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Abstract. The functional equation f(z + y) = g(zy) is investigated with unknown functions
f:A+A—>Y, g: A A — Y in the following cases: A := Ja, 3] C F4+ where F is an
Archimedean ordered field; A is the set of all positive integers; A is the set of all positive
dyadic rational numbers. The set Y is an arbitrarily fixed (infinite) set. The main result of the
paper shows that there exists a set A C R4 that is closed under addition and multiplication
and there exist functions f, g : A — Y which satisfy the equation f(z + y) = g(zy) for all
z,y € A such that the range of the function f is infinite. Finally, some application of the
above results is also given.
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1. Introduction

The main purpose of this paper is to give the general solution of the functional
equation
flz+y)=g(xy) (1)
for all z, y € A with unknown functions f: A+ A:={a+b|a,be A} =Y,
g:A-A:={ab|a,be A} =Y in the following cases:
e the set A is a nonempty open interval of the set of all positive elements
of an Archimedean ordered field F;

e the set A is the set of all positive integers;
e the set A is the set of all positive dyadic rational numbers.

In all of the above cases Y is an arbitrary infinite set.
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In [13] the second author of this paper together with Lajké showed that
if F(+4,-,<) is an ordered field, Y is an arbitrary nonempty set, then the
functional Eq. (1) has only constant function solutions on F,. In [13] Eq. (1)
is necessary to show that a Pexider type functional equation has only quasi
logarithmic function solutions.

In the paper of Rimén [18] an extension of the Pexider equation is given.
Chudziak and Sobek [2,3] considered the problem of existence and unique-
ness of extensions for the generalized Pexider equation on an open domain.
Sobek [16] investigated the Pexider equation on a restricted domain.

In [7] there is a functional equation that can be brought back to the so-
called generalized Davidson functional equation [5-7] by functional Eq. (1).

In [4, Problem B. 4456] the investigated functional equation is

F(55Y) = rvan wwery

with unknown functions f, g : Ry — R.
In the problem book [19, 1.13 Problem 2, p. 26] the investigated functional
equation is

flz+y) = flry) (z,y €Ry)

with unknown function f : Ry — R. Both of the above two functional equa-
tions are similar to functional Eq. (1).

In this paper a construction is given to show that if the set Y is an arbi-
trarily fixed countable set, then there exists a set A C R, that is closed under
addition and multiplication and there exist functions f, g : A — Y that satisfy
the functional Eq. (1) for all z,y € A and the range of the function f is the
set Y.

Finally, it will be shown that some restricted Pexider type functional equa-
tion system has only constant function solutions.

In the sequel, we will use the following concepts and statements.

An ordered group G(+, <) is said to be dense (in itself), if for all x, y € G
with & < y there exists an element z € G such that z < z < y.

If G(+, <) is an ordered dense group, Ja,al, |b,b[ € G, then
Ja,al+]b,b[ =]a+b,a+b[;

If F(+,- <) is an ordered field, ]a, @], ]Q,E[ CF., then

<

Ja,al - ]b,b[ = ]ab,ab]

[11], see also [12].
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2. The case when the set A is an open interval of an Archimedean
ordered field

An (linearly) ordered field F(+, -, <) is said to be Archimedean ordered if for
all z,y € Fy := {z € F |z > 0} there exists a positive integer n such that
nr.=x+---+x>y.

If F(+,-, <) is an ordered field, «, § € F with o < 3, then we can define
the open interval with endpoints o and 8 by

lJoyBl:i={zeFla<z<pf}.

Let (a,) be a monotone sequence in F such that lim, . a, = a € F. (The
topology on F is generated by the family of all open intervals.) We shall use
the notation a,, 1 a, if the sequence (a,,) is increasing and similarly a,, | a, if
(an) is decreasing.

Theorem 2.1. If F(+,-,<) is an Archimedean ordered field, o, B € F with
0 < a<pf,Y is an arbitrarily fived countable infinite set and the functions
f 20,28 = Y and g]aQ,ﬁQ[ — Y satisfy Eq. (1) for all x,y € ]o, 8], then
these functions are constant functions.

Proof. Let z, y € A+ A =]2a,20[ such that x < y. Then there exists ¢ € F
such that 2o < z — ¢ and y + £ < 2. Define the sequences (d,,) and (\,,) by

Op, 1= Y ; x, Ap = 66::266 (neZy:={1,2,3,...}).
Since A\, > %, we have
1=y < A (2)

Find the number N € Z, such that

a<(l=Ay)(z—¢e) and Ay(y+e)<p. (3)
Since

xc—ys <% and §ni2s T%
there exists ng € Z, such that
@ e 4 A,

for all n > ng, that is,

On the other hand, since
1 I} €

1
2 y+e bn+2e 72
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there exists ny € Z4 such that

e . 164
op+2 y+e

Ap=1—

for all n > nq, that is,
Ay+e)< B (n>ng). (5)

Let N > max(ng,n1) be an arbitrarily fixed integer. By (4) and (5) inequality
(3) is fulfilled. Let A := Ay, 0 := dn and define the sequence (z1) by

pi=x+kd (k=0,1,...,N).

Let the number k € {0,1,..., N — 1} be arbitrarily fixed. By (2) and (3) we
have that

<A=Nz-¢)<(I=XN(rx—¢)
< Mg —e) < Mappr +e) S My +¢e) <5,
and
<(A=XN(r—¢)<(1=N(2rs1+¢)
< Mzpsr +e) < My +¢) < B,
whence we obtain that

Mzg —¢), (1=X(zpr1+¢e), (A=N(zkx—¢), Magi1+e)€la, ]

(6)
A simple calculation shows that
)\(xk — t’:‘) + (1 — )\)(mk+1 + e’:‘)
0+e €
= m(xk —€)+ m(xk +0+¢) =z,
(1-— /\)(xk —e)+ )\(xk;_i,-l + 6)
€ 0+
= m(xk_H -0 — E) + m(l’k_._l + 6) = Tg41- (7)

By (6) and (7) we obtain that
flar) = FMan — &) + (1= M) (T4 +¢))
= 9Azr = )1 = (k1 +€))
(( — Mk — e)A(@rt1 + €))
FIL=N)(zr =€) + Mangr + ) = f@pp).

Thus we have that f(z) = f(zo) = f(z1), f(z1) = f(x2), ..., flzn_1) =
flzn) = f(y), that is, the function f is constant. O
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Let F = F(+, <) be an Archimedean ordered field, X = F, or X = F? :=
F x F and D C X, in addition, let z € F or x := (x1,72) € F2 and £ > 0. We
can define
e —e,x+ ¢, if zel;
B(z,¢) :==
Jz1 — e, 21 +e[ X |ra —e, 20+ €[, if xeF>

The set D is said to be open if for every point = in D there exists € € F such
that B(z,e) C D.

A subset D C X is said to be well-chained if for all x,y € D there exists
a finite sequence B; := B(x;,¢;) (i = 0,1,...,n) such that B; C D for all
i=0,1,...,n,v €By,y€ B,and B;_1NB; #0 foralli=1, ..., n.

Corollary 2.1. Let F(+,-, <) be an Archimedean ordered field, I be a nonempty
well-chained open subset of Fy. If the functions f:1+1 —F,g:1-1 - TF
satisfy the functional Eq. (1) for all x,y € I, then these functions are constant
functions.

Problem 2.1. Let F(+, -, <) be an Archimedean ordered field, a, v, h € F with
0 < a< ~vand h > 0. In addition, let f : Ja+~v,a+~v+2h] - Y, g :
lay, (a4 h) (v + h)[ = Y be functions satisfying Eq. (1) for all z € |a,  + A,
y € ]v,v + h[. Prove that the function f is a constant function.

3. The case when the set A is the set of all positive integers

Proposition 3.1. If f : {2,3,4,...} = Y, g:{1,2,3,...} — Y are functions
satisfying Eq. (1) for all x, y € Z4 and the function T : {4,5,6,...} — Zy is
defined by

g + 3, if x is even
T(z) :=
z—1 . .
5 +2, if x s odd,

then T has the following properties:

1. f(x) = f(T(x)) for all x > 4;

2. T(x) <z for all z > 8;

3. Ifx =1 (mod 3), then T'(z) =3 — i (mod 3) for alli=0,1,2.
Proof. If the number n is even, then

F(n) = £(2k) = F(2(k — 1) +2) = g(4(k — 1)) = F(k+3)
= f (2; +3> =1 (5 +3) = r(@m).



P. ERDEI ET AL. AEM

If the number n is odd, then
fn)=f2k+1)=g2k)=f(k+2)

= (BEP ) = r (M5 2) = o)

thus property 1. is proven. Properties 2. and 3. can also be proven easily by
simple calculations. O

Proposition 3.2. Preserve the notations of Proposition 3.1 and define the se-
quence () by
r1:=a, Tpi1:=1(rn) (ne€Zy),

where a € {3,4,5,...}. The sequence (x,,) has the following properties:

1. f(am) = f(xn) for allm, n € Z;;

2. If x,, > 8, then 11 < Tp;

3. Ifa> 12, then 8 < T(xy) = Tpt1;

4. If a can be divided by 3, then the tail of the sequence (x,) is 6, 6, 6, 6,

. and if a can not be divided by 3, then the tail of the sequence (xy,) is
4,5,4,5, ...

Proof. By Proposition 3.1 one can easily derive the above properties of the
sequence (Z,,). O

The following figure shows the sequences (z,,) if 4 < a < 12.

Theorem 3.1. If A:=7Z, and the functions f and g satisfy functional Eq. (1)
for all x, y € Zy, then these functions are of the form

Y1, Zf Tr = 2’ Y1, Zf Tr = 1a
fl)=S yo, if 2=3; g@)=1qvy2 if v=2 (8)
Y3, if x >4 ys, if x> 3.

where y1, Y2, Y3 € Y are constants.

Proof. Let us assume that the functions f and g satisfy Eq. (1) for all z,
y € Z. Since f(n+1) = g(n) for all n € Z,, it is enough to show that f(z) =
f(4) whenever « > 4. By Proposition 3.2. we have that f(z) € {f(5), f(6)}
whenever z > 4. Since

f(6) = FB+3) =9(9) = g(1-9) = f(10) = f(8) = f(7) = F(5),

the function f is constant on the set [4, +00[NZ;..
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Conversely, assume that the functions f and g are of the form in (8). Define
the sets C; i =1, 2, 3 by

Cy:={(1,1)};
C2 = {(172))(271)}7
Cs = {(u,v) € Z3 | (u,v) = (2,2) Vu >3 Vv >3}.
It is easy to see that
Ci={(u,v) €Z% |u+v=2} = {(u,v) €Z3 |u-v=1};
Co = {(u,v) €Z3 |u+v=3} ={(u,v) €Z3 |u-v=2};
Cs = {(u,v) €Z% |u+v >4} = {(u,v) €Z |u-v >3},
moreover, Zi = C1UCyUC5 and C;NCj = () whenever i # j. Thus we obtain

that if (u,v) € C;, then f(u+v) =y; gluv) = y; for all i = 1, 2, 3, that is, the
functions f and g satisfy Eq. (1). O

Problem 3.1. Define X := {(a,b) € Z2 | a <b} and
Iy :={a,a+1,...,b} and I,:={a,a+1,...}.

Let Fup be the set of all pairs of functions (f, g) such that f: I,y + I — Y,
g: Iab : Iab — Y with f(SC + y) = g(Iy) for all (:c,y) € Iab~
Similarly, let 7, the set of all pairs of functions (f,¢) with f: I, +1, — Y,
g:1,-I, =Y and f(z +y) = g(zy) for all z,y € I,.
Finally, define the functions & : X - Y, V:Z,; — Y by
®(a,b) :==max{card Ry | Jg:(f,9) € Fap}
U(a) :==max{card Ry | Jg:(f,9) € Fu}.

Find the values of the functions ® and W. For example, by Theorem 3.1 we
have that U(1) = 3.

4. The case when the set A is the set of all positive dyadic rational
numbers
Denote by Rz the set of all positive dyadic rational numbers, that is,
k
Ryoy := 2714121,2,3,...;71:0,1,2,... .

Theorem 4.1. If the functions f, g : Ryay — Y satisfy functional Eq. (1) for
all x, y € Ryoy, then these functions are constant functions.
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Proof. Let x, y € Ryoy such that x < y. Then there exist positive integers
k, 1 > 4 and an element 2z € Ry} such that x = kz and y = [z. Define the
functions F': {2,3,...} =Y, G:{1,2,3,...} - Y by

F(u):= f(uz) wuwe{23,4,...},
G(v) :=gwz*) ve{l,2,3,.. .}
The functions F' and G satisfy the functional equation
Flu+v)=G(uv) (u,veZy),
whence by Theorem 3.1 we have that the function F is a constant function.

Thus f(z) = f(kz) = F(k) = F(l) = f(lz) = f(y) thus the function f is a
constant function. O

Remark 4.1. Let R(+,-,<) be an ordered ring such that for all a, b € Ry
there exist an element ¢ € R and integers m > 4, n > 4 such that a = mc,
b = nc and, in addition, lc € Ry for alll € Z . If the functions f, g : Ry — Y
satisfy functional Eq. (1) for all , y € R, then these functions are constant
functions.

Example 4.1. Let P be the set of all positive prime numbers and P be an
arbitrarily fixed nonempty subset of P. Let Rp be the set of all rational
numbers which can be represented in the form a/b where a € Z, b € Z4 such
that @ = 0 or a and b are relative primes and all the prime divisors of the
integer b are in P. The ring Rp has the property described in Remark 4.1.
For example, if P = {2}, then Rp is the set of all positive dyadic rational
numbers.
By this example it is also easy to see that the cardinality of the set

{R|Z C RCRand R is a ring}

is equal to the cardinality of the continuum.

5. A function solutions of Eq. (1) which has infinite range

In this section we prove the following Theorem:

Theorem 5.1. There exists a set A C Ry with the following properties:
1. A+ ACA; A-ACA;
2. For every sets Y = {y1,y2,ys, ...} there exist functions f, g: A — Y
satisfying Eq. (1) for all x, y € A such that Ry =Y.

Although the proof of the above statement is simple, we will briefly describe
it for the sake of the readers.
The set of all square-free positive integers is denoted by Fo, that is,

Fo=1{1,2,3,5,6,7,10,11,13,14,15,17, .. .}.
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Let (p,,) be the strictly increasing sequence of all positive prime numbers. Thus
P = {pn|n € Z;} and we can define the sets P,, by

Pni={pi€Pli<n}

foralln e Z,.
Define the sets X,, C Fyoy by

Xn o ={z € Fiy\{1} | if plz, then p € P} := {x2,23,..., 220 }

for all n € Z, where p|z denotes that  can be divided by p.
If K C R is a field and ay, ..., a, € R, then we can define the field
K(ay,...,a,) by

K(ay,...,an) = m{LQR | L is a field such that K U {a,...,a,} C L}.

Tt is easy to see that K(ay,...,a,) = K(a1,...,an_1)(ay).
We shall use the abbreviations

Q= Q(\/E’v\/m)v (9)
K, = {/\1 +Z)\’\/E

A eQ; x e X, (izl,Z,...,n)}.

One can easily prove the following Proposition.
Proposition 5.1. If L is a subfield of the field R and a € L, then
L(va)={u+vya|uve L} (10)
Theorem 5.2. K, =Q,, for alln € Z,.
Proof. We prove the Theorem by mathematical induction. The base case (k =
1) is Proposition 5.1. For the induction step let us assume that Ky = Qy and let
2 € Kiy1. Since Qi1 = Qk(y/prt1), by Proposition 5.1, there exist elements

u,v € K}, such that * = u + v/pry1 whence by the inductive hypothesis we
obtain that Kj411 = Qp41. O

One can easily prove the following Proposition.

Proposition 5.2. If L is a subfield of the field R and a € L but \/a ¢ L, then
for all x € L(\/a) there uniquely exist u, v € L, such that x = u + vi/a.

Proposition 5.3. If L is a subfield of the field R, a,b € L such that \/a € L(/b),
then either \/a € L, or Vab € L.

Proof. If \/a ¢ L, then by /a € L(v/b) and by Proposition 5.1. there exist
u,v € L, v # 0 such that \/a = u + vv/b. Thus we obtain, that /a — vv/b = u,
whence we have that

2b7 2
Va :‘Hgivueb
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Proposition 5.4. If x € Fs, such that \/x € Qk, then all the prime divisors p
of x are in Py for allk € Zy. Thus \/pr+1 ¢ Qi for allk € Z..

Proof. We prove the statement by mathematical induction. For the case k = 1
assume that z € 75 and /2 € Q(,/p1). Thus, by Proposition 5.3., we obtain
that either /z € Q or \/zp; € Q. If \/z € Q, then 2 = 1 thus the statement
holds. If \/zp1 € Q, then x = p;, thus the statement holds too.

For the induction step assume that € 75 and x € Qi1 = Qr(\/Pry1)-
By Proposition 5.3. we obtain, that either /z € Qi or \/zprr1 € Q. By the
inductive hypothesis we obtain, that if p € P such that p|z and p # py1, then
p € Pi which completes the proof. O

Theorem 5.3. The form of x € K, in (9) is unique for allm € Z.

Proof. We prove the Theorem by mathematical induction. By Theorem 5.2.
we have that K, = Q, for all n € Z,..

The base case (k = 1) follows from Proposition 5.2.

For the induction step assume, that /z € Qry1 = Qr(y/Prs1)- By Propo-
sition 5.4 we have that ,/pr11 ¢ Qi thus by Proposition 5.2 we obtain that
there uniquely exist u, v € Qy such that * = u + v,/pry1 whence, by the
induction hypothesis the statement is proven. O

By Theorem 5.3, one can easily prove Theorem 5.1.

Proof. Let Q be the set of all elements of the real line which can be represented
in the form

=X+ > AivE (11)
i=1
where n € Z1, Ao, \i € Q1 and x; € Fo\{1} for all i =1, 2, ..., n, moreover,
x; # x, whenever j # k.
By Theorems 5.2 and 5.3. the form of x € Q in (11) is unique. Let A := Q.
Define the function ¢ : Q@ — Z by

%) (Ao + ZA’“/I’“> c=max{k €Z4 | Fi e {l,...,n}Ipr € P : prla;}.

k=1
It can be easily seen, that
ol +y) =y (v,y€Q).
Define the functions f: Q@+ Q —Y and g: Q- Q — Y by
f(u + U) = Yo(utwv)s g(uv) = Yp(uv) ('LL, (S Q)
Then the functions f and ¢ satisfy functional Eq. (1) for all z,y € Q and
Rf=Y. O

Problem 5.1. Find a subset A C R, with the properties:
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1. A+ ACA; A- AC A

2. there exist functions f: A+ A — Y, g: A- A — Y such that these
functions satisfy the functional Eq. (1) for all z, y € A and the ranges of
these functions are uncountable.

6. Applications

Let F(+,-, <) be an ordered field, and D C F2. Define the sets D,, Dy, Dyyy,
and Dy, CF by

D,:={ueF|JveF: (uv)e D},

D,:={veF|FveF: (uv)e D},

Dyyy ={2z€F|3(u,v) €eD:z=u+v},
Dyy:={z€F | 3I(u,v) € D:z=uv}.

A function a : X(4+) — Y (+4) is said to be additive if

a(z +y) = alx) +aly) (z,y€X).
A function [ : X(-) — Y'(+4) is said to be logarithmic if

lxy) =1U(x) +1U(y) (v,y € X).

There are many results concerning the additive and logarithmic functions, see
for example [1,14].

In the sequel we will use the following three theorems from [8,10]:

Let G(+, <) be an Archimedean ordered dense Abelian group, F(+, -, <)
be an Archimedean ordered field and Y (4) be a group.

Theorem 6.1. (Extension Theorem for the restricted Pexider additive func-
tional equation) If D C G? is a nonempty, well-chained open set, Y (+) is a
group, and f: Dyyy =Y, 9: Dy =Y, h: Dy — Y are functions such that

flx+y)=g(x)+hly) ((z,y) € D),

then there exist an additive function a : G — Y and constants ¢, d € Y such
that

flu) =a(u)+c+d (u€ Dyyy),
g(v) =alv) +¢ (v e Dy),
hz)=a(z)+d (z € D).

Theorem 6.2. (Extension Theorem for the restricted Pexider logarithmic func-
tional equation) If D C F? is a nonempty, well-chained, open set, Y (+) is a
group, and f: Dy.y =Y, g: Dy — Y, h: Dy, —Y are functions such that

flzy) = g(z) + y) ((z,y) € D),
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then there exist a logarithmic functionl: Fy — Y and constants ¢, d € Y such
that

fu)=1lu)+c+d (u€ Dyyy),
g(v) =1(v) + ¢ (v € Dy),
h(z)=1(z)+d (z € Dy).

Theorem 6.3. (Uniqueness Theorem for additive functions) If ai, as : G —Y
are additive functions and there exist a nonempty open interval Jo, 5[ C G and
a constant ¢ € Y such that

a1(xz) = as(xz)+c¢ (v €], f]),
then a1(x) = az(z) =0 for all x € G.

Now we give a simple application of Theorem 2.1.

Theorem 6.4. Let F(+,-, <) be an Archimedean ordered field, Y =Y (4) be a
group, D CF?, E C ]F?|r be nonempty, well-chained open sets. Define the sets
I, CF, J,CFy (i=1,2,3) by
I ' =Dyyy, Iy:=D;, I3:=D,,
Ji = Eyy. Jo=FE,. J3:=1ELE,.
IfF,: I, - Y,G;: J; =Y (i =1,2,3) are functions such that
Fi(z+y) = F(z)+ F5(y)  ((z,y) € D), (12)
Gi(zy) = Ga(x) + Gs(y)  ((z,9) € E)
and there exist i,j € {1,2,3} such that I :== I;NJ; # 0 and F;(x) = G;(x) for
all x € I, then the functions F; and G; are constant functions for alli = 1,2, 3.
Proof. Tt is sufficient to investigate the case when I := I; N.J; # () and
Fi(z) =Gi(z) (xe€l), (13)
since the other cases are similar. From the Eq. (12), by the above Extension

Theorems, there exist an additive function a : F — Y, a logarithmic function
l:F, — Y and constants ¢, d € Y such that

Fi(z)=a(z)+c (z€l),
Gl(l‘) = Z(JC) +d (I S Jl), (14)
whence we have that
Fi(z)+ Fi(y) =a(z)+aly) +2c=alz+y)+2¢ (z,y€l),
Gi(z)+Gi(y) =l(z) +l(y) +2d =l(zy) + 2d (z,y € I).

By (13) and by Corollary 2.1, we obtain that there exists a constant C' € Y
such that

a(x) +2c=C (xel+1I).
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Since I 4+ I is a nonempty, well-chained open set, by the above Uniqueness
Theorem for additive functions we obtain that Fy(z) = ¢ for all z € I; and
G1(x) = d for all z € J; which completes the proof. O

Adding the two equations of (12) we obtain the Maksa equation [15]. The
local version of the Maksa equation is included in the following Problem.

Problem 6.1. Let F(+, -, <) be an Archimedean ordered field, Y (+) be a group,
D C IFi be a well-chained, nonempty, open set. Let f: Dyyy — Y, g: Dy —
Y,h:D, —Y,k:Dy— Y such that

fl@+y) +g(ey) = hz) +k(y)  ((z,y) € D). (15)
Find the general solution of Eq. (15).
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