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Lajos Molnára) and Zsolt Pálesb)
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It is well known that the'-order automorphisms of the effect algebra of a Hilbert
space of dimension not less than three are implemented by unitary or antiunitary
operators. The aim of this paper is to show that the same assertion also holds true
in the two-dimensional case. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1352052#

Let H be a~real or complex! Hilbert space. The effect algebra ofH is the operator interva
@0,I # of all positive ~self-adjoint, bounded linear! operators onH which are bounded by the
identity I . Effect algebras play a very important role in the mathematical foundations of qua
mechanics~see, e.g., Ref. 1!. It is well known that if the dimension ofH is at least three, then th
'-order automorphisms of@0,I # ~which are the bijective transformations of the effect algebra t
preserve the order< in both directions and also preserve the orthocomplementation':E°I
2E) are implemented by unitary or antiunitary operators onH ~see Ref. 1, Sec. V 5 and Ref. 2!.
In fact, the proof is usually based on the fundamental theorem of projective geometry which
true only in spaces of dimension not less than three. Because of the importance of effect al
it is a natural problem to clarify the situation in the two-dimensional case. In fact, Cassinelliet al.
faced this issue in their paper2 ~it is trivial that the corresponding assertion fails to hold in o
dimension!. Moreover, in their recent work,3 Lahti et al. showed that if the considered automo
phism is induced via the functional calculus by a Borel function of the interval@0,1#, then it is
necessarily the identity. The aim of this paper is to present the complete solution of the pro

We have the following result.
Theorem: Let H be a two-dimensional (real or complex) Hilbert space and let@0,I # be the

effect algebra of H. Let f:@0,I #→@0,I # be a bijective transformation with the property that

E<F⇔f~E!<f~F ! and f~ I 2E!5I 2f~E!

hold for every E,FP@0,I #. Then there exists an either unitary or antiunitary operator U on
such that

f~E!5UEU* ~EP@0,I # !.

Proof: Several times in the proof we shall use the following easy observation: IfA, B are
positive ~self-adjoint! operators,B<A, and A is of rank one, thenB5lA for some scalarl
>0.

We recall that every bijection of the effect algebra of a Hilbert space which preserve
order in both directions necessarily preserves the projections as well as their ranks in both
tions ~see@Ref. 1, Theorem 5.8, p. 219#!. Clearly, we havef(0)50, f(I )5I .

In what follows, letP be any rank-one projection onH and letQ be its orthogonal comple
ment. PicklP@0,1#. Since 0<f(lP)<f(P), it follows that f(lP)5 f P(l)f(P) for some
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scalarf P(l)P@0,1#. Clearly, f P :@0,1#→@0,1# is a strictly monotone increasing bijection~observe
that f21 has the same properties asf!. If lP@0,1#, then from the inequality

f~Q!<f~lP1Q!<I 5f~P!1f~Q!

we obtain

0<f~lP1Q!2f~Q!<f~P!.

This implies that

f~lP1Q!5hP~l!f~P!1f~Q!

for some scalarhP(l)P@0,1#. Similiary to the case off P, hP :@0,1#→@0,1# is a strictly monotone
increasing bijection. We show thathP5 f P . Indeed, since

f P~l!f~P!5f~lP!<f~lP1Q!5hP~l!f~P!1f~Q!,

it follows that f P<hP . Considering the inversef21 of f, it is easy to see that

f21~lf~P!!5 f P
21~l!P

and

f21~lf~P!1f~Q!!5hP
21~l!P1Q.

Therefore, just as mentioned previously, we can deduce thatf P
21<hP

21 . Since the functions
f P ,hP :@0,1#→@0,1# are monotone increasing we then conclude thatf P5hP . From the inequality

f P~l!f~P!5f~lP!<f~lI !5f~lP1lQ!<f~lP1Q!

5hP~l!f~P!1f~Q!5 f P~l!f~P!1f~Q!

we infer that

0<f~lI !2 f P~l!f~P!<f~Q!

and this implies that

f~lI !5 f P~l!f~P!1kP~l!f~Q!

for some scalarkP(l)P@0,1#. Sincef(P),f(Q) run through the set of all pairs of mutuall
orthogonal rank-one projections, it now follows thatf(lI ) is diagonizable with respect to ever
basis. This gives us thatf(lI ) is a scalar operator, that is,f(lI )5 f (l)I for some scalarf (l)
P@0,1#. Clearly, f :@0,1#→@0,1# is a strictly monotone increasing bijection. Since

f P~l!f~P!5f~lP!<f~lI !5 f ~l!I<f~lP1Q!5 f P~l!f~P!1f~Q!,

it follows that f 5 f P5hP . So, we have

f~lP!5 f ~l!f~P!

and

f~lP1Q!5 f ~l!f~P!1f~Q!.

The argument leading to this conclusion can also be applied to get
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f~lQ!5 f ~l!f~Q!

and

f~P1lQ!5f~P!1 f ~l!f~Q!.

For anyl,mP@0,1# we have

f ~l!f~P!5f~lP!<f~lP1mQ!<f~lP1Q!5 f ~l!f~P!1f~Q!

and

f ~m!f~Q!5f~mQ!<f~lP1mQ!<f~P1mQ!5f~P!1 f ~m!f~Q!.

From the first inequality we infer that

f~lP1mQ!5 f ~l!f~P!1af~Q!

for someaP@0,1#, while from the second one we have

f~lP1mQ!5bf~P!1 f ~m!f~Q!

for somebP@0,1#. Comparing these equalities we get

f~lP1mQ!5 f ~l!f~P!1 f ~m!f~Q! ~1!

for everyl,mP@0,1#.
Observe thatf has the following symmetry property:f (l)1 f (12l)51. Indeed, this follows

from the equalityf(lI )1f((12l)I )5I .
Our next claim is to obtain a functional equation forf . In order to do this, we recall the

following notation from Ref. 4. IfE is an effect on a Hilbert space andw is a unit vector, then let

l~E,Pw!5sup$lP@0,1# : lPw<E%,

where Pw is the orthogonal projection onto the subspace generated byw. Suppose thatE
P@0,I #. Then~Ref. 4, Theorem 4! tells us that

l~E,Pw!5H iE21/2wi22, if wPran~E1/2!

0, else
.

Fix mutually orthogonal rank-one projectionsP, Q on H. Pick mP]0,1@ and letE5mP1Q.
Take any rank-one projectionR on H which is neither equal to nor orthogonal toP. Similarly to
the second step of the proof~Ref. 2, Lemma 3!, it is easy to verify that

l~E,R!5
m

m1~12m!tr PR
.

Indeed, ifr is a unit vector in the range ofR, then using the above-mentioned result from Ref.
we compute

l~E,R!5i~~1/Am!P1Q!r i225
1

~1/m!iPri21iQri2 5
m

iPri21miQri2

5
m

miPri21miQri21~12m!iPri2 5
m

m1~12m!iPri2 5
m

m1~12m!tr PR
.

By the definition ofl(E,R), it is clear that
 23 Nov 2005 to 35.8.72.219. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



y:

d

as-

1910 J. Math. Phys., Vol. 42, No. 4, April 2001 L. Molnár and Zs. Páles
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f ~l~E,R!!5sup$ f ~l! : lR<E%5sup$ f ~l! : f~lR!<f~E!%

5sup$ f ~l! : f ~l!f~R!<f~E!%5l~f~E!,f~R!!.

Sincef(E)5f(mP1Q)5 f (m)f(P)1f(Q), it follows that

f S m

m1~12m!tr PRD5
f ~m!

f ~m!1~12 f ~m!!trf~P!f~R!
.

As the quantities trPR and trf(P)f(R) do not depend onm, it follows from this equality that
tr f(P)f(R) can be uniquely expressed as a function of trPR. Denoting g(tr PR)
5tr f(P)f(R), we get a bijective functiong:]0,1@→#0,1@ for which

f S m

m1~12m!n D5
f ~m!

f ~m!1~12 f ~m!!g~n!
~m,nP#0,1@ !

holds true. Replacingm by 12m andn by 12n we have the following more aesthetic equalit

f S 12m

12mn D5
12 f ~m!

12 f ~m!g~n!
~m,nP#0,1@ !. ~2!

Here we have used the fact thatg has the same symmetry property asf . This follows from the
following equality:

g~12tr PR!5g~ tr P2tr PR!5g~ tr~P~ I 2R!!!5tr f~P!f~ I 2R!5tr f~P!~ I 2f~R!!5tr f~P!

2tr f~P!f~R!512g~ tr PR!.

Now, we turn to the solution of the functional equation~2!. Our corresponding result is formulate
in the following separate statement.

Proposition: Let f,g:]0,1@→#0,1@ be functions. Suppose that f is a strictly monotone incre
ing bijection and that f(12x)512 f (x) and g(12y)512g(y) hold for every x,yP]0,1@ . If

f S 12x

12xyD5
12 f ~x!

12 f ~x!g~y!
~x,yP#0,1@ !, ~3!

then f and g are the identities on]0,1@ .
Proof: The functionf being continuous, Eq.~3! implies the continuity ofg.
Observe that, with the notation

a~ t !ª
1

11et ~ tPR!,

b~x!ª ln
x

12x
~xP#0,1@ !,

g~y!ª ln~12y! ~yP#0,1@ !,

we have the following identity:

12x

12xy
5

1

11expS ln
x

12x
1 ln~12y! D 5a~b~x!1g~y!!

for all x,yP]0,1@ . Therefore, Eq.~3! can be rewritten as
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f +a~b~x!1g~y!!5a~b+ f ~x!1g+g~y!! ~x,yP#0,1@ !. ~4!

Substitutingx5b21(u) and y5g21(v) into Eq. ~4! and applying the inverse function ofa to
both sides of Eq.~4!, we get

a21+ f +a~u1v !5b+ f +b21~u!1g+g+g21~v ! ~5!

for all uPR andvP] 2`,0@ . Thus the functions

Fªa21+ f +a, Gªb+ f +b21, Hªg+g+g21

satisfy the following so-called Pexider equation:

F~u1v !5G~u!1H~v ! ~uPR, vP#2`,0@ !.

Then, by known results of the theory of functional equations~cf. Ref. 5 or 6! and by the continuity
of F, G, H, it follows that there exist constantsa,b,cPR such that

F~w!5cw1a1b ~wPR!,

G~u!5cu1a ~uPR!, ~6!

H~v !5cv1b ~vP#2`,0@ !. ~7!

Using Eq.~6! and the definition ofG, we get thatb+ f (x)5cb(x)1a, whence

f ~x!5
xc

xc1e2a~12x!c ~xP#0,1@ !.

Similarly, the definitions ofH andg, and Eq.~7! yield

g~y!512eb~12y!c ~yP#0,1@ !.

The function f being strictly increasing,G is also increasing whence we get thatc.0. Thus f
satisfies the identityf (12x)512 f (x) if and only if a50. The analogous identity forg is valid
if and only if b50, c51. Thereforef (x)5g(x)5x for all xP]0,1@ . h

Returning to the proof of our theorem, since the above-mentioned functiong is the identity,
we have trPQ5tr f(P)f(Q) for any rank-one projectionsP, Q on H. Hence, using Wigner’s
theorem on symmetry transformations we obtain that there exists an either unitary or antiu
operatorU on H such that

f~P!5UPU*

for every rank-one projectionP on H. As f is also the identity, from Eq.~1! we infer that

f~lP1mQ!5lf~P!1mf~Q!5lUPU* 1mUQU* 5U~lP1mQ!U* ,

which means thatf(E)5UEU* holds for every effectE on H.
This completes the proof of our theorem. h
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