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1 Introduction

There is a diversity of students in each and every classroom: students differ in
ability, aims, learning styles, and many other factors. Hence teachers must adapt
their teaching methods to the needs of individual students, which process is called
differentiation. This involves setting activities where students may do different
tasks, or tasks in a different way, and also using a variety of teaching styles,
which ensures that each student profits from some of them. To realize this,
teachers need appropriate professional skills, and also practical help, such as

teaching material, or an assistant teacher.

In Hungary, differentiation has not been an issue until recently, although every
teacher uses it intuitively to some degree. With increasing differences among
students, the greater emphasis on equal opportunities, and the introduction of the
two-level secondary final examination it is becoming a more and more acute
need. The present National Curriculum emphasizes the need for differentiation
both in the description of its general principles and in its standards for
mathematics teaching [1]. However, the National Institute of Public Education
(Orszagos Kozoktatasi Intézet) found in a survey on secondary mathematics
teaching in 2003 that although teachers differentiate, they face both professional

and practical difficulties concerning the issue [2].

The aim of this work is to facilitate differentiation in Hungary, and its focus is the
secondary school. After presenting past findings (Chapter 2), it analyses the
present situation, and points out ways to improve it both in short-term (methods
that can be easily adapted by teachers or schools) and long-term (guidelines for
educational experts, teaching material developers, etc). Chapter 3 presents the
findings of a survey carried out among secondary mathematics teachers. Chapter
4 analyzes the National Curriculum, and gives guidelines on writing

differentiated frame curricula, local curricula and syllabi. Chapter 5 analyzes
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certain currently used textbooks, and draws the attention to features of a
differentiated textbook. Chapter 6 suggests a way of recruiting assistant teachers

into schools.
Focus: Secondary school

This work focuses on secondary schools. I need to clarify the distinction between
schools on secondary level (kozépfoku iskola) in Hungary. Trade schools
(szakiskola) prepare student for a trade, while secondary schools (kozépiskola)
prepare for the final examination (érettségi). These include vocational schools
(szakkozepiskola), which specialize in a certain profession, and grammar schools
(gimndzium), which give a general education. Although besides the four-year-
long (years 9-12) grammar schools six-year-long ones (years 7-12) also exists, |
will focus on years 9-12 of secondary education. The acronyms CLFE and ELFE

will stand for the core and extended level final examinations respectively.



2 Differentiated teaching — literature review

2.1 The diversity of students

Results of several surveys, such as the international PISA [3], and the national
MONITOR [4] showed that variation in mathematical attainment has increased in
Hungary. Czeglédy [5] finds that there is a striking heterogeneity in students’

mathematics achievement not only between, but within classes, as well:

Excellent |Good Average Weak Unaccepta
84-100% | 68-83% 43-67% 20-42% ble
0-19%

School 1 6% 53% 35% 6% 0%
School 2 2% 12% 28% 23% 36%
School 3 2% 5% 29% 38% 26%
School 4 9% 9% 39% 28% 15%
School 5 0% 0% 9% 40% 51%
School 6 0% 9% 11% 34% 46%
School 7 0% 19% 46% 30% 5%
School 8 30% 28% 24% 13% 5%

Table 1: Survey results on mathematical competence

There are many factors underlying mathematical achievement, which educators
need to bear in mind when trying to cope with the diversity of students.

Cangelosi [6] describes the following factors:

e Mathematical competence
Mathematical ability
Cognitive stage
Prior mathematical learning
Communication skills

o Attitude towards mathematics



Motivation
Self-confidence

e Way of learning
Learning style
Study skills

® General factors
Gender
Social background

Special needs

2.1.1 Mathematical competence

Mathematics is a subject where ability has an extreme correlation with
achievement. Many different models of intelligence (cognitive abilities) in
general, and of mathematical ability have been set up so far. All of these theories
view cognitive or mathematical ability as a collection of different qualities,
although some claim that there is an underlying factor of general intelligence,

which Spearman named g [7].

This paper will use Carroll’s [8] theory, who identifies the following broad
factors of cognitive abilities: fluid intelligence, crystallized intelligence, general
memory and learning, broad visual perception, broad auditory perception, broad
retrieval ability, broad cognitive speediness, and processing speed. He claims
that these broad factors constitute g, the general intelligence, and he also
identifies narrow factors that make up broad ones. As mathematical ability is
concerned, he identifies the most important of the above factors that make a
person successful in mathematics. The first one 1s fluid intelligence, the ability
for inductive and deductive reasoning and quantitative thinking. The second one
is crystallized intelligence (linguistic abilities), which is needed to understand a

text, and to explain a solution. The third one is general memory, which includes



both short-term and long-term memory. The forth one is broad visual perception,

which is specially important in geometry.

The two extremes in ability are the gifted and the mentally retarded. Gifted
students set a difficult task for educators not only because of the responsibility to
get the best out of them, but also because they have to prevent difficulties talented
students face in school. These are boredom and frustration from too easy tasks, a
sense of being different, the teasing of classmates, and too high expectations from

teachers and parents [7].

There is an initiative to integrate mildly mentally retarded students to mainstream
schools, and especially to prevent a great number of not retarded students from
being labelled as mildly retarded. This process will mainly affect primary and
trade schools, but there are certain secondary schools that admit mildly retarded

students, as well [9].

With mathematics teaching it is especially important to take Jean Piaget’s theory
on cognitive development into account. A secondary school student is supposed
to be at the final, formal operational stage, where he is already able to reason
with abstractions [10]. However, the age boundaries of the stages vary greatly, so
there can be students still on the concrete operational stage, who will have
difficulty with mathematics. That is why it is important to always start from the
concrete, and gradually move towards the abstract. This way students in an
earlier operational stage not only understand the material better, but they will also

move faster to the next stage [11].

Another obvious factor is prior mathematical learning. It causes the greatest
difference at the beginning of secondary school, as students arrive with various
mathematical backgrounds. But it remains important throughout school, as a
student, who (for any reason) does not fully master a certain topic, will have
difficulties with the ones that build on it. As mathematics is a subject where

5



building is peculiarly important, lack of previous knowledge may cause serious

problems.

One would think that communication skills are not so important to be successful
in mathematics. However, research shows that verbal skills and mathematical
performance are in strong correlation [14]. The assumed reason is that students
need to understand the problem, and then word their answer well, especially as
reasoning is crucial in mathematics. Hungarian students performed very low on
PISA questions that require transforming a real-life situation into a mathematical
model and back, which is ascribed to poor reading comprehension and other
verbal skills [3]. As the two-level final examination includes many such
problems, education needs to focus on such skills. Besides general verbal skills,
Cangelosi [6] claims that some students have poor communications skills in the
language of mathematics, which has to be specially taught to them (such as the
vocabulary, language and symbols of mathematics, the way to illustrate
mathematical relationships and express mathematical arguments). Another
important use of communication skills in mathematics is interpersonal
communication, as co-operative problem solving is very efficient from the early

school to scientific level.

2.1.2 Attitude towards mathematics

Motivation can be intrinsic (inside) and extrinsic (outside). A student can be
intrinsically motivated by an interest in mathematics, as Cangelosi ([6], p. 5) puts
it “Adolescents’ interest in mathematics ranges from obsessive avoidance to
obsessive pursuit.” Also, students differ in their interest outside mathematics,
which teachers have to take into account when they want to set motivating
contexts for them.  Other intrinsically motivating factors are sense of
achievement, affection for the teacher, an agreeable environment, and a
possibility for choice. Extrinsic motivating factors are parent expectations and

entrance into college or university. Depending on the subjects they need for their
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entrance, marks and knowledge of mathematics will have a different priority for

students.

It 1s a commonplace but it is specially true for mathematics that a student’s image
of himselt/herself is self-fulfilling, that is why self-confidence is so important.
As Cangelosi [6] explains, solving a mathematics problem requires students to
work through perplexing moments. Students who are not confident in their
mathematical abilities tend to stop working as soon as they become perplexed,
while more confident ones tolerate perplexity longer, and thus are more likely to
continue their work. A similar instance to perplexity is being stuck, when the
student is not sure how to continue. A more confident student will try out several
ideas, while a less confident one will give up. Unlike some other subjects, giving
up because of perplexity or lack of ideas may cause zero achievement in a
mathematics problem for the student, even if s/he would be competent with the

skills needed to finish the problem once over the obstacle.

2.1.3 Way of learning

There are differences in how students learn, or prefer to learn. These are called
learning styles, which term includes cognitive styles, the way students process

information, and learning preferences, their favoured way and setting for learning

[7].

Cognitive styles are distinguished from two main aspects. One is the extent of
field dependence. Field-dependent people perceive a pattern as a whole, while
field-independent people perceive separate parts of a total pattern. Of course, any
subject area needs both a holistic and an analytic way of thinking, but as
mathematics needs more of the latter kind, field-independent learners will have
an easier time with it. Hence it is important to strengthen the holistic part of the
material, that is, connections within mathematics and with other subjects, as this

way field-dependent learners can use their strength, and field-independent ones



can develop their holistic thinking. The other distinction is made between
impulsivity and reflectiveness. An impulsive learner works quickly and makes
many mistakes, whereas a reflective student works slowly with fewer errors.
Although it is useful to think quickly in mathematics, it is even more important to
be precise. Hence it is crucial to teach impulsive students strategies about how to

work reliably and how to check their work [12].

Learning preferences also concern two main factors. One is the channel through
which a student learns best: auditory, visual, or kinaesthetic/tactile. Auditory
learners benefit from listening to the teacher’s or a student’s explanation, or
taking part in a discussion. Visual learners need diagrams, and
kinaesthetic/tactile students need manipulatives, and need to write rather than
think mentally. The other factor of learning preferences is the /learning
environment. Some students favour social learning, i.e. co-operating with other

students or the teacher, while others have a greater need for silence [13].

A student with good study skills has effective learning strategies, such as
drawing diagrams, looking at worked problems, checking answers, etc. Students
with different learning styles benefit from different learning strategies. However,
research shows that “the knowledge of how to study is a skill that varies widely

among students and needs to be systematically taught” [6].

2.1.4 General factors

Mathematics is in the centre of debate and research about gender differences [7].
Boys used to perform significantly better in mathematics, which was considered
to be related to their better spatial skills. It is still debated whether boys’ better
spatial ability is genetic or it is a result of socialisation, but differences in
mathematics performance have been greatly decreasing. It is now generally
assumed, that if boys and girls get the same amount and quality of teaching and

teacher attention, they will achieve on the same level [14].



The learning of every student is greatly influenced by their family background,
which is itself a very complex factor. Children from different families bring
different attitudes to school, and they try to meet different parent expectations.
Research shows that socioeconomic status has a strong correlation with students’
achievement [7]. This is firstly because more educated parents tend to value
education higher, and teach more to their students both in academic and in
everyday sense, as learning strategies, thinking methods, and an affection for
learning. Secondly, students from wealthier families have easier access to
learning tools and materials (books, computers, calculators) [6], extra help
(private tutors), or an appropriate place to study at. Thirdly, socioeconomic status
also generates a corresponding level of expectation from teachers and of self-

esteem, which are bound to be self-fulfilling.

The other feature of family background is ethnicity. Students coming from
minority groups might have language difficulties, a different background
knowledge, and most importantly, different views and expectations concerning
school [15]. In Hungary, the greatest minority group is Gypsies, many of whom
find it difficult to achieve well in school. This is partly because traditions that do
not conform to Hungarian school traditions, and partly because of bias towards

them [16].

Many socially disadvantaged students, especially of Gypsy origin, are incorrectly
declared mentally retarded and are taught in special schools, and those who
frequent mainstream schools are often taught in segregated classes without any
pedagogical explanation. There have been several government measures to
improve their schooling since the late 1990s [16]. The most recent programme
aims at integrating socially disadvantaged students into mainstream schools,
which emphasizes the importance of differentiation, the improvement of study

skills, and the increasing of motivation [9].



Among students with special needs I already mentioned the mentally retarded
and the gifted, but there are many other types of special needs. There are students
with physical challenges, who can be sensory impaired or physically

handicapped, students with behavioural disorders, and with learning disabilities.

There is a specifically mathematics related learning disability, dyscalculia, which
means a difficulty in handling mathematics tasks. It “can be quantitative which is
a deficit in counting and calculating, qualitative, which is a difficulty in the
conceptualising of math processes, and intermediate which is the inability to
work with numbers or symbols” [17]. Dyscalculic students also have a short-
term memory deficiency. However, other learning disabilities, such as memory
deficiencies, processing problems, organisational deficiencies, attention deficit
disorder, or dyslexia may cause difficulties with learning mathematics, too.
Steele [18] emphasizes the following mathematics teaching strategies for all
learning disabled students: using visual aids, teaching in a meaningful context,
directly teaching problem-solving and learning strategies, moving from the
concrete to the abstract, making students talk about their mathematical
understandings, providing multiple practice opportunities, constantly monitoring
students and giving them feedback. In fact, all of these strategies have been

mentioned as essential earlier in this section.

In terms of schooling in Hungary, there are special primary schools for students
with physical challenges and for the mentally retarded. Many students with
serious behavioural disorders and learning disabilities are incorrectly recognised
as mentally retarded, and sent to such schools. Although rarely, some students
continue special primary schools in mainstream secondary schools (there are no
special secondary schools). For the former group this is difficult due to
inappropriate physical conditions of schools, and for the latter one because of
smaller curriculum acquired in special schools. However, many students with
milder behavioural disorders or learning disabilities frequent mainstream

10



secondary schools, and with integration the number of all special needs students
in the mainstream will increase [9]. Thus, secondary educators must use the

teaching strategies mentioned above.

2.2 Differentiation as an answer to diversity

An obvious answer to diversity is ability grouping, which is strongly present in
Hungarian secondary schools. It is partly realized by way of entrance
examinations, this way the ability and achievement level of students entering a
certain secondary school is somewhat even; schools with difficult entry will take
only high achievers, while those with an easier entry will attract low achieving
students. In schools who can afford a class-division in mathematics, or in those
who mix a whole age-group into several mathematics classes, the division is

sometimes made according to mathematical achievement.

There are two reasons why ability grouping does not fully solve the problem of
diversity. The first one is given by researchers who compared tracking (within
school ability grouping) to mixed-ability classes. In 1982 Kulik & Kulik [19]
carried out a meta-analyis of 52 other studies investigating the effects of ability
grouping. They found positive effects for high-ability, and near zero effects for
average and below average students. However, in 1990 Slavin [20], carried out a
meta-analysis of 29 studies. He found zero effects for all ability levels when all
other factors were held constant, and explained previous positive findings about
high-ability students by the greater number of classes they took. In addition,
Boaler & William [21] found tracking to cause a self-fulfilling prophecy through
the self-image of students and the expectations of teachers, hence having a
negative effect on students in lower tracks. It is also a concern of those interested
in equal opportunities, that once a student is put in a weaker group or school
(sometimes as soon as in primary school), it is practically impossible for him or
her to get back into a stronger one. As Stiff ([22], p. 10) puts it, “my son, who is

now in sixth grade, took his first college entrance exam at the end of first grade”,
11



meaning that, because he and his wife taught him a lot before school, he passed
an exam to get into a special mathematics class for second grade, which resulted
in being able to pass the exam for the special class a year later again, and so on.
As in this case, it is often social background and not ability that determines

achievement initially, so this practice reinforces social inequalities [20].

The other reason why ability grouping does not solve the problem of student
differences is that groups can never really be homogeneous. Although, as I stated
before, students in a particular Hungarian secondary school are usually of similar
ability and achievement, they are not selected at the entrance examination based
solely on mathematics ability, but on many other factors. And even if a school
does make further grouping for mathematics classes based on mathematical
ability, students’ ability within the group will still differ more or less, and they
will certainly greatly differ in the other factors described before[23].

In sum, it is not necessarily a good idea to group students according to ability,
and even if we do, groups will still be somewhat heterogeneous. The usual
principle teachers in Hungary use to handle differences is ‘keep with the middle’,
which means addressing the needs of the average student in the class. This way,
both high and low achievers tend to suffer, the former study less than they would
be able to, the latter cannot keep up with the pace and may fall behind
irremediably [24]. And as I have emphasised before, students differ in many
other factors than ability, so each of them needs a slightly different way of
instruction. The alternative to teaching the whole class as a unit is differentiation,

which is described below.

2.3 Ways of differentiation
Differentiation is ‘the process of identifying, with each learner, the most

effective strategies for achieving agreed targets’ ([25], p. 129).

We can realize differentiation from the following aspects [26]:
12



e Content
Task
Pace of learning
Outcome

e Way of learning
Lesson form
Teaching method
Use of aids

¢ Checking and assessment

Differentiation by content means that students acquire the material at different
levels. We can realize this by giving students tasks at different levels, or letting
them proceed in the same material at different pace, or using open-ended
questions that can have a different outcome, that is, they can be answered at

different levels.

Differentiation by way of learning means using either different forms of lesson at
the same time (i.e the teacher works with some students, while others work in
groups, or individually), or different teaching methods within the same form of
work. For example, the teacher may use a different form of dialogue (requiring a
different level of independent thinking) with different individuals or groups.
Students may also use different aids to solve tasks: some will need manipulatives,
tables, or diagrams to answer a question, while others can solve the problem with

abstract thinking.

The teacher can also differentiate in the thoroughness of checking work. With
some students they will content themselves with checking final results, with
others looking at main steps is enough, while with some it is necessary to check

work in detail. Finally, differentiation by content is sometimes accompanied with

13



differentiation by assessment: if students learn different material they may need

to be assessed from different material, too.

Differentiation requires a great amount of attention and work from teachers, but
there are certain tools they can make use of. It is essential to have an appropriate
curriculum, which identifies core material, to be acquired by every student, and
enrichment topics for those who are able to move faster [27] (the next section will
discuss differentiated curriculum in detail). Another important help is a textbook
that 1s built on the curriculum and takes every aspect of differentiation into
consideration [27]. Other tools are assistant teachers [28] and computers [29],
which make all of the above mentioned aspects of differentiation easier. I should
also add that certain lesson forms are more appropriate for differentiation than
others. Individual work and homogeneous pairing or grouping is a way to realise
differentiation by task or pace, while heterogeneous pairs and groups
differentiation by outcome [30]. In the latter case, students either solve subtasks
of different difficulty, or take roles that require different skills. They can also
teach each other: more advanced students deepen their knowledge by explaining
to their peers, while these benefit from their explanation. Whole-class work, on

the other hand, is quite inappropriate for differentiation [31].

Finally, as educators cannot differentiate all the time and in every aspect of
teaching, they should teach in a way that is appropriate to a diversity of
students. This means using a variety of instructional methods and materials [12],
and real-life context which is able to bridge the gap between different students

[22].

2.4 Differentiated curriculum models

Let us take a closer look at the differentiated curriculum. The National Council
of School Mathematics of the USA outlines two types of curriculum models that

can be used for differentiation, the Enrichment and the Differentiated Curriculum

14



Models [27]. First, let us remark an issue in terminology. I am going to use the
term differentiated curriculum for any curriculum allowing for differentiation.
This can be based on several models, and one of these is called the Differentiated

Curriculum Model. The word model will distinguish between the two terms.

The Enrichment Model consists of the same core material to be completed by
all students, with additional, carefully selected material for student exploration.
Students work on a particular content area, and those who move more quickly
than the others complete the enrichment material in addition. After the allotted
time period the entire class progresses to the next topic. Enrichment topics can

fall into the following categories:

e Historical and cultural topics - taking more time to delve into the history

and cultural contribution of topics

e Abstraction and generalization - addressing topics at a more abstract

level
e New settings - looking at concepts in fresh settings
e New perspectives - gaining new perspectives and insights

e Deeper explorations - exploring relationships more deeply or exploring

new relationships beyond those in the core

¢ Further examples of connections ([27], pp. 67-68)

In the Differentiated Model topics are addressed at various levels of
concreteness and abstraction. Each topic starts with a core activity to be
completed by all students, addressing some significant questions related to the

new concept. These activities are on a concrete or semiconcrete level. After that

15



the class discusses the key ideas and applications of the new concept. Then there
are follow-up activities of different levels, so each student can proceed according

to his/her own pace and ability.

The benefit from both models is flexibility. With each topic, every student can
progress to his’/her own maximum capacity, so slower students will have time to
understand the core material thoroughly, while faster students can move on to
more difficult topics. At the same time, it does not put students who complete
lower level material at a certain topic to a disadvantage, as the class starts each
topic together, and the extended material of one topic is never a prerequisite for
that of another. Hence students who initially achieve lower due to family
background or immaturity, for instance, have a chance to get to the forefront any

time.

In the Hungarian secondary school the core material is basically determined by
the CLFE requirements, while enrichment and higher level topics can include
ELFE topics, historical ones, and so on. Both models can be fully implemented
in years 9 and 10. They are very effective in years 11 and 12, too, with the
restriction that students who need to do an extended level final examination need
to progress through all extended or higher level topics that are part of the ELFE
requirements. Chapter 4 will analyse this aspect of the Hungarian National

Curriculum in detail.
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3 Teachers in Hungary and differentiation

This chapter describes the present situation of differentiation in Hungary from the
point of view of teachers. It is based on a survey I carried out in 2005, which
involved a representative set of teachers filling out a questionnaire on
differentiation”. The aim of this survey was to find out how acute the problem of

diversity is, how teachers handle it, and what kind of help they need most.

3.1 Diversity of students

First, I wanted to know about the extent and nature of heterogeneity in
classrooms, as this is the major motivation for differentiation. Teachers turned
out to teach in class sizes with an average of 20. In years 9 and 10 many of them
teach whole classes with more than 35 students, but many schools are fortunate
enough to have smaller groups from the beginning. In years 11 and 12 groups are

usually smaller, especially special (fakultdacios) groups preparing for the ELFE.

[ also asked teachers to rate the heterogeneity of their groups from 1
(homogeneous) to 5 (very heterogeneous). Table 2 shows the results and a fitted
bell-curve. The mean is 3.53 with a standard deviation of 1.04. So we can say
that teachers perceive their groups to be quite heterogeneous. Some teachers

voiced difficulties caused by heterogeneity in words, too:

e [t is almost impossible in groups of 35 students [to handle students with

different aims]

e In year 9 I give separate worksheets to those behind and good students. It

takes a lot of time to design, correct, and assess these.

" Description of methodology is found in Section 7, and the questionnaire in Appendix A.
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e [t is difficult [to handle student differences]. I have to work more.

Heterogeneity of groups
A0%,
0 = & = N
0% 1% 32%],
20%
N19%
17%) N
10% i ;f '
1% " L
0% Al " ; \ ; ; Sl 22
1 3! 3 4 5
Homogeneous Heterogeneous

e Sometimes I feel that it is unmanageable! [about handling differences]

I also asked teachers what factors of difference cause the greatest difficulties in
teaching. Let me first remind of Cangelosi’s factors presented in Section 2.1,
adding a percentage value of corresponding factors in teachers’ answers (the
value of the main categories includes answers relating to the category as a whole

besides those relating to sub-categories):

e Mathematical competence 63%
mathematical ability 32%
cognitive stage 1%
prior mathematical learning 25%
communication skills 3%

e Attitude towards mathematics 26%

motivation 18%
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self-confidence

e Way of learning 8%
learning style 7%
study skills 1%

e General factors 3%
gender
social background 2%

special needs

As mathematical competence has the biggest weight, and because many teachers
referred to skills that cannot be related to any of its sub-categories, I divided it
into ability&cognitive stage and knowledge&skills (including Cangelosi’s prior
mathematical learning, communication skills, and mathematical competence in

general). Table 3 shows teachers’ answers clustered this way (the shades of one

colour represent one cluster):

Differences between students

Ability&
Cognitive stage
33%

General factors
3%

Way of learning

9%
Attitude
Knowledge&
26% Skills
30%

O Achievement 1%

H Ability 29%

B Logical ability 3%

M Ability for abstract thinking 1%
O Mathematical bases 14%

@ Mathematical knowledge 11%
O Calculation skills 1%

B Language of mathematics 1%
H Reading comprehension 1%
O Interpreting problems 1%

o Attitude 8%

B Motivation 3%

O Interest 6%

O Diligence 7%

m Discipline 2%

O Pace 3%

O Slow writing 1%

B Working capacity 1%

B Working moral 1%

O Attention 1%

O Applying knowledge 1%

B Family Background 2%

O Absences 1%
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Table 3: Differences between students

I find the above results important for two main reasons. On one hand, they help
in devising effective aids to differentiation, as described in the next section. On
the other hand, it draws attention to factors that teachers do not recognise enough,
or at all. They tend to look at their students either from the side of output
(knowledge&skills), or they simplify input as being mostly ability and attitude
(and they often regard negative attitude the fault of the student). However, some
of the factors they recognise less are such that they could have a positive
influence on, such as communication skills, self-confidence, and study skills. It
would also be important for teachers to be more aware of students’ social
background and learning styles, in order to motivate them effectively and to find
suitable ways to teach them. It is natural that teachers do not mention special
needs students, as they are not usually integrated into secondary teaching at the

moment, but later teachers will have to care for them, too.

Another interesting aspect of teachers’ view on student differences appears in
their definitions of differentiation, where a lot of them indicate some kind of
factor as a motive for differentiation. I put these in the same clusters adding goal
as a new category (although this is part of motivation I kept it separate to show its
appearance). Table 4 compares the importance of factors when teachers look at
differences pragmatically (report on their students) and theoretically (giving a

definition).
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Teachers' view on student differences
60%
54%
50%
40% -
33% 209, 31%
30% 26%
20% -
9%
10% | -
& 4% 1% 3%
0% 0% [l [10%
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@
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Table 4: Teachers’ view on student differences

It is apparent that in theory teachers recognise a much narrower spectre of
differences. While knowledge&skills have the same weight as before, the
importance of input factors shifts almost exclusively to ability. However, goal
appears as a new factor, which teachers probably recognise because of the two-
level final examination. The fact that they do not list it in pragmatics supports
our finding in the next section that they do not distinguish between their students

according to their goals.
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3.2 Extent and ways of differentiation

To the first glance the results of this question are positive: two-thirds of teachers
differentiate to some extent. Let us take a closer look. The questionnaire had two
questions strongly related to differentiation, a pragmatic one (“How do you
handle these differences?”), and a theoretical one (“What do you think the term
differentiation means?”). As in the case of diversity, the pragmatic question is
closer to real teaching, and it gives more information, so I will start with that and

analyse the results more deeply.

It is diffucult to calculate a reliable percentage of teachers who differentiate, but
the answers suggest that 63% of teachers asked do differentiate, and 29% do not
differentiate in their lessons (but 17% among them differentiate in homework, or
give extra-curricular remediation or enrichment classes). It is more informative
to look at all the methods they mention, and compare the frequency of these, as

shown in Table 5.
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Handling differences

mDifferentiates by task 40%

m Differentiates by pace 14%

o Differentiates by outcorme’rale 4%

o Differentiates by teaching methods 6%

m Differentiates (does not specify how) 5%

B Gives different homessork 8%

m Extra-cunicular remediation 15%
o Extra-cumicalar enrichiment 4%
mMotivates 156%

mHelps the group as a whole 10%

ODisciplines B%

Table 5: Handling differences

Again, numbers suggest that differentiation is widely used to handle differences
both in and outside lessons, and teachers also use other methods to handle
differences. Before analysing them, let us take a closer look at what kind of
answers these terms cover. Differentiation by task usually means that stronger
students work on difficult problems while weaker ones practice or get further
teacher explanation. Differentiation by pace means that faster students get extra
problems to solve. Differentiation by outcome/role means using a lesson form
where students profit from the same activity in a different way, e.g groupwork,
study-pairs, or presentations. Differentiation by teaching methods includes
techniques when teachers show other solutions to stronger, pitfalls to weaker
students, or keep stronger control over less diligent ones. Motivation includes
keeping students’ interest, helping them to have a sense of achievement, giving
good points, or convincing them that hard work leads to success. Helping the
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group as a whole includes re-teaching and revision, extra practice, answering

questions, or interpreting problems together.

Let us now follow the methods described in Section 2 to analyse teachers’

responses. The following ways of differentiation were presented:

e Content
Task
Pace of learning
Outcome

e Way of learning
Lesson form
Teaching method
Use of aids

® Checking and assessment

To analyse ways of differentiation it is interesting to compare the above
pragmatic answers to teachers’ theoretical answers, as shown in Table 6. (Note
that although teachers worded the answers to the two questions quite differently,

the results are very similar):
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Ways of differentiation
70%
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50%
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Table 6: Ways of differentiation

Differentiation by task is naturally the most popular way of differentiation,
followed by differentiation by pace. Differentiation by level/material can be
realised by task and pace, I will deal later with the fact that it is only present in
theory. Differentiation by outcome, although used in practice, is not present in
theoretical answers, probably because these are methods teachers use
incidentally. Although from the above answers it seems that teachers recognise
differentiation by lesson form in theory only, from the answers to other questions
it is obvious that they use it in practice’, too. A relatively high number of
teachers mention differentiation by teaching methods both in theory and practice,
while that by use of aids is missing, maybe because the scarce use of aids in
secondary school. Differentiation by checking answers is a way that would

deserve more emphasis, although teachers might use it when differentiating by

" In their answers to the question about lesson forms (later in this section) 3% of teachers explain that stronger students

work in pairs on difficult problems while others work with the teacher, or individually.
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task without mentioning it explicitly. Differentiation by assessment is only
recognised in theory, this is mainly a problem concerning groups preparing for

two different levels of the final examination.

Section 2 also presented some tools for differentiation: curriculum, textbook,
assistant teachers, computers, methods appropriate to a diversity of students, and
real life context. As the differentiated curriculum is concerned, it seems that
teachers do not use it widely. The first evidence is the fact that differentiation by
task/material only appears in theory. From the descriptions I presented for
differentiation by task and by pace, it is also clear that when students are involved
in different activities, they work on problems of different difficulty within the
same material. Teachers do not mention teaching different material to students,
or even giving strong students problems that lead to new material. This fact is

also made clear by the lack of differentiation by assessment in practice.

Another strong evidence for the lack of differentiated curriculum can be seen

from the following question:

Do you have a group where students want to reach different goals (e.g a year
11 or 12 group which involves students preparing for both levels of the final

exam)? If ves, how do you handle the situation?
)? If y y

30% of teachers answered yes, and these all teach groups preparing for both
levels of the final examination. The following diagram summarises their

methods:
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Groups preparing for two levels

50%
45% -
40%
35% 40%
30%
25%
20% -
15%
10% - 13%
5%

0% ‘ ‘

Differentiates Differentiates in HW only Does not differentiate

47%

Table 7: Groups preparing for two levels

Teachers who differentiate do it by giving different problems to students. Those
who do not differentiate prepare for the level most students need, or to a level in
between the two. The high percentage of those who do not differentiate in a
situation where the need is so evident, clearly shows their inability to use a

differentiated curriculum.

Teachers asked use textbooks in Table 8. Chapter 5 will analyse these from the

aspect of differentiation.

Title Authors Publisher Percentage
of teachers
using
textbook

Colourful Jozsef Mozaik Kiado

Mathematics | Kosztolanyi,
Istvan Kovacs,
Klara Pintér,

Janos Urban and
Istvan Vincze 51%
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Mathematics | Imre Hajnal, Nemzeti

Laszl6  Szédmado | Tankonyvkiado
and Szilvia
Békéssy 30%

Mathematics | Katalin Csatar and | Muszaki
for age ... Gyorgyné Széplaki | Konyvkiado 7%

Mathematics | Istvan Czeglédy, | Miiszaki

Sandor Hajdu, Konyvkiado
Sandor Zoltan
Hajdu, Andras
Kovacs and
Sandor Roka 5%

Mathematics | Endre Czapary and | Nemzeti
Ferenc Gyapjas Tankonyvkiado 4%

Mathematics | Odoén Vancso et al | Miiszaki
Konyvkiadd 3%

Table 8: Textbooks used

Only 11% of teachers have someone assisting in part of their lessons, and this is
always a teacher trainee. Only 28% of teachers use a computer, and part of them
only as a tool for representation through a projector. Many of those who do not,

refer to the absence of appropriate facilities.

Concerning methods appropriate for a diversity of students, let us look back at
results shown in the previous subsection. I found that Ability&Cognitive Stage,
Knowledge&Skills, and Attitude are the categories that weigh most, while Way
of learning and General Factors also have a role. Let us examine the connection
of these to their methods of differentiation. With students differing in the first

two big categories, that is in mathematical competence, clearly differentiation by
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content 1s appropriate, which teachers use a lot. However, Table 9 shows that

teaching is more appropriate for weaker student than for stronger ones

Adjusting to diverse needs in mathematical
competence
35%
30%
10% : : :
259 O Extra-curricular time given to
(o)
B Level of material adjusted to
20% @ More lesson time devoted to
15% A
10%
14%
5%
4%
0%
Weaker students Stronger students

Table 9: Adjusting to diverse needs in mathematical competence

These numbers were all inferred from the way teacher handle differences. Those
who devote more time to weaker students differentiate by task or by pace, but
leave stronger students working on extra problems while they spend further time
with weaker ones. Those who adjust material to the level of weaker students
either say so explicitly, or belong to teachers who help the group as a whole by
re-teaching, revision, extra practice, answering questions, and interpreting

problems together. In sum, teachers who favour one level with their teaching

" One answer, that claimed to adjust to the needs of average students, was omitted from the results.
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methods all help weaker students, but the rest seem to care equally about their

students.

Teachers seem to handle differences in attitude effectively, as motivating is an
important tool. Differentiation by teaching methods seems appropriate for
students with a different way of learning, or differences in general factors, of
course there are many other ways to do this. On the whole, the recognition of
factors and the connected methods of handling differences seem to correlate a lot.
We can interpret this statement both in a positive and in a negative way. From an
optimistic point of view, teachers find appropriate methods to handle student
differences. From a pessimistic one, teachers naturally handle factors of
difference they recognise, hence it is a great problem that, as I observed in

Section 3.1, they are not aware of many of them.

Finally, let me examine the lesson forms teachers use, as this tells us a lot about
the extent and way they differentiate. I asked teachers to tell how much part of
the lesson they spend with each form, and what kind of activities they use these
for. Table 10 shows each activity type within a lesson form as a percentage of

all lesson time.

Most time is spent with whole-class work, and this is basically the only way
students acquire new material, check answers or revise. This means, that teachers
think that their person as an active participant is indispensable in such activities.
From a general point of view, this is a problem because student activity is quite
low during whole-class work [31]. And from the present point of view, it makes
differentiation impossible. Practice is mainly individual, when, as we saw before,
teachers use differentiation by task or pace. A quite large proportion of practice
is done with the whole class, partly in form of solving model problems, but some

of the teachers simply use this lesson form for practice in general.
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Lesson forms - Activities
60%
o/ |
50% 8%
o/ |
40% 1%
2% O Checking/Revision
30% -
B Practice/Games
O New material/Investigation
20% -
34% 32%
10% -
1% 1%
E3% i4°/c
0% 1% 0%‘ 1%
Frontal Individual Pair Group

Table 10: Lesson forms - Activities

In my opinion it would be favourable if teachers used less whole-class, and more
pair- and groupwork, thus enabling their students to work according to their

needs, and also to substitute them by taking a role of explainer [ibid.].

Now let us look at activities more closely. Table 11 shows each activity type and

teachers’ favoured lesson forms.
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Activities-Lesson forms

‘D Frontal B Individual O Pair O Group ‘

0% 20% 40% 60% 80% 100%

| | | |
[ [
New material I

Investigation [

inductive problems ﬁ ‘
1 |

Model problems

First practice

Simple Problems

Practice

Problem solving

Difficult problems

Before assessment

Routin part of problems

Problems with many calculations

Diftrentiated problem soving #

Puzdes [

Checking | ‘ | ‘
Revision/Consolidation | _ ‘ ‘
] | |

Games, competitions | ‘ ‘

Infarger or weaker groups *

In smaller or stronger groups

Teaching each other

Table 11: Activites — Lesson forms

Teaching new material, as we saw before, is mostly whole-class, but some
teachers also let their students investigate and solve inductive problems. As we
look at different problem solving activities, we see that while the group advances
from model problems to first practice, simple problems, and practice, teachers let

the control out of their hands and trust their students doing individual work and a
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little pair- and groupwork. Then, as they get to problem solving and difficult
problems, they either get the control back, or let students help each other in pairs
and groups. The second version is of course more favourable for differentiation.
Then, we can see that teachers favour certain lesson forms with certain special
activities. For instance, they trust their students to solve routine parts of problems
individually, they want them to share work with problems requiring many
calculations, and favour pair- and groupwork with fun, such as puzzles, games
and competitions. Checking work is mostly whole-class, but teachers recognise
the other forms for revision and consolidation, and a few also the effectiveness of
peer-teaching. Finally, it is interesting that teachers prefer whole-class and
individual work with larger or weaker groups, presumably because it is easier for
them to keep control that way. However, it would be worth teaching their
students how to work in pairs and groups and accept less control, as that would
mean more activity and attention (from peers) for their weaker students, and

members of large groups, too [31].

3.3 Conclusion: What kind of help is needed?

On the whole, I found that a large part of teachers differentiate, and in many ways

they differentiate effectively. However, I also found ground for change.

First, most teachers do not differentiate the curriculum, although this would be
essential with the two level final examination, as students study together until
year 10, and sometimes after that, too. Then, teachers are not aware of many
factors in which students differ, and hence probably do not teach appropriately to
these. And some do not even teach appropriately to students differing in the most
recognised factor, mathematical competence, as they favour weaker students with
their teaching methods. Finally, examining lesson forms, I found that they use

whole-class work in the greatest part of lesson time, which renders differentiation

33



impossible. At the same time, they scarcely use pair- and groupwork, although

these are very favourable forms for differentiation.

Many of these problems stem for teaching traditions in Hungary, which are quite
achievement-oriented and favour whole-class teaching [32]. Part of the change is
needed to be made in teachers’ attitude, which is the task of teacher training (both
pre- and in-service) [33]. The other, equally important part of the change would
be in the materialistic situation of teaching, that is, the circumstances and aids
available for teacher. Hence I will suggest ways of improving the situation of

curricula (Chapter 4), textbooks (Chapter 5) and assistants (Chapter 6).
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4 Devising differentiated curricula conforming to the

National Curriculum

The Hungarian National Curriculum (NAT) claims differentiation to be one of its
primary principles, and it does make it possible, indeed. But the way it is used in
practice does not realize differentiation, although it does adapt the curriculum to
the needs of various groups. This chapter analyses the present practice of
applying the NAT through frame curricula, local curricula and syllabi with
regards to differentiation, then suggests a method for preparing these in a way
that supports differentiation. Finally, it gives account of testing the model in

practice.

4.1 The National Curriculum and differentiation

First let me sum up how the NAT works [34]. Its aim is to give uniform but
flexibly adaptable guidelines to teaching. It outlines the material and teaching
methods broadly. Final examination requirements constitute the other pillar of
curriculum in secondary schools. These give detailed specifications of skills and
knowledge needed for the examinations. The second (optional) level of the
system is the frame curriculum (kerettanterv). Frame curricula conform to the
NAT and the final examination requirements, but give specific guidelines on the
content and the timing of material. As opposed to the NAT, it is not compulsory
to apply the frame curricula, their role is to help educators in interpreting the
NAT. Any educator can prepare a frame curriculum, but it has to be accredited
by the Ministry of Education. The third level is the local curriculum (%zelyi
tanterv). Schools prepare these for their various classes (six-year-long or four-
year-long secondary classes, special classes, etc.) conforming to the NAT and
final examination requirements, and optionally using the frame curricula. Local
curricula determine the subjects taught, weekly number of lessons, the material

for each year, and the number of lessons available for each topic. Finally, on the
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fourth level, teachers prepare syllabi for each of their groups. These conform to

the local curriculum and give a lesson by lesson plan for the material to be taught.

Let me examine the system with regards to differentiation. The introduction to

NAT claims [34]:

NAT realizes content regulations in a way that the differentiated activities
of schools, teachers and students are built on a common base which serves
uniformity. It makes it possible to consider the values and interests of
school maintainers, parents and students, the professional goals of
teachers, and the given circumstances, conditions and possibilities. It
enables schools and students to have enough time to process, deepen and

enrich the material, to fulfil requirements and to satisfy their special needs.

It is clear that the NAT gives schools a great liberty in preparing their local
curriculum, whether they choose from the available frame curricula, or write it on
their own. This way, schools are able to adapt the curriculum to the needs of the
average student in the school. Although, as explained in section 2.2, no average
student exists, there are tendencies in specific classes of specific schools to have
students of certain common interests, achievement level, social background, etc.
Also, teachers are able to adapt the local curriculum to their specific groups to
some extent. But differentiation stops here, because the syllabus a teacher writes
will apply the same way to each student in the group. The system makes it
possible to adapt the curriculum to the supposed average need of each group, but
does not give guidelines on how to differentiate within groups by adapting to the
needs of each student, hence to differentiate in the pedagogical sense of the word.
Of course it allows teachers to differentiate, but it does not give any guidance on
how to do it. As the role of the NAT is to state broad requirements, and that of
the frame curricula and the local curricula is to give specific guidelines to

teachers, it would be the task of the latter ones to support differentiation. That is
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why I claime that NAT allows differentiation, but only with the appropriate frame

curricula, local curricula and syllabi.

4.2 The Differentiated Curriculum System

I suggest a model of frame curricula, local curricula and syllabi, which I call
Differentiated Curriculum System, which follows the Enrichment Curriculum

Model.

4.2.1 The Enrichment Curriculum Model revisited

The Enrichment Curriculum model, as we saw in Section 2.4, consists of core
material to be completed by all students, with enrichment material that falls into

the following categories:

Historical and cultural topics

e Abstraction and generalization
e New settings

e New perspectives

e Deeper explorations

e Further examples of connections
Under Hungarian circumstances I add

e ELFE requirement

e Applications

Although the former type of material can fall into any of the original categories, it
is an aspect to be highlighted on its own. The latter category is also an ELFE
requirement besides being an important issue. Finally, for the sake of clarity |
replace ‘historical and cultural topics’ and ‘further examples of connections’ by

‘connection to other subjects’ and ‘connections within mathematics’.
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Before describing the structure of the curriculum, let me highlight an important
fact concerning the connection between differentiation and the curriculum.
Differentiation does not necessarily have a trace in the curriculum. Firstly, as
curriculum describes the content of teaching, it can only be connected to
differentiation by content. Secondly, any topic in the curriculum can, and needs
to be taught in a differentiated way. However, we need to give a chance to adept
students to learn more than the core topics, and that is why enrichment topics are

necessary.

4.2.2 Base frame curriculum

The Differentiated Curriculum System has a base frame curriculum, which sets
the minimum requirements of the NAT and CLFE topics as the core material, and
offers a very wide range of enrichment material including ELFE topics that can
be connected to the core topics. It divides material into years the way the present
frame curricula and textbooks do. It separately lists the ELFE topics not
connected to the core”. So the base frame curriculum contains the minimum
amount of core, and an almost maximum amount of enrichment material (of
course, there is no maximum here, as any enrichment material can be added).
These extreme proportions make it impossible to use it as a real curriculum, but it
helps those preparing frame or local curricula, as they only need to select the core
and enrichment topics they want to include. (In the core, they will need to
include all the core material from the base, and any of its enrichment topics. In
the enrichment, they will select some of the enrichment topics of the base. They
can also add other topics to each type of material). The main principles for

devising enrichment material is 1) avoiding future core material and 2) choosing

" These are the topics that are not included in the present frame curricula and textbooks, only in the
Czapary-Gyapjas supplementary book preparing for the ELFE (Matematika a kozépiskolak 11-12.

évfolyama szamdara, Emelt szintii kiegészito tananyag, Nemzeti Tankdnyvkiadd, Budapest.)
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topics that do not build on each other. Preparation for the ELFE overrides the
first principle, so core material of year 11 and 12 ELFE groups is included as
enrichment in years 9 and 10. When violating the second principle, the curricula
signal the prerequisite topic by PR. The following is an example for the base

frame curriculum for the topic of geometry, vectors and trigonometry for years 10

and 11.

BASE FRAME CURRICULUM

YEAR 10
Vectors, Geometry

CORE CONTENT

ENRICHMENT

Content

Main aims of
enrichment

Vectors: addition, scalar
multiplication, resolving
into components;
Cartesian coordinates of
vectors

Theorem of parallel
transversals

Deeper explorations

Introducing and
describing enlargements;
Introducing and
describing similarities;
Similarity of shapes

(PR: previous)
Connection with the
Theorem of parallel
transversals

Deeper explorations

The Angle Bisector
Theorem

New perspectives

Similar triangles;
Application of similarity
in triangles: medians,
centroid;

Introducing and using
Euclid’s Height
Theorem, and the Short
Side Theorem

The golden ratio

Connection to other
subjects (history, art and

biology);

Applications
Proving Euclid’s Height | Deeper explorations;
Theorem, and the Short | ELFE requirement

Side Theorem

Orthogonal projection
and its applications

New perspectives;
ELFE requirement

* ..
Prerequisite
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CORE CONTENT

ENRICHMENT

Content

Main aims of
enrichment

(PR: previous)
The use of perspective in
art

Connection to other
subjects (art);
Applications

Ratio of areas and
volumes, surface areas of
similar shapes

Angles in circles:
concept and relationship
between angles at the
centre and angles at the
circumference;

Sum of opposite angles
in cyclic quadrilaterals

New perspectives;
ELFE requirement

(PR: previous)
Tangent Secant Theorem

New perspectives

Trigonometry
CORE CONTENT ENRICHMENT
Content Main aims of
enrichment
Applying similarity to Analysing the Connection to other
find lengths; vocabulary of subjects (languages,
Concept of trigonometry from a grammar, history)

trigonometrical ratios in
right-angled triangles;
Solving right-angled
triangles;

Trigonometric ratios of
special angles;
Complementary ratios
and the Pythagorean
identity for acute angles;
Expressing trigonometric
functions with each other
at an acute angle

semantic and historic
perspective, getting to
know the old Hungarian
terms

Applications of
trigonometry in geodesy
and architecture

Applications;
Connection to other
subjects (geography, art)

The general definition of
trigonometric functions;
Values at special angles;
Graphs of basic
trigonometrical
functions;

Expressing trigonometric
functions with each other
at arbitrary angles

Deeper explorations;
ELFE requirement

Definition and graphs of
inverse functions.

Abstraction and
generalization;
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CORE CONTENT

Complementary,
supplementary, conjugate
angles, and the

ENRICHMENT

Content

Main aims of
enrichment

ELFE requirement

Restricting functions

New Perspectives;

Pythagorean identity ELFE requirement
Calculating the area of Proving the formula Deeper explorations;
triangles using the ELFE requirement
formula 4 = 42sin7? Heron’s formula New Perspectives;
ELFE requirement
Application in problems | Application in complex | Deeper explorations;
(on the plane and in problems (on the plane ELFE requirement

space)

and in space)

Solving trigonometrical
equations of the form

f(x)=a

Solving simple
trigonometrical
inequalities

Deeper explorations;
ELFE requirement

Describing trigonometric
functions (in terms of
domain, range, zeroes,
monotonity, stationary
points, periodicity,
even/odd property);
Simple transformations
of trigonometric
functions (of the form

) + ¢ flxte); ¢ f(x);

Vibration of strings and

Connection to other

pitch subjects (physics,
music);
Applications

Further description of New Perspectives;

trigonometric functions | ELFE requirement

(in terms of bounds and
convexity).

Complex transformations

Abstraction and

flcx)) of trigonometric generalization;
functions (of the form ELFE requirement
¢ -flax+b)+d)
YEAR 11
Vectors
CORE CONTENT ENRICHMENT
Content Main aims of
enrichment
Scalar product and its Proving the formula for | Deeper explorations;
properties; the coordinates of the ELFE requirement
Scalar product in the scalar product
coordinate-system Vector product New perspectives
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Trigonometry

CORE CONTENT

ENRICHMENT

Content Main aims of
enrichment
Sine rule; Proving the sine rule and | Deeper explorations;
Cosine rule; the cosine rule ELFE requirement
Application in problems | Trigonometric addition | New Perspectives;
formulas ELFE requirement
Applications in Connection to other
cartography, geodesy and | subjects (geography);
positioning Applications

The definition and
properties of hyperbolic
functions.

Analogy with
trigonometric functions

New perspectives

Solving trigonometric
equations with the use of
basic trigonometrical
formulas

(PR: addition formulas)
Solving trigonometrical
equations with the use of
addition formulas

Deeper explorations;
ELFE requirement

Solving trigonometrical
inequalities

Deeper explorations;
ELFE requirement

4.2.3 Frame and local curricula

Frame curricula try to cover the usual types of secondary mathematics groups.
There are two four year-long, and two six-year-long sets of curricula depending
on the number of mathematics lessons the class has.
year 9 and 10, and core and extended level preparation curricula for years 11 and

12. For four-year-long classes these are the following:

A set means curricula for

1) year 9 and 10 with minimum lessons numbers (3, 3) continued with

a) year 11 and year 12 preparing for CLFE (3, 4)

b) year 11 and year 12 preparing for the ELFE (5, 5)
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2) year 9 and year 10 with higher number of lessons (5, 5)
a) year 11 and year 12 preparing for the CLFE (3, 4)
b) year 11 and year 12 preparing for the ELFE (5, 6)

There is no frame curriculum for special mathematics classes (with an average 8
lessons a week) as each school with these classes has its own tradition of
teaching. Vocational schools can use the four-year-long curricula, but they have
to make sure to include enrichment topics connected to their vocation. I will
show how frame curricula are devised from the above base frame curricula for the
two four-year-long sets. Numbers in brackets denote the lessons spent on each
topic. The sum of these numbers gives 80% of all lessons, the rest of the time can

be spent on revision, assessment and enrichment.
1) Years 9 and 10 (3, 3 lessons)

Classes with minimal lesson numbers in years 9 and 10 usually do not have much
time left besides completing the compulsory requirements, that is, the core
material of the base frame curriculum, so their core material includes that only.
For enrichment, I include all the connections and applications, and those ELFE
topics that are closely connected to the core. This results in a great number of
enrichment topics that probably no student will fully touch upon, but it gives a

chance to adept students to cover the maximum amount of ELFE topics possible.

Vectors, Geometry (17)
CORE CONTENT ENRICHMENT

Content Main aims of

enrichment

Vectors: addition, scalar | Orthogonal projection New perspectives;
multiplication, resolving | and applications ELFE requirement
into components;
Cartesian coordinates of
vectors (4)
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CORE CONTENT

ENRICHMENT

Content

Main aims of
enrichment

Introducing and
describing enlargements;
Introducing and
describing similarities;
Similarity of shapes (4)

Similar triangles;
Application of similarity
in triangles: medians,
centroid;

Introducing and using
Euclid’s Height Theorem

The golden ratio

Connection to other
subjects (history, art,

biology);

Applications
Proving Euclid’s Height | Deeper explorations;
Theorem, and the Short | ELFE requirement

and the Short Side Side Theorem
Theorem (6)
Ratio of areas and Angles in circles: New perspectives;
volumes, surface areas of | concept and relationship | ELFE requirement
similar shapes (3) between angles at the

centre and angles at the

circumference;

Sum of opposite angles

in cyclic quadrilaterals
Trigonometry (23)
CORE CONTENT ENRICHMENT

Content Main aims of

enrichment

Applying similarity to Analysing the Connection to other
find lengths; vocabulary of subjects (languages,
Concept of trigonometry from a grammar, history)

trigonometrical ratios in
right-angled triangles;
Solving right-angled
triangles;

Trigonometric ratios of
special angles;
Complementary ratios
and the Pythagorean
identity for acute angles;
Expressing trigonometric
functions with each other

semantic and historic
perspective, getting to
know the old Hungarian
terms

Applications of
trigonometry in geodesy
and architecture

Applications;
Connection to other
subjects (geography, art)
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CORE CONTENT

at an acute angle (8)

ENRICHMENT

Content

Main aims of
enrichment

The general definition of
trigonometric functions;
Values at special angles;
Graphs of basic
trigonometrical
functions;
Complementary,
supplementary, conjugate
angles, and the
Pythagorean identity (5)

Expressing trigonometric
functions with each other
at arbitrary angles

Deeper explorations;
ELFE requirement

Definition and graphs of
inverse functions

Abstraction and
generalization;
ELFE requirement

Calculating the area of
triangles using the

formula 4= absiny

)

Proving the formula

Deeper explorations;
ELFE requirement

Application in problems
(on the plane and in

space) (2)

Application in complex
problems (on the plane
and in space)

Deeper explorations;
ELFE requirement

Solving trigonometrical
equations of the form

f=a (3)

Solving simple
trigonometrical
inequalities

Deeper explorations;
ELFE requirement

Describing trigonometric
functions (in terms of
domain, range, zeroes,
monotonity, stationary
points, periodicity,
even/odd property);
Simple transformations
of trigonometric
functions (of the form

Vibration of strings and

Connection to other

pitch subjects (physics,
music);
Applications

Further description of New Perspectives;

trigonometric functions | ELFE requirement

(in terms of bounds and
convexity).
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CORE CONTENT ENRICHMENT
Content Main aims of
enrichment
fx) +¢; flx+c); c-f{x); | Complex transformations | Abstraction and
flcx)) (3) of trigonometric generalization;
functions (of the form ELFE requirement
¢ -flax+b)+d)))

1a) Years 11 and 12, CLFE (3, 4 lessons)

With these classes I followed the same methods as above. Although in principal
no students in the group prepare for the ELFE, in practice there can be some who
do, and they need to have a chance to learn required topics. So it depends on the

group and the consideration of the teacher if s/he prefers connections and

applications or ELFE topics.

Vectors (3)

CORE CONTENT

ENRICHMENT

Content Main aims of
enrichment

Scalar product and its Proving the formula for | Deeper explorations;
properties; the coordinates of the ELFE requirement
Scalar product in the scalar product
coordinate-system (3)
Trigonometry (11)
CORE CONTENT ENRICHMENT

Content Main aims of
enrichment
Sine rule; Proving the sine rule and | Deeper explorations;
Cosine rule; the cosine rule; ELFE requirement
Application in problems | Trigonometric addition | New Perspectives,
(8) formulas ELFE requirement
Applications in Connections
cartography geodesy and | (geography);
positioning Applications
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CORE CONTENT ENRICHMENT

Content Main aims of
enrichment
Solving trigonometric Solving trigonometric Deeper explorations;
equations with the use of | inequalities ELFE requirement
basic trigonometrical
formulas (3)

1b) Years 11 and 12, ELFE (5, 5 lessons)

These groups, besides the core and ELFE topics of their years, need to learn the
ELFE topics of years 9 and 10, and the ELFE topics not included in the base
frame curriculum (limits of sequences, etc.). So all of these are part of their core
material. As a result, they will have less time on each topic than other groups.
Italics denote material in the core that comes from the enrichment material of the
same year, and bold italics denote material from the enrichment topics of the

previous years.

Vectors, geometry (7)

CORE CONTENT ENRICHMENT

Content Main aims of
enrichment

Angles in circles: Tangent Secant Theorem | New perspectives
concept and relationship
between angles at the
centre and angles at the
circumference;

Sum of opposite angles
in cyclic quadrilaterals

(4)

Scalar product and its Vector product New perspectives
properties;

Scalar product in the
coordinate-system

(proving the formula) (3)
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Trigonometry (16)

CORE CONTENT

ENRICHMENT

Content Main aims of
enrichment
Using and proving the Applications in Connection to other
sine rule; cartography geodesy and | subjects (geography);
Using and proving the positioning Applications
cosine rule;

Application in problems

(6)

Expressing
trigonometric functions
with each other at
arbitrary angles;
Trigonometric addition
formulas (2)

The definition and
property of hyperbolic
functions.

Analogy with
trigonometric functions

New perspectives

Solving trigonometric
equations with the use of
basic trigonometrical
formulas and addition
formulas;

Solving trigonometrical
inequalities (6)

Describing trigonometric
Sfunctions in terms of
bounds and convexity;
Complex
transformations of
trigonometric functions
(of the form

¢ -flax+b)+d)) (2)

Vibration of strings and
pitch

Connection to other
subjects (physics,
music);
Applications

2) Years 9 and 10 (5, 5 lessons)

Students in these groups probably have a special interest in mathematics or tend
towards a profession requiring the subject, and they are most likely aiming at the
ELFE. The high number of lessons they have makes it possible to include all
ELFE material strongly connected to the core of the base frame curriculum in

their core. As enrichment, I included the rest of enrichment topics, which means
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students will have the possibility to explore some topics outside the final
examination requirements. [ also included [Intuitive concept of limits and

continuity of functions in the core, which is one of the topics not included in the

base frame curriculum.

Vectors, Geometry (27)

CORE CONTENT

ENRICHMENT

Content

Main aims of
enrichment

Vectors: addition, scalar
multiplication, resolving
into components
Cartesian coordinates of
vectors (4)

Theorem of parallel
transversals

Deeper explorations

Introducing and
describing enlargements;
Introducing and
describing similarities;
Similarity of shapes (4)

(PR: previous)
Connection with the
Theorem of parallel
transversals

Deeper explorations

Similar triangles;
Application of similarity
in triangles: medians,
centroid;

Introducing, proving and
using Euclid’s Height
Theorem and the Short
Side Theorem (7)

The golden ratio

Connection to other
subjects (history, art and
biology);

Applications

Ratio of areas and
volumes, surface areas of
similar shapes (3)

The Angle Bisector
Theorem

New perspectives

Orthogonal projection
and applications (3)

(PR: previous)
The use of perspective in
art

Connection to other
subjects (art);
Applications

Angles in circles: concept
and relationship between
angles at the centre and
angles at the
circumference;

Sum of opposite angles in
cyclic quadrilaterals (6)

Tangent Secant Theorem

New perspectives
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Trigonometry (36)

Applying similarity to
find lengths;

Concept of
trigonometrical ratios in
right-angled triangles;
Solving right-angled
triangles;

Trigonometric ratios of
special angles;
Complementary ratios
and the Pythagorean
identity for acute angles;
Expressing trigonometric
functions with each other
at an acute angle (8)

Analysing the
vocabulary of
trigonometry from a
semantic and historic
perspective, getting to
know the old Hungarian
terms

Connection to other
subjects (languages,
grammar, history)

Applications of
trigonometry in geodesy
and architecture

Applications;
Connection to other
subjects (geography, art)

The general definition of
trigonometric functions;
Values at special angles;
Graphs of basic
trigonometrical
functions;
Complementary,
supplementary, conjugate
angles, and the
Pythagorean identity (5)

Definition and graphs of
inverse functions (3)

Restricting functions

New perspectives;
ELFE requirement

Expressing trigonometric
functions with each other
at arbitrary angles (2)

Calculating the area of
triangles using the

formula 4= @ ;
Proving the formula (3)

Heron’s formula

New perspectives;
ELFE requirement

Application in problems
(on the plane and in

space) (3)

Application in complex
problems (on the plane
and in space)

Deeper explorations;
ELFE requirement

Solving trigonometrical
equations of the form

f()=a(3)

Solving simple
trigonometrical
inequalities

Deeper explorations;
ELFE requirement
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Describing trigonometric
functions (in terms of
domain, range, zeroes,
monotonity, stationary
points, periodicity,
even/odd property,
bounds, convexity);,
Simple transformations
of trigonometric
functions (of the form
J&) T e flxto) c-f(x);
fex))

Complex transformations
of trigonometric
functions (of the form

¢ -flax+b)+d) (6)

Vibration of strings and
pitch

Connection to other
subjects (physics,
music);
Applications

Intuitive concept of
limits and continuity of
functions applied to
trigonometric functions
and their inverses (3)

Basic properties of
continuity and limits of
functions

Abstraction and
generalization;
ELFE requirement

2a) Years 11 and 12, CLFE (3, 4 lessons)

The frame curriculum of this group is the same as that of 1a), although, due to the

stronger background knowledge, these students will have more chance to explore

enrichment topics.

2b) Years 11 and 12, ELFE (5, 6 lessons)

These groups arrive with a knowledge of most ELFE topics of the previous years,

so they only need to concentrate on core and ELFE topics in years 11 and 12 of

the base frame curriculum, and on ELFE topics it does not include.

probably they will have a chance to explore some mathematical topics that are not

in the final examination requirements.
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Vectors (3)

CORE CONTENT ENRICHMENT
Content Main aims of
enrichment
Scalar product and its | Vector product New perspectives
properties;
Scalar product in the
coordinate-system
(proving the formula) (3)
Trigonometry (19)
CORE CONTENT ENRICHMENT
Content Main aims of
enrichment
Using and proving the Applications in Connections
sine rule; cartography, geodesy and | (geography);
Using and proving the positioning Applications
cosine rule;

Application in problems

(8)

Trigonometric addition

formulas (2)

The definition and
properties of hyperbolic
functions;

Analogy with
trigonometric functions

New perspectives

Solving trigonometric
equations with the use of
basic trigonometrical
formulas and addition
formulas;

Solving trigonometrical
inequalities (9)

Local curricula have the same structure as frame curricula.

Schools, as I

explained before, could either use a frame curriculum, or modify one according to

the local lesson numbers, class profiles and other circumstances.
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4.2.4 The syllabus

Finally, teachers write a differentiated syllabus, based on the local curriculum,
but using the freedom it gives. They might move some of the enrichment topics
to the core, but might also leave out some of them completely. Here is an
example for the syllabus based on the frame curricula 1a) and 2a) for year 11.
Bold denotes the content of the actual syllabus, but some details about the lessons
and the way of differentiation are also added. Similarly to the curriculum, the
syllabus sets the content of the lessons, so it includes ways of differentiation by

content only.

1. Revision of vectors and trigonometry
Students prepare tests on last year’s material in pairs, and solve each
other’s for homework.
Differentiation by outcome due to pairwork and the open task

2. Definition of the scalar product
Differentiation by pace and task

3.  Properties of the scalar product
True/false statement
Differentiation by outcome: some students guess only, others are able to
justify their answers

4. Scalar product in the coordinate system
Enrichment: proof of the formula
Finding the formula through problems
Enrichment: proving the formula formally
Differentiation by pace and task

5.  The sine rule
Enrichment: proof
Finding the formula through problems
Enrichment: proving the formula formally
Differentiation by pace and task

6. Applying the sine rule in problems, the dubious case

Enrichment: deeper explorations of the dubious case
Differentiation by pace and task
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10.

11.

12.

13.

The cosine rule

Enrichment: proof

Finding the formula through problems
Enrichment: proving the formula formally
Differentiation by pace and task

Applying the cosine rule in problems
Enrichment: mixed problems
Differentiation by pace and task

Quiz on scalar product, sine and cosine rule
Puzzles

Word problems for the sine and cosine rules
Differentiation by pace and task

Word problems for the sine and cosine rules

Enrichment: addition formulas

Students who need more practice work on word problems, others learn
about addition formulas

Differentiation by pace and task

Solving trigonometrical equations reducible to quadratic equations
Enrichment: Solving simple trigonometric inequalities
Differentiation by pace and task

Solving trigonometrical equations using the Pythagorean identity and
the rule for complementary angles
Differentiation by pace and task

14-15.Mixed problems on vectors and trigonometry

16.

17.

Solving problems and clarifying problematic points.
Differentiation by pace and task

Test on vectors and trigonometry

Applications in cartography, geodesy and positioning; addition
formulas

Student presentations: students who worked on addition formulas before
introduce them to their peers, others give presentations on applications
Differentiation by outcome (due to students taking different roles and
presenting different material)
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In this syllabus, the topic of applications is moved from enrichment to the core
material, as the teacher feels them important for everyone (lesson 17). Although
addition formulas are part of enrichment (lesson 11), every student will have a
chance to meet them in form of student presentations (lesson 17), so the basic
notion of addition formulas is also moved to the core. Otherwise, enrichment
includes material from the frame curriculum (e.g lesson 4), deeper exploration of
the core topic (e.g lesson 6), or acceleration of the core topics (e.g. lesson 8
already starts the material of 11 and 12, this way frees time for addition

formulas).

4.2.5 Applying the syllabus

I designed the syllabus above for one of my actual groups, so it was natural to try
it with them, as well. 1 found that I could differentiate very effectively in these

lessons (detailed description and analysis are found in Appendix B).

4.3 Conclusion

The Differentiated Curriculum System presented above, not only adapts the
curriculum to the needs of the group, but also helps results in teachers using a
differentiated syllabus. This helps and influences teachers to differentiate by

content in their lessons.
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5 Textbooks in Hungary and differentiation

In section 3.2 we saw that the most commonly used series of textbooks are
Sokszinii Matematika (Colourful Mathematics) by Kosztolanyi, Kovacs, Pintér,
Urbéan and Vincze from Mozaik [35], and Matematika (Mathematics) by Hajnal,
Szdmad6 and Békéssy from Nemzeti Tankonyvkiado (NTK) [36]. However,
some of the other series have only been finished recently, so in a few years time
they may catch up in popularity. The one which mostly concerns differentiation
i1s Matematika (Mathematics) by Czeglédy, Hajdu, Hajdu, Kovacs and Roka from
Miiszaki Konyvkiado (MK) [37], which was written with the primary aim of

creating a differentiated textbook.

As the textbook is a crucial tool for differentiation, it is important that textbook
writers bear this aspect in mind, and also that teachers are aware in which ways a
textbook supports differentiation.  This chapter analyses the three series
mentioned above in order to give help in both respects. Besides analysing the
texts themselves, I use student and teacher feedback on the books™. I emphasize
that the aim of the analysis is not to compare or evaluate, but simply to set
requirements for a differentiated textbook, find positive examples in the three
series which can serve as guidelines, and in a few instances point out features
which is not traditional in Hungarian mathematics books, yet could be useful for

differentiation.

First, I will describe the textbooks in general, then look at the curriculum they use
from the aspect of differentiation, examine how they help in different ways of

differentiation, and finally see how they serve a diversity of students.

" Description of methodology is found in Section 7, and questionnaires in Appendix C.
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5.1 About the textbooks

Colourful Mathematics is a series for years 1-12 published by Mozaik (the
elementary books are not fully published yet). The secondary books were written
by Jézsef Kosztolanyi, Istvan Kovécs, Klara Pintér, Janos Urban and Istvan
Vincze. The main novelty of the series is its appearance, as it is printed in colour
and it is vividly illustrated. The secondary books integrate problems into the
textbook. The book is based on the Mozaik frame curriculum’, which is available
on-line with a recommended syllabus and solutions (the latter for year 12 only)

[38].

Mathematics, published by Nemzeti Tankonyvkiado is the textbook of Imre
Hajnal, revised by Laszl6 Szamado6 and Szilvia Békéssy. The original book used
to be the only secondary core textbook, and it was revised to conform to the two-
level final examination and new curriculum requirements. It is for years 9 to 12,
but the same publishing house and partly the same team is now working on (and
partly published) a modern series for years 5-8. The textbooks incorporate
problems, and an answer book was published for years 9 and 10. Recommended

syllabus is available on-line [39].

Mathematics, edited by Sandor Hajdu and published by Miiszaki Kényvkiadé is a
series for years 1-12. The secondary books were written by Istvan Czeglédy,
Sandor Hajdu, Sandor Zoltan Hajdu, Andras Kovacs and Sandor Roéka. The
novelty of the series is its explicit aim to aid differentiation. The secondary
textbook incorporates problems. Solutions, test booklets and separate evaluation

guides were published, and recommended syllabus is available on-line [40].

" Terminology and structure of the Hungarian curriculum and syllabus are explained in 5.2.
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5.2 Differentiated curriculum

5.2.1 The curriculum of the books

All three books prepare for the CLFE, but include those ELFE topics that are
strongly connected to the core level ones. They all make a difference between
core and supplementary material, but the latter is of larger amount in the MK
book, and it is emphasized by a grey stripe on the margin. Although the books
are based on different frame curricula, they all include ELFE and further topics as

core material.

The Mozaik and NTK syllabi include the material they designate as core and it
uses the minimum compulsory number of lessons, but add that teachers may use
supplementary topics as enrichment. The MK syllabus includes all material, and

indicates which is recommended for groups having 3, 4 and 5 lessons a week.

All three books include problems of different difficulty, although the Mozaik
book lacks very easy, and the NTK book very difficult problems. The Mozaik
book signals very difficult problems by one or two asterisks, while the MK

colour-codes problems as being easy, necessary or difficult.

5.2.2 The curriculum and differentiation

The mixed difficulty of problems and the availability of enrichment topics are
essential for differentiation, and they are fortunately present in all three books.

Students note this, as well:

® Besides basic problems there are also more difficult ones, so everyone can

find those suitable for themselves.

(MK)
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o | like the fact that there are enrichment topics, so students can learn on
different levels.
(Mozaik)

However, let me point out two points where the books are not teacher-friendly
enough from the aspect of differentiation. Following the Hungarian tradition and
the present frame curricula, all syllabi suggest that members of a group will study
exactly the same topics. The MK syllabus gives the most help in this respect,
because a teacher can easily use it to create his/her own differentiated syllabus.
Furthermore, some teachers claimed that the books include too large material in
their core. Most teachers do not have time to teach any ELFE topics, for example
addition formulas in groups with minimal lesson numbers. But the books suggest
that they should, even if it does not suit their students, and hence the curriculum

loses its flexibility.

To sum up, the curriculum of all three books is appropriate for differentiation, but
they could improve their teacher-friendliness in this respect (the MK book cares
the most for this feature). Teacher-friendliness is essential not only to save
teachers time and energy, but also to influence them to differentiate more

effectively.

5.2.3 Enrichment topics

In the previous section I emphasised that the availability of enrichment topics
make the textbooks appropriate for use with a differentiated curriculum. This
section examines these enrichment topics more closely, based on the categories

presented in section 2.4.

Historical and cultural topics are important for several reasons. From the point
of view of differentiation, their significance is being different from mathematical
topics. Hence, they are likely to motivate many students, and also give a chance

to excel to those who have better skills in social sciences than in mathematics.
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All three books include many. In the Mozaik book, every topic area starts with a
short historical presentation of the topic, which serves as a motivating warm-up.
Then, throughout the book, there are short historical and cultural texts on the
margin, illustrated with pictures, connected to different subjects. These include
famous mathematicians (history), the development of concepts and terms (history
and linguistics), an extract from Karinthy’s short story (literature, year 9, p. 148),
a picture of the Pascal triangle form 12" century China (cultural studies, year 11,
p- 29), and the topic of isoperimetric problem illustrated by the legend of Dido
(literature and history, year 10, p. 98).

The NTK book presents historical and cultural topics in two ways. It integrates
small extracts into the body of mathematical text, for instance a paragraph about
Fibonacci is added when presenting the Fibonacci sequence (year 12, p. 36).
Then, it contains separate chapters of readings, which delve into the history of
mathematics more deeply, connecting it with other cultural topics. An example is
a reading about the history of analytic geometry (year 11, p. 169), which also
writes about Descartes’ philosophy (connection to philosophy), and Apaczai’s
Hungarian Encyclopaedia (connection to the history of sciences and literature).

The authors also integrate mathematics history into problems:

There is a tower. Third of it is in the soil, a quarter is in water, and it arises
100 feet above the water. How many feet high is the whole tower? (From
Arithmetice summa tripartita Magistri Georgij de Hungaria, i.e A summary
in three parts of the arithmetics of the Hungarian Master George. This is
the first arithmetic book written by a Hungarian author. It was published in
1499 at the area of the present Netherlands. One foot is a unit length
equivalent to around 0.3 m.) (Year 9, p. 128)

The MK book presents historical and cultural topics in a similar way. There are

short passages, usually about lives of mathematicians and history of concepts and
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terms, for example about the origin of “sinus” and “cosinus” (year 10, p. 250).
Longer reading present complex topics, one about Ptolemy, for example, touches
on the history of astronomy, cartography, and history besides his life and
mathematics (year 10, p. 221-222). The book also includes old problems, such as
those of a 19™ century final examination (year 10, p. 264). Student feedback is
positive for all three books, although students claim not to read historical and
cultural topics too often, even though they say it is important. This suggests, that
the teacher should involve them directly, and not simply leave it to students’
interest. However, the teacher’s work could be facilitated if the textbook

provided tasks connected to the readings.

Besides the above connections to history and culture, it is also important to show
students applications of mathematics in other sciences or real life. Apart from
the uses mentioned with cultural connections, they are also an ELFE requirement.
The Mozaik book explains how scientists find the age of an object using the '*C
isotope (year 11, p. 116-117), and how the GPS works (year 11, p. 164). The
NTK book explains the methods and tools land surveyors use (year 10, p. 185-
186), how a map 1s made (year 11, 100-104), and the use of scalar product in
physics (year 11, p. 66). The MK book describes perspective drawing using

central projections.

All three books have many examples for abstraction and generalization. In the
Mozaik book such is a remark about the proof that / is irrational, following that
ofv2 (year 10, p.36). The NTK book deals with linear equations in detail, but it
also presents the general form of algebraic equations of degree n (year 9, p. 114).
An example from the MK book is inscribing a square in a triangle, and giving its
side in terms of a side and the corresponding height of the triangle parametrically
(year 10, p. 220). All three books teach the Binomial Theorem, material of the
ELFE, as a generalisation of the identities of (atb)> and (at+b)’, a core

requirement.  They also present the general formula for a point dividing a
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segment in a given ratio, although it is only compulsory to divide it in two or

three equal parts.

The next type of enrichment material is putting a concept in a new setting. The
Mozaik book, for instance, teaches the concept of convexity with quadratic
functions in year 9 (p. 93), then puts it in the new setting of trigonometric
functions next year ( p. 216). The NTK book introduces commutativity and
associativity with real numbers in year 9 (p. 14) then, in year 12 it refers to it in
the setting of logical operations (p. 106). The MK book revises the division of
real numbers at the beginning of year 9 (p. 26), later it presents the same concept

with polynomials (p. 98).

New perspectives is material that contains new mathematical concepts. For
example, the Mozaik book has a chapter on Euler paths (year 11, p. 48-56). The
NTK book teaches the vector product, and the MK book explores number
systems with different bases (year 9, p. 264-275). In some instances ‘new
perspectives’ is material which cannot be fully understood on a secondary level,
but it contains such important mathematical concepts that can be used to widen
students’ view about the subject. For example, the Mozaik book describes the
problem of infinite hotels (which illustrates thatw+w=w), and draws students’
attention to the fact that infinities behave differently from finite numbers (year 9,
p. 16-17). The NTK book includes a reading about the solution of algebraic
equations of higher degree, and open the perspectives of complex numbers and
Galois theory (year 10, p. 94-97). The MK book introduces the concept of
infinite series (year 12, p. 63).

Deeper explorations include all instances where proofs of certain theorems, or
extra details of proofs are added as enrichment. Such are also difficult model
problems, and problems. The books also contain remarks and extra material that

explores relationships more deeply. For example, the Mozaik book has an
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additional chapter on approximation (year 11, p. 181-185). The NTK book
explains the behaviour of numbers with two different decimal forms (year 9,
p.11). The MK book shows applications of vectors that are not in the core

material (year 10, p. 59-63).

Connections outside mathematics are presented above, so here I will show those
within mathematics. When the Mozaik book teaches vectors, for example, it
makes a not trivial and useful connection between vectors represented my
multiple directed segments, and rational numbers represented by multiple fraction
forms (year 9, p. 234). The NTK book connects functions to geometry when it
presents optimization problems as enrichment to space geometry. The MK book
connects the term concave in the geometrical and analytic sense, and emphasizes

the similarities and differences between the two terms (year 9, p. 168).

5.3 Ways of differentiation

First let us look at differentiation by content. Differentiation by task and pace of
learning depend on the curriculum and on the varying difficulty of problems,
which was analysed in section 5.2. Differentiation by outcome can be realized by
open ended questions. The books contain some, but their number could be
increased. Some of these are such that can be answered at a different depth: in
the first two examples some students may state simple observations, others may
word a theorem, and some may even prove it. In the last example students will

realize the project with a different depth of insights.

e Construct the inner angle bisectors of a triangle. What do you notice?

(Mozaik, year 9, p. 136)

e (Construct the excircle and the incircle of an equilateral triangle. State

your observations and conjectures. (MK, year 9, p.288)
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e C(ollect charts and tables from newspapers and periodicals. Analyze

and interpret them. (NTK, year 9, p. 284)

Other open ended questions are such that answers can be of different quantity and

quality (in terms of wittiness).

e Find necessary but not sufficient, sufficient but not necessary, and
necessary and sufficient conditions in real life and in mathematics.

(Mozaik, year 10, p. 17)

e Construct complex statements connecting the phrases below by logical
operations, and write them using formulas.

(NTK, year 12, p. 112)

e FExamine the above tessellations. Find as many congruencies as you
can, by which the image pattern coincides with the original one.

(MK, year 9, p.213)

All three textbooks help differentiation by way of learning by the great number
of worked examples in the first place. Hence students working individually or in
groups can look at these even when the teacher is busy with others. Students

appreciate this in all three books.

[ greatly appreciate this book, because I am weak in Science, but I learn

much easier now due to explanations and precise working out of problems.
(MK)

Besides, the great number of visual illustrations helps differentiation by aids

possible, as every student finds the most suitable one for himself/herself.

Differentiation by checking answers is best supported by an answer book. The

Mozaik team has put solutions of their problems on the internet, NTK has
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published them for their year 9 and 10 books, and MK has published answers
books for each year. Differentiation by assessment is supported by the MK team,
who wrote a test booklet which contains tests at different levels, following the

framework of the two-level final examination.

I mentioned the computer as an important tool for differentiation. We see
Hungarian examples of on-line computer programmes connected to textbooks
[41], but the ones in question do not have such a feature. The MK textbook,
however, makes use of it by suggesting topics to be explored with the computer.
We have also emphasised the importance of variety of teaching methods and
real-life context. As the former is a more complex question, we will examine it

in the next section, and here we show some examples of the latter feature.

e Draw a graph whose vertices are the countries of Europe, and connect
those which have a border on land. Find different ways of getting from
Hungary to the Netherlands (use a map).

(Mozaik, year 11, p.45)

o [Experience shows that 80% of secondary students do not do their
homework. What is the chance that choosing 10 students at random, there
are 8 who have done the homework?

(NTK, year 11, p. 219)

® [n Budapest the fastest way to get from Batthyany tér to Szentedre is taking
the HEV (suburban train). The following table contains fares at the
beginning of 2004: [table of fares]

(a) How much does it cost to travel from Acquincum to Szentedre?

(b) If we travel from Budapest to Szentedre, but get off in between, and buy

a new ticket to continue, do we always have to pay the same fare in the

end?

65



(NTK, year 12, p. 136)

® A yoghurt used to be sold in a frustum of a cone shaped cup (see diagram)
for 228 forints, then the packing was changed (see diagram) and the new
price is 216 forints. What do you think about the slogan “New form, better
price!”’? Support your opinion by calculations.

(NTK, year 12, p. 100)

e The average time difference between two generations in a family is 30
vears. The Hungarian state was founded — under the reign of St. Stephen —
about 33 generations ago. A person has 2 parents, 2x2 grandparents,
2x2x2 great-grandparents, etc. Using this argument, estimate the number
of your ancestors living at the time of the foundation of the Hungarian

state. Does this argument (mathematical model) reflect reality accurately?

(MK, year 9, p. 39)

5.4 Serving a diversity of students

Now I will examine if the textbooks serve the needs of students varying in all of

the factors described in Section 2.1.

5.4.1 Competence in mathematics

To care for students in different cognitive stages, I emphasised the importance of
moving from the concrete towards the abstract. All three books follow this
method: they start by examples before presenting new material in a formalised
way. In addition to this, the MK book sets preliminary exercises, which ensure a

concrete starting point for students.

Differences in prior mathematical learning are the most significant after
changing schools, which is usually the case at the beginning of year 9. This was

a major difficulty according to teachers asked in the survey, too (see Section 3.1).
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But the factor is important throughout school. In the Mozaik and the NTK books
revision chapters or paragraphs appear before new material when it strongly
builds on prior knowledge. The MK book uses the same technique, except in
year 9. This book starts with a revision section, which revises basic skills and
material that later sections build on. This ensures that all students start secondary
school with a solid base of mathematical knowledge, and also helps the teacher
pre-assess students’ mathematics skills. This chapter also provides enrichment

for those who need less revision than others.

5.4.2 Attitude towards mathematics

The authors of the books did their best to motivate students in many different
ways. The most important form of intrinsic motivation may be the kind that
makes students like mathematics for itself. Thus it is important to show students
the beauty of mathematics, but this is not something one can examine by realistic
methods. A direct tool for this, however, is setting puzzles and interesting
problems. These are very frequent in the Mozaik book, which sets a puzzle at the

end of most chapters. These either have an interesting wording:

e Two clocks show midnight. One goes forward, the other backwards with
the same speed. When will they show the same time again?

(year 9, p. 206)
A puzzling answer:

® Are the grandfathers of my great-grandfathers the same people as the
great-grandfathers of my grandfathers?
(year 11, p. 62)

e The Forestry Department decides to cut pine trees from the forest.
Environmentalists have started a strong protest, and the head forester tries

to pacify them with the following words: “Pine trees make up 99% of the
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forest, and after cutting the trees they will still make up its 98%”. How
many percent of the trees do they want to cut? (The answer is 50%)

(year 9, p. 182)
Need an interesting idea:

® A flea jumps around the gridpoints of the plane. It starts from the origin,
and in each second jumps 1 unit to the right or upwards.
a) In how many seconds does it get to the point (3, 5)?
b) In how many different ways can he go to the point (3, 5)?
(year 9, p. 79)

Or motivate the next chapter (in the case below the standard form of numbers):

e Finda, b, ¢, dsuch that a 102 +b-10"* +¢-10" +d-107° =0,2305.
(year 9, p. 42)

The next level of intrinsic motivation is setting an interesting context. This can
be students’ own life (real life context), other subjects they are interested in, real
life applications of the subject, jokes, or illustrations. The first three were

presented before.

Jokes can be found on the margin of the Mozaik book, for example in a chapter
about iteration, we have “How does a mathematician catch a lion in the Sahara”
(year 11, p. 182). Besides being motivating, the joke, which explains an iterating
method of catching the lion, gives a better understanding of iteration, and makes

students remember it better.

There are also many illustrations in the Mozaik book. There are photos of
mathematicians whose biography is presented, and photos that illustrate the real
life context set by the text. There is also at least one colourful drawing on each

page, which, in my opinion, is the most motivating feature of the book. These
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capture a mathematical concept or property by their shape or action, help students

understand and remember it. Students appreciate it very much:
e  Funny illustrations make learning more cheerful.
®  Funny drawings make learning less depressing.

The NTK and the MK book also have photos, mostly illustrating enrichment
material. Most illustrations in all three books are mathematical figures, which |

will describe later.

The next factor of intrinsic motivation, sense of achievement, is reached if
students solve problems that are not too easy, yet manageable for them. This can
be realized by setting problems whose difficulty increases gradually, which all
three books do, and by using a differentiated curriculum. Many students

mentioned this feature in their feedback:

Problems get more difficult gradually, so they help in understanding the
topic step by step.
(MK)

The textbook can contribute to an agreeable learning environment by its
appearance. The Mozaik book has an exceptionally nice appearance. The cover
is of different colour for each year, and has a cubist figure made up of
mathematical shapes and tools with the year number on it. Inside, it is printed
with colours. On the top, each page has a logo of the topic area, each with a
different colour. The text is structured by colours (important material is
highlighted with a green background, model problems with yellow, etc). On the
margins there are illustrations (described above), diagrams, enrichment
paragraphs, and the most important rules. All of these are colourful and aesthetic.
The appearance of the NTK book is nice, but fairly simple. The cover has the
same illustrations but a different colour each year: it represents a mathematics
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notebook. Inside, it is black and white, but nicely structured with different fonts
and highlights. Several students mentioned that they would prefer a more
interesting appearance, and a more visual structure. The MK book has a different
real life photo on its cover each year, with a mathematical drawing that points out
its connection to a mathematical concept studied that year. Inside, it is printed
with black and two shades of another colour (different each year), which are used
to structure the material (important material has a coloured background,

interesting remarks are printed in colour, etc).

Concerning extrinsic motivation, the textbook can help in reaching students’

goals by using a differentiated curriculum. Students emphasize this aspect:

e [t helps us prepare for both levels of the final examination.
(Mozaik)

o [ think it prepares us well for the final examination. (MK)

Self-confidence is attained by causing students have a sense of achievement,
which is described above. A student studying from the MK book claims, for

instance:

I didn’t believe that I could be better than a 4. But I realised that by
paying attention and understanding examples every problem can be

solved.

It is also important to help them in instances when they are stuck, methods for

which will be outlined later, concerning learning strategies.

5.4.3 Way of learning

I distinguished two aspects of learning styles: cognitive styles and learning
preferences. With the first aspect I emphasised the importance of making

connections within and outside mathematics. I showed how the books realize this
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in enrichment, but of course it is equally important in the core. This can be done
in two levels. On the one hand, we need to build a map in students’ heads by
looking at different topic areas from a distance and explaining how these are
related to each other. On the other hand, we need to build roads on this map
between topics not are not naturally related by setting problems in one topic
where the solution involves another topic. For the map drawing a good example
from the NTK book is the introduction to the sine and cosine rules, which
explains the connection between properties of geometry, vectors and

trigonometry learnt before (year 11, p.57). Problems connecting two topics are:
e Factor 899. (identities in number theory) (Mozaik, year 9, p. 53)

e The area of a triangle is 50 c¢m’. One side is 5 cm. What is the
corresponding height? (equations in geometry)

(MK, year 9, p. 108)

A textbook can help students with different learning preferences by involving
different channels and forms of learning. As I described before, all three books
use the visual channel by clearly structuring the layout of their books, and they
also have many diagrams illustrating and explaining, and tables summarizing
material. These are made effective by colours, which are somewhat present in the
MK book, and fully in the Mozaik book. Students praise the use of visual

channel, too:

e Jt’s good that topics are well separated, so I know where we are in the

material. (Mozaik)

Although a textbook only communicates through the visual channel, it can make
students use others, too. For example, it can have communicative activities (such
as “Discuss...”) to involve the auditory channel, but there are no such instances

in the books in question. They can encourage the use of the kinaesthetic/tactile
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channel by suggesting hands on activities. The books do this when they set
statistical experiments or geometrical constructions, but the number of hands on
activities could still be increased. The MK book also represents the ‘learn by
doing’ philosophy by setting preliminary exercises before presenting new
material. Learning environment can be varied by different lesson forms, another

reason to suggest communicative tasks.

The next task of a textbook is improving study skills by teaching students
learning strategies. Problem solving strategies can, on the first level, be taught by
providing strategies for specific types of problems. For example, the NTK book
has a table which shows if the sine or the cosine rule works better with certain
questions (year 11, p. 82). The Mozaik book suggests different methods that can
be used in many chessboard covering problems (year 10, p. 15). The MK book
makes suggestions on how to memorise things, for instance to use the consonants
of a word to learn the order of the points on the Euler-line (year 10, p.63). But
strategies should also be taught on a more general level. For example, the

Mozaik book remarks in a worked solution:

Let us make a diagram to find a solution. (We can often get useful
information about quantities in a problem by drawing a diagram.)

(year 9, p. 184).

The textbooks emphasize the importance of checking answers to equations by
substitution, and the MK book also lays emphasis on checking if the answer is

realistic.

The books teach mathematical communication skills by clearly explaining
definitions and symbols, and showing how to build reasonings and present
solutions. On the other hand, as I mentioned before, they lack communicative

activities, such as tasks suggested for pairwork or groupwork.
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5.4.4 General factors

A textbook cannot directly care for differences in gender and social
background, but in differentiating in all the ways listed above, it can serve the
needs of students differing in these factors. Among special needs students with
physical challenges those are the visually impaired ones who cannot use a
traditional textbook. In fact, they can use any textbook transformed to a different
medium (except for geometry, which they are exempted from.) Students with
low vision can use an enlarged copy, and they need a text with simple structure,
so they can use the NTK and MK books better. It is fortunate that figures in these
books are always inserted at the exact place they are referred to. In fact, the
strategies presented for students with behavioural disorders or learning
disabilities are the same that we set out for students in general. Naturally, with
these students there needs to be a greater emphasis on these strategies, so this is a
further reason to lay emphasis on such features. They will also need more time

learning mathematics, hence the need for a differentiated curriculum.

5.5 Conclusion

The aim of this chapter was to highlight ways textbooks can be used for
differentiation, and identify features necessary for that. I found that all three
series of textbook in question can be used for differentiated teaching. With
regards to curriculum, they contain enrichment topics and problems with mixed
difficulty, they support most ways of differentiation, and they are appropriate for
a diversity of students. However, I miss some features I find important for
differentiation. I suggest that fewer topics should be included in the core, and
more in the enrichment material for a greater flexibility of curriculum, and
differentiated syllabi should be provided. There could be more open ended
questions to support differentiation by outcome, and more communicative and

hands on activities to serve students with different communication skills and
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learning styles. To help motivating students with an interest outside mathematics,

tasks could be connected to readings.
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6 Assistant teachers in Hungary

In this chapter I describe a project where my aim is to have an assistant teacher in
the classroom to help in differentiation. The main idea is to use pre-service
teachers, as they equally benefit from the extra teaching experience they get.

Hence motivation for the project is two-fold.
6.1 Bilateral motivation

6.1.1 Assistants

In other counties, there are many kinds of examples for adults helping teachers in

the classroom. These include:

e Teaching assistants:

Teaching assistants (TAs) are “adults who are paid to work in the school
classrooms [...], usually directly with pupils” [42, p.1]. Only the education
systems of a few countries are able to afford them, the profession is most
common in the UK, the USA, Canada and the Netherlands [5]. DfES, the
governing education body for England sets the following main tasks for TAs,

which include the following subtasks (the list of subtasks is not full) [43]:

a Support for the pupil:

support pupils according to their individual needs

provide feedback for them

help in implementing Individual Educational/Behaviour Plans
o Support for the teacher

help planning the lesson

manage behaviour

observe and report pupil performance

administer and mark tests
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take part in school-parent communication
provide administrative support
o Support for the curriculum
deliver learning activities and adjust them to pupils’ needs
help and supervise pupils working with resources such as ICT
o Support for the school
assist with supervision of pupils at out of lesson times

accompany pupils to out of school activities

A part of these tasks help save time for the teacher (administrative support or
supervision), but most of them aim at supporting individual pupils’ needs.
Besides giving them individual attention during whole-class activities, TAs are
often asked to work independently with small groups or individuals as a means to
implement inclusive learning and differentiation [44]. DfES also prepared
subject-specific plans on TA-help, and for mathematics these include the

importance of questioning, and helping pupils who are stuck [45].

e Volunteers

In many countries, there are volunteers who help the work of teachers.

Volunteers belong to the following groups [46]:

a Parents and grandparents often volunteer to make themselves useful by
improving the quality of their children’s school. This results in a closer
relationship and better communication between teachers, students and
parents, which is so fruitful that some believe that ,,every parent should be

connected to their children’s education through volunteering” [47].

a Volunteers working for school credits: At some universities, pre-service

teachers get course credits for volunteering at a school. Students applying
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for initial teacher training courses also get credits for previous voluntary
teaching. At some secondary schools, students need to volunteer in a field
related to their interests, so those interested in a teaching career do this at a

school [46]& [48].

a Churches and community groups

A volunteer’s main role is to support the teacher in providing individualized

attention to students [49]. Their possible tasks include [46]:

o One-on-one tutoring

o Small-group instruction
o Grading papers

o Hallway monitoring

o Office tasks

o Special education assistance

e Schoolmates

Some schools organize peer-tutoring, or set up tutoring pairs between two classes
of different ages. The tutoring student gains by deepening his/her understanding
by explaining it, while the tutored one obviously gains from the help received

[50].

6.1.2 School-based experience for pre-service teachers

Eurydice, an organisation which aims at improving education in Europe has
recently published a detailed description of initial teacher training in European
countries [51]. The report starts with a historical view since the 1970s, then it
gives account of present conditions. One of its major points is that training has

been constantly changing in a more practical direction, and this is still an
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important need in the present. More practical means two major trends, one is
increasing the ratio of professional (teaching related) courses in the curriculum as
opposed to general (subject related) courses, the other is the greater emphasis on

teaching experience. Let us focus on the latter need.

In her guide to teaching practice, Nacino-Brown states that its two main aims are
(1) to smooth the transition from the role of student to that of teacher and (2) to
learn the ideas, skills and attitudes necessary to become a competent teacher [52].

To the second aim the author adds a thought of Flanders:

To be understood, concepts in education must be verified by personal field
experiences; in turn field experiences must be efficiently conceptualised to

gain insights.

Lately, teacher training experts have started to emphasize that this interaction
between theory and practice is only possible if theoretical training and school
practice happen simultaneously or alternately. To illustrate the importance of this
simultaneity and even the need for school experience even before theoretical
courses, Ulpitis makes an insightful comparison between learning to teach and

learning to skate [53]:

Learning to skate is like learning to teach — or at least the way I think
learning to teach ought to be. Once I had decided to learn to skate, I could
hardly wait to get to the rink, put on my new ,,Canadian Tire special”
skates, and try it out. If someone had offered to teach me the theory of
skating, I would have listened impatiently with one ear or — more likely
asked them to stop. All I wanted to do was to find someone to guide me and
to get on the ice. [...] During our first lesson together, I was concerned
only with standing up and reaching my goal of letting go of the boards and
my skating teacher by the end of the session. But by the second or third

time, I was ready to hear about some of the theory behind skating. In other
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words, I had formed questions, based on my beginning experiences: ,, Why
do I need to bend my knees?” ,,How can I skate faster?” ,,How do I stop
without banging into the boards?” As my experience deepened, the kinds of
support I sought changed as well; in my development as a skater, I took
charge of my own learning and was proud of the progress over the course

of the winter months.

These views call for a teacher training curriculum where school experience has a
much more important role than before. As this model has an influence not only
on teacher training, but on the lives of schools, as well, it is a symmetrical
relationship between schools and universities, referred to as school-university

partnership.

6.2 School-University partnerships

The view that school experience should have a greater role in initial teacher
training has initiated an endeavour to establish and strengthen partnerships
between teacher training institutions and schools. This movement started in
the 1980s and 1990s simultaneously in the UK [54] and in the USA [55], and
many countries followed. The term partnership is used to indicate advantages for
both teacher trainers and schools. Benefits of teacher trainees for schools include

[56]:

¢ their work contributes to a better pupil-teacher ratio in and outside classrooms,

hence students get more individualized attention
e their presence stimulates a higher performance from other teachers

¢ they bring in new ideas on teaching methodology due to recent theoretical

studies, their willingness to experiment, and their more careful planning

¢ they give a fresh impetus of extracurricular life
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¢ they provide a pool of potential new teachers for the school

Besides, schools have long-term benefits, such as the development of adequate
theories about teaching and regulations (e.g. school curricula) due to researchers’
better view on real teaching, or the fact that newly trained teachers will be more

competent because of a more effective training programme [55].

Encouraged by the success of partnerships, the Department for Education in
England went even further and introduced school-based initial teacher
education. This means that students not simply spend more time in schools, but
the task of initial teacher education is completely handed over to schools from
universities. The introduction of school-based teacher training had a rather
negative reception both in teacher training institutions and in schools. The former
ones were naturally worried about the possibility of closing down, while schools
were concerned that the extra load of having to train teachers would have a
negative effect on the quality of teaching [54]. Since then, university-based and
school-based teacher training have been co-existing and have become

interrelated, obviously heading for a balance.

There is lot of evidence that in many countries institutions managed to establish
balanced and fruitful partnerships with each other (e.g. [55], [57], and [58]).
Presently, the term ,,school-based” is no longer associated with teacher training
run by schools alone, but it came to mean the part of teacher training programmes
that take place in schools. Many countries are still moving towards stronger
partnerships between teacher training institutions and schools. An example for a
project with this aim is EUDIST, which is a collaboration between several

European countries [59].

In Hungary, the present initial training of secondary teachers is far from having a
real school-based component. It consists of four years of theoretical work at the

university, with a school experience in the third year and a short teaching practice
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in the fifth year. Experts claim that there is a need for a more practical training
[60], but initiatives to strengthen university-school partnerships are very rare.

The pilot project described in the next section aims to be such an experiment.

6.3 The teacher trainee as an assistant teacher

The idea of teacher trainees working as assistant teachers answers both of the
above needs at once. It is an idea that can be realized on different levels, so it can
serve as a transition towards a stronger co-operation between schools and
universities. Let me present two levels, the ideal realization, and the level on

which it can be easily introduced at present.

6.3.1 The ideal model

In the ideal model, teacher trainees have a school practicum every second
semester, starting from the first or year of their training. In the school component
of the course, trainees work as assistant teachers, they can visit different teachers,
different subjects, and some extra-curricular activities, too. The programme
includes some lesson observations, and an increasing amount of individual
teaching practice, as well. They have pre- and post-lesson discussions with
school teachers. In the university component of the course the trainees have a
seminar where they get theoretical training and a connected focus of observation
from the professor, and they also have post-lesson discussions with the professor
and peers. Evaluation is based on the evaluation of the school teacher and on a

report written by the trainee.

The system would serve three main ends for the trainees:

e opportunity to connect theoretical knowledge to practical experience

e carly diagnosis of whether the teaching profession is appropriate for them
e a smooth transition from the student role to the teacher role
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Schools would benefit in the following ways:

e Trainees’ help would improve the quality of teaching

e Teachers’ working load would decrease (due to trainees’ doing checking,

administrative work, and extra-curricular tasks)

e Teachers’ professional development is also enhanced by reflecting on their

teaching methods through discussions with trainees

Although for the first glance the system seems to give extra work for both
universities and schools, universities could transform their existing teaching
methodology classes to fit the programme, and schools teachers’ extra work

would be less than the time trainees save for them.

6.3.2 Pilot project

The aim of the present project is to set up circumstances as close as possible to
the model described above, within the boundaries of the present training system,
in order to test the model and to find a simple way of introducing it. 1 started
from the mandatory school experience of third year mathematics teacher trainees,
and cooperated with the professor responsible for the course to set up the
experiment. The course consists of two introductory lectures at the university,
observation of two school lessons a week for ten weeks, and optionally three
lessons taught by the trainee at the end of the semester. Evaluation is based on
the written evaluation of the school teacher and a report written by the trainee. In
the transformed model the main change is that the trainee assists in the lessons
instead of observing them, there is more emphasis on pre- and post-lesson

discussions, and the trainee has regular consultations with the professor.
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The project has been running for two years, with one trainee each year. At the
end of each year | make an action plan which contains small modifications based
on the evaluation of the project. As the aim was to help teaching and teacher
training at the same time, evaluation must be made from these two angles. The
first viewpoint is that of the teacher and students, the second is that of the trainee
and the professor. Hence data gathering consisted of my lessons observations,
students’ written and oral feedback, regular interviews with the trainee, and

discussions with the professor.
Year 1

The trainee was a student with an extraordinary motivation towards teaching and
methodology. She volunteered for the experiment out of curiosity, but the school
experience was also important to her because she wanted to do observations for

her thesis.

As a teacher, 1 found the trainee being of great help. Her greatest role was to
help students while they were working on problems, which meant students got
twice as many teacher attention as usual. Her other task was to help students with
individual problems in the homework, which meant that I could reduce the time
spent with discussing it with the group as a whole. In fact, the latter task was her
own idea, which shows that she also worked as an observer, which gave me
professional help. Besides general suggestions as above, she made comments on

individual students, too.

The majority of students (76%) found the trainee of great help, and the most

common reason they gave was the presence of two teachers:
e Teachers can help more people that way.

e We can get an answer to our questions faster.
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e She can explain well what I don’t understand, and this helps a lot in

advancing in the material, and in understanding exercises.
e Miss doesn’t have to run everywhere.

Some students, although satisfied, had problems with following explanations for

various reasons:

e She doesn’t really know what we’ve learnt, and so it is really difficult for
her to explain problems, because she asks about everything if we have

learnt it.
e Everyone teaches in a different way, and this is not always good.

A few students (12%) had a negative opinion, as they were not satisfied with the

kind of help she gave:

e [ think she should be more patient and kinder.

The rest (12%) were neutral about the question.

The trainee found the experiment useful, in the first place because of the teaching
experience, and in the second place because she could make observations
connected to her thesis topic. She said she did not miss observing the lessons
passively, as she should have done originally, because she could observe students
more closely this way. She appreciated written feedback students gave her at the
end of the semester, and my oral and written evaluations. In fact, she was so
enthusiastic that she took part in twice as many lessons as required, and
convinced a mathematics teacher in another school to let her do the same kind of

work there, too.

The professor found the trainee’s (and hence the experiment’s) connection to the

university insufficient. He claimed that the introductory lectures were too general
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to really help the trainee, and otherwise she did not consult him as much as |

thought. I decided that next year I would monitor this process more strictly.
Year 2

This year’s trainee was also motivated in teaching, but without the extreme
interest of that of the previous year. He became participant in the project in a
more or less accidental way, which also meant that I could test it in “average”

circumstances.

As a teacher, | found the trainee of great help again, mostly because I felt that my
students received more help during problem solving. The benefits from the better
monitoring of activity and behaviour are shown in a student’s written comment,
“Last lesson he didn’t let me do my German homework :)”. He also gave me
useful feedback by praising and questioning some of my teaching methods and
making observations about individual students in post-lesson discussions and in

his university report.

Again, the majority (71%) of students found the trainee’s help useful:
e | am happy that he is here. He is good at explaining things.
¢ | am happy that he comes in to help us.

The rest of the students (29%) were neutral:

e ] can’t see much use, but he doesn’t bother me.

The trainee, as his predecessor, believed that this active form of teaching

experiment was more useful then mere observation.

However, the component of the project where the trainee was supposed to

regularly meet the professor was dissatisfying again. Although I regularly asked
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the trainee to do this, he failed for quite understandable reasons: being ill, having
an assignment to finish, etc. I conclude that a trainee would need exceptional
motivation to do work that is not part of his curriculum, and thus for average
trainees (even if they are interested in teaching and want to do a good job, as the
present one) this is not a realistic requirement. Hence the professor and I agreed
that in present circumstances we would not expect trainees to do voluntary extra
work at university, but we would rather try to include this component in the
curriculum. The first step would be running an optional discussion course (with

university credit) linked to the school experiment.

6.4 Conclusion

The experiment of a mathematics teacher trainee working as an assistant teacher
instead of making lesson observations during a school experience turned out to be
useful both from the aspect of teaching, and from that of the professional
development of the trainee. This suggests that a similar programme should be
made mandatory for trainees. The experiment also showed that even while this
long-term aim is not realized, individual teachers and trainees can easily follow

the model.
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7 Methods of data collection and analysis

7.1 Teachers in Hungary and differentiation

The survey presented in Chapter 3 consisted of three practical steps: designing a

questionnaire, collecting data, and analysing them.

7.1.1 Designing the questionnaire

The content of the questionnaire” was based on the theory presented in Section 2.

The first question,

1. Have you heard of the term differentiation (or differentiated teaching)?
If yes, what do you think it means?

wanted to find out the theoretical knowledge of teachers about differentiation.
The next two questions,

2. What is the average class size you teach?
3. (a) How heterogeneous are the classes you teach? 1 2 3 4 5

(1: homogenous, 5: very heterogeneous)

(b) What kind of differences cause the greatest difficulties in

mathematics lessons?

aimed at finding out the acuteness of the need for differentiation. Question 4

asked about how teachers differentiate in practice,

4. How do you handle these differences?
and question 5 asked about the specific case of preparing for the two-level final

examination:

" See Appendix A
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5. Do you have a group where students want to reach different goals (e.g a
year 11 or 12 group which involves students preparing for both levels of
the final exam)? If yes, how do you handle the situation?

Questions 6, 7 and 9 asked if specific aids are available or used:

6. Which textbooks do you use?

7. (a) Do you use a computer in you lessons? If yes, how often and what
for?

8. How much, and for what activities do you use the following lesson
forms:

whole-class work:
individual work:
pairwork:
groupwork:

9. Does it happen that someone attends to students besides you during

lessons (assistant, teacher trainee, parent, etc.)?

7.1.2 Methods of data collection

The first step of designing the survey was selecting a representative sample of
Hungarian secondary schools. 1 selected 25 schools (4% of all 636 secondary
schools) using the database of the Information Office of Education (K&zoktatasi
Informécids Iroda) [61]. The database can be searched according to school type
(secondary in the present case), county and maintainer (community council, city
council, council of town of county rack, county council, capital council, capital
district council, church, foundation, state university, etc). My aim was to select a
sample where the number of schools from each county and maintainer is
proportional to the corresponding number of all secondary schools. The number

of secondary schools in each county is about 25, except for the following cases.
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In four counties it is less, but I could pair them up so as to get around 25 together.
In the county of Pest the number is double, and in the capital it is 7 times as
much. So I selected one school from each average size county, 1 from each pair
of small ones, 2 from Pest and 7 from the capital. I selected these schools
randomly: selected a random number between 1 and the length of the list, and
chose the school with that serial number in the list. Then I had to make sure that
the sample was representative of maintainers. If a maintainer was over-
represented, I dropped a random school of that maintainer, and selected a random
school (regardless of maintainer) from the county dropped. After repeating this

step a few times | obtained a set that was fully representative.

The next step was to have mathematics teachers of the selected schools fill out
the questionnaire. Larger schools teaching more students should have had a
greater weight, which would naturally happen as they would have more
mathematics teachers asked. So I contacted the head of mathematics department
in each school, and sent them the appropriate number of questionnaires. Teachers
of 21 schools (84% of the ones asked) filled out the questionnaire, 78 teachers

altogether.

7.1.3 Methods of analysis

The analysis of questions 2, 3/a, 6, 7 and 9 is quite obvious. The methods used
with the rest are presented in the order that follows their analysis in Section 3.
Student differences appeared in question 3, and partly in question 1, and were
presented in Table 2 and Table 3. For each question, I counted the differences
that occurred in the answers, and calculated the ratio of the number of
occurrences and the total number of occurrences. Hence the percentages obtained
were a weight in that factor within all factors, and not a percentage of teachers
who listed that factor. When making clusters of categories, these numbers better

reflected the importance of each category.
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When analysing differentiation based on questions 1, 3 and 4, (Table 5 and
Table 6) values were calculated as a percentage of teachers using each method, as
I was interested not only in weights, but the ratio of teachers using certain
methods. These values, however, are not additive, so for clustering I had to

recalculate values.

Lesson forms were analysed based on question 8, and represented in Table 10
and Table 11. First I averaged percentages teachers gave for time spent on each
lesson form. Within each form, I counted the occurrences of activities, and
calculated their ratio within all occurrences. I used these ratios as estimates of
time spent with these activities within a certain lesson form. Multiplying activity
ratios within a form with the time ratio of the given lesson form, I obtained an
estimate of the percentage of lesson time spent with the given activity in the
given form. These values are presented in Table 10. Table 11 presents lesson
forms within each activity. Unlike in the previous table, I used a 100% stacked
chart. Although this is less informative then a plain bar chart, as it does not show
how time spent with each activity relates to each other, I used it because

otherwise some bars would have been too small.

7.2 The Hungarian curriculum and differentiation

In Chapter 4, designing the system and the content of Differentiated Curriculum
System required a thorough examination of the NAT, existing frame curricula,
the pedagogical programmes of various schools, and interviews with experts of
curriculum writing. Testing the syllabus involved writing detailed lesson plans
before the lessons, my own observations during them, and a discussion with

students afterwards. The assessment of students’ knowledge provided further

feedback.
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7.3 Textbooks in Hungary and differentiation

The first type of data to examine in Chapter 5 were the texts themselves, which |
analysed by looking through the four years of each of the three series several

times, examining them from different aspects.

The second type of data was student and teacher feedback. For the MK book, |
used student and teacher feedback the authors collected while testing and revising
the book. These were students’ written opinions on the textbooks and
mathematics lessons in general, and teachers written opinions on the textbooks.
For the other two books, I designed a questionnaire for students’. It starts with
three general questions concerning students’ opinion on the book, and their
degree of satisfaction with it. Questions 4 and 5 ask for what exactly and how
often students use the book. Question 5 asks their opinion concerning all the
different parts of the book (hence this question is different for Mozaik and NTK).
Questions 6 to 9 ask students about their general attitude and competence in

mathematics, in order to help interpret their previous answers.

Data collection for the Mozaik and NTK books involved giving the
questionnaires for 20-20 students using each book, and interviewing 5 teachers
who use both books. The survey was not representative, as my aim was not a

statistical analysis but I needed anecdotal data to guide my analysis of the text.

7.4 Assistant teachers and Hungary

In the two case studies of Chapter 6 data were collected from the four
participants. [ collected the trainees’ observations regularly by writing down
relevant ideas of pre- and post-lesson discussions. In the second year the trainee

had to write a report to the university, which also served as data. 1 regularly

" See Appendix C.
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recorded my own observations, too. I collected the opinion of students from a
questionnaire on the one hand, in which I asked, “What do you think about
<trainee’s name> helping you in the lessons?” On the other hand, I had
information from informal conversations with the students. I also recorded the

observations of the professor during and after our discussions.
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8 Summary

The aim of the thesis is to find ways of facilitating differentiation in Hungarian
secondary mathematics education. 1 started my research by examining the
present situation through a survey involving a representative sample of Hungarian
secondary mathematics teachers (Chapter 3). The aim was to find out how acute
the problem of diversity is, how teachers handle it, and what kind of help they
need most. As diversity is concerned, teachers perceive their classes to be quite
heterogeneous, but they mostly focus on the achievement, ability and attitude of
their students, not considering other important factors as communication skills,
self-confidence, and study skills. I found that two thirds of teachers differentiate
in some way, mostly by task and by pace, and some by teaching methods.
However, most of them do not differentiate the curriculum, even in groups where
students prepare for different levels of the final examination. I also found that
many of them favour weaker students with the material and teaching methods.
Aids as assistant teachers and computers are scarcely available for them. And
finally, I found that they teach frontally in more than half of lesson time, which is
a lesson form totally inappropriate for differentiation. To develop in these
respects, teachers would need both theoretical help in form of pre- and in-service
teacher training, and also practical support. The rest of the thesis deals with

providing such support.

The first type of practical help I suggest is the Differentiated Curriculum System
(Chapter 4), conforming to the present National Curriculum (NAT). It starts from
a base frame curriculum, which sets the minimum requirements of the NAT and
Core Level Final Examination topics as the core material, and offers a very wide
range of enrichment material including Extended Level Final Examination topics.
In other words, it contains the minimum amount of core, and an almost maximum
amount of enrichment material. Frame and local curricula are designed with the

help of the base frame curriculum, including all its core material in the core, and
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selecting further core and some enrichment material from its enrichment topics.
Frame curricula try to cover the usual types of secondary mathematics groups.
There are two four year-long, and two six-year-long sets of curricula depending
on the number of mathematics lessons the class has, each branching into two in
the last two years for basic and specialty (fakultacios) classes. Finally, teachers
write a differentiated syllabus based on the local curriculum, but using the
freedom it allows. For each lesson, the syllabus includes the way of
differentiation and the enrichment material involved. In order to test the system,
I tried the syllabus I prepared in the above way, and I found that it supported

differentiation successfully.

The next great help for teachers is a texthook that supports differentiation
(Chapter 5). The survey showed that the most commonly used series of
textbooks are Sokszinii Matematika (Colourful Mathematics) by Kosztolanyi,
Kovacs, Pintér, Urban and Vincze from Mozaik, and Matematika (Mathematics)
by Hajnal, Szamad6 and Békéssy from Nemzeti Tankonyvkiad6. There is a third
series of special interest to the topic, Matematika (Mathematics) by Czeglédy,
Hajdu, Hajdu, Kovacs and Réka from Miiszaki Konyvkiado, which was written
with the primary aim of creating a differentiated textbook. I analysed the three
series in order to give guidelines to textbook writers on how to support
differentiation in their books, and to teachers on how to use a textbook for
differentiation. Besides analysing the texts themselves, I used student and teacher
feedback on the books. All three books use a differentiated curriculum, as they
have core and enrichment topics and they include problems of varying difficulty.
I suggested, however, that fewer topics should be included in the core, and more
in the enrichment material for a greater flexibility of curriculum, and
differentiated syllabi should be provided. The differentiated curriculum enables
differentiation by pace and task, and worked examples and illustrations support

differentiation by way of learning. However, other aspects could be improved,

94



such as increasing the number of open ended questions in order to help
differentiation by outcome. The books serve a diversity of students in various
ways. Differences in competence are bridged by moving from the concrete
towards the abstract, and also by revision sections. A good attitude towards
mathematics 1s reached by motivating content, context, and illustrations.
Concerning way of learning, 1 found examples of making connections within and
outside mathematics, and teaching study skills, but 1 suggested that

communicative activities should also be included.

Finally, I designed a project for catering assistant teachers to schools, namely, to
use pre-service teachers as a help (Chapter 6). The motivation is two-fold, as
the presence of assistants facilitates differentiation in schools, and teacher
trainees benefit from the school-based experience. First, I set up an ideal model,
where teacher trainees have a school practicum in every second semester, starting
from the first year of their training. There is a strong cooperation between the
schools and the universities with respect to theoretical and practical training, and
also evaluation. Then I launched a pilot project, whose aim was to set up
circumstances as close as possible to the model described above, within the
boundaries of the present training system, in order to test the model and find a
simple way of introducing it. I started from the mandatory school experience of
third year mathematics teacher trainees, and cooperated with the professor
responsible for the course to set up the experiment. In the transformed model the
main change is that the trainee assists in the lessons instead of observing them,
there is more emphasis on pre- and post-lesson discussions, and the trainee has

regular consultations with the professor.

On the whole, I found that the system and practice of Hungarian secondary
mathematics education is very effective in some aspects of differentiation, but has
shortcomings in others. Besides appropriate pre- and in-service teacher training,
improvement can be made by offering practical help to teachers, such as a
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differentiated curriculum, a textbook that supports differentiation, and assistant

teachers in the classroom.
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9 Osszefoglalas

A dolgozat azt kutatja, hogy hogyan konnyithetd meg a differencialas a
magyarorszagi kozépiskoldkban. Eldszor egy reprezentativ felmérést készitettem
magyar kozépiskolas tanarok korében arrol, hogy a didkok heterogenitdsa mennyi
nehézséget okoz, a tanarok hogyan kezelik, €¢s hogy milyen jellegli segitségre van
leginkdbb sziikségiik (3. fejezet). A felmérés szerint a tandrok igen
heterogénnek latjdk csoportjaikat, viszont fOleg a didkok teljesitményében,
képességeben, és hozzaallasdban mutatkozd kiilonbségekre figyelnek, és nem
foglalkoznak egyéb fontos tényezdkkel, mint a kommunikicids készség, az
Onbizalom, €s a tanuldsi stratégidk fejlettsége. A tanarok kétharmada valamilyen
modon differencial, leginkabb feladat ¢és tempo, idOnként tanitasi modszer
szerint. Azonban a legtobb tanar nem differencialja a tantervet, még azokban a
csoportokban sem, ahol a didkok az érettségi két kiilonbozd szintjére késziilnek.
Ezenkiviil sokan a gyengébb didkokhoz igazodnak, és tobbet is foglalkoznak
velik. Kevés tandrnak &ll rendelkezésére gyakorlati segitség, mint példaul
segédtanar vagy szamitogéplabor. Es végiil, az 6rak tobb, mint felében
frontdlisan tanitanak, pedig ez a munkaforma alkalmatlan a differencidlasra. A
helyzet javitdsa érdekében a tandroknak szakmai Gtmutatasra lenne sziikségiik a
tanarképzés és a tanartovabbképzések folyaman, illetve gyakorlati segitséget is
kellene nekik nyuajtani. A dolgozat a tovabbiakban az utdbbi kérdéssel
foglalkozik.

Az els6 gyakorlati segitség, amit javasolok, az a differencidlt tantervrendszer (4.
fejezet), amely beleillik a jelenlegi Nemzeti Alaptantervbe. Els6 1épcsdje az alap
kerettanterv, amely a NAT ¢€s a koz€pszintli €érettségi minimalis kovetelményeit
szabja meg torzsanyagként, és a torzsanyag témakoreihez kapcsolodd kiegészitd
témak széles valasztékat is tartalmazza, lefedve az emelt szintl érettségi anyagat
i1s. Vagyis a minimalis torzsanyagot, és szinte maximalis kiegészitd anyagot

tartalmaz. A kerettantervek ¢és a helyi tantervek torzsanyagaban az alap
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kerettanterv torzsanyagan kiviil szerepelhet néhany eredetileg kiegészitd témakor
is, kiegészité anyagiban pedig az eredeti kiegészitd anyag egy része. A
kerettantervek a szokasos kozépiskolai matematikacsoportoknak késziilnek. Két
hatosztalyos és két négyosztalyos tanterv van a heti oraszam fliggvényében,
illetve az utolsé két évben mindegyik kettéagazik alap és fakulticios csoportok
szamara. Veégiil a tanarok differencialt tanmenetet irnak, amely a helyi tanterven
alapul, de kihasznalja az azaltal nyujtott szabadsagot. A tanmenet minden 6rahoz
megnevezi a differencidlas mddjat és az esetleges kiegészitd anyagot. A sajat
oraim keretében végzett esettanulmany szerint a fenti modszerrel készitett

tanmenet valoban segiti a differencidlést..

A kovetkezd fontos segédeszkéz a differencialasra alkalmas tankonyv (5.
fejezet). A felmérés szerint a legelterjedtebb tankonyvcsalddok a Sokszinii
Matematika (Kosztolanyi, Kovacs, Pintér, Urban és Vincze: Mozaik Kiado), és a
Matematika (Hajnal, Szdmado6 és Békéssy: Nemzeti Tankonyvkiado). Szintén
fontos témank szempontjabol egy harmadik tankdnyvcsalad, a Matematika
(Czeglédy, Hajdu, Hajdu, Kovacs ¢€s Roka: Miiszaki Konyvkiadd), amelynek iroi
kifejezetten egy differencialt tankonyvet igyekeztek létrehozni. Ezt a harom
sorozatot elemeztem azért, hogy tampontokat adjak a tankOnyvirdknak a
differencialas tamogatasahoz, illetve a tanaroknak a tankonyvek hasznalatdhoz a
differencidlt oktatasban. A konyvek elemzésén kiviil tandrok és didkok
visszajelzéseit 1s felhasznaltam. Mindhdrom tankonyv differencialt tantervet
hasznal, mivel megkiilonbozteti a torzsanyagot €s a kiegészitd anyagot, illetve
kiilonb6zd nehézségli feladatokat tartalmaz. Viszont azt javasoltam, hogy
csokkenteni lehetne a torzsanyag, €s novelni a kiegészitd anyag mennyiségét a
rugalmasabban kezelhetd tanterv érdekében, és hogy differencialt tanmeneteket
lehetne mellékelni. A differencidlt tanterv lehetévé teszi a tempo és feladat
szerinti differencialast, és a kidolgozott példak, illetve az illusztracidok segitik

tanulds modja szerinti differencialast. Ugyanakkor ndvelni lehetne a nyitott végii
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feladatok szamat az eredmény szerinti differencialas eldsegitése érdekében. A
kovetkezd cél az egyszerre sokféle diaknak megfeleléo oktatds, amelyet a
tankonyvek tobbfajta modon szolgdlnak. A matematikai kompetenciaban
mutatkozo kiilonbségeket ugy hidaljak at, hogy a konkréttél az absztrakt felé
haladnak, és hogy gondot forditanak az ismétlésre. A matematikdhoz val6 pozitiv
hozzaallast az érdekes matematikai és matematikan kivili tartalom, és az
illusztraciok segitségével érik el. Ami a tanulds modjat illeti, talaltam példat arra,
hogy a tankonyvek kapcsolatokat épitenek a matematikan beliil, illetve a
matematikan kiviili vilaggal, €s hogy tanuldsi stratégidkat tanitanak. Hianyoltam

viszont a kommunikativ feladatokat.

Végiil pedig kidolgoztam egy modszert arra, hogy hogyan Iehetne
segitétandrokat  alkalmazni az iskoldkban, nevezetesen tanarjeloltek
személyében (6. fejezet). A motivacid kétoldalu, hiszen mialatt a tanarjeldltek
segitdi szerepben megkonnyitik a differencialast, 6k maguk szakmailag fejlddnek
az intenziv iskolai gyakorlat altal. El0szor megterveztem egy idealis modellt,
amelyben a tanarjeloltek a képzés kezdetétél minden masodik félévben iskolai
gyakorlaton vesznek részt. Az iskoldk és az egyetem szorosan egyiittmiikodnek
egymassal az elméleti és gyakorlati képzéssel, illetve az értékeléssel
kapcsolatban. Ezutan feléllitottam egy kisérletet, melynek célja az volt, hogy a
fenti modellhez minél inkdbb hasonld koriilményeket teremtsek a jelen
helyzetben azért, hogy teszteljem a modellt, illetve megtalaljam bevezetésének a
legegyszeribb modjat. A matematika tanar szakos hallgatok kotelezd
harmadéves iskolai gyakorlatdbol indultam ki, és egylittmiikddtem a gyakorlatot
koordinal6 egyetemi oktatoval. Az atalakitott gyakorlatban a f6 valtozas az, hogy
a hallgato hospitalas helyett segit az 6ran. Nagyobb hangsuly van az 6ra el6tti és

utani megbeszeléseken, €s a hallgatd rendszeresen konzultal az oktatoval is.

Osszességében megallapitottam, hogy a magyar kdzépiskolai matematikaoktatas
igen hatékony a differencialas bizonyos elemeit tekintve, viszont sok hidnyossaga
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is van. A megfeleld tanarképzés ¢€s tandrtovabbképzés mellett a tandroknak
gyakorlati tdmogatésra is sziikségiik van, ilyen példdul a differencidlt tanterv, a

differencialasra alkalmas tankonyv, és a segitGtanar.
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Appendix A:The questionnaire used in the survey of Chapter 3

Dear College,

I am doing a survey on mathematics teaching, so I am asking you to answer the following

questions (anonymously).

Thank you for your help,

Réka Szasz

Eo6tvos Jozsef Gimnazium, Budapest

1. Have you heard of the term differentiation (or differentiated teaching)? 1f yes, what do you

think it means?

2. What is the average class size you teach?

3. (a) How heterogeneous are the classes you teach? 1 2 3 4 5

(1: homogenous, 5: very heterogeneous)

(b) What kind of differences cause the greatest difficulties in mathematics lessons?

4. How do you handle these differences?



5. Do you have a group where students want to reach different goals (e.g a year 11 or 12
group which involves students preparing for both levels of the final exam)? If yes, how do

you handle the situation?

6. Which textbooks do you use?

7. Do you use a computer in you lessons? If yes, how often and what for?

8. How much, and for what activities do you use the following lesson forms:

Whole-class work:

Individual work:

Pairwork:

Groupwork:

9. Does it happen that someone attends to students besides you during lessons (assistant,

teacher trainee, parent, etc.)?

10. Remarks:

il



Appendix B: Lessons based on the differentiated syllabus of
Chapter 4

I tested the differentiated syllabus by trying it with the group I had designed it
for. It is a year 11 group, preparing for the CLFE, with many extremely bright
and motivated students, and a few with a quite low self-confidence. They also
range from impulsive to reflective, some prefer social, others individual learning.
Here follows a detailed description and analysis of the first topic, vectors, which
involved four lessons. As with this group I use Sokszinii Matematika from
Mozaik [35], I took part of the problems from their year 11 book. Analysis

focuses on ways of differentiation and serving a diversity of students.

1. REVISION OF VECTORS AND TRIGONOMETRY

Syllabus content
Students prepare tests on last year’s material in pairs, and solve each others’ for
homework.

Differentiation by outcome due to pairwork and the open task.

Lesson description and analysis

e Students had prepared outlines of last years’ material for HW. As a whole-
class work, we put a model outline on the blackboard (10 min).
The aim of the activity was to check and complete the material students
collected at home. Setting the collecting task for HW enabled differentiation

by pace and outcome.

e Students worked in pairs. They had to create a problem for each topic in the
outline. Those who finished early had to pose extra problems (30 min).
Problem posing requires a better view and a deeper understanding of the

topic, that is why I used it as a revision activity. Pairwork enabled
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2.

differentiation by outcome within pairs, as members of one pair helped,
taught, and checked each other successfully. It also enabled differentiation by
outcome among different pairs, as they all solved the task according to their
best competence. Revision was essential as students had studied vectors and
trigonometry with different teachers the previous year, so their prior
knowledge was different. Cooperative work also aimed at developing

communication skills.

HW: The problem sheets were swopped, and students had to solve them for
homework.
The task served as the problem-solving component of revision, and also as a

motivator of the previous activity.

DEFINITION OF THE SCALAR PRODUCT

Syllabus content

Differentiation by pace and task

Lesson description and analysis

HW check: Students worked with their pairs from the previous lesson. They
had to check the problem sheet they had created and others solved for HW.
Those who finished early had to switch problem sheets with other pairs (10
min).
The activity served as a follow-up of previous work, and also as a HW-
check. Again, pairwork triggered differentiation by outcome.
Preliminary problem [: “Daddy is drawing a sledge for 200 metres on a
horizontal road with a force of 50 N. The angle between the rope he is

holding and the ground is 20°. How much work is he doing?”
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Preliminary problem 2: Write a general formula for W. (A diagram with a
force and a displacement is shown.)

Extra problem: “We double the sides of triangle ABC as shown on the
diagram. Prove that the centroid of the resulting triangle A;B,C, is the same

as that of the original triangle.

I wrote the first two problems on the blackboard, and for those, who finished

quickly, I set the extra problem from the textbook individually (15 min).
Students worked on the problems individually or in pairs (depending on
their preference, as it always happens spontaneously.) I chose to give out
the extra problem individually so as not to stress slower workers. The
extra problem enabled differentiation by pace and task. The theory behind
setting a real-life context and moving from the concrete towards the
abstract was to suit students with different cognitive stages, and to increase
students’ self-confidence. Free work also helped differentiation by
teaching methods, as I could have different dialogues with students.

e We checked the two preliminary problems as a whole group, and discussed the
definition of the scalar product. I asked students to brainstorm other physical
situations where the scalar product was relevant. (10min)

e Practice: Simple numerical calculations using the definition of the scalar
product, individually or in pairs. Towards the end, I put the answers for the
first few on the board for students to check, and helped those who had
problems. (5 min)

Differentiation by pace and by checking was involved.
e HW: (a) Finish practice exercises.
(b) Further practice exercises.
(c) “Is it possible that we exert a force with a displacement, but there is no
work?

(d) Optional (for extra credit): Finish the extra problem above
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Differentiation by task was present in the HW, as slower students had to do
more practice exercises, while faster ones were motivated to solve or finish
the extra problem. (About extra problems: students are very motivated to
solve extra problems for extra credits both in the lessons and for
homework. They can ask for help during individual work, but often stay
after lesson and have a discussion about the problem. I also set extra
problems which are not mathematically challenging but are interesting in

another way to motivate all students.)

3. PROPERTIES OF THE SCALAR PRODUCT

Syllabus content
True/false statement
Differentiation by outcome: some students guess only, others are able to

justify their answers

Lesson description and analysis

e HW check, discussion of exercise (c), preparing for the sign of the scalar
product (question 2 on the following worksheet). (5 min)

¢ | handed out the following worksheet. The focus was on exercises 1 and 2,
number 3 was for extra credit. Students had to justify their answers, but |
pushed this harder with faster students, and I only let them do exercise 3 when

they were finished with that. (20 min)
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. When is the scalar product of two vectors

. Prove that a parallelogram is a rhombus if and only if its diagonals are perpendicular.

Properties of the scalar product

True or False? a, b, c are vectors, A€ R
(a) a-b =b -a, so scalar product is commutative.
(b) (a
()

)

)

e=a- (b ¢}, so scalar prodnet is associative.

"_"\.f_‘\.m

-b) -
a+b)-e=a- c+b e, so scalar product is distributive.
A-fa-b)=(A-a)-b=a (A b)
la-b| = |al- [b]

(@
(
(f) a

(g) (a+1b)* = la]* +|bf*

(h) (a+b)-(a—Db)=|a] —[bf

el

* =|a|* (where a’ = a - a)

(a) positive
(b) negative

{¢) zera?

Every student made a decision for problems I and 2, most students justified
most of their answers, and some even did problem 2. Hence differentiation
by outcome and task happened.

Frontal checking and discussion (15 min)

HW: Practice exercises involving the definition and the properties of the
scalar product.

Extra problems:

- Exercise (3) above;

- Prove that the sum of the squares of the diagonals in a parallelogram

equals the sum of the squares of its sides.
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4. SCALAR PRODUCT IN THE COORDINATE SYSTEM

Syllabus content
Finding the formula through problems
Enrichment: proving the formula formally

Differentiation by pace and task

Lesson description and analysis
e HW check (5 min)
e Problems:
(1) Find the coordinates of the scalar product of vectors (3; 4) and (2; -1).
(I helped them with the idea of using base vectors i and j.)
(2) Write a formula for the scalar product of two vectors in general.
(3) Find the angle between vectors (1, 3) and (-4; -5).
We stopped for discussing the formula after all students finished exercise 1,
and many even exercise 2. (20 min)
Differentiation by outcome happened, as some students did the formal
calculations themselves, while others listened to their explanations during
the discussion.
¢ Practice exercises: (20 min)
(3) above
(4) Find x, so that (3; 1) and (1; x) are perpendicular.

4a+3b<5-\a® +b?

(5) (Extra): Prove the following inequalities. When does the equality hold?

4a+3b<5-Na® +9-b? +16
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Differentiation by pace and task. [ checked work individually as I
circulated, so differentiation by checking was involved.

e HW: Similar practice exercises
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Appendix C:Questionnaires used in Chapter 5

Questionnaire on Sokszinii Matematika

1. What do you think about the book in general?

2. How satisfied are you with the book?
(a) Awful  (b) Quite bad  (c) Nothing special  (d) Quite good (e) Very good

3. (a) What do you like in it?

(b) What do you dislike in it?



4. How often and how do you use the book (besides looking at problems set for HW)?

5. How often do you use the following parts of the book, and how useful do you think they are?

Theoretical Material

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
Worked problems

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful

Mathematical figures
(a) several times a week (b) weekly (c) monthly (d) never
(a) very useful (b) quite useful (c) a little useful (d) not useful

History of mathematics and science, biographies

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
Puzzles

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful

Funny pictures

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
Mathematics material that is not in the syllabus

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
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6. Do you like Mathematics?
(a) Not at all

(b) Not really

(c) Nothing special

(d) Quite

(e) Very much

7. How much, and how do you prepare for

(a) a lesson?

(b) a test?

8. How difficult is Mathematics for you?
(a) Very difficult

(b) Quite difficult

(c) Average

(d) Quite easy

(e) Very easy

9. What was your Mathematics grade last year?
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Questionnaire on Matematika by Hajnal-Szamado-Békéssy

1. What do you think about the book in general?

2. How satisfied are you with the book?
(a) Awful  (b) Quite bad  (c) Nothing special  (d) Quite good (e) Very good

3. (a) What do you like in it?

(b) What do you dislike in it?
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4. How often and how do you use the book (besides looking at problems set for HW)?

5. How often do you use the following parts of the book, and how useful do you think they are?

Theoretical Material

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
Worked problems

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful

Mathematical figures

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
History of mathematics and science, biographies

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
Mathematics material that is not in the syllabus

(a) several times a week (b) weekly (c) monthly (d) never

(a) very useful (b) quite useful (c) a little useful (d) not useful
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6. Do you like Mathematics?
(a) Not at all

(b) Not really

(c) Nothing special

(d) Quite

(e) Very much

7. How much, and how do you prepare for

(a) a lesson?

(b) a test?

8. How difficult is Mathematics for you?
(a) Very difficult

(b) Quite difficult

(c) Average

(d) Quite easy

(e) Very easy

9. What was your Mathematics grade last year?
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