— | as |r| — oc. (1.112)

Emc,N = V:vc,N (].]_]_3)
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ensures that VX (r) goes to zero as r approaches infinity.

In contrast to the exact OEP integral equation, the KLI equation (1.108)
can be solved explicitly for VX5 (r) in terms of the orbitals {¢;}. Multipli-
cation with |¢;(x)|> and integration over space lead to

N-1

Vi = Vot XA (Vi - St ma)) . 0
where
Vo= |¢9 Qim (vwcz(x)—i—v;c,i(x)) dx (1.115)
i=1
and
Aji = /|¢J a2l |¢’ P (1.116)

The orbital corresponding to the highest occupied single-particle energy

eigenvalue €, has to be excluded from the sum in Eq. (1.114) because of the

condition (1.113). The remaining unknown constants {(VfCLJI — Tgej)} are

determined by solving the linear equations

= —xrr 1
Z (6ﬂ - A]Z) (Vmc,i - §(ﬁmc,i + v;c,i)> - (1117)
i=1

Substitution of the results into Eq. (1.108) yields an explicitly orbital-
dependent functional.
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2 Determination of the total electron
density from its /-shell contribution

A theorem of Theophilou and Gidopoulos [44] states that in the case of a
non-interacting system of N electrons, the part of the density belonging to
the spin orbitals which transform according to a certain irreducible represen-
tation of a group, determines uniquely the ground state.

The consequence of this theorem is that for non-interacting systems in
central potentials, the n; part of the density corresponding to orbitals of cer-
tain [ angular momentum quantum number, specifies uniquely the potential
apart from an additive constant [43].

This statement can be easily proved. Let’s consider a non-interacting
electron-system in a central potential v(r). If the [-shell density n; is given,
and it is v-representable, the number N; of the [-shell electrons can be com-
puted by integrating n; over space,

M:/mmm. (2.1)

Applying the minimum principle for the N, electron functional (@|E[|@>,
where

N 2

o= [_2 : +v(r,~)] , (2.2)

=1

and the Slater-determinant |®) is constructed solely from spin orbitals be-
longing to the subspace characterized by the angular momentum quantum
number [, one can obtain the inequalities

(@[T @0) + (Ro|V|®o) < (@5|T@5) + (25|V|P5) (2:3)
(PO T[Pg) + (D [V ) < (Do|T'|Po) + (Po|V'[ o) (2.4)

where T = YN, VT?, V= SMom), V= SN (), vand o' are
different external potentials, |®y) and |®{) are the ground state Slater-
determinants belonging to the potentials v and v, respectively. Using the
equalities
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(@o|V|@o) = / nwdr (2.5)

(@|V'| o) = / o' dr (2.6)

(@4|V|@) = [ njvdr (2.7)
% = n,v ar .

(@4[V"|94) = [ nje'd 2.8)

Eqgs. (2.3) and (2.4) lead to the inequality

/ [nj(r) — ny(x] [v(r) — o' (r)] dr > 0 (2.9)

therefore, there is a single external potential which corresponds to the given
ny, i.e. there exists one-to-one correspondence between the potential and the
[-part of the density.

Using the Kohn-Sham method for handling of the many-electron problem,
it can be stated that in a spherically symmetric system the Kohn-Sham [-
density uniqely determines the Kohn-Sham potential and the ground-state.

If n; is the electron density of the s-shells i.e. n; = ng, as it was shown
in a recent paper [41] for a bare Coulomb field —Z, an explicit connection
holds between the total electron density n for an arbitrary number of atomic
closed shells and its s-state density part:

n(r) = QZ/no(r)dr , (2.10)

where 7i(r) is the total electron density averaged over the spherical coor-
dinates ¥ and .

n(r) = ﬁ /n(r,ﬁ, @) sinddidy . (2.11)

Eq. (2.10) can also be transformed into the form
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on(r)

or

= —2Zny(r) . (2.12)

This relation is the spatial generalization of Kato’s theorem [33,34]

8ﬁ(r) = —2Zn(r)(r =
( o >(,«:0)_ 2Zn(r)(r = 0) . (2.13)

Eq. (2.10) says that knowing the atomic number Z, the total electron
density can be determined from the s-electron density. However, the total
electron density can be calculated from ny not only for a bare Coulomb
potential, but also for the Kohn-Sham potential of central-field atoms.

In agreement with the theorem of Theophilou, one can say that the Kohn-
Sham potential is a functional of the s-density. Although, the explicit func-
tional form of the Kohn-Sham potential is unknown, it can be calculated
numerically from ny.

The atomic number Z can be determined applying Kato’s theorem in a
form appropriate for the s-density

9o — 2 7ny(r = 0) . (2.14)
or (r=0)

The asymptotic behaviour of the Kohn-Sham potential is described by
the expression

vis(r) = —%, as r— 0o, (2.15)
from which the total number of electrons N can be computed if the atomic
number is known.

Consequently, in the knowledge of both vxs and Z, the total electron
density n can be found by solving the Kohn-Sham equations for N electrons.
Since both Z and vgs can be computed from ng, it can be stated that it is
possible to calculate the total electron density if the Kohn-Sham s-electron
density is given [42].
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In this chapter the determination of the total electron density of closed-
shell atoms from the [-shell part of the density n; is described in the case of
an arbitrary angular momentum quantum number [ [45]. In Section 2.1 the
Dawson-March transformation [77,78] is used to obtain potential-phase rela-
tion in terms of n; for two- and three- [-level spherically symmetric systems.
In Section 2.2 a numerical, iterative method is proposed to determine the
Kohn-Sham potential from n; for atoms and ions with several electrons. In
Section 2.3 it is showed that the cusp-relation Eq. (2.14) can be generalized
for the p-, d-, etc. electron densities. Finally, in Section 2.4 the construction
of the total density from its n; contribution is discussed, and exchange-only
calculations are presented.

2.1 Two- and three- [-level spherically symmetric
systems

In the case of one [-shell systems, from the Kohn-Sham equation

(-V; ; vmm) o(r) = () (2.16)

the Kohn-Sham potential can be trivially constructed at the points r, where
@ # 0:

1
Vi +e, (2.17)

n

UKS(T) =

where
= wlel?, (2.18)

and w is the occupation number of the orbital ¢. The one-electron energy e
can be determined from the asymptotic decay of n,

ny ~ exp { =2(2|))"/*r} . (2.19)
If n; is obtained from two [-shells, i.e.

ny = wi|e1]? + walpa)? (2.20)
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where w; and wy are the occupation numbers, the Kohn-Sham potential can

be formed by using the Dawson-March transformation [77,78]:

L oy
P = 0
| =0 cos
1
P2 = 1/2 sin 6 y

—U2 Y

(2.21)

(2.22)

where P, and P, are the radial wave functions, and g; is the radial [-shell

electron density
o, = 4r’rm; .

Eqgs. (2.21), (2.22) and the radial Kohn-Sham equations

(l+1
]Di”—i-2<€i—?)[(5—7(2+2 )>R:0, 221,2
T

lead to the relation between g; and the phase function 6(r):

/
0" + 2o = 2¢sin(20) |
o1
where
1 — &9

=3

The Kohn-Sham potential takes the form

Lo L(d\" L., I(1+1)
=2 (2} —Z( 20) —
KS T4 8\ 5 ()" + Eeos(20) = =5
where
_€1+€2
= 2

+0,

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

From Eq. (2.25) the phase  can be determined from g; using the normaliza-

tion and orthogonality conditions
/Ql cos® 0dr = wy ,

/ oy sin? Odr = w,
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and
/gl sin?(20)dr = 0 , (2.31)

then Eq. (2.27) gives vks.
If three [-shells are taken, the phase functions € and ¢ are introduced
[77,78]:

IRV
P, = 0 2.32
| Vo cos ¢, (2.32)
L oo
P, = 0 2.33
2 \/w—ZQz sin ¢/sin ¢ (2.33)
(2.34)
and
P = Lgll/zcosﬁ. (2.35)
AVAK]

From the Kohn-Sham equations one obtains coupled differential equation for
the phases 6 and ¢:

/
& + (ﬂ + 20’ cot 9) ¢ — 2€sin(2¢) =0, (2.36)
Y]
/
1
0" + 2y — sin(20) {i(as')? +26sin®p+e5—e1| =0, (2.37)
Y]
and
g: 61 ; 52 . (238)

The potential-phase relation can be obtained by combining the radial Kohn-
Sham equations with Eq. (2.32)-(2.35):

1@2, 1 Q; ? 1 "2 2
_ (&) — 202 — 2¢cos?O — 2.39
Ks 4Ql 8 o1 2( ) cos f, ( )

32



where

I(1+1)
2r2

If g, is known Eqgs. (2.36) and (2.37) can be solved and the Kohn-Sham

potential can be calculated, then in the knowledge of the electron number the

solutions of the Kohn-Sham equations yield all the occupied wave functions

and the total electron density can be calculated.

The uppermost eigenvalue in Eqs. (2.27) and (2.39) can be determined
from Eq. (2.19).

f =sin?0[2¢sin? ¢ + 1/2(¢')?] + +e1 - (2.40)

2.2 Determination of the Kohn-Sham potential from
n; with several [-shells

Recently, there has been a considerable interest to construct the Kohn-
Sham potential in the knowledge of the total electron density [79-85]. In a
recent paper Nagy [86] has also proposed a numerical, iterative method that
can be modified to calculate the Kohn-Sham potential if the [-shell density
n; is known. The process goes as follows:

In the ith iteration the Kohn-Sham equations

5 4ol (0)] 40) = 20 (2.41)

are solved self-consistently. ¢; denotes the jth occupied [-shell orbital. (Be-
cause of the uniqueness of the potential one can start from any properly
chosen potential v,(;;) in the Oth iteration.) Then the obtained I-state density

nl(i) = Zw]’gq? (2.42)
j

is compared with the known density n;. If the difference is larger than an
appropriatelly chosen small constant, another potential is constructed using
the potential v%)s and the density nl(z):

i i ng
vk = Vs lWV + (1 - 7)] ) (2.43)
l

then the Kohn-Sham equations are solved again and so on. (v is a damping
factor to speed the convergence.)

33



2.3 “Cusp-relation” for the [-shell contribution

Between the atomic number Z and the [-shell density n; the following

relation holds:
d 27
<ﬂ> =2 (2.44)
o (r=0) [+1

ny
P2l
In the case of [ = 0, Eq. (2.44) and (2.45) lead to the equation for the
s-density Eq. (2.14), which follows directly from Kato’s theorem.

To derive Eq. (2.44) let’s expand the radial wave functions and the Kohn-
Sham potential in a power series in r at r = 0:

where oy is defined as

(2.45)

[

d;
Ry =c;(r'+ —r 4+ ) (2.46)
Ci
and
A
Vgs=——+A+DBr+... (2.47)
r

Substitution of Eqs. (2.46) and (2.47) into the radial Kohn-Sham equation

1d (TQdRi> i+

Ri + 2(6,’ — U}(s)Ri =0 (248)

r2dr dr 72

leads to the result

A
—=—— 2.49
On the other hand, substituting the

[-state density written in terms of the radial wave functions into the definition
of 0, (Eq. (2.45)) one finds that

;2 w R R — 15, w; R?
ﬂ — (T le 7 ZElw Z) . (251)
01 T2 wiR;
Putting the expansion (2.46) and the relation (2.49) into Eq. (2.51), it can
be readily verified that the right hand side of Eq. (2.51) tends to —2Z as r

I+1
tends to zero, thus Eq. (2.44) is obtained.
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2.4 Exchange-only calculation of the total electron
density

According to the theorem of Theophilou [43], the [-shell part of the electron
density n; uniquely determines the potential. Since the theorem is valid for
any non-interacting system, using the Kohn-Sham method to treat the many
electron problem it can be stated that in a spherically symmetric system the
Kohn-Sham [-state density uniquely determines the Kohn-Sham potential.

On the other hand, the atomic number can be computed from Eq. (2.44),
and from the asymptotic behaviour of the Kohn-Sham potential (Eq. (2.15))
the total number of electrons can be obtained.

In conclusion we can say that the contribution to the electron density
characterized by an arbitrary angular momentum contains all information
about the ground-state of closed-shell atoms.

As an illustration of the aforementioned statement exchange-only calcu-
lations are performed for several atoms applying the numerical procedure
described in Section 2.2 to demonstrate the above reasoning in practice.

In a recent paper [63] Kohn-Sham one-electron orbitals and energies were
determined from Hartree-Fock one-electron orbitals [99]. It was shown, that
the Kohn-Sham potential leading to the Hartree-Fock density is very close
to the exchange-only Kohn-Sham potential, so we can loosy refer to it as the
exchange-only case. As a result of this kind of calculation one obtains the
exchange-only one-electron energies and orbitals, from which the exchange-
only [-shell density can be constructed. Applying this [-state density as an
input [-shell density following the procedure described above the exchange-
only total electron density can be computed. This method is applied to
several atoms and ions with closed shells. Some typical results of these cal-
culations are displayed in the figures. From the s- and p-density contribution
the Kohn-Sham potential, the exchange potential and the total electron den-
sity are computed for the atoms Ne, Mg, Ar and Kr. For the atom Kr the
total density is calculated from the d-density, too.

Fig. 2.1 presents the Kohn-Sham potentials determined from the s-
densities. The exchange potentials obtained from the p-densities are plotted
in Fig. 2.2. The total densities calculated from the s-densities and the s-
densities are displayed in Fig. 2.3, and Fig. 2.4 shows the p-electron densities
and the total densities. The total density computed from the d-density and
the d-density for Kr can be seen in Fig. 2.5.
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The numerical results show that the difference between the Kohn-Sham
potential determined from the [-shell density and the exchange-only Kohn-
Sham potential (which is determined from the total density) is very small, so
the curve of the total density determined from the [-density and the curve of
the Hartree-Fock density can be regarded equivalent within computational
error. This can be attributed to the manifestation of the uniqueness of the
potential, which is stated by the theorem of Theophilou. In principle the (-
state part of the density contains all the information that is needed to obtain
the total electron density, and the numerical method described above offers
a practical way to calculate it from its [-shell contribution.
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Fig. 2.1 The Kohn-Sham potential as the function of z calculated from the s-density for
Ne, Mg, Ar and Kr. x is defined as © = (r/u)Z'/?, where Z is the atomic number,
p = (1/2)(3w/4)?/3, and r is the radial distance from the nucleus.
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Fig. 2.3 The total radial electron density o = 47r?n calculated from the s-density and the

radial s-density as the functions of r for Ne, Mg, Ar and Kr.
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Fig. 2.4 The total densities determined from the p-densities and the p-densities.
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Fig. 2.5 The total density calculated from the d-density and the d-density for the atom
Kr.
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3 The correlation energy in terms of
density-moments along the adiabatic
connection

Exact relations for the functionals play an important role in density func-
tional theory [89], because the functionals are not known exactly and conse-
quently they have to be approximated in the applications. In recent papers
[46,47], from coordinate scaling identities, hierarchies of equations were de-
rived for the energy functionals as well as for their Legendre transforms. The
hierarchy equations can serve as criteria for improving and constructing ap-
proximations. Recently, hierarchies of equations for the correlation energy
and the kinetic energy correction functionals were derived [48].

For complete sets of moments there is a one-to-one mapping between
the moments and the electron density [52]. All observable properties of the
electronic systems can be written as functions of the moments of the density,
because all properties of the systems are functionals of the electron density.
A set of moments is a complete set, if all perturbations of the electron density
can be represented as a change in the moments, i.e. the chain rule

0Qn(r)] _ ¢~ 0QUms}) Omy[n(r)]
on(r) Xk: omy, on(r)

(3.1)

is valid, where Q[n] is a density functional and {my} are moments of the
density. It can be proved [52], that the multipole moments

M;jy = /xiyjzkn(r)dr (3.2)

are complete for molecular electron densities. One can express any molecular
density functional as a function of the moments of the system:

Qln(r)] = QU{Mijk}751-0) - (3.3)

Ayers, Lucks and Parr [52] showed, that exact moment functionals typi-
cally manifest a non-linear dependence on the moments, and they presented
a maximum entropy technique to derive formally exact, arbitrary accurate
moment expansions for density functionals.
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Exact non-local expressions for density functionals employing moments
of the electron density were deduced from the hierarchy equations [48, 90].
Truncating the hierarchies at different orders, one can obtain explicit rela-
tions for the correlation energy and for the difference between the interacting
and non-interacting kinetic energies in terms of powers of the classical elec-
trostatic moments of the electron density. For neutral atoms with coupling
constant A\ = 1, the reasonable accuracy of the two-term linear expansions
has already been demonstrated [48]. In this chapter I examine the same
expansion along the adiabatic path [55]. In Section 3.1 hierarchies of equa-
tions for the correlation energy and kinetic energy correction functionals are
reviewed. Truncation of the hierarchies is discussed in Section 3.2. In re-
cent papers, correlation energies have been determined for some two- and
four-electron systems along the adiabatic path [91-93]. In Section 3.3 the
dependence of the correlation energy on the adiabatic constant is presented
for several atoms and ions, and for some two- and four-electron systems the
correlation energy and its derivative obtained from the expansion in moments
are compared with the exact results, and with the local density (LDA) and
the generalized gradient (GGA) values.

3.1 Hierarchies of equations for the correlation
energy and for the kinetic energy correction
The adiabatic connection is a fundamental concept in density functional the-

ory [95,96]. The coupling constant path is defined by the Schrédinger equa-
tion

(T + A\Vee + V)T = B} (3.4)

where T and V,, are the operators for the kinetic energy and the electron-
electron energy, respectively. A = 1 corresponds to the fully interacting case
while A = 0 gives the Kohn-Sham system. The potential V is defined by the
condition that the electron density is kept fixed along the adiabatic path.

The correlation-energy density functional E2[n] at the coupling strength
A is defined as [97]

AEX[n] = T 0] + AW 0] [Vee WA [0]) — (I [n][Vee[9[n])) , (3.5)

where T}[n] is the kinetic energy correction part:
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T2 n] = (W ]| T [n]) — (W=[n]| ¥ =n]) (3.6)

c

and U*[n] is the minimizing wave function. The main formulas [97,98], that
relate the correlation energy and the kinetic energy correction as functions
of the coupling parameter and functionals of the density, arising essentially
from scaling arguments, are

dEMNn] 513A ]
A — B+ / )dr , (3.7)
dT}[n] A 8T [n]
ST oA )+ [y S (3.8)
and
T n] = —\2 d%[”] (3.9)

The K-th functional differentiation of Eq. (3.7) with respect to the density
n provides the K-th order equation of the hierarchy for EX[n] [48]:

6KE')\[n] 5K+1EA[n]
r;V; “ +/n r re 1V : drg.{3.10
; on(r;)...on(rx) (Fr)Tren K sn(ry)...on(trs) +(3:10)

KEMn]  d KB
671(1‘1)671(1‘[() d\ 671(1‘1)671(1'[()

This hierarchy is self-contained in the sense that it contains only the func-
tional derivatives of the correlation energy functional. For T}[n] a similar
equation can be derived from Eq. (3.8):

5KT/\[n] . . 6K+1Tc)\[n] )
Z V (r;)...0n(rg) +/n( K+1) K+IVK+157"L(I'1)...6TL(I‘K+1)d Kx+(3.11)
85T n] d  5KTAn]

—2

on(ry)...on(rg) dX on(ry)...6n(rg)

The hierarchies of equations link the K'th functional derivatives to the (K +
1)th functional derivatives and the electron density.
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3.2 Truncation of the hierarchy of equations and
expansions in moments

Truncation of the K-th equation of the hierarchy (3.10), i.e. neglecting
the (K + 1)-th variation of the correlation energy, leads to the equation
i LT, "EXn] 8"EXn] d  $"En]

" on(n).0n(rk)  6n(ry)...on(rk) dX\ on(ry)...on(rg)

(3.12)

In a spherically symmetric case Eq. (3.12) has the following solution:
K 1 k
EXn]=Y" A lz ApgAbeitt (/ rCindT> ] : (3.13)
k=1 i
Also, the K-th order truncated equation for T [n] leads to:
K 1 k
T)nl=->% (ci + %> ApiAFeit? (/ rcindr> : (3.14)
k=1 i

where ¢; are arbitrary real numbers. The Aj; coefficients, which can be
functions of the electron number N, can be determined by numerical fitting.
For a non-spherically symmetric system Eqs. (3.13) and (3.14) take the form:

K
1
Ec)‘[n] — Z % IVZ Akaﬁ’y)\k(ca+cﬂ+07)+1M§ﬁ7-| : (315)
k=1 Iﬁcﬂy J
and
z 1
TXn)l=->Y" <ca +cg+cy+ E) ApagyAFCcateste) 2k (3.16)
k=1 afy

where
Mogy = /xcﬂycf’z”n(r)dr (3.17)

are the classical electrostatic moments of the density. Taking appropriate
number of terms in the sum, one can obtain a good approximation to the
correlation energy and its kinetic component. The simplest possible form,
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the linear expansion in the moments is the only one which is size consistent,
and homogeneous of degree one in the density [100,101]. It has recently been
demonstrated [48] that for A = 1 the following two-term universal expansions
fit the neutral atoms remarkably well:

E.[n| = C’Oan/ndr+C’1Z/rndr , (3.18)

and

Ten] = —Coan/ndr - 2C’1Z/Tndr , (3.19)

where Cyp = —0.01657 and C; = 0.00040 (in a.u.). Ions can also be repre-
sented with these expressions fairly good.

3.3 Correlation energies along the adiabatic path

The adiabatic connection is a concept of great importance. The Kohn-
Sham equations and the Kohn-Sham potential are defined by this principle.
It is not known much about the dependence of the functionals on the coupling
constant. Three recent papers [91-93] addressed this problem: the correla-
tion energy has been calculated along the adiabatic path for two- and four-
electron systems.

According to Egs. (3.13) and (3.14), the coupling constant dependence of
E} and T corresponding to the fitted density-moment formulas (3.18) and
(3.19) are:

E) = A\ColnZ / ndr + \2Ch 7 / radr (3.20)
and
T = “)2CyinZ / ndr — 2030, 7 / rndr . (3.21)

Eqgs. (3.20) and (3.21) provide simple expressions for the A-dependence
of the correlation energy and the kinetic energy correction. They can be
easily calculated as the density is fixed along the adiabatic path. In our
calculations Hartree-Fock densities [99] were used for n. Results are shown
in Figs. 3.1 — 3.13.
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In Figs. 3.1 — 3.4 E) is presented for He, Ne®™, Be and Ne®T. For
comparison exact, LDA and GG A values are also shown. These data are
taken from Ref. [92]. Colonna and Savin [92] found a rational approximant
for the correlation energy:

A a\

¢ 14 bA
In Ref. [92] Eq. (3.5) and Eq. (3.22) are written in different forms. With
the notation of Levy and Perdew [97] which is used here, the right hand side
of Eq. (3.22) contains X in the nominator instead of A%. The coefficients a
and b were determined for the exact, LDA and GG A values. Figs. 3.1 — 3.4
present values obtained using Eq. (3.22), where the coefficients a and b are
taken from Ref. [92]. Comparing the density-moment formula (3.20) with
the exact, the LDA and the GGA formulas (3.22), we can state the following
about the qualitative behaviour of these functions:

In the whole range of the interaction strength the expansion formula gives
better results than the LDA. While in the case of the two-electron He and
Nedt the exact and the GGA curves are very close to each other, for the
four-electron Be and Ne®t the difference between the exact and the GGA
values becomes more significant. For NeST the fitted values are between the
exact and GGA values, so the curve of the fitted formula is closer to the
exact one, than the GGA is. For Be it does not apply, but the curve of the
density-moment expression is near that of the GGA method. The difference
between the values coming from the expression Eq. (3.20) and the exact
data at A = 1 are due to the fact that the fitting is performed for several
atoms and the agreement between the fitted and the exact results is worse
for a system of two- and four-electrons [48]. No calculations have been done
for the adiabatic constant dependence of the correlation energy of atoms and
ions with number of electrons larger than four, before.

Fig. 3.5 and Fig. 3.6 present E} and T along the adiabatic path for
the atoms Li, C, F, Mg, P and Ar. The curves of E? for small atomic
numbers are fairly linear due to the small C; coefficient in the second term
of the expression (3.20). With increasing atomic number Z [ rndr becomes
larger, consequently, when the number of electrons increases the curves de-
viate from the linear. Similarly, the coupling constant dependence of T2 can
be predicted using Eq. (3.21). With increasing atomic number the term
containing A\* becomes more dominant.

(3.22)
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Since GGAs can be divided into exchange and correlation contributions to
the energy, one can compare both the exchange and the exchange-correlation
energies with more accurate calculations for small systems. Typically, the
GGA error is smaller for the exchange-correlation energy than for the ex-
change energy. This led to suggestions for improving the accuracy of density
functionals, by replacing a fraction of the most accurate GGA energies (near
A = 1) with the exact exchange energy (at A = 0). These approximations are
the so-called hybrid schemes [102]-[104]. A recent analysis [105] of the be-
haviour of approximate functionals over the range of the adiabatic curve led
to the result that LDA or GGA gives a better approximation for d(AE2) /0
at the A = 1 end of the adiabatic connection, which has a great importance
in the construction of non-empirical hybrid schemes (cf. Ref. [105] and refer-
ences therein). In order to examine the density-moment functional from this
point of view, the first derivative of AE? is considered. In Figs. 3.7-3.10 the
ratio between the exact correlation energy derivative (AE?)/0\ calculated
from Eq. (3.22) and that calculated from the density-moment formula (3.20)
for He, Ne®t, Be and Ne®t as a function of A is compared with the ratio
of the exact values of A(AE})/0\ and those calculated from Eq. (3.22) for
the LDA and GGA approximations. It can be seen, that all three of the
approximating functionals work better at higher A values. For the positive
ions of the He- and Be-series for (AE?)/0 reliable data are available [93].
In Ref. [93] there are data for the Harris-Jones correlation energy E) [94].
However, it was shown [92], that these data are in good agreement with those
determined at fixed density. Fig. 3.11 and Fig. 3.12 show the ratio between
the exact values of (AE?)/0X and those obtained from Eq. (3.20) for the
He- and Be-series. While in the He-series the curves are almost straight
lines, in the Be-series it is conspicuously visible, that the density-moment
approximation is better for d(AE?)/0\ when A\ — 1. It was conjectured [93]
that a significant improvement of the Perdew-Burke-Ernzerhof (PBE) gen-
eralized gradient approximation [18] over LDA is manifest in the He-series,
but in the Be-series the error increases rapidly with growing atomic number.
In Fig. 3.13 we show the ratio between the exact A(AE.)/0A and that of the
density-moment approximation at A = 1. Although there is a weak linear
increase of the error in both series, we can state, that the density-moment
expansion is a fairly good approximation also for the Be-series.
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Fig. 3.1 The density-moment expansion correlation energy E2 (Eq. (3.20)) in atomic units,
as the function of the adiabatic constant A for He compared with the exact, LDA and
GGA values (Eq. (3.22)).
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Fig. 3.2 The density-moment expansion correlation energy E2 (Eq. (3.20)) in atomic units,
as the function of the adiabatic constant A for Ne®t compared with the exact, LDA and
GGA values (Eq. (3.22)).
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Fig. 3.3 The density-moment expansion correlation energy E2 (Eq. (3.20)) in atomic units,
as the function of the adiabatic constant A for Be compared with the exact, LDA and
GGA values (Eq. (3.22)).
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Fig. 3.4 The density-moment expansion correlation energy E2 (Eq. (3.20)) in atomic units,
as the function of the adiabatic constant A for Ne®t compared with the exact, LDA and
GGA values (Eq. (3.22)).
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Fig. 3.5 The adiabatic constant dependence of the correlation energy E2 calculated using
the density-moment formula (3.20) for the atoms Li, C, F, Mg, P and Ar, in atomic

units.
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Fig. 3.6 The adiabatic constant dependence of the kinetic energy correction T calculated
using the density-moment formula (3.21) for the atoms Li, C, F', Mg, P and Ar, in atomic

units.

08 . . . . . . : ,

06 -

0.2

51



Fig. 3.7 The ratio between the exact correlation energy derivative d(AE2)/O\ calculated
from Eq. (3.22) and that calculated from the density-moment formula (3.20) for He as
a function of ), compared with the ratio of the exact values of A(AE2)/dX and those
calculated from LD A and GGA (Eq. (3.22)).
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Fig. 3.8 The ratio between the exact correlation energy derivative d(AE?)/OX calculated
from Eq. (3.22) and that calculated from the density-moment formula (3.20) for Ne®*
as a function of A, compared with the ratio of the exact values of (AE2)/0) and those
calculated from LDA and GGA (Eq. (3.22)).
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Fig. 3.9 The ratio between the exact correlation energy derivative d(AE2)/0\ calculated
from Eq. (3.22) and that calculated from the density-moment formula (3.20) for Be as
a function of ), compared with the ratio of the exact values of A(AE2)/dX and those
calculated from LD A and GGA (Eq. (3.22)).
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Fig. 3.10 The ratio between the exact correlation energy derivative d(AE?)/0\ calculated
from Eq. (3.22) and that calculated from the density-moment formula (3.20) for Ne®*
as a function of A, compared with the ratio of the exact values of (AE2)/0) and those
calculated from LDA and GGA (Eq. (3.22)).
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Fig. 3.11 The ratio between the exact values of (AE.)/dX and those calculated from the
density-moment formula (3.20) for the He-series from He to Ne®T as the function of \.
The exact values of d(AE2)/O are taken from Ref. [93]. The curves appear in the order
of the nuclear charge. The uppermost curve belongs to He.
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Fig. 3.12 The ratio between the exact values of (AE.)/dX and those calculated from the
density-moment formula (3.20) for the Be-series from Be to Ne®* as the function of \.
The exact values of d(AE2)/O are taken from Ref. [93]. The curves appear in the order
of the nuclear charge. The uppermost curve belongs to Ne®+.
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Fig. 3.13 The ratio of the exact values of (AE})/0\ and those calculated from the
density-moment formula (3.20) at A = 1 for the He- and the Be-series, as the function of
the atomic number Z. The exact (O(AE.)/d\) =1 values are taken from Ref. [93].
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4  Generalized KLICS approximation for
atomic multiplets

Density functional theory can be used to analyse the multiplet structure of
atoms and molecules. In a recent paper, a systematic method of treating the
lowest-lying multiplets of a given symmetry in the density functional theory
has been presented [63]. Nagy previously proposed a method based on the
fractionally occupied states [106] to treat the multiplet problem [107], and
the exchange potential was determined for ensembles of low-lying multiplets.
In the framework of this approach one cannot treat the different multiplets
separately as one has to take into account all the multiplets lying under the
given multiplet, even if they have different symmetries.

In a recent work, Kohn-Sham equations were derived for atomic multiplets
[108]. In order to perform calculations one needs to know the Kohn-Sham
potential. In the ground-state theory, exchange can be treated exactly via
the optimized effective potential (OEP) method, but it is very difficult to
calculate the effective potential because of various numerical problems. The
Krieger-Li-Tafrate (KLI) method is an accurate approximate approach to the
OEP method. Nagy [63] has introduced the OEP method for the lowest-lying
multiplets and used a method proposed earlier [111] to generalize the KLI
approximation. It has been shown [63], that the generalized KLI exchange-
only potential leads to results as good as the Hartree-Fock results, so the
accuracy of the generalized KLI results is about the same as that of the orig-
inal KLI for the ground state. The exchange-only KLI results are closer to
the experimental values than the Hartree-Fock ones, but there is a consid-
erable difference between the KLI results and the experimental values which
emphasizes the importance of correlation.

The local Wigner approximation [72] has been applied for the correlation
[63] and it has been turned out that inclusion of this simple correlation
results in an improvement only in the total energies, whereas the multiplet
splitting becomes even worse. In this chapter I perform multiplet calculations
for some spherically symmetric systems using the Colle-Salvetti correlation
energy functional [64, 65] instead of the local Wigner correlation [66]. The
scheme obtained by combining the correlation energy functional of Colle and
Salvetti with the KLI exchange energy expression is denoted by KLICS.

In Section 4.1 the Hohenberg-Kohn theorem and the Kohn-Sham equa-
tions for multiplets are outlined. In Section 4.2 the OEP method and the
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generalized KLI approximation for atomic multiplets are summarized, then in
Section 4.3 generalized KLICS calculations are presented for the lowest-lying
multiplets of some atoms, and these results are compared with the experi-
mental values and the results, which combine the KLI exchange energy with
the local Wigner correlation (KLILW).

4.1 The Hohenberg-Kohn theorem and the
Kohn-Sham equations for atomic multiplets

The constrained search technique can be applied on “subspace density
matrices” constructed from the wave functions of the given multiplet. The
space of all antisymmetric wave functions is divided into disjoint subspaces
with different symmetries. As the lowest-lying energy level of symmetry I'
is considered, the variational principle is valid. The variation is done over a
subspace S' spanned by a set of wave functions of the given symmetry L.

For the total energy EY, the constrained search formalism can be used as
follows:

gr R
By = rréirn;w7<\115|H|\Ilg> (4.1)
gr O A r
= min Srrnirérz_:w7<\Pv|H|\P7)

- {r [}

where the subspace density n' is constructed from wave functions that belong
to the subspace S

Zw7/|\11 ?ds,dx...dxy , (4.2)
y=1
gr R R
F[n'] = Jnin, S wy (UHT + V|9 (4.3)
y=1

and gr is the degree of degeneracy. The subscript 0 in the energy E} empha-
sizes the fact that only the lowest-lying solution of symmetry I' is regarded.
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The weighting factors {w,} should satisfy the conditions
gr
1= w, (4.4)
y=1

and

w, > 0. (4.5)

Any set of weighting factors {w,} satisfying Eq. (4.4) and Eq. (4.5) can be
used. The symmetry of the density depends on the weighting factors. If the
weighting factors {w,} are all equal, the subspace density has the symmetry
of the external potential.

The Hohenberg-Kohn theorem can be generalized in the form

F[nt) + / nl (r)o(r)dr > ET . (4.6)

In Eq. (4.6) there is an equality if and only if the trial density n' is equal to
the true density of the multiplet T'.
The density matrix in the subspace S' can be defined as

. gr
D' = E:Iw7|\115><\115| : (4.7)
’y:

The functional FT'[n"] can be expressed with the density matrix D as fol-
lows:

F'nfl = min tr{D"(T +V,.)}. (4.8)

DT —nT

The functionals of the Kohn-Sham scheme are defined with the non-
interacting density matrices DT [109]. The non-interacting wave functions of
symmetry I can be written as linear combinations of several Slater determi-
nants P,:

Ui, =20 (v=12..9r). (4.9)
The non-interacting density matrix is constructed as

. gr
DI =% w7|\11577><\11577 : (4.10)
y=1
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The non-interacting kinetic energy functional as a functional of the non-
interacting density matrix is given by

T [n"; D] = tr{D'T} . (4.11)

This is a functional defined over all non-interacting density matrices 155
with the density n'. The minimalization of the non-interacting kinetic en-
ergy functional (4.11), keeping the density n' fixed, leads to the Kohn-Sham
equations, which are rather complicated for an arbitrarily selected set of
weighting factors w,. For a spherically symmetric case and equal weighting

factors the Kohn-Sham equations have a very simple form [108]:

1 Li(l; +1
_§(Pjr)u 4 i( ;7«_'2_ )p]F + UIEstF = 55]3].F , (4.12)
where
+/| dr + vy (75 [0']) (4.13)
r—

and PjF -s are the radial wave functions. We have different potentials for
different multiplets because the Kohn-Sham potential depends on I'.

4.2 The OEP method and the KLI approximation for
atomic multiplets

The optimized effective potential method which can be applied when the
total energy E'[{¢;}] is given as a functional of the one-electron orbitals
{QSJF-}, can be generalized for the lowest lying multiplets. The one-electron
equations are

- 1
o = (—5V2+ Vg =£6; (4.14)

where the local effective potential V! is determined by requiring that
EF[{¢]F}] is minimized for all ¢! obtained from Eq. (4.14). This results
in
SET 64 (X')
dx’ c.=0. 4.15
Z/&z) N VT ) X T e (4.15)

60



The functional derivative of the one-electron orbital ¢! with respect to the
local effective potential V' can be calculated with the help of Green’s func-
tion:

5¢F

ZGF x',x)¢; (x), (4.16)

(A" = ))G (', %) = =6(x' = x) + ¢} (x') 9] " (x) - (4.17)

Using Eqs. (4.14)-(4.17) an integral equation for the effective exchange-
correlation potential V., can be obtained:

S [ ol ac) (VA(r) = vhes(x)) GF (¢, )01 () + c.e. =0, (4.18)

where the orbital dependent potential is
0B [{4;}]
IR

The effective exchange-correlation potential V., can be determined from
the effective potential V':

Vie(r) = V() — v(r) — vg,(r) | (4.20)

Ve (%) = (4.19)

where v is the external potential and vl is the classical Coulomb potential.

To obtain the effective potential VT for the multiplet ' the total en-
ergy E'[{#}}] is needed. In a degenerate case we cannot approximate the
wave function as a single Slater determinant. In the case of a given electron
configuration (in this work calculations are presented for the electron con-
figuration p?) there exist several Slater determinants, ®.. Constructing an
appropriate linear combination of these Slater determinants one can obtain
wave functions of symmetry I':

=y, (v=12...,9r). (4.21)
The energy expression for the multiplets is
r _ /50 771aT
B = (V. |H|V) . (4.22)
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E" is a functional of the one-electron orbitals {¢} }:
B — E{01)] (129

For the special case of atomic multiplets, it is a functional of the radial wave
functions { Py }:

E' =E"[{P]}]. (4.24)
It can also be written as

r I' pI’
J

where F,, is the average energy of the different multiplets corresponding to
the given configuration. The second term in the right hand side of Eq. (4.25)
is responsible for the multiplet separation. The explicit forms of Eq. (4.25)
for the p? electron configuration are [112]

3

E(*P) = Eu — 5= F*(pp) , (4.26)
1 3
E( D) = Eav + %F (pp) ) (427)
and
1 12
E('S) = Eq + 2—5F (pp) . (4.28)
F?(pp) is the Slater integral
2 2 2 re
F=(pp) = //RQp(TI)RQp(TQ)T_?)dTIdT27 (4.29)
>

where Ry, is the radial wave function of the 2p electrons. r. means r if it
is smaller than ry and ro if it is smaller than 7, and r- is the greater of ry
and r,.

In the knowledge of the total energy expression, the OEP calculations
can be performed solving Eqs. (4.18)-(4.19). However, to find the optimized

62



potential VT is very difficult because of vast numerical problems. Recently,
an alternative derivation of the exchange-only KLI approximation has been
presented [111], and a generalization of this method has been performed for
atomic multiplets [63].

The Kohn-Sham equations of the multiplet [' are

1 d? Li(; +1
(___+g

5 2 T KS) Pl =€ P (4.30)

The exchange-only Kohn-Sham potential is

Vs = v+ vh, + vk +w' (4.31)

where vl is the exchange potential and w' is the potential which is responsible
for the multiplet separation. The generalization of the KLI method leads to
the accurate approximations [63]

—US—FZE — )|kl |? (4.32)

and

r _ kF? kF 1 dBF
wh =Y (k) w; Z Z JPFdPF’ (4.33)

3

where v} is the Slater potential
1
W) = -3 /dr |ZkF )2/ — 1] . (4.34)
The functions k! are defined with

)

pr= (QF)% kN (4.35)

where o' is the radial electron subspace density.
(€X' —&l') are the differences between the Kohn-Sham and the Hartree-Fock
one-electron energies:

6 —e; = (¢lvy o) — (¢sl0) "N s) (4.36)

where 0,'" is the Hartree-Fock exchange potential taken with the density
funct1onal orbitals.

~HF
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4.3 Generalized KLICS calculations

A correlation energy formula due to Colle and Salvetti [64,65] in which the
correlation energy density is expressed in terms of the electron density and
a Laplacian of the second-order Hartree-Fock density matrix was restated as
a formula involving the density and local kinetic energy density [113]:

n —+ bn’2/3 [tHF — 2tw]€76n71/3

cs _
E7{¢5} = —a/ e dr (4.37)
where a = 0.04918, b = 0.132, ¢ = 0.2533, d = 0.349, and
1|Vn2 1_,
tw = = - = 4.
is a local ” Weizsacker” kinetic energy density and
1 |V7’LZ|2 1 2
tyr = = - = 4.39
=g gV (4.39)

is the local Hartree-Fock kinetic energy density, where {n;} are the electron
densities belonging to the one-electron orbitals:

mir) = 3 |8 (4.40)

In the multiplet calculations this Colle-Salvetti functional is applied. The
correlation energy expression (4.37) is added to the generalized KLI total
energy E', and the Kohn-Sham potential has the form

Vis = U+ Ugy T 0, F w00 (4.41)
where the correlation potential v“5T is the functional derivative of
vE! depends slightly on I, as the subspace density n' is somewhat different
for different multiplets. The Kohn-Sham equations (4.30) with the Kohn-
Sham potential including the Colle-Salvetti correlation potential v are
solved self-consistently. This method is denoted by KLICS.

Table 4.1 presents total energies obtained by the KLICS method for the
multiplets 2P, 'D and 'S of the atoms C, O, Si and S. Experimental data

cs,r
ES=.
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[114] and generalized KLI results with local Wigner correlation (KLILW) [63]
are also shown. The local Wigner correlation energy expression is

EM )= [ 5 i"r dr , (4.42)

where the parameters obtained by Siile and Nagy [73] (e = —0.02728 and
b = 0.21882) are used and ry is the Wigner-Seitz radius:

re = (3/4mn)'3 . (4.43)

For comparison, Table 4.1 contains Hartree-Fock [99] and exchange-only KLI
values as well.

Comparing the KLICS results with the experimental and the KLILW
values we can state that for the atoms Sv and S KLICS gives much better
results than the KLILW approximation. For the multiplets of the atoms C
and O, except the multiplet 2P, the KLICS values are slightly better than
the KLILW results.

Table 4.2 contains multiplet separation. It can be seen that the KLICS
results are better than the Hartree-Fock and the KLILW results, but the
exchange-only KLI values are closer to the experimental ones. It means that
KLICS predicts multiplet splitting poorly, just as KLILW does.
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Table 4.1

Total energies for the multiplets 3P, ' D and 'S of the atoms C, O, Si and
S calculated with Hartree-Fock (HF), and approximated optimized

potential (KLI, KLILW and KLICS) methods (in Ryd).

| C O Si S
P [HF ~75.3772 | -149.6187 | -577.7085 | -795.0095
KLI | -75.3715 | -149.6133 | -577.6963 | -794.9950
KLILW | -75.6854 | -150.1231 | -578.3987 | -796.0861
KLICS | -75.7284 | -150.1635 | -578.7785 | -796.2757
Exp -75.6904 | -150.1346 | -578.7500 | -796.2780
D | HF 275.2626 | -149.4584 | -577.6300 | -794.9042
KLI | -75.2607 | -149.4562 | -577.6228 | -794.8950
KLILW | -75.5720 | -149.9644 | -578.3177 | -795.9834
KLICS | -75.6163 | -150.0056 | -578.7035 | -796.1748
Exp -75.5979 | -149.9900 | -578.6926 | -796.1938
S THF Z75.0091 | -149.2219 | -577.5169 | -794.7489
KLI | -75.1001 | -149.2236 | -577.5166 | -794.7468
KLILW | -75.4071 | -149.7292 | -578.1996 | -795.8312
KLICS | -75.4537 | -149.7720 | -578.5947 | -796.0251
Exp -75.4931 | -149.8267 | -578.6097 | -796.0759
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Table 4.2

Experimental and calculated energy difference of the term from the 3P (in
Ryd) for the atoms C, O, Si and S. Calculations are with HF, KLI,
KLILW and KLICS methods.

| | | ¢ [ o [ st | S |
P—TD | HF 0.1146 | 0.1603 | 0.0785 | 0.1053
KLI | 0.1108 | 0.1571 | 0.0735 | 0.1001

KLILW | 0.1135 | 0.1587 | 0.0810 | 0.1027
KLICS |0.1121 | 0.1579 | 0.0750 | 0.1009

Exp 0.0929 | 0.1446 | 0.0574 | 0.0842
SP-1S | HF 0.2782 | 0.3968 | 0.1916 | 0.2606
KLI 0.2713 | 0.3896 | 0.1797 | 0.2483

KLILW | 0.2783 | 0.3939 | 0.1991 | 0.2549
KLICS |0.2747 | 0.3915 | 0.1838 | 0.2506
Ezp 0.1973 | 0.3079 | 0.1403 | 0.2021
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Summary of results and conclusions

In density functional theory (DFT) [1-3] the basic quantity is the electron
density. All properties of a many-electron system can be considered as func-
tionals of the density. Another important quantity is the correlation energy
functional. It’s explicit form is unknown, so every statement in connection
with the correlation energy may be useful to develop good approximations.

In the thesis I discussed the determination of the total electron density
from the [-shell contribution to the electron density, then along the adia-
batic connection I tested the density-moment expansion formula given by
Liu, Nagy and Parr [48], finally I performed KLI calculations [63] with the
Colle-Salvetti correlation energy formula [64,65] for atomic multiplets. The
progress [ made in these three subjects of DFT can be summarized as follows:

I. According to the theorem of Theophilou [43,44], the [-shell part of the
electron density n; uniquely determines the external potential. This theo-
rem is valid for any non-interacting system, so using the Kohn-Sham method
to treat the many-electron problem it can be stated that in a spherically
symmetric system the Kohn-Sham [-state density uniquely determines the
Kohn-Sham potential.

e [ used the Dawson-March transformation [77,78] to obtain potential-
phase relation in terms of n; for two- and three- [-level spherically
symmetric systems.

e [ modified a numerical, iterative procedure worked out by Nagy [86]
to calculate the Kohn-Sham potential from n; for atoms and ions with
several electrons.

e [ derived a cusp-relation, from which the atomic number can be com-
puted in the knowledge of n; at the nucleus. From the asymptotic
behaviour of the Kohn-Sham potential the total number of electrons
can be obtained. So the [-state part of the density contains all the
information that is needed to get the total electron density.

e To demonstrate the above statement in practice I performed exchange-
only calculations, in which I computed the Kohn-Sham potential, the
exchange potential, and the total electron density from the [-shell den-
sity ny.
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II. The adiabatic connection is a fundamental concept in DFT [95,96]. It
provides a direct link between calculations using the Kohn-Sham Hamilto-
nian and those using the exact one. From scaling relations formulas can be
derived, which relate the correlation energy and the kinetic energy correction
as functions of the coupling parameter and functionals of the electron density
[97,98]. The functional differentiations of these formulas lead to the hierar-
chies of equations, which can serve as criteria for improving and constructing
approximations. Arising from the truncation of the hierarchy equations a
universal formula in terms of the moments of the electron density was de-
veloped for the correlation energy and kinetic correction functionals [48]. In
this work I examined the same expansions along the adiabatic path.

e I presented the correlation energy £ and the correlation kinetic energy
T2 along the adiabatic path for several atoms. The curves of E? =
AColnZ [ ndr + X\2C,Z [ rndr for systems with small atomic numbers
are fairly linear due to the small coefficient C} in the second term of the
expression. With increasing atomic number the second term becomes
larger, consequently, when the number of electrons increases the curves
deviate from the linear. For the coupling constant dependence of T =
—N2CoInZ [ ndr —2X3C1Z [ rndr it can be stated that with increasing
atomic number the term containing A3 becomes more dominant.

e Comparing the density-moment adiabatic connection curve of the cor-
relation energy with the exact, LDA and GGA curves, it can be stated
that there is a good agreement between the density-moment results and
those of Colonna and Savin [92].

e [ found that in the whole range of the interaction strength the density-
moment expansion formula gives better results than the LDA.

e The adiabatic coupling can be used to produce density functionals. In
recent years non-empirical hybrid schemes were constructed based on
the adiabatic connection [102-104]. It was pointed out [105] that these
hybrids improve on the results of the approximate functionals, when
the adiabatic connection is much better approximated at the coupling
strength close to 1, than in the range close to 0. I examined this
behaviour of the density-moment expansion formula for some two- and
four-electron systems. I showed that this approximation works better
for large coupling constant values, such as LDA, or GGA.
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e It was conjectured [93] that a significant improvement of the PBE ap-
proximation [18] over LDA is manifest in the He-series, while in the
Be-series the error increases rapidly with growing atomic number. I
compared the ratio between the exact O(AE))/O) and that of the
density-moment approximation at A = 1 for the He- and Be-series,
and I found that although there is a weak linear increase of the error
in both series, the density-moment expansion is a fairly good approxi-
mation also for the Be-series.

ITI. Density functional theory can be used to analyse the multiplet
structure. I performed KLI calculations with the Colle-Salvetti correlation
(KLICS) for the lowest-lying multiplets of some atoms, and I compared these
results with the experimental values, the Hartree-Fock and exchange-only
KLI values, and with the results, which combine the KLI exchange with
the local Wigner correlation formula (KLILW) [73]. From the results the
following conclusions can be drawn:

e The KLICS gives slightly better results than the KLILW approxima-
tion.

e For the multiplet separation the KLICS results are better than the
Hartree-Fock and the KLILW results, but the exchange-only KLI val-
ues are closer to the experimental ones. It means that the KLICS
approximation predicts multiplet splitting poorly.
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Az értekezés osszefoglalasa

A siirtiségfunkciondl elmélet [1-3] a kvantummechanikai tobbtestprobléma
megoldasara kidolgozott hatékony elmélet. Az elektronsiiriiség moddszerek
soran a tObbelektronos rendszerek jellemzése az elektronsiiriiségen, mint
alapveté mennyiségen keresztiil torténik. A Hohenberg-Kohn-elmélet [10]
szerint ugyanis az elektronsiirtiség, amely egy adott térbeli pontban
a térfogategységre esO elektronszamot jelenti, a rendszer alapallapotara
vonatkoz6 0Osszes informdciot tartalmazza. Az elektronok széama a stiriiség
integrdlasaval all el6; ugyanakkor az elsé Hohenberg-Kohn-tétel kimondja,
hogy az alapallapoti elektronsiiriiségek és a kiils6 potencidlok (példdul
az elektron-mag vonzdst leir6 Coulomb-potencidlok) kozott kolesondsen
egyértelmii megfeleltetés létesithet6. Az elektronszam és a kiilsé po-
tencial ismeretében pedig felirhaté a rendszer Hamilton-operatora, amely
meghatarozza az alapallapoti hullamfiiggvényt, melynek ismeretében elvben
barmely fizikai mennyiség datlagértéke meghatarozhaté. Az alapallapotot
jellemz6 Osszes mennyiség tehat az elektronsiiriség funkciondljaként kezel-
hetd.

Az elektronstiriiség alapmennyiségként valé értelmezése rendkiviil
elényos, hiszen a stiriiség a sokvaltozos hullamfiiggvénnyel szemben csupan
haromvaltozos az elektronok szamatol fliggetleniil.  Ezenkiviil az elek-
tronstriség megfigyelhetd fizikai mennyiség, kisérletileg meghatarozhato;
példaul rontgenszorassal a siirtiség Fourier-transzformaltjat lehet mérni.

A mésodik Hohenberg-Kohn-tétel variaciés elvet mond ki az energia-
funkciondlra: az energia, mint a stiriség funkciondlja, a rendszer alapdllapoti
stirtiségénél veszi fel minimdlis értékét. A Hohenberg-Kohn-tételeket Levy
és Lieb dltalanositotta [74-76]. A Levy-féle korlatozott keresési moédszer
soran a Hamilton-operator atlagértékének minimumat nem a teljes Hilbert-
téren keressiik, hanem a Hilbert-térnek csak azon részén, melyet kifeszito
hullamfiiggvényekhez tartozé stiriiség egy adott, rogzitett elektronstiriiséggel
egyezik meg.

Az elektronstiriiség a Kohn-Sham-elméletben [11] a Kohn-Sham-
egyenletekbdl hatdrozhaté meg. A Kohn-Sham-elmélet az eredeti,
kolesonhato rendszer helyett egy olyan kolcsonhatasmentes rendszert tekint,
amelynek a siirlisége az eredeti rendszer siirtiségével egyezik meg. FEzen
fliggetlen részecskéket leird egyelektron-egyenletek a Kohn-Sham-egyenletek,
melyekben kiilso, effektiv potencidlként az in. Kohn-Sham-potencial sze-
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repel, amely egy lokalis, multiplikativ potencidl, s magaban foglalja az
eredeti rendszer elektronjainak a kolcsonhatasat. A Kohn-Sham-potencidl
a mag-elektron vonzast és az elektronok egymadas kozotti taszitasat leird
klasszikus Coulomb-potencidalokbol, valamint a kicserélédési-korrelacids po-
tencialbol tevédik 6ssze. A kicserélédési-korrelacids potencial a kicserélédési-
korrelacios energia stirtiség szerinti funkcionalderivaltja. A kicserél6dési-
korrelacios energia két részbol all: a kolesonhatéd és kolcsonhatasmentes
kinetikus energia funkciondlok kiilonbségébdl, az tn. korrelaciés kinetikus
energia funkcionalbdl, és az elektron-elektron kolcsonhatast leird energia-
funkciondl nem-klasszikus Osszetevéjébol. A Kohn-Sham-féle kicserélodési-
korrelacios energia kicserélédési és korrelacids OsszetevOkre bonthatd. Az
egyik leggyakoribb felbontds a kicserélodési energiara a Hartree-Fock-
féle kifejezést alkalmazza, a Hartree-Fock-palyak helyébe a Kohn-Sham-
palyakat helyettesitvén. A kicserélddési-korrelacios energiaval analég modon
a kicserélodési-korrelacios potencidl is két tag oOsszegére bonthatd; a
kicserélodési és korrelaciés potencidlra, melyek a megfelelé energiatagok
stirtiség szerinti funkcionalderivaltjai.

A Kohn-Sham-egyenletekkel a kolcsonhaté rendszer egzaktul leirhato,
azonban az elektronsiiriiség meghatarozasakor mégis kozelitésekhez kell
folyamodni, mivel a kicserélodési-korrelaciés potencial egzakt funkciondl
alakja nem ismert. A legegyszeriibb gyakran haszndlt kozelités a lokalis
stiriiség kozelités (LDA) [12-16], melyben a kicserélédési-korrelacids ener-
giaslirliség meghatarozasanak alapjaul a homogén elektron gaz statisztikus
elmélete szolgdl. Az éltalanositott gradiens kozelitésekben (GGA) [19-22]
a kicserélodési-korrelacios energiasliriiség nemcsak a strtiségtél, hanem a
stirtiség derivaltjaitol is fiigg.

A kozelité formuldk feldllitdsahoz, illetve “jésdguk” ellenérzéséhez
rendkiviil fontos minden informacid, melyet a kicserélodési-korreldcios po-
tencidlrol, illetve energiarél nyerhetiink. fgy nagy jelentosége van annak is,
hogy a Kohn-Sham-egyenletek révén lehetoség adodik az egzakt kicserélodési-
korreldcids potencidl elektronsiirliségh6l torténé meghatarozasara [86],
amennyiben az egzakt stiriiség ismert. Ismert Hartree-Fock-siirtiséghdl pedig
az egzakt kicserél6dési potencidl hatdrozhaté meg [87].

Gombszimmetrikus rendszerek, igy zart héju atomok és ionok esetében
azonban nem sziikséges a teljes elektronsiliriiség ismerete a kicserélodési-
korreldcids potencial meghatarozdsdhoz, mert a Theophilou-tételbdl [43, 44|
kovetkezden a teljes elektronstiriiség megadasaval egyenértékii az ugyana-
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zon adott [ mellékkvantumszamhoz tartozé Kohn-Sham-féle egyelektron
allapotok teljes m; stlirtiségének ismerete. FEz azt jelenti, hogy az elek-
tronstiriiség n; része (ahol [ = s,p,d...) elvben minden informéciét tartalmaz
az alapallapoti rendszerrol. A strtiségfunkciondl elmélet alapjainak rovid
attekintése utan a jelen értekezés 2. fejezetében egy eljarast dolgoztam ki arra
vonatkozodan, hogy konkrétan hogyan szamolhaté ki a Kohn-Sham-potencial
és a teljes elektronsiirtiség az [-palyakhoz tartozo stirtiségbdl.

A kozelité energia-funkciondlok kifejlesztésében jelentds segitséget
nyujtanak a funkciondlokra vonatkoz6 egzakt Osszefiiggések.  Ilyenek
a hierarchia-egyenletek is, amelyek az energia-funkciondlok K-adik
funkciondlderivaltjat kapcsoljak 6ssze a (K + 1)-edik funkciondlderivalttal és
az elektronstiriiséggel. Liu, Nagy és Parr [48] a korrelacids energidra és a kor-
relacios kinetikus energia funkciondlra szarmaztatott hierarchia-egyenleteket,
melyek csak a megfelel6 energia-funkciondlt és annak funkcionédlderivaltjait
tartalmazzak. A hierarchia-egyenletek K-ad rendi csonkitasa, azaz a
(K + 1)-edik funkciondlderivaltat tartalmazé tagok elhanyagoldsa az elek-
tronsiriség klaszikus momentumai szerinti sorfejtésekre vezet. A mo-
mentumok szerinti sorfejtéseknek jelentés szerepiik van a nem-lokalis
funkcionélok konstrudlasiban [49]. Belathat6 [52], hogy a vizsgalt rendszer
elektronstiriiségét egyértelmiien meghatarozza a momentumok valamely, al-
kalmasan megvalasztott teljes rendszere, tehat az elektronstiriiség helyett
annak momentumai is alapveté6 mennyiségekként kezelheték. Liu, Nagy és
Parr [48] gbmbszimmetrikus rendszerek korreldcids energidjara és korrelacios
kinetikus energidjara kéttagd, univerzalis, linedris momentum-formulakat
adtak meg, melyekben a siirtiség nulladik és masodik momentumai el6tti
egylitthatokat numerikus illesztéssel kaptak meg. Az értekezés 3. fe-
jezetében ezen kéttagi momentum-formuldkat vizsgaltam meg az adiabatikus
csatolasi paraméter fiiggvényében. Az adiabatikus csatolds az eredeti,
kolcsonhato rendszer viselkedését a Kohn-Sham-rendszerével koti Ossze a
csatoldsi paraméteren keresztiil.

A suriiségfunkcional elmélet eredeti formdajaban csak az egyes szim-
metriaosztalyok legalacsonyabb &llapotaira alkalmazhaté. A szimmetria-
problémdt a siirtiségfunkciondl elméletben sokan vizsgaltdk [56-58]. Atomok
és molekuldk multiplett-szerkezetét szintén sikeriilt mar elektronstiriség
modszerekkel elemezni [59-62]. Az alapallapoti rendszerek kicserélédési ener-
gidja egzaktul lefirhaté az optimalizalt effektiv potencidl (OEP) mddszer
[23- 26] segitségével, melyben az egzakt kicserélédési energia funkciondl
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az egyelektron-pdalyakkal van kifejezve és csak a korreldcidés energia, mint
az egyelektron-palydk funkcionalja szorul kozelitésre. A kicserélodési-
korrelacios potencial az OEP moddszeren beliil egy bonyolult integralegyenlet
numerikus megoldasaval hatarozhaté meg. Krieger, Li és lafrate (KLI) [27-
32] egy kozelitd eljarast javasoltak az OEP integralegyenlet megoldésara.
Nagy [63] a KLI- médszert altalanositotta a legalacsonyabb multiplettek
energidgjanak szamolasara. A 4. fejezetben a multiplettekre dltalanositott
csak-kicserélodési KLI-modszert a Colle-Salvetti-korrelaciés funkcionallal
[64,65] egészitettem ki (KLICS).

A kovetkezOkben a stirtiségfunkciondl elmélet fentiekben targyalt hdrom
részteriiletén elért eredményeimet és a beldliik levonhaté kovetkeztetéseket
foglalom Ossze.

[. A Theophilou-tétel szerint [43,44], gdbmbszimmetrikus potencialtérben
levé kolcsonhatdsmentes elektronrendszer adott [ mellékkvantumszamu
palyaihoz tartozé elektronsiiriiség, n;, egyértelmiien meghatarozza a kiils6
potencialt. A tobbelektronos rendszerek leirdsara a Kohn-Sham-elméletet
alkalmazvan megallapithaté, hogy gombszimmetrikus rendszerek esetén a
Kohn-Sham n; stirtiség egyértelmiien meghatarozza a Kohn-Sham-potencialt.

o Két, illetve harom [-palyaval rendelkez6 gémbszimmetrikus rendszerek
Kohn-Sham-potencidljanak meghatdrozasara potencidl-fazistiiggvény
Osszefiiggést vezettem le a Dawson-March-transzforméciot [77,78] al-
kalmazvan. Az Osszefliggésben szereplo fazisfiiggvényekre csatolt dif-
ferencialegyenlet rendszert kaptam, amely n; ismeretében megoldhaté.

e Tobbelektronos atomi rendszerek Kohn-Sham-potencidljanak az [
mellékkvantumszami palydkhoz tartozé stlirtiséghdl, n;-bol torténo
kiszamitasara a Nagy [86] altal kidolgozott numerikus, iterativ eljarast
modositottam.

e Sikeriilt levezetnem egy “cusp”-relaciot, amelybdl az atomok és ionok
rendszama n; ismeretében kiszamolhaté. Ismervén a rendszamot,
a Kohn-Sham-potencidl aszimptotikus viselkedésébdl az elektronok
szama meghatarozhato. fgy tehat az [-palydkhoz tartozd stiriiség az
alapéllapot leirdsahoz sziikséges Osszes informéciét tartalmazza, azaz
lehetdség adodik a teljes elektronstiriiség n; stirtiségbdl torténé nu-
merikus kiszamitasara.
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o Az el6zo allitas illusztralasara atomokra csak-kicserélédési szamitasokat
végeztem, melyek sordan az [-palydkhoz tartozo siirtiségbol sikeriilt
meghataroznom a Kohn-Sham-potencialt és a teljes elektronstiriiséget.

II. A hierarchia-egyenletek csonkitdasaval nyert Liu-Nagy-Parr-féle
kéttagi momentum-formuldkat [48] az adiabatikus csatoldson keresztiil
vizsgaltam.

e Az B} = M\CylnZ [ndr + N°C.Z [rndr korreliciés energiat és a
T> = —\2ColnZ [ ndr — 2)X3C1Z [ rndr korrelaciés kinetikus energiat
a A csatolasi paraméter fliggvényében kiilonb6zé atomokra vizsgalvan
megallapithatd, hogy kis rendszdmi atomok esetében az E}-gorbék
kozel egyenesek a momentum-formula mésodik tagjaban szerepl6 kis
C egyiitthaté miatt. A rendszam novekedésével a masodik tag egyre
nagyobba valik, igy a gorbék egyre jobban eltérnek az egyenestol. A
korrelacios kinetikus energia A-fliggésére is az jellemz6, hogy a méasodik
tag egyre dominansabbd vélik a rendszam novekedtével.

e A korrelaciés energiara vonatkozé momentum-formula adiabatikus
csatolasi gorbéjét Osszehasonlitottam az egzakt, az LDA- és a GGA-
gorbével, melyeket Colonna és Savin [92] kifejezése alapjan kaptam. A
momentum-formula mindhdrom gorbével elég j6 egyezést mutat.

e A csatoldasi paraméter egész tartomanyan a momentum-formula az
LDA-nal jobb eredményeket ad.

e Az adiabatikus csatolds igen jelentGs szerepet jatszik 1j, nem-
lokdlis stiriiség-funkciondlok konstrudlasaban. Ez képezi a nem-
empirikus hibrid-mddszerek kifejlesztésének alapjat is [102,104]. Kimu-
tattak [105], hogy a hibrid-mdédszerek altaldban javitjdk a kozelitd
funkcionalok eredményeit, ha azok a csatoldsi paraméter fiiggvényében
a A = 1-hez kozeli tartomanyon lényegesen jobb értékeket adnak, mint a
A = 0 koriil. A momentum-formulat ebbol a szempontbdl is elemeztem.
Két- és négyelektronos rendszerekre kimutattam, hogy a momentumos
kozelités a csatoldsi paraméter nagy értékeire jobban miikodik, mint a
A = 0 koriili értékekre, ami az LDA- és a GGA-kozelités esetében is
tapasztalhato.
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e Az egyik leggyakrabban hasznalt GGA-mddszer, a Perdew-Burke-
Ernzerhof (PBE)-féle kozelités [18] a He-sorozatra jobb eredményeket
nydjt az LDA-nal [93]. A Be-sorozatra viszont a rendszdam
novekedésével egyre rosszabb kozelitést eredményez. A He- és a Be-
sorozatra Osszehasonlitvan a momentum-formulabdél szarmazé, A = 1-
nél képzett A(AEY)/ON derivalt, és az egzakt derivalt hanyadosat azt
tapasztaltam, hogy bar mindkét sorozatban a rendszam novekedésével
kicsit novekszik a kozelités hibaja, a momentum-formula a Be-sorozatra
is meglehet6sen jo kozelités.

ITT. Atomok legalacsonyabb multiplett-allapotainak vizsgalatara KLI
szamoldsokat [63] végeztem a Colle-Salvetti- korreldciés funkciondl [64,65]
felhasznalasaval. Az igy kapott KLICS multiplett energidkat kisérleti
eredményekkel, Hartree-Fock-eredményekkel és csak-kicserélodési KLI
értékekkel hasonlitottam Ossze, valamint a kicserélédési potencidlt a lokalis
Wigner-korrelaciés formuldval [73] kiegészité KLI mddszer eredményeivel
(KLILW). A kovetkezéket tapasztaltam:

e A KLICS-médszer valamivel jobb eredményeket ad, mint a KLILW-
kozelités.

e A alapdllapoti konfiguraciébdl szarmaztathaté multiplett-allapotok
energiakiilonbségeire a KLICS-eredmények a Hartree-Fock- és a
KLILW-eredményeknél jobbnak mutatkoznak, de a csak-kicserélodési
KLI-értékek kozelebb esnek a kisérletileg megfigyelhet6 értékekhez,
mint a KLICS-eredmények, tehat a Colle-Salvetti-korrelacios potencidl
alkalmazéasaval a multiplett-szerkezet nem irhaté le olyan jél, mint a
korrelacio figyelembe vétele nélkiil.
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