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1. Introduction

In this note we provide all solutions of three exponential Diophantine equations, re-
lated to certain particular quadratic, cubic and quartic identities, respectively.
The first identity is the following:

102 4+ 112 + 122 = 132 + 142

This is related to a painting of Nikolay Bogdanov-Belsky entitled ‘Mental Arithmetic,
in the Rachinsky School’ [10] (or, ‘A Hard Problem’ according to Ja. I. Perelman, see
Fig. 18. of [23] on page 167). In fact, the problem on the painting asks for calculating
the value of

10% + 112 + 122 + 132 4 142
365 ’

and in view of that both sides of the above identity equals 365, the answer is 2. The iden-
tity (and the solution) is highlighted by Ja. I. Perelman [23], see section ‘A Hard Problem’
on pages 166-168. Miklés Laczkovich (private communication) wondered whether it is
possible to replace the exponents (2,2,2,2,2) in the above identity by some different
values. That is, we face the problem of resolving the equation

109 4 11%2 4129 = 13% 4 14% (1.1)

where the variables a1, as, a3, a4, as are non-negative integers.
The second identity is given by

134123 =93 + 103,

and this is the ‘simplest’ equality between sums of two cubes (see e.g. the online database
of Wroblewski [29]). A natural problem is to find all solutions of the equation

14 12% = 9% 4 10% (1.2)

in non-negative integers by, ba, b3.
Finally, the third identity we start from is

2 42 + 30 44t 441 =5,
being the ‘smallest’ instance where a sum of five fourth powers yields a fourth power (see

e.g. [28] formula (101), or the database [29] again). As the implied exponential problem,
here we consider the equation
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261 4 2% 4 3% 4 4% 4 4% = 5%, (1.3)

in non-negative integers cy, ca, c3, ¢4, Cs, Cg.

As one can see, the equations to solve are exponential Diophantine equations, with
five, four and six terms, respectively. To handle such equations (which may be considered
to be special S-unit equations) one can use Baker’s method - however, only up to number
of terms at most three. (In some special cases, up to number of terms at most five; see
[27] and [4].) When we have four or more terms, then by the help of Schmidt’s deep
subspace theorem, (in general) only the finiteness of the non-degenerate solutions can
be established, together with a bound for the number of such solutions. Here we do
not give more details: we suggest the interested reader to study the excellent book of
Evertse and Gydry [18] (and the references there) for history, many results and various
important applications. For a detailed description of the situation, one can also check
the Introduction of [7]. We only note that these deep, powerful methods are not capable
even to give upper bounds for the sizes of the solutions, not to mention the complete
solution of the equations.

To handle the equations, we shall use our method established in [7]. This method
is based upon a variant of Skolem’s conjecture, roughly saying that if an exponential
Diophantine equation has no solutions, then it has no solutions modulo m, with some
appropriately chosen modulus m. (Note that an algebraic version of our method is given
in [9].) Our purpose to solve these equations were twofold: on the one hand, the equations
are interesting in themselves, and on the other hand, in this way we can demonstrate that
the method developed in [7] works indeed for exponential Diophantine equations ‘out of
the blue’ - thus also supporting the validity of Skolem’s conjecture and its variant in
[7]. We mention that in the literature one can find several papers resolving exponential
Diophantine equations with few terms and with small primes involved. For example,
Brenner and Foster [12] solved several such equations up to five terms, while Alex and
Foster [2,3] solved such equations with four terms, with primes involved being at most 5.
Though their approach is similar to ours in principle, however, the moduli they used are
just chosen ‘accordingly’, not by a general method. In particular, their method would
certainly be sufficient to handle (1.2) (where the ultimate modulus is rather simple), but
probably not (1.1) and (1.3) (where the ultimate moduli, as well as the ways to find
them, are rather involved). In fact, we include (1.2) here only in order to illustrate the
method in a simple way.

Finally, we mention that initially, beside (1.1) we wanted to solve the equation

3% 4 4% 1 5ds — ga (1.4)
in non-negative integers di, ds, d3, d4, arising from the identity

3 +47+5° =6
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observed by Euler in 1770. (See [17] art. 249 and [13] for related results and history.
Note that on page 139 of [23] the above identity is also mentioned.) However, putting
together results from [2] (Theorems 2.A.3 and 3.D) and [3] (Theorem 3.12), equation
(1.4) is solved. So, instead of (1.4) we take equations (1.2) and (1.3) which are similar
to (1.4) - with (1.3) being significantly more difficult.

The structure of the paper is the following. In the next section we formulate our
results about the solutions of the equations, and we briefly describe our approach. The
final section is devoted to the proofs of our statements.

2. New results and sketch of the method of the proof

Concerning the first problem, we obtain the following theorem.
Theorem 2.1. All solutions of the equation
109t 4 1192 + 1293 = 13%4 4 14% (2.1)
in non-negative integers ai, as, as, aq, s are given by
(a1,a2,as,a4,a5) = (0,0,1,1,0), (2,2,2,2,2).
The next statement provides all solution to our second problem.
Theorem 2.2. All solutions of the equation
14120 =9b2 4 10bs (2.2)
in non-negative integers by, ba, by are given by
(b1,b2,b3) = (0,0,0), (3,3,3).
Our next theorem provides all solutions for a generalization of equation (1.3).
Theorem 2.3. All solutions of the equation
201 262 4 2% 4 2% 4 3% = 56 (2.3)
in non-negative integers ey, es, €3, €4, €5, € With e; > -+ > e4 are given by

(e1,€e2,e3,e4,€5,66) = (0,0,0,0,0,1), (2,2,2,2,2,2), (3,2,1,1,2,2),
(3,3,2,1,1,2), (3,3,2,2,0,2), (4,1,1,1,1,2), (4,2,0,0,1,2),
(4,2,1,1,0,2), (4,4,3,2,4,3), (5,2,2,2,4,3), (5,3,1,1,4,3),
(5,5,5,1,3,3), (6,4,4,1,3,3), (6,5,0,0,3,3), (6,5,4,2,2,3),

(8,7.7,5,4,4), (8,8, 4,4,4,4), (9, 4,3,3,4,4), (9,6,5,3,2,4), (9,6, 5, 4,0, 4).
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From this we immediately obtain
Corollary 2.4. All solutions of the equation
201 + 202 + 303 + 404 + 405 — 506
in non-negative integers ci, Ca, C3,Cq, C5,Ce With ¢1 > ca, ¢4 > c5 are given by

(01702703364,05706) = (anaoaoaoal)v (030)172a172)a (1,170a2>1a2)7

(2,0,1,2,0,2), (2,2,2,1,1,2), (3,2,4,2,2,3), (3,3,0,1,1,2),
(4,0,1,1,0,2), (4,1,3,3,2,3), (4,2,1,0,0,2), (4,3,4,2,1,3),
(4,4,4,4,4,4), (5,0,3,3,0,3), (5,2,2,3,2,3), (5,2,4,1,1,3),
(5,4,2,3,1,3), (6,1,3,2,2,3), (6,5,2,2,1,3), (6,5,3,0,0,3),

(8,4,4,4,2,4), (8,8,4,2,2,4), (9,5,0,3,2,4).

Now we briefly sketch the method we use (developed in [7]) to prove Theorems 2.1 and
2.2. We do this in order to keep the presentation self-contained; however, we do not want
to give details which are not important for our present purposes. In particular, we specify
the presentation for the particular shape of the problems at hand. The interested reader
may consult [7], where a general and much more detailed description of the method is
given, with several examples.

Let uq,...,ux, v1,...,vr be non-zero integers, ¢ be an integer, and consider the ex-
ponential Diophantine equation

wvyt 4+ upvt =c (2.4)

in non-negative integers aq, ..., ay.
In [7] the following conjecture was proposed (in a more general form):

Conjecture. Suppose that equation (2.4) has no solutions. Then there exists an integer
m with m > 2 such that the congruence

uvft + - Fugv® = ¢ (mod m)
has no solutions in non-negative integers aq, . . ., .

The conjecture is a variant of a classical conjecture of Skolem [25] (see also [24], pp.
398-399). For some related history and results cf. [7]. We note that the conjecture has
been supported by some theoretical and numerical results in [7], and has been proved in
some cases with k < 3 in [24,22,5,19].

To find the solutions of an equation of the form (2.4), we perform the following steps.
For simplicity, we assume that (2.4) has no solutions yielding vanishing subsums.
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(i) Make a (supposedly complete) list of all solutions to equation (2.4). As we know
by the general theory (see e.g. [18] and the references there), (2.4) has only finitely
many solutions (without vanishing subsums). So this can be done by finding all
solutions up to some ‘large’ bound.

(ii) Pick one of the unknown exponents, say «i, and using the suspected list of all
solutions define ag := a1 + 1.

(iii) Instead of equation (2.4), consider the equation obtained by replacing the coefficient
uy by uiv]®. Observe that assuming that the list of solution was indeed complete,
the new equation has no solutions.

(iv) Based upon the above Conjecture, find an m such that the new equation has no
solution modulo m. Having such an m, conclude that a; < g holds for all solutions
of (2.4).

Then repeat the whole procedure for all oy with 0 < a1 < «q fixed for the implied
equations which have one less variables.

Observe that though the strategy contains heuristic points, once we succeed to find
appropriate moduli, we get all solutions - independently of any conjecture. For more and
more precise details about the method, see [7]. For an algebraic version of the method,
see [9].

We mention that in the literature one can find several sparse results of this type.
See [7] for an account of the related literature. However, in these papers the way to
find appropriate moduli m is rather ad-hoc, while in our method such moduli can be
constructed systematically. Using our method, several similar equations have been solved
e.g. in [7] and [6]. Note that it is a key problem how to find an appropriate modulus m.
This has been analyzed in [7]; the starting point is finding small values of Carmichael’s
A function based upon results generalizing theorems of Erdds, Pomerance and Schmutz
[16]. (For related results cf. [1,14,20,21,7,9].) See also a recent paper of Dimitrov and
Howe [15] for further analysis and considerations, where an efficient method has been
worked out for the numerical solution up to some bound of a conjecture of Erdés related
to the ternary representations of powers of 2, and also concerning binary representations
of powers of 3.

Finally, we mention that we have implemented our algorithm for the solution of ex-
ponential Diophantine equations in Sage [26]. The program, together with a complete
description can be downloaded from the web page of the second author [8].

3. Proofs

Since the proofs of our theorems are similar, we do the following. First we provide
the proof of Theorem 2.2 in detail. (Since here we have a simple argument, it can be
done easily.) Then, in the proofs of Theorems 2.1 and 2.3 we only indicate the critical
steps, and give the data from which one can verify the calculations. (It seems to be a
good choice also because the proofs of Theorems 2.1 and 2.3, that is, the constructions
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of appropriate moduli, are much more technical.) Further, since our ultimate goal is
to solve (2.1), (2.2) and (2.3) completely, we shall make some simplifications in the
general method outlined in the previous section, made available by the specific features
of the equations considered. Note that beside Sage [26] computations, we also made some
calculations in Magma [11].

We start with the proof of our second theorem, because this is the simplest technically,
through which we can illustrate our method easily.

Proof of Theorem 2.2. First, according to step i) of the general algorithm, we make an
exhaustive check of the exponent tuples (by, ba, b3) with 1rga<xg b; < 100, and we find only

two such tuples which yield solutions, namely
(b17b27b3) = (07050)3 (3a373) (31)

These are just those listed in the statement.
Now, following step ii) of the algorithm, instead of (2.2), we consider the equation

9% 4 10% — 1 =12%. 12" (3.2)

in non-negative integers by, ba, bs. Here certainly by = b + 4. If the list of solutions (3.1)
is complete, then according to the Conjecture it is possible to find a modulus m such
that (3.2) has no solutions already modulo m. To find such an m, we used our program
[8] (though in this simple case it could be done easily by hand), and we obtained that

m=2%.5 (3.3)

is a good choice, assuming that b3 > 4. Note that the program provides a modulus m
such that the equation in question has no solutions modulo m with exponents satisfying
the following property: if a prime p occurs on power v,(m) in m and p divides a basis v; in
(2.4), then p*»(™) divides v{. (It is not a restriction: if p*»("™) { v®*| then a; may assume
only finitely many (small) values and we can loop over them - in an equation with one
less variables.) In our case this means that (3.2) has no solutions with b3 > 4, already
modulo m with m given by (3.3). The remaining cases have to be checked separately.
We summarize the cases and list appropriate moduli in Table 1. In general, one can use
the strategy explained in [7] to find appropriate moduli.

Table 1
Moduli with no solutions to (3.2)
modulo m.

exponent restrictions  moduli m

by > 4 24 .5
3>b3>1 34
bs =0 2
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Now we give an argument which shows that the moduli appearing in Table 1 are
appropriate, indeed. We do this for two reasons: it shows that our claim is valid indepen-
dently of how m was found, and in this way we can show how to perform such a check
(since a ‘brute force’ method checking all possibilities modulo m is not at all efficient in
general).

We start with excluding the cases where b3 < 3. If b5 = 0 then modulo 2 we imme-
diately see that equation (3.2) has no solutions. Suppose that b3 = 1,2,3. Observe that
then v3(10% — 1) = 2,2, 3, respectively. In the last case we get a contradiction modulo
81. In the first two cases modulo 27 we see that by = 2 must be valid, however, then we
obtain contradictions again modulo 27.

Hence we may assume that b3 > 4. Then modulo 5 we get that bs must be odd, while
modulo 16 we obtain that bs should be even in (3.5). This is a contradiction, and the
theorem is proved. O

Now we turn to the proof of our first theorem.

Proof of Theorem 2.1. The strategy of the proof is similar to that of Theorem 2.2. How-
ever, here the calculations are pretty much more involved. So we give only the critical
points and provide the moduli obtained, but we suppress the details. To check that the
exhibited moduli work, one can use arguments similar to those in the proof of Theo-
rem 2.2 - however, now the use of a computer seems to be unavoidable.

First, following step i) of the general algorithm, performing an exhaustive search for

max a; < 100 we find the solutions
1<i<5

(al,ag,ag,a4,a5) = (0,0, 1, 170), (2,2,2, 272). (34)

These are precisely the tuples appearing in the statement.
Now, according to step ii) of the method, in place of (2.2), we consider the equation

107 41192 4123 - 12% = 13% 4 14% (3.5)

in non-negative integers ai,as, a3, as,as, with a3 = aj + 3. Provided that the list of
solutions (3.4) is complete, the Conjecture says that we can find a modulus m such that
(3.5) has no solutions already modulo m. To find such a modulus, we used our program
[8] again. We obtained that

m=23%-19-31-37-61-73-181-193-433-1153 (3.6)

is appropriate, that is, (3.5) has no solutions modulo m with m in (3.6).
This means that in all solutions of (2.2), we must have a3 < 2. Since (2.2) with az3 =0
has no solutions modulo

19-31-37-61-73 181,
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we get that ag =1, 2.
If azg = 1 then (2.2) is not possible modulo

5-19-31-37-61-73-181,
unless a; = 0. However, then modulo
3%.11-31-61

(2.2) yields a contradiction, unless as = 0. In this case the left hand side of (2.2) equals
14.
If a3 = 2 then modulo

53.19-61-101-151 - 181
(2.2) implies that a; = 0, 1,2. Then modulo
53101 - 151
and
3%.19-61-181

we get that a; = 0 and a; = 1 are impossible, respectively. That is, we are left with
a; = 2. However, then (2.2) modulo

33.5%.11%3.19-.23 .31 - 727

has no solutions, except possibly with as < 2. Altogether, we obtain that in this case
the left hand side of (2.2) is at most 365.

Now a simple check reveals that the only solutions of the equation are given by (3.4).
Hence our claim follows. We mention that to prove the theorem, altogether we used the
modulus

3%2.5%.112.19-23.31-37-61-73-151-181-193-433-727-1153. O
Finally, we give the proof of our third theorem.

Proof of Theorem 2.3. A search for the ‘small’ solutions with 1r2a<xﬁ e; < 30 gives that
7/L7
(2.3) has no such solutions with max e; > 10.
<z

We shall focus on the exponents of the 2-s, and rewrite equation (1.4) as

210 . 26I + 210 . 263 + 210 . 26§ + 210 . 262 + 365 — 566 (37)
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in non-negative integers ej, e3, €3, e}, e5,es with e] > e5 > e > e}. Using the modulus
m:=2%.7.13.17-97-193 - 257,

we obtain that (3.7) has no solutions modulo m. In other words, we get that e < 9
must hold in (2.3). (Here we cannot give more details: there are just too many cases to
consider. However, by our program, or using our algorithm from [7], one can easily check
that the given modulus ‘works’ for (3.7)). Then the same modulus shows that none of
the equations

210 9¢1 1 910 . 9e2 | 910 . 9e3 4 9¢i | 3% — 5% (ef > e} > €b, e5,e6 € L0, €) < 9),

210 9¢1 1 910 . 9e2 | 93 4 9€ | 385 — 5% (ef > e} 5,66 € Lo, ) < €5 <9),

210961 4 9¢2 4 93 4 2€1 4 3% — 5% (¢} 5, €6 € Z>o,e; < ez <e5<9)
is solvable. Further, using the same modulus m once again, we obtain that the equation
2°1 4 2°2 4 25 4 2¢4 4 3% — 5 (3.8)
with e} <ej <es <ef <9 has no solutions in non-negative integers es, eg, unless

(eika 6;, 6;,62) = (Oa 0,0, 0)7 (2a 2,2, 2)7 (3a 2,1, 1)’ (3a 3,2, ]‘)ﬂ (37 3,2, 2)a (47 1,1, 1)3
(47 2,0, 0)7 (4a 2,1, 1)7 (47 4,3, 2)7 (57 2,2, 2)7 (57 3,1, 1)7 (57 9,5, 1)7 (6747 4, 1)7
(6, 9,0, 0), (6, 5,4, 2)7 (8, 7,7, 5)7 (8, 8,4, 4), (9, 4,3, 3), (9, 6,5, 3), (9, 6,95, 4).

To handle (2.3) in the remaining cases, observe that we can rewrite (3.8) as
3% — 5% =g (3.9)
in non-negative integers es, eg, with
eo € {4,16,22,24,44,98,116, 544,616,624 }.
Note that here e.g. the quadruples
(el,e5,¢e5,er) =(2,2,2,2),(3,2,1,1)

yield the same value ey = 16. Clearly, if any of the exponents es, eg is bounded, then
we have a trivial situation. Further, in view of that the preliminary calculations up to

uax e; < 30 just yielded the solutions in the statement, we suspect that in (3.9) we
_/L_

should have e5; < 4. Thus we consider the equation

3°.3% — 5% = ¢ (3.10)
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in non-negative integers e}, es. A simple calculation yields that (3.10) has no solutions
modulo

3% . 7. 3889,

for any choice of ey. Thus equation (3.9) has no solutions with e5 > 4. Hence our claim
easily follows. Note that to prove the statement, altogether we used the modulus

210.3%.7.13-17-97-193 - 257 - 3889. O
Data availability
The link to the program used is given in the manuscript.
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