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Comparison of Gini Means with Fixed
Number of Variables

Richárd Grünwald and Zsolt Páles

Abstract. In this paper, we consider the global comparison problem of
Gini means with fixed number of variables on a subinterval I of R+, i.e.,
the following inequality

G[n]
r,s(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn), (�)

where n ∈ N, n ≥ 2 is fixed, (p, q), (r, s) ∈ R
2 and x1, . . . , xn ∈ I. Given

a nonempty subinterval I of R+ and n ∈ N, we introduce the relations

Γn(I) := {((r, s), (p, q)) ∈ R
2 × R

2 | (∗) holds for all x1, . . . , xn ∈ I},

Γ∞(I) :=
∞⋂

n=1

Γn(I).

In the paper, we investigate the properties of these sets and their depen-
dence on n and on the interval I and we establish a characterizations of
these sets via a constrained minimum problem by using a variant of the
Lagrange Multiplier Rule. We also formulate two open problems at the
end of the paper.

Mathematics Subject Classification. 26E60, 26D15, 39B62.

Keywords. Gini mean, comparison problem.

1. Introduction

Throughout this paper, the symbols R and R+ will stand for the sets of real
and positive real numbers, respectively, and I will always denote a nonempty
open real interval.
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We begin by recalling the definition of the n-variable Gini mean corre-
sponding to the parameters (p, q) ∈ R

2:

G[n]
p,q(x1, . . . , xn)

:=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
xp
1 + · · · + xp

n

xq
1 + · · · + xq

n

) 1
p−q

if p �= q,

exp
(

xp
1 ln(x1) + · · · + xp

n ln(xn)
xp
1 + · · · + xp

n

)
if p = q,

(x1, . . . , xn ∈ R+).

These means were invented by C. Gini in the paper [6]. It is easy to observe that
these means include the Hölder (or power) means. In particular, for all p ∈ R,
the Gini mean G

[n]
p,0 reduces to the n-variable pth power mean. According to

a celebrated result of Aczél and Daróczy [1], the homogeneous means among
the so-called Bajraktarević means ([2,3]) on the interval R+ are exactly the
Gini means.

The basic properties and identities for Gini means are summarized in the
following assertion.

Theorem 1. Let (p, q) ∈ R
2 and n ∈ N. Then

(1) G
[n]
p,q = G

[n]
q,p, i.e., Gini means are symmetric with respect to their param-

eters.
(2) G

[n]
p,q : Rn

+ → R+ is a strict mean, i.e., for all x1, . . . , xn ∈ R+,

min{x1, . . . , xn} ≤ G[n]
p,q(x1, . . . , xn) ≤ max{x1, . . . , xn}

hold and both inequalities are strict if min{x1, . . . , xn} < max{x1, . . . , xn}.
(3) G

[n]
p,q : Rn

+ → R+ is a homogeneous function, i.e., for all t, x1, . . . , xn ∈
R+,

G[n]
p,q(tx1, . . . , txn) = tG[n]

p,q(x1, . . . , xn).

(4) G
[n]
p,q : Rn

+ → R+ is an infinitely many times differentiable symmetric
function.

(5) For all nonzero t ∈ R and x1, . . . , xn ∈ R+,

G
[n]
tp,tq(x1, . . . , xn) =

(
G[n]

p,q(x
t
1, . . . , x

t
n)

) 1
t .

Briefly, the aim of this paper is to investigate the global comparison
problem of Gini means with fixed number n of the variables from a subinterval
I of R+, that is, to give necessary as well as sufficient conditions for the validity
of the following inequality

G[n]
r,s(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn), (1)

where n ∈ N, n ≥ 2 is fixed, (p, q), (r, s) ∈ R
2 and x1, . . . , xn ∈ I.
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2. Preliminary Results

Given a nonempty subinterval I of R+ and n ∈ N, we introduce the relations

Γn(I) := {((r, s), (p, q)) ∈ R
2 × R

2 | (1) holds for all x1, . . . , xn ∈ I} and

Γ∞(I) :=
∞⋂

n=1

Γn(I).

It is clear that Γ1(I) = R
2 ×R

2. The sets Γ2(I) and Γ∞(I) have been charac-
terized in the papers [4,5,7–9]. To recall these results from those papers, we
define the functions λ, μ : R2 → R by

λ(u, v) :=

⎧
⎪⎨

⎪⎩

min(u, v) if u, v ≥ 0,

0 if uv < 0,

max(u, v) if u, v ≤ 0,

and μ(u, v) :=

⎧
⎨

⎩

|u| − |v|
u − v

if u �= v,

sign(u) if u = v.

For (p, q) ∈ R
2, we also define the function χp,q : R+ → R by

χp,q(t) :=

⎧
⎪⎨

⎪⎩

tp − tq

p − q
if p �= q,

tp ln(t) if p = q.

Theorem 2. Let I ⊆ R+ be a subinterval and assume that a := inf I < sup I =:
b. If a = 0 or b = ∞ hold, then

Γ2(I) =
{
((r, s), (p, q)) ∈ R

2 × R
2 | r + s ≤ p + q, λ(r, s) ≤ λ(p, q), and

μ(r, s) ≤ μ(p, q)
}
,

Γ∞(I) =
{
((r, s), (p, q)) ∈ R

2 × R
2 | min(r, s) ≤ min(p, q) and max(r, s) ≤ max(p, q)

}
.

If 0 < a < b < ∞ hold, then

Γ2(I) =
{
((r, s), (p, q)) ∈ R

2 × R
2 | r + s ≤ p + q and

G[2]
r,s(a, b) ≤ G[2]

p,q(a, b)
}
,

Γ∞(I) =
{
((r, s), (p, q)) ∈ R

2 × R
2 | χr,s

(
a
b

) ≤ χp,q

(
a
b

)

and χr,s

(
b
a

) ≤ χp,q

(
b
a

)}
.

The following lemma establishes the basic connection between the Gini
mean G

[n]
p,q and the corresponding function χp,q.

Lemma 3. Let (p, q) ∈ R
2, n ∈ N and let � denote any of the relations <, ≤

, =, ≥, >. Then, for all t, x1, . . . , xn ∈ R+, the relation

t � G[n]
p,q(x1, . . . , xn) (2)

holds if and only if

0 � χp,q

(x1

t

)
+ · · · + χp,q

(xn

t

)
(3)

is valid.
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Proof. Let us consider the case p �= q and assume first that p > q holds. Let
� denote any of the relations <, ≤, =, ≥, >. Then (2) has the form

t �
(

xp
1 + · · · + xp

n

xq
1 + · · · + xq

n

) 1
p−q

(t, x1, . . . , xn ∈ R+).

Taking the (p − q)th power, dividing by tp and multiplying by (xq
1 + · · · + xq

n)
side by side, we arrive at
(

x1

t

)q

+ · · · +
(

xn

t

)q

�
(

x1

t

)p

+ · · · +
(

xn

t

)p

(t, x1, . . . , xn ∈ R+).

Subtracting
(

x1
t

)q + · · · +
(

xn

t

)q from both sides and then dividing by p − q,
which is a positive number in this case, we obtain (3). In the above calculation,
all steps are easily reversible, so we have proved the equivalence of (2) and (3)
in this case. The proof in the case p < q is similar, therefore it is omitted.

Finally, let us consider the case p = q. Then (2) has the form

t � exp
(

xp
1 ln(x1) + · · · + xp

n ln(xn)
xp
1 + · · · + xp

n

)
(t, x1, . . . , xn ∈ R+).

Taking the logarithm and then multiplying by (xp
1 + · · · + xp

n) side by side, we
have

(xp
1 + · · · + xp

n) ln(t) � xp
1 ln(x1) + · · · + xp

n ln(xn) (t, x1, . . . , xn ∈ R+).

Subtracting (xp
1 + · · · + xp

n) ln(t), applying a well-known identity for the loga-
rithm function and then dividing by tp, which is a positive number, we arrive at
(3). In the above calculation, all steps are easily reversible, so we have proved
the equivalence of (2) and (3) in this case as well. �

3. Main Results

Our next result shows that
(
Γn(I)

)
n∈N

is a decreasing chain with respect to
inclusion.

Theorem 4. Let I be a nonempty subinterval of R+ and n,m ∈ N with n ≤ m.
Then Γm(I) ⊆ Γn(I).

Proof. Let n,m ∈ N with n ≤ m. For n = m, the statement is obvious,
therefore we may assume that n < m. Let ((r, s), (p, q)) ∈ Γm(I) be arbitrarily
fixed. To show that ((r, s), (p, q)) ∈ Γn(I), let x1, . . . , xn ∈ I be arbitrary and,
for i ∈ {n + 1, . . . , m}, define

xi := t := G[n]
r,s(x1, . . . , xn).

According the Lemma 3, the equality t = G
[n]
r,s(x1, . . . , xn) yields that

0 = χr,s

(x1

t

)
+ · · · + χr,s

(xn

t

)
.
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Since, for i ∈ {n + 1, . . . , m}, we have that χr,s(xi/t) = χr,s(1) = 0, the above
equality implies that

0 = χr,s

(x1

t

)
+ · · · + χr,s

(xm

t

)
.

Applying the Lemma 3 again, it follows that t = G
[m]
r,s (x1, . . . , xm).

By the assumption ((r, s), (p, q)) ∈ Γm(I), we have that

t = G[m]
r,s (x1, . . . , xm) ≤ G[m]

p,q (x1, . . . , xm).

According to the Lemma 3, the above inequality implies that

0 ≤ χp,q

(x1

t

)
+ · · · + χp,q

(xm

t

)
.

Since, for i ∈ {n+1, . . . ,m}, we have that χp,q(xi/t) = χp,q(1) = 0, the above
inequality yields that

0 ≤ χp,q

(x1

t

)
+ · · · + χp,q

(xn

t

)
.

In view of the Lemma 3, it follows that t ≤ G
[n]
p,q(x1, . . . , xn), which obviously

yields that

G[n]
r,s(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn).

is valid, which completes the proof of ((r, s), (p, q)) ∈ Γn(I). �

To formulate the subsequent result, we introduce the following notations

tI := {tx | x ∈ I}, Iτ := {xτ | x ∈ I},

and I · J := {xy | x ∈ I, y ∈ J},

where I, J ⊆ R+ are nonempty subintervals, t ∈ R+ and τ ∈ R\{0}. Clearly,
tI, Iτ , and I · J are also subintervals of R+. Furthermore, for t ∈ R+, one can
easily establish the following equalities

inf(tI) = t inf(I), inf(It) = inf(I)t, and inf(I · J) = inf(I) · inf(J).

Theorem 5. Let I ⊆ R+ be a nonempty subinterval and n ≥ 2. Then the
following assertions hold.
(i) If J ⊆ R+ is a nonempty subinterval and inf(I ·I−1) ≤ inf(J ·J−1), then

Γn(I) ⊆ Γn(J).

In particular, if I ⊇ J holds, then the above inclusion is valid.
Furthermore, if inf(I · I−1) = inf(J · J−1), then Γn(I) = Γn(J). In par-
ticular, for all t ∈ R+,

Γn(tI) = Γn(I) and Γn(I−1) = Γn(I).

(ii) For all t ∈ R+, we have that

Γn(It) = t−1Γn(I) and
Γn(I) = {((−p,−q), (−r,−s)) | ((r, s), (p, q)) ∈ Γn(I)}.
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(iii) If inf(I · I−1) = 0, then Γn(I) is a cone (i.e., it is closed with respect to
multiplication by positive numbers) and if inf(I · I−1) > 0, then Γn(I) is
starshaped with respect to the point ((0, 0), (0, 0)) (i.e., it is closed with
respect to multiplication by numbers belonging to [0, 1]). Furthermore,

Γn(I) + (] − ∞, 0]2 × [0,∞[2) ⊆ Γn(I).

(iv) Γn(I) is a nonempty closed subset of R2 × R
2.

(v) Γn(I) ◦ Γm(I) ⊆ Γmin(n,m)(I) for every n,m ∈ N.

Proof. (i) Assume that J ⊆ R+ is a nonempty subinterval such that inf(I ·
I−1) ≤ inf(J · J−1). Let ((r, s), (p, q)) ∈ Γn(I) be fixed. To show that ((r, s),
(p, q)) ∈ Γn(J) also holds, let first x1, . . . , xn be arbitrary elements of the
interior of J . Then, x−1

1 , . . . , x−1
n are in the interior of J−1. Consequently, for all

i ∈ {1, . . . , n}, we have that inf(J) < xi and inf(J−1) < x−1
i . Therefore, for all

i, j ∈ {1, . . . , n}, the inequality inf(J ·J−1) = inf(J) · inf(J−1) < xi ·x−1
j holds.

According to our assumption, it follows that inf(I) · inf(I−1) = inf(I · I−1) <
xi · x−1

j is also valid for all i, j ∈ {1, . . . , n}. This implies that

max
1≤i≤n

(
x−1

i · inf(I)
)

< min
1≤j≤n

(
x−1

j · sup(I)
)
.

Choose t > 0 such that

max
1≤i≤n

(
x−1

i · inf(I)
)

< t < min
1≤j≤n

(
x−1

j · sup(I)
)
.

Then, these inequalities yield that, for all i ∈ {1, . . . , n}, we have inf(I) <
txi < sup(I), and hence txi ∈ I. Using that ((r, s), (p, q)) ∈ Γn(I) holds, we
can obtain that

G[n]
r,s(tx1, . . . , txn) ≤ G[n]

p,q(tx1, . . . , txn).

Using the homogeneity of Gini means, it follows that (1) holds for arbitrary
elements x1, . . . , xn of the interior of J . Since the interior of J is dense in
J and the Gini means are continuous functions, it follows that the above
inequality is also valid for arbitrary elements x1, . . . , xn of J . This proves
that ((r, s), (p, q)) ∈ Γn(J) and completes the proof of the first statement of
assertion (i).

If inf(I · I−1) = inf(J ·J−1), then we have that inf(I · I−1) ≤ inf(J ·J−1)
and inf(J ·J−1) ≤ inf(I ·I−1) hold, whence according to the previous statement,
we have Γn(I) ⊆ Γn(J) and Γn(J) ⊆ Γn(I), which show that the equality
Γn(I) ⊆ Γn(J) is valid, indeed.

Let t ∈ R+ be fixed. Observe that with J := tI, we have inf(I · I−1) =
inf(J · J−1), therefore, Γn(I) = Γn(J), i.e., Γn(I) = Γn(tI) is true. Further-
more, observe that with J := I−1, we have that inf(J · J−1) = inf(I−1 ·
(I−1)−1) = inf(I−1 · I) = inf(I · I−1). Therefore, Γn(I) = Γn(J), i.e., Γn(I) =
Γn(I−1) is also true. Thus the proof of assertion (i) is complete.
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To verify the first statement of assertion (ii), let t ∈ R+ and ((r, s), (p, q)) ∈
Γn(It). By definition, for all x1, . . . , xn ∈ It, we have that (1) holds. Using the
substitution xi := ut

i, for all u1, . . . , un ∈ I, it follows that

G[n]
r,s(u

t
1, . . . , u

t
n) ≤ G[n]

p,q(u
t
1, . . . , u

t
n).

This, in view of property (5) in Theorem 1, implies that, for all u1, . . . , un ∈ I,

G
[n]
tr,ts(u1, . . . , un) ≤ G

[n]
tp,tq(u1, . . . , un).

Therefore, ((tr, ts), (tp, tq)) ∈ Γn(I), that is ((r, s), (p, q)) ∈ t−1Γn(I). Thus,
we have proved the inclusion Γn(It) ⊆ t−1Γn(I). The proof of the reversed
inclusion is analogous.

To show that the second statement of assertion (ii) is also valid, let
((r, s), (p, q)) ∈ Γn(I). Then, for all x1, . . . , xn ∈ I, we have that (1) holds.
Using the substitution xi := u−1

i , for all u1, . . . , un ∈ I−1, it follows that

G[n]
r,s(u

−1
1 , . . . , u−1

n ) ≤ G[n]
p,q(u

−1
1 , . . . , u−1

n ).

This, in view of property (5) in Theorem 1, implies that, for all u1, . . . , un ∈
I−1,

G
[n]
−r,−s(u1, . . . , un) ≥ G

[n]
−p,−q(u1, . . . , un).

Therefore, ((−p,−q), (−r,−s)) ∈ Γn(I−1) = Γn(I).
To prove assertion (iii), observe that, for all t ∈ R+,

inf(It · (It)−1) = inf
(
(I · I−1)t

)
=

(
inf(I · I−1)

)t
.

Therefore, if inf(I · I−1) = 0, then inf(It · (It)−1) = 0, which, according to
assertion (i) implies that Γn(It) = Γn(I). Now the first equality in assertion
(ii) yields that Γn(I) = tΓn(I) for all t ∈ R+. Thus, Γn(I) is a cone in this
case.

If inf(I · I−1) > 0, then inf(I · I−1) ∈ ]0, 1], consequently, for all t ∈ ]0, 1],

inf(I · I−1) ≤ (
inf(I · I−1)

)t = inf(It · (It)−1).

Using assertions (i) and (ii), we can obtain that Γn(I) ⊆ Γn(It) = t−1Γn(I).
Therefore, tΓn(I) ⊆ Γn(I) for all t ∈ ]0, 1], which proves that it is star-shaped
with respect to the point ((0, 0), (0, 0)).

To verify the last statement of (iii), let ((r, s), (p, q)) ∈ Γn(I)+ ]−∞, 0]2×
[0,∞[2 be arbitrary. Then there exists ((r′, s′), (p′, q′)) ∈ Γn(I) such that r ≤
r′, s ≤ s′, p′ ≤ p, and q′ ≤ q. Then, according to Theorem 2, it follows that,
for all x1, . . . , xn ∈ R+,

G[n]
r,s(x1, . . . , xn) ≤ G

[n]
r′,s′(x1, . . . , xn)

and G
[n]
p′,q′(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn)

Using that ((r′, s′), (p′, q′)) ∈ Γn(I), we also have that, for all x1, . . . , xn ∈ I,

G
[n]
r′,s′(x1, . . . , xn) ≤ G

[n]
p′,q′(x1, . . . , xn).
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Combining these inequalities, we can conclude that for all x1, . . . , xn ∈ I,

G[n]
r,s(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn),

which shows that ((r, s), (p, q)) ∈ Γn(I). Thus, we have completed the proof of
assertion (iii).

The nonemptiness of Γn(I) follows from the inclusion ((p, q), (p, q)) ∈
Γn(I). The closedness of Γn(I) is an immediate consequence of the continuity
of Gini means with respect to their parameters. Thus assertion (i) is shown.

Finally, we prove assertion (v). Let n,m ∈ N and denote k := min(n,m).
Then, according to Theorem 4, we have that Γn(I)∪Γm(I) ⊆ Γk(I). Therefore,
Γn(I) ◦ Γm(I) ⊆ Γk(I) ◦ Γk(I). Thus, it suffices to show that Γk(I) ◦ Γk(I) ⊆
Γk(I).

Let ((r, s), (p, q)) ∈ Γk(I)◦Γk(I). Then there exists (u, v) ∈ R
2 such that

((r, s), (u, v)) ∈ Γk(I) and ((u, v), (p, q)) ∈ Γk(I). These inclusions imply that,
for all x1, . . . , xk ∈ I,

G[k]
r,s(x1, . . . , xk) ≤ G[k]

u,v(x1, . . . , xk)

and G[k]
u,v(x1, . . . , xk) ≤ G[k]

p,q(x1, . . . , xk).

Therefore, for all x1, . . . , xk ∈ I,

G[k]
r,s(x1, . . . , xk) ≤ G[k]

p,q(x1, . . . , xk),

which proves that ((r, s), (p, q)) ∈ Γk(I). �

In the following result we characterize the elements of Γn(I) via a condi-
tional minimum problem.

Theorem 6. Let I ⊆ R+ be a nonempty subinterval and n ≥ 2. Then ((r, s),
(p, q)) ∈ Γn(I) if and only if, for all u1, . . . , un ∈ R+ with

χr,s(u1) + · · · + χr,s(un) = 0 and

max(u1, . . . , un) inf(I · I−1) ≤ min(u1, . . . , un), (4)

the inequality

0 ≤ χp,q(u1) + · · · + χp,q(un) (5)

holds.

Proof. Assume that ((r, s), (p, q)) ∈ Γn(I) and let u1, . . . , un ∈ R+ satisfy (4).
Then the inequality in (4) implies that

ui inf(I · I−1) ≤ uj (i, j ∈ {1, . . . , n}).

Equivalently, this inequality can be rewritten as

u−1
j inf I ≤ u−1

i sup I (i, j ∈ {1, . . . , n}),

whence the following inequality is obtained

max(u−1
1 , . . . , u−1

n ) inf I ≤ min(u−1
1 , . . . , u−1

n ) sup I.
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Thus, there exists a value t > 0 such that

max(u−1
1 , . . . , u−1

n ) inf I ≤ t ≤ min(u−1
1 , . . . , u−1

n ) sup I.

These inequalities imply that

inf I ≤ tui ≤ sup I (i ∈ {1, . . . , n}),

which yields that

tu1, . . . , tun ∈ I.

In view of the assumption ((r, s), (p, q)) ∈ Γn(I) = Γn(I), we get that

G[n]
r,s(tu1, . . . , tun) ≤ G[n]

p,q(tu1, . . . , tun).

Using the homogeneity if Gini means, we conclude that

G[n]
r,s(u1, . . . , un) ≤ G[n]

p,q(u1, . . . , un).

Applying the equality in (4) and the Lemma 3, we can see that G
[n]
r,s(u1, . . . , un) =

1. Therefore,

1 ≤ G[n]
p,q(u1, . . . , un),

which, by Lemma 3 again, implies that (5) is valid, indeed.
Conversely, let us first assume that, for all u1, . . . , un ∈ R+ which satisfy

(4), the inequality (5) holds. To show that the inclusion ((r, s), (p, q)) ∈ Γn(I)
is valid, let x1, . . . , xn ∈ I be arbitrary and denote

t := G[n]
r,s(x1, . . . , xn), u1 :=

x1

t
, . . . , un :=

xn

t
. (6)

Then, by the homogeneity of Gini means, we have that

1 = G[n]
r,s(u1, . . . , un).

According to the Lemma 3, it follows that χr,s(u1) + · · · + χr,s(un) = 0 holds
and, for all i, j ∈ {1, . . . , n}, we have that uiu

−1
j = xix

−1
j ≥ inf(I · I−1), which

proves that u1, . . . , un satisfy the condition (4).
Due to our assumption, we conclude that u1, . . . , un satisfy the inequality

(5). Applying Lemma 3, it follows that

G[n]
r,s(u1, . . . , un) = 1 ≤ G[n]

p,q(u1, . . . , un).

By the definition of u1, . . . , un and by the homogeneity of Gini means, multi-
plying this inequality by t side by side, we arrive at

G[n]
r,s(x1, . . . , xn) ≤ G[n]

p,q(x1, . . . , xn),

which shows that ((r, s), (p, q)) ∈ Γn(I). �
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Theorem 7. Assume that 0 < a := inf I < b := sup I < ∞. Then the inclusion
((r, s), (p, q)) ∈ Γn(I) holds if and only if, for all u1, . . . , un ∈ R+ such that
either

⎧
⎪⎨

⎪⎩

G
[n]
r,s(u1, . . . , un) = 1,

max(u1, . . . , un)a < min(u1, . . . , un)b,
∃ρ ∈ R such that χ′

p,q(uk) + ρχ′
r,s(uk) = 0 (k ∈ {1, . . . , n})

(7)

or
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

G
[n]
r,s(u1, . . . , un) = 1,

max(u1, . . . , un)a = min(u1, . . . , un)b,
∃ρ ∈ R such that χ′

p,q(uk) + ρχ′
r,s(uk)⎧

⎪⎨

⎪⎩

≥ 0 if uk = min(u1, . . . , un),
= 0 if uk ∈ ]min(u1, . . . , un),max(u1, . . . , un)[,
≤ 0 if uk = max(u1, . . . , un)

(8)

or
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

G
[n]
r,s(u1, . . . , un) = 1,

max(u1, . . . , un)a = min(u1, . . . , un)b,
∃ρ ∈ R \ {0} such that ρχ′

r,s(uk)⎧
⎪⎨

⎪⎩

≥ 0 if uk = min(u1, . . . , un),
= 0 if uk ∈ ]min(u1, . . . , un),max(u1, . . . , un)[,
≤ 0 if uk = max(u1, . . . , un)

(9)

the inequality

1 ≤ G[n]
p,q(u1, . . . , un) (10)

holds.

Proof. Assume first that ((r, s), (p, q)) ∈ Γn(I) and let u1, . . . , un ∈ R+ satisfy
one of the conditions (7) or (8). Then they also fulfill

G[n]
r,s(u1, . . . , un) = 1 and max(u1, . . . , un)a ≤ min(u1, . . . , un)b.

Using Lemma 3 and that inf(I · I−1) = a/b, these conditions are equivalent
to (4). Therefore, according to Theorem 6, the inequality (5) holds, which, by
Lemma 3 again, implies that (10) is also satisfied.

To prove the reversed implication, we consider the following constrained
minimization problem:

minimize χp,q(u1) + · · · + χp,q(un) subject to (u1, . . . , un) ∈ U, (11)

where

U := {(u1, . . . , un) ∈ R
n
+ | χr,s(u1) + · · · + χr,s(un) = 0 and

auj ≤ bui (i, j ∈ {1, . . . , n})}.
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We first show that the set of admissible points U is compact. It is clear that U is
closed, we need only to verify that U is bounded. Let (u1, . . . , un) ∈ U be fixed.
First observe that the inequalities min(u1, . . . , un) ≤ 1 ≤ max(u1, . . . , un)
must be valid. Indeed, if 1 < min(u1, . . . , un) were true, then, for all i ∈
{1, . . . , n}, we would have that χr,s(ui) > 0, which contradicts the equality
χr,s(u1) + · · · + χr,s(un) = 0. The inequality max(u1, . . . , un) < 1 leads to a
contradiction similarly. Using also the inequalities in the definition of U , it
follows that, for all i, j ∈ {1, . . . , n},

auj ≤ b min(u1, . . . , un) ≤ b and a ≤ amax(u1, . . . , un) ≤ bui,

which prove that u1, . . . , un ∈ [
a
b , b

a

]
. Therefore, U is bounded, indeed.

Consequently, the minimization problem (11) has solutions. To find these
solutions, we use the Lagrange Multiplier Rule (for a smooth problem with one
equality and n2 inequality constraints). The Lagrange function of this problem
is given by

L
(
u1, . . . , un, λ, μ, (νi,j)i,j∈{1,...,n}

)

= λ

n∑

i=1

χp,q(ui) + μ

n∑

i=1

χr,s(ui) +
n∑

i=1

n∑

j=1

νi,j(auj − bui).

According to the standard results, if (u1, . . . , un) is a solution of (11), then
there exist real (not all zero) multipliers λ, μ, (νi,j)i,j∈{1,...,n} such that

λ ≥ 0, νi,j ≥ 0, νi,j(auj − bui) = 0 (i, j ∈ {1, . . . , n}),

and, for all k ∈ {1, . . . , n},

λχ′
p,q(uk) + μχ′

r,s(uk) + a
n∑

i=1

νi,k − b
n∑

j=1

νk,j = 0. (12)

There are two cases:
Case I: If max(u1, . . . , un)a < min(u1, . . . , un)b. In this case auj < bui for

all i, j ∈ {1, . . . , n}. Therefore, by the transversality condition, νi,j = 0 holds
for all i, j ∈ {1, . . . , n} and (12) simplifies to

λχ′
p,q(uk) + μχ′

r,s(uk) = 0 (k ∈ {1, . . . , n}) (13)

and (λ, μ) �= (0, 0). We now show that λ �= 0. If λ = 0, then μ �= 0, and the
equality (13) simplifies to

χ′
r,s(uk) = 0 (k ∈ {1, . . . , n}).

Since the function χ′
r,s may possess at most one zero which must be different

from 1, we have that u1 = · · · = un �= 1, which contradicts the inequalities
min(u1, . . . , un) ≤ 1 ≤ max(u1, . . . , un). Therefore, λ > 0 has to be valid and
then the equality (13) simplifies to

χ′
p,q(uk) +

μ

λ
χ′

r,s(uk) = 0 (k ∈ {1, . . . , n}).
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The equality in the definition of the set U , according to Lemma 3, is equivalent
to the condition Gr,s(u1, . . . , un) = 1. Therefore, u1, . . . , un satisfy condition
(7) with ρ = μ/λ.

Case II: Assume max(u1, . . . , un)a = min(u1, . . . , un)b and denote

A := {i ∈ {1, . . . , n} : ui = min(u1, . . . , un)},

B := {j ∈ {1, . . . , n} : uj = max(u1, . . . , un)}.

Then, neither A nor B is empty and, for all (i, j) ∈ A × B, the equality
auj = bui holds. On the other hand, for all (i, j) �∈ A × B, we have that
auj < bui, which, by the transversality condition implies that νi,j = 0 in these
cases. Therefore, for all k ∈ {1, . . . , n}, (12) simplifies to

λχ′
p,q(uk) + μχ′

r,s(uk) + a
∑
i∈A

νi,k − b
∑

j∈B

νk,j = 0. (14)

If (λ, μ) = (0, 0), then for k ∈ A, we get
∑

j∈B

νk,j = 0.

Since the terms of this sum are nonnegative, it follows that νk,j = 0 for all
(k, j) ∈ A × B, which contradicts the nontriviality of the multipliers.

If we set k ∈ A in (14), then we get

λχ′
p,q(uk) + μχ′

r,s(uk) = b
∑

j∈B

νk,j ≥ 0.

Arguing similarly for k ∈ {1, . . . , n} \ (A ∪ B) and k ∈ B, we can conclude
that

λχ′
p,q(uk) + μχ′

r,s(uk)

⎧
⎪⎨

⎪⎩

≥ 0 if k ∈ A,

= 0 if k ∈ {1, . . . , n}\(A ∪ B),
≤ 0 if k ∈ B.

(15)

If λ > 0, then we can see that u1, . . . , un satisfy condition (8) with ρ = μ/λ.
In the case when λ = 0, then μ �= 0 and

μχ′
r,s(uk)

⎧
⎪⎨

⎪⎩

≥ 0 if k ∈ A,

≤ 0 if k ∈ B,

= 0 if k ∈ {1, . . . , n}\(A ∪ B).

Therefore, in this case, u1, . . . , un satisfy condition (9) with ρ = μ.
Consequently, by the assumption of the theorem, the inequality (10) is

satisfied, equivalently, the inequality (5) holds.
By now, we have proved that for the solutions (u1, . . . , un) of the con-

strained minimization problem, the inequality (5) is valid. Therefore, the in-
equality (5) must be true for all (u1, . . . , un) ∈ U . Consequently, in view of
Theorem 6, we have that ((r, s), (p, q)) ∈ Γn(I). �
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4. Conjectures

We conclude this paper by formulating two conjectures that we have not been
able to verify.

The first conjecture seems to be a natural extension of the formula for
Γ2(I), if 0 < inf I < sup I < ∞.

Conjecture 1. Let n ≥ 3 and let I be a subinterval of R+ such that 0 < a :=
inf I < sup I =: b < ∞. Then

Γn(I) =
{
((r, s), (p, q)) ∈ R

2 × R
2 | r + s ≤ p + q, G[n]

r,s(a, . . . , a, b)

≤ G[n]
p,q(a, . . . , a, b),

and G[n]
r,s(a, b, . . . , b) ≤ G[n]

p,q(a, b, . . . , b)
}
.

In other words, ((r, s), (p, q)) ∈ Γn(I) if and only if

r + s ≤ p + q, G[n]
r,s(a, . . . , a, b) ≤ G[n]

p,q(a, . . . , a, b), and

G[n]
r,s(a, b, . . . , b) ≤ G[n]

p,q(a, b, . . . , b).

For the case when either inf I = 0 or sup I = ∞, we have the following
conjecture, which is the limiting case of Theorem 7.

Conjecture 2. Assume that 0 = inf I · I−1 and let n ≥ 3. Then ((r, s), (p, q)) ∈
Γn(I) if and only if, for all u1, . . . , un ∈ R+ such that

{
G

[n]
r,s(u1, . . . , un) = 1,

∃ρ ∈ R such that χ′
p,q(uk) + ρχ′

r,s(uk) = 0 (k ∈ {1, . . . , n})

the inequality

1 ≤ G[n]
p,q(u1, . . . , un)

holds.
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[5] Daróczy, Z., Losonczi, L.: Über den Vergleich von Mittelwerten. Publ. Math.
Debrecen 17(289–297), 1970 (1971)

[6] Gini, C.: Di una formula compressiva delle medie. Metron 13, 3–22 (1938)
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