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This short thesis includes the main results of the doctoral disser-
tation. Specifically, we developed new programs using the computer
algebra systemMaple to investigate certain functional equations and
convexity problems. All results have been thoroughly covered in the
dissertation and are comprehensively elaborated in the papers [24],
[25], [26], and [27].

Alienness of linear functional equations

The concepts of alienness and strong alienness of functional equa-
tions were introduced by J. Dhombres in his paper [13] in the follow-
ing form. Let E1(f) = 0 and E2(f) = 0 be two functional equations
for a function f defined on a nonempty set X and mapping to a
groupoid Y with an identity element 0. The equations E1 and E2

are called alien with respect to X and Y , if each solution f : X → Y
of

E1(f) + E2(f) = 0

is a solution of the system

E1(f) = 0

E2(f) = 0.

The equations E1 and E2 are said to be strongly alien with respect
to X and Y , if all solutions f, g : X → Y of

E1(f) + E2(g) = 0

are solutions of the system

E1(f) = 0

E2(g) = 0.

These properties of functional equations have been investigated
by several authors during the last decades (cf., e.g., [4], [5], [17],
[18], [20], [32], [37], [38], and [41]).

We considered the alienness phenomenon for linear functional
equations of the type

n+1∑
i=0

fi(pix+ qiy) = 0 (x, y ∈ X), (1)
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where n is a positive integer, p0, . . . , pn+1 and q0, . . . , qn+1 are ra-
tional numbers, X,Y are linear spaces and f0, . . . , fn+1 : X → Y
are unknown functions.

Classical results on the class of functional equations above and
on its important sub-classes were published by M. Fréchet ([15], [16])
and W. H. Wilson ([49]). Their solutions, under general conditions,
were determined by L. Székelyhidi ([44], [47]; cf., also, [46] and [43]).
Recent studies of (1) and its generalizations, were performed, among
others, in [21], [30], [39] and [42]. The alienness property, connected
to linear functional equations, was also considered in several papers
(e.g. in [3], [14], [19] and [42]).

Basic properties of linear functional equations

Fundamental results on solutions of functional equations of type (1)
determined by L. Székelyhidi ([44], [47]; cf., also, [49]). In these
theorems and in the following parts of the section, we use the con-
vention 00 = 1.

Theorem 1. Let X and Y be linear spaces over the field of the ra-
tionals, let p0, p1, . . . , pn+1 and q0, q1, . . . , qn+1 be rational numbers
and assume that

M
(i)
k : X → Y

are monomial functions of degree k for i = 0, . . . , n + 1 and k =
0, . . . , n. The functions f0, . . . , fn+1 : X → Y ,

fi(x) =

n∑
k=0

M
(i)
k (x) (x ∈ X, i = 0, . . . , n+ 1)

solve functional equation (1) if and only if the monomial functions

M
(i)
k : X → Y given above fulfil

n+1∑
i=0

pji q
k−j
i M

(i)
k (x) = 0 (x ∈ X, k = 0, . . . , n, j = 0, . . . , k).

Theorem 2. Let X and Y be linear spaces over the field of the ra-
tionals, let p0, p1, . . . , pn+1 and q0, q1, . . . , qn+1 be rational numbers
that satisfy

piqj ̸= pjqi (i, j = 0, . . . , n+ 1, i ̸= j). (2)
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The functions f0, . . . , fn+1 : X → Y solve functional equation (1) if
and only if they are of the form

fi(x) =

n∑
k=0

M
(i)
k (x) (x ∈ X, i = 0, . . . , n+ 1),

where

M
(i)
k : X → Y (i = 0, . . . , n+ 1, k = 0, . . . , n)

are monomial functions of degree k satisfying the equations

n+1∑
i=0

pji q
k−j
i M

(i)
k (x) = 0 (x ∈ X, k = 0, . . . , n, j = 0, . . . , k).

Extensions of the concepts of alienness and strong alienness

In order to consider alienness and strong alienness properties for
more than two functional equations and more than one (or two)
functions, we extend the corresponding definitions of J. Dhombres
([13]) in the following way.

Let m,n be positive integers (m ≥ 2) and let

E1(f1, . . . , fn) = 0

...

Em(f1, . . . , fn) = 0

be functional equations for the unknown functions f1, . . . , fn defined
on a nonempty set X and mapping to a groupoid Y with an identity
element 0.

Definition 1. The equations E1, . . . , Em are called alien with re-
spect to X and Y , if all solutions fi : X → Y , (i = 1, . . . , n), of

E1(f1, . . . , fn) + · · ·+ Em(f1, . . . , fn) = 0 (3)

are solutions of the system

E1(f1, . . . , fn) = 0

... (4)

Em(f1, . . . , fn) = 0,

too.
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Definition 2. The equations E1, E2, . . . , Em are said to be strongly
alien with respect to X and Y , if all solutions fij : X → Y , (i =
1, . . . ,m, j = 1, . . . , n) of

E1(f11, . . . , f1n) + · · ·+ Em(fm1, . . . , fmn) = 0 (5)

are solutions of the system

E1(f11, . . . , f1n) = 0

... (6)

Em(fm1, . . . , fmn) = 0

as well.

The program isalien

The program function isalien was developed in the computer al-
gebra system Maple, which investigates the alienness and strong
alienness of linear functional equations of type (1). It uses another
user-defined Maple program lfesolve, which determines solutions
of functional equations belonging to class (1). (Cf. [11], further-
more, [9], [10], [28] and [29].).

The function isalien is contained in the Maple package
FunctionalEquations, sub-package AlienationCheck. The input
of the program should be of the form:

> with ( Funct ionalEquat ions :=Alienat ionCheck ) ;
> i s a l i e n ( e , f , opt i ons ) ;

where

– e: the list of linear functional equations,

– f: the list of the unknown functions included in the given
equations,

– The program has three types of options:

. CHECK = {‘alien’, ‘strongalien’}

. OUTPUT = {‘brief’, ‘verbose’, ‘full’}

. ErrorWarn STYLE = {‘ewYes’, ‘ewNo’}

The default options are: [‘alien’, ‘brief’, ‘ewYes’].
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Some examples of running the program isalien:

> E1 := f (x + y) = f ( x ) = f ( y ) = 0 :
E2 := g (2x + 3y)=2 g (x = y ) = 0 :
i s a l i e n ( [ E1 , E2 ] , [ f , g ] , s t r onga l i en , f u l l ) ;

gives

The f un c t i o n a l equat ions
E1 :

f ( x + y) = f ( x ) = f ( y ) = 0
E2 :

g(2x + 3y ) = 2g(x = y ) = 0
are not s t r ong l y a l i e n
In d e t a i l s ,
The s o l u t i o n o f the func t i on equat ion
E1 + E2 = 0 are

{ f = = M(1 , 0) + M(0 , 1) , g = M(1 , 0) }
whi le the s o l u t i o n o f the system
[E1 = 0 , E2 = 0 ] are

{ f = M(0 , 1) , g = 0} .

> E1 := f 1 (2x = y ) = 2 f 1 (x ) + f 1 (y ) + f 2 (x + 5y )
+ 2 f 2 (2x = 7y ) = 2 f 2 (x ) = f 2 ( y )
+ f 3 (2x = 3y ) = f 3 ( y ) = 0 :

E2 := g 1 (x + y) = g 1 (x ) = g 1 (y ) + g 2 (x + y)
+ 2g 2 (x = y ) = 3 g 2 (x ) = g 2 (y )
+ g 3 (2x = y ) = 2 g 3 (y ) = 0 :

i s a l i e n ( [ E1 , E2 ] , [ [ f 1 , f 2 , f 3 ] , [ g 1 , g 2 , g 3 ] ] ,
f u l l ) ;

gives

The f un c t i o n a l equat ions
E1 :

f 1 ( 2x = y ) = 2 f 1 ( x ) + f 1 ( y ) + f 2 ( x + 5y )
+ 2 f 2 ( 2x = 7y ) = 2 f 2 ( x ) = f 2 ( y )
+ f 3 ( 2x = 3y ) = f 3 ( y ) = 0

E2 :
f 1 ( x + y) = f 1 ( x ) = f 1 ( y ) + f 2 ( x + y)

+ 2 f 2 ( x = y ) = 3 f 2 ( x ) = f 2 ( y )
+ f 3 ( 2x = y ) = 2 f 3 ( y ) = 0

are a l i e n i f polynomial s o l u t i o n s are cons ide r ed
only .
In d e t a i l s ,
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The polynomial s o l u t i o n o f func t i on equat ion
E1 + E2 = 0 and the polynomial s o l u t i o n o f the
system[E1 = 0 , E2 = 0 ] are

{ f 1 = = M(1 , 0) = M(2 , 0) + M(0 , 1) ,
f 2 = M(1 , 0) , f 3 = M(2 , 0) } .

Levi-Civita type functional equations

We consider Levi-Civita type functional equations, i.e. the class

f(x+ y) =

n∑
i=1

gi(x)hi(y), (7)

where n is a positive integer, G is an Abelian group and f, gi, hi :
G → C (i = 1, 2, . . . , n) are unknown functions.

Basic results about solutions of Levi-Civita type functional equa-
tions

Fundamental results on solutions of functional equations of type (7)
determined by L. Székelyhidi ([47], [45]).

According to L. Székelyhidi, any function f : G → C, satisfying
the Levi-Cevita functional equation (7), is a normal exponential
polynomial of order at most n. And the converse remains true, that
is, any normal exponential polynomial f fulfills the equation (7).

If the functions h1, h2, . . . , hn are linearly independent, then
g1, g2, . . . , gn are linear combinations of translates of f . Hence,
they are also normal exponential polynomial of order at most n.
Moreover, they are built up from the same additive and exponential
functions, as f .

We call the case when the functions g1, g2, . . . , gn and the func-
tions h1, h2, . . . , hn are linearly independent as the non-degenerate
case.

In the non-degenerate case, the functions f, gi, hi, (i = 1, . . . , n)
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have the form:

f(x) =

k∑
j=1

Pj(aj,1(x), . . . , aj,nj−1(x))mj(x)

gi(x) =

k∑
j=1

Qi,j(aj,1(x), . . . , aj,nj−1(x))mj(x)

hi(x) =

k∑
j=1

Ri,j(aj,1(x), . . . , aj,nj−1(x))mj(x)

(8)

where

– k, n1, . . . , nk are positive integers such that n1 + · · ·+nk = n,

– m1, . . . ,mk are different non-zero complex exponentials,

– {aj,1(x), . . . , aj,nj−1(x)} are sets of linearly independent real
additive functions for j = 1, . . . , k,

– Pj , Qi,j , Ri,j are complex polynomials of degree at most nj−1
in nj − 1 variables for i = 1, . . . , n, j = 1, . . . , k

With the same assumptions, for any j = 1, . . . , k and for any
multi-indices Aj = (α1, α2, . . . , αnj−1) and Bj = (β1, β2, . . . , βnj−1)
in Nnj−1, we introduce the matrix Mj(P ;Aj , Bj) and the matrix
Nj(Q;Aj) as follows:

– for any choice of p, q = 0, . . . , nj − 1,

Mj(P ;Aj , Bj)nj−p,nj−q ={
1

p!q!∂
α1
1 . . . ∂

αp
p ∂β1

1 . . . ∂
βq
q Pj(0, . . . , 0) for p+ q < nj

0, for p+ q ≥ nj ,
(9)

– for any choice of p = 1, . . . , nj , and q = 1, . . . , n,

Nj(Q;Aj)p,q =
1

(nj − p)!
∂α1
1 . . . ∂

αnj−p

nj−p Qq,p(0, . . . , 0). (10)
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Then, we define two block matrices

M(P ;A1, . . . , Ak, B1, . . . , Bk) =
M1(P ;A1, B1) 0 . . . 0

0 M2(P ;A2, B2) . . . 0
...

...
. . .

...
0 0 . . . Mk(P ;Ak, Bk)

 ; (11)

and

N(Q;A1, . . . , Ak) =


N1(Q;A1)

...
Nk(Q;Ak)

 . (12)

Then we have a necessary and sufficient condition in terms of the co-
efficients of the complex polynomials Pj , Qi,j , Ri,j such that f, gi, hi

is a non-degenerate solution of the Levi-Civita functional equation
(??).

M(P ;A1, . . . , Ak, B1, . . . , Bk) =

N(Q;A1, . . . , Ak)N(R;B1, . . . , Bk)
T (13)

holds for any choice of the multi-indices Aj , Bj in Nnj−1 (j =
1, . . . , k).

The program LCfesolve

The program function LCfesolve was developed in the computer
algebra system Maple, which investigates solutions to Levi-Civita-
type functional equations (7).

The program LCfesolve is included in the Maple package
FunctionalEquations:-LeviCivitafesolve. Accessing function
LCfesolve follows the same conventions as other Maple procedures:

> with ( Funct ionalEquat ions := Lev iC i v i t a f e s o l v e ) ;
> LCfeso lve ( fe , output opt ion ) ;

where

– fe: the Levi-Civita functional equations,

– output option: {‘brief’, ‘full’}
The default option is: ‘brief’.
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In the following, example of running the program with the sine
equation is presented.

> f e := f ( x + y) = f (x ) g (y ) + g (x ) f ( y ) ;
> LCfeso lve ( fe , f u l l ) ;

yields

Case : [1 , 1 ]
f = α1 ∗m1(x) + α2 ∗m2(x)
g = γ1 ∗m1(x) + γ2 ∗m2(x)

Moreover , the c o e f f i c i e n t s f u l f i l l the
equat ion Q.R = P, with the matr i ce s Q, R, P
as f o l l ows , r e s p e c t i v e l y

Q = [
α1 γ1
α2 γ2

]
R = [

γ1 γ2
α1 α2

]
P = [

α1 0
0 α2

]

The c o e f f i c i e n t s f u l f i l l the system o f
equat ions :
{2α1γ1 − α1, 2α2γ2 − α2, α1γ2 + α2γ1 } .

The s o l u t i o n s o f the above system o f
equat ions :
{α1 = 0, α2 = 0, γ1 = γ1, γ2 = γ2} ,{
α1 = 0, α2 = α2, γ1 = 0, γ2 =

1

2

}
,{

α1 = α1, α2 = 0, γ1 =
1

2
, γ2 = 0

}
,{

α1 = α1, α2 = −α1, γ1 =
1

2
, γ2 =

1

2

}
.

Case : [ 2 ]
f = (α1 ∗A1(x) + α2) ∗m1(x)
g = (γ1 ∗A1(x) + γ2) ∗m1(x)

Moreover , the c o e f f i c i e n t s f u l f i l l the
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equat ion Q.R = P, with the matr i ce s Q, R, P
as f o l l ows , r e s p e c t i v e l y

Q = [
α1 γ1
α2 γ2

]
R = [

γ1 γ2
α1 α2

]
P = [

0 α1

α1 α2

]

The c o e f f i c i e n t s f u l f i l l the system o f
equat ions :
{2α1γ1, 2α2γ2 − α2, α1γ2 + α2γ1 − α1}

The s o l u t i o n s o f the above system o f
equat ions :
{α1 = α1, α2 = 0, γ1 = 0, γ2 = 1} ,
{α1 = 0, α2 = 0, γ1 = γ1, γ2 = γ2} ,{
α1 = 0, α2 = α2, γ1 = 0, γ2 =

1

2

}
.

Types of functional equations

The field of functional equations has grown significantly as a result
of the works of key mathematicians from the late eighteenth cen-
tury to the nineteenth century. In the 1960s, János Aczél’s studies
([1], [2]) provided an in-depth exploration of functional equations
and their wide-ranging applications in various mathematical and
scientific fields.

In the 1980s, János Aczél posed the question if it was possible to
create a computer program to solve functional equations, specifically
those in the class of Linear Functional Equations, using Székelyhidi’s
method ([44], [47]). The first programs to address these equations
were created over 20 years ago and were described in a thesis ([28])
and the newest version of it in papers ([10], [11]). Over the last few
decades, many researchers have used computers to study functional
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equations ([6], [7], [8], [12], [31], [36], [40] and [25]).
Today, symbolic calculations combined with general computer

programming are strong methods for exploring functional equations.
We are currently developing a software package that includes pro-
grams related to functional equations. A natural idea that comes up
is to create a program capable of determining the types or classes
of functional equations. We introduced these programs and their
applications.

Types of functional equations considered

– The Cauchy’s functional equations

f(x+ y) = f(x) + f(y)

f(x+ y) = f(x)f(y)

f(xy) = f(x) + f(y)

f(xy) = f(x)f(y).

– The Pexider functional equations

f(x+ y) = g(x) + h(y)

f(x+ y) = g(x)h(y)

f(xy) = g(x) + h(y)

f(xy) = g(x)h(y).

– The Jensen functional equation

f

(
x+ y

2

)
=

f(x) + f(y)

2
.

– The Hosszú functional equation

f(x+ y − xy) + f(xy) = f(x) + f(y).

– The Mikusiński functional equation

f(x+ y)[f(x+ y)− f(y)− f(x)] = 0.

– The alternative functional equation

[f(x+ y)]2 = [f(x) + f(y)]2.
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– The quadratic functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y).

– The D’Alembert functional equation

f(x+ y) + f(x− y) = 2f(x)f(y)

– The inhomogeneous linear functional equation of order
1

f(ax+ by + c) = Af(x) +Bf(y) + C, abAB ̸= 0.

– The trigonometric functional equations

f(x+ y) = f(x)f(y)− g(x)g(y)

f(x− y) = f(x)f(y) + g(x)g(y)

g(x+ y) = g(x)f(y) + f(x)g(y)

g(x− y) = g(x)f(y)− g(y)f(x)

– The class of linear functional equations

n+1∑
i=0

fi(pix+ qiy) = 0 (x, y ∈ X),

where n is a positive integer, p0, . . . , pn+1 and q0, . . . , qn+1 are
rational numbers, X,Y are linear spaces and f0, . . . , fn+1 :
X → Y are unknown functions.

– The class of Levi-Civita functional equations

f(x+ y) =

n∑
i=1

gi(x)hi(y),

where n is a positive integer, G is an Abelian group and
f, gi, hi : G → C (i = 1, 2, . . . , n) are unknown functions.

In the next part, we present detailed descriptions of three pro-
gram functions fewhattype, fetype, feinfo. They are developed
in the computer algebra system Maple, and contained in the package
FunctionalEquations, subpackage FETypes.

12



The function fewhattype

The input of the program should be of the form

> fewhattype ( fe , [ funcs , vars ] ) ;

where,

– fe: the functional equations,

– funcs: the list of unknown functions,

– vars: the list of unknown function’s variables.

Two arguments funcs and vars are optional and in default,

funcs := [ f , g , h , k , l ] ;
vars := [ x , y , z , u , v ] ;

If the input is given correctly, the program will list all types and
classes to which the given functional equation fe belongs. In the
following part, some examples will be presented.

> fewhattype ( f ( x + y) = f ( x ) = f ( y ) ) ;

yields

Cauchy equat ion
General l i n e a r type equat ion
Linear type equat ion
Levi=Civ i ta type equat ion

The program is able to simplify the given functional equation
before starting the main process to determine its types or classes.
For example:

> f e :=
√
3 f ( x + y) +

√
3 f ( x = y ) =

√
12 f ( x ) +

√
12 f ( y ) ;

> fewhattype ( f e ) ;

gives

Linear type equat ion
Quadratic equat ion

When the unknown functions and their variables are not within
the default case, users can add extra parameters to use the program,
as follows:

> f e := s ( a + b) = s ( a ) . c (b) + c ( a ) . s (b ) ;
> fewhattype ( fe , funcs = [ s , c ] , vars = [ a , b ] ) ;
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gives

Levi=Civ i ta type equat ion
Funct iona l equat ion f o r t r i gonomet r i c funct i ons ,
the add i t i on formula f o r s i n e .

The function fetype

If users input a functional equation fe and specify a type or class
of functional equation type, this function will simply return value
True or False to indicate whether fe is of type. Similarly to the
previous program, extra parameters funcs and vars can be added
as optional arguments to specify the list of unknown functions and
their variables. Therefore, the input of the program should be as
follows

> f e type ( fe , type , [ funcs , vars ] ) ; .

For example,

> f e type ( f ( xy ) = f ( x ) = f ( y ) = 0 , Cauchy ) ;

shows t rue

The program is able to simplify the considered functional equa-
tion before evaluating, as follows

> f e type ( 2 . f ( ( x + y )/2) = f (x ) + f (y ) , Jensen ) ;

yields t rue

The extra parameter funcs is used in the example below for
using the program in case the unknown function is not contained in
the default set.

> f e := m(x + y = xy ) + m(xy ) = m(x ) + m(y ) ;
> f e type ( fe , Hosszu , funcs = [m] ) ;

gives t rue

The function feinfo

Function feinfo() is used to get information about all considered
types and classes of functional equations. By calling feinfo(), the
following window will pop up
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For example, when Cauchy equation is chosen

m-convex hull of sets of points

The concept of m-convexity in the sense of G. Toader is a math-
ematical problem that was introduced about thirty-five years ago
and investigated by many authors (cf., eg., [48], [35], [34], [33]).
However, the geometrical properties of m-convex sets have not been
researched deeply. With the assistance of computers in general or
computer programming in particular, we can get a geometric vi-
sualization of m-convexity for further investigation on the concept
of convexity as well as its applications in functional equations and
inequalities problems (cf., eg., [22], [23]).

We presented computer programs developed in the computer al-
gebra system Maple, which visualizes the animation of the m-convex
hull of sets of points on the Cartesian coordinate systems for a two-
dimensional plane and a three-dimensional space; and determines
the relative position of a given point and the m-convex hull of a set
of points in both two and three-dimensional cases.

The concept of m-convexity

It is well known that, the set C ⊆ Rn is called convex if

tx+ (1− t)y ∈ C, for all x, y ∈ C and t ∈ [0, 1]
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The convex hull of a non-empty set A ⊆ Rn is defined as the
intersection of all convex subsets of Rn containing A.

According to G. Toader [48], letm ∈ [0, 1] be a fixed real number,
a set C ⊆ Rn is called m-convex if for each t ∈ [0, 1]

tx+m(1− t)y ∈ C, for all x, y ∈ C

The m-convex hull of the non-empty set A ⊆ Rn is defined as
the intersection of all m-convex subsets of Rn containing A.

From a geometric point of view, the set C is m-convex if for each
two points x, y ∈ C, the segment [x,my] connecting x and my is
also included in C.

The animation of m-convex hull of sets on the Cartesian two
and three-dimensional spaces

It has been shown in [33] that the m-convex hull generated by two
different points x, y ∈ R2 can be obtained by dropping the triangle
Tm = △(x, y, z) from triangle T = △(O, x, y), where O is the origin
and z is a point defined by

z =
m

m+ 1
(x+ y).

Thus,

T − Tm = △(O, x, y) \ △(x, y, z) = △(O, x, z) ∪△(O, z, y).

Algorithm - Generating an animation of the m-convex hull of a finite

set of points in R2

– Input: Finite set of points P , m ∈ [0, 1).

– Output: m-convex hull of P .

– Method: The m-convex hull CP of P can be generated by the
following

For all A,B ∈ P (A ̸= B), CP = CP ∪△(OAz)∪△(OzB),

where z =
m

m+ 1
(A+B)

Similarly, the m-convex hull generated by three different points
x, y, z ∈ R3 can be obtained by dropping the polyhedron, which is
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composed by six vertex corners: x, y, z, t, u, v from the tetrahedron
generated by four points O, x, y, z, where O is the origin and u, v, t
are points defined by

t =
m

m+ 1
(x+ y), u =

m

m+ 1
(x+ z), v =

m

m+ 1
(y + z),

Accordingly to the two-dimensional plane result, it can be con-
sidered as the union of four tetrahedrons which are generated by
[O, x, t, u], [O, y, u, v], [O, z, u, v], [O, t, u, v] respectively.
Algorithm - Generating an animation of the m-convex hull of a finite

set of points in R3

– Input: Finite set of points P , m ∈ [0, 1).

– Output: m-convex hull of P .

– Method: the m-convex hull CP of P can be generated by the
following

For all A,B,C ∈ P (A ̸= B ̸= C),

CP = CP ∪ tetrahedron[O,A, T, U ] ∪ tetrahedron[O,B, T, V ]

∪ tetrahedron[O,C,U, V ] ∪ tetrahedron[O, T, U, V ],

where

T =
m

m+ 1
(A+B), U =

m

m+ 1
(A+ C),

V =
m

m+ 1
(B + C), O(0, 0, 0).

We presented computer programs, which visualizes the animation
of the m-convex hull of sets of points on the Cartesian coordinate
systems and determines the relative position of a given point and
the m-convex hull of the set of points in two- and three-dimensional
cases.

The program functions mconvex2d and mconvex3d

Our programs mcvhull2d and mcvhull3d are contained in the Maple
package MConvexHull. The input of the program should be of the
forms

> mcvhull2d (P) ;
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result will be six figures of m-convex hull of P with m ∈ [0, 1).

> mcvhull2d (P, m) ;

where m is the fixed real number, such that m ∈ [0, 1). Then the
result will be the figure of the m-convex hull of P with given m.

> mcvhull2d (P, m1, m2) ;

here m1 and m2 are fixed real numbers, such that 0 ≤ m1 < m2 < 1.
In this case, the program will show six figures of the m-convex hull
of P with m, where m1 ≤ m ≤ m2.

> mcvhull2d (P, m1, m2, d f r ) ;

where m1 and m2 are fixed real numbers, such that 0 ≤ m1 < m2 < 1
and dfr is the number of frames (or figures) the user wants to be
shown. Therefore, the result will be dfr figures of the m-convex
hull of P with m in m1 ≤ m ≤ m2.
All options of the program mcvhull3d are similar. In the following
part, examples of running the programs will be given.

> P := [ [ 1 4 , 16 ] , [ 1 3 , 1 2 ] , [ 5 , 2 0 ] , [ 2 5 , 1 3 ] ,
[ 7 , 1 0 ] , [ 1 0 , 2 5 ] , [ 1 . 5 , 1 5 ] , [ 1 6 , 6 ] ,
[ 2 6 , 5 ] , [ 2 0 , 5 ] , [ 1 7 , 1 3 ] , [ 1 5 , 9 . 5 ] ] ;

> mcvhull2d (P, 0 . 1 8 ) ;

Figure 1: m = 0.18

When the input set contains duplicate points, the program will
show a warning message on the screen and continue to run normally
after removing the duplication.

> mcvhull3d ( [ 2 , 2 , 1 ] , [ 2 , 2 , 3 ] , [ 3 , 0 , 1 ] ,
[ 2 , 2 , 1 ] , 0 . 4 ) ;

yields

18



Warning , There are dup l i c a t e po in t s in the s e t
o f po in t s .

Figure 2: m = 0.4

Barycentric coordinate system

In geometry, a barycentric coordinate system is used for specifying
the location of a point within a simplex.

Barycentric coordinates on triangles

Given the points specified as A = (ax, ay), B = (bx, by), C = (cx, cy)
and a point Q = (qx, qy), the barycentric coordinates of the point
Q can be found by solving the following system of linear equations:

ax · λ1+bx · λ2+cx · λ3 =qx

ay · λ1+by · λ2+cy · λ3 =qy

λ1+ λ2+ λ3 =1.

If λ1, λ2, λ3 ≥ 0 then Q is inside the triangle.

Barycentric coordinates on tetrahedrons

Given the vertices of the tetrahedron as A = (ax, ay, az), B =
(bx, by, bz), C = (cx, cy, cz), D = (dx, dy, dz) and a point Q =
(qx, qy, qz), the barycentric coordinates of the point Q can be found
by solving the following a system of linear equations:

ax · λ1+bx · λ2+cx · λ3+dx · λ4 =qx

ay · λ1+by · λ2+cy · λ3+dy · λ4 =qy

az · λ1+bz · λ2+cz · λ3+dz · λ4 =qz

λ1+ λ2+ λ3+ λ4 =1.

If λ1, λ2, λ3, λ4 ≥ 0 then Q is inside the tetrahedron.
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As mentioned before, in R2 the m-convex hulls of sets are con-
structed by the union of finitely many triangles with known vertices.
Similarly, in R3 the m-convex hulls of sets are built up by the union
of finitely many tetrahedrons with known vertices. With that struc-
ture, by applying the barycentric coordinate system to determine
the position of a given point with respect to a simplex (triangle or
tetrahedron), we developed a program to decide whether a given
point in R2 or in R3 is an element of a m-convex hull of a set or not.

The program functions PointInMCVHull2d and PointInMCVHull3d

Our programs PointInMCVHull2d and PointInMCVHull3d are also
contained in the Maple package MConvexHull. The input of the
program should be of the form

> PointInMCVHull2d (Q, P, m, t rue / f a l s e ) ;
> PointInMCVHull3d (Q, P, m, t rue / f a l s e ) ;

where

– the given point called Q,

– the list of points P in R2 or in R3,

– the fixed real value m, 0 ≤ m < 1.

The program will decide whether the point Q is an element of the
m-convex hull of the set of points P or not. Moreover, if the last
parameter is true, the program will also show the animation for
more information.

For example,

> P := [ [ 1 4 , 16 ] , [ 1 3 , 1 2 ] , [ 5 , 2 0 ] , [ 2 5 , 1 3 ] ,
[ 7 , 1 0 ] , [ 1 0 , 2 5 ] , [ 1 . 5 , 1 5 ] , [ 1 6 , 6 ] ,
[ 2 6 , 5 ] , [ 2 0 , 5 ] , [ 1 7 , 1 3 ] , [ 1 5 , 9 . 5 ] ] ;

PointInMCVHull2d ( [ 1 5 , 16 ] , P, 0 . 3 , t rue ) ;

shows

False .

20



Figure 3

> P := [ [ 1 / 2 , 1/2 , 1 ] , [ 1 , 0 , 0 ] , [ 0 , 1 , 0 ] ] ;
PointInMCVHull3d ( [ 1 / 4 , 1/4 , 1/4 ] , P, 0 . 5 , t rue ) ;

returns

True .

Figure 4
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[8] Sz. Baják and Zs. Páles. Solving invariance equations involving
homogeneous means with the help of computer. Appl. Math.
Comput., 219(11):6297–6315, 2013.
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[27] A. Gilányi and L. N. To. On a computer program determining
types of functional equations. Aequationes Math. (Published
online first), 2025.
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[A4] L. N. To and A. Gilányi. Computer assisted investigation of
the alienness of linear functional equations. In: Report of
Meeting: 19th International Conference on Functional Equa-
tions and Inequalities, Bedlewo, Poland, September 11-18,
2021.

Ann. Univ. Paedag. Cracoviensis. Studia Math. 20 (1),
166-167, 2021.

ISSN: 2081-545X.

DOI: http://dx.doi.org/10.2478/aupcsm-2021-0009

List of talks related to the topic of the dissertation

[T1] PhD Qualification at the End of the First Year, Institute of
Mathematics, University of Debrecen, June 18, 2021.

[T2] Computer assisted investigation of the alienness of linear func-
tional equations, The 19th International Conference on Func-
tional Equations and Inequalities, Bedlewo, Poland, Septem-
ber 11–18, 2021.

28



[T3] Complex Exam, Institute of Mathematics, University of Deb-
recen, June 29, 2022.

[T4] PhD Qualification at the End of the Third Year, Institute of
Mathematics, University of Debrecen, June 6, 2023.

[T5] On computer assisted visualization of m-convex hulls of sets,
The 59th International Symposium on Functional Equations,
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