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REMARKS TO A THEOREM OF SINCLAIR AND VAALER
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Abstract. Sinclair and Vaaler in [6] Theorem 1.2 found sufficient conditions, nonlinear in the
coefficients depending on a parameter p > 1, for self-inversive polynomials to have all their
zeros on the unit circle. Here we discuss the dependence of the conditions on the parameter and
through it we show that applying Theorem 1 of Lakatos and Losonczi [4] their result can be
strengthened by giving the locations of the zeros.

1. Introduction

Let Py(z) = Z A=A, H (z—z) € Clz] be a polynomial of degree m with
ZEIOS Z1y- .-y Zm- Further let P} be the polynomial defined by
_ m _ m
P (z) :=7"P(1/z) = ZAkz”_k =Ap H(zfz;t)

k=0 k=0

whose zeros are z; = 1/zy,k = 0,...,m (the inverses of z; with respect to the unit
circle).

DEFINITION 1. A polynomial P,(z) of degree m is said to be self-inversive if
there exists an € € C, €| = 1 such that P} (z) = €P,(2).

There are several equivalent definitions of self-inversive polynomials. It is well-
known (see e.g. [5]) that for a polynomial P,(z) = % A" of degree m the following
statement are equivalent =

1. P, is self-inversive,
2. Ay =¢€Ap_1,k=0,...,m, where |e| =1,
3. for the zeros zj of By we have {z1,22,...,zm} ={1/21,1/ 22y, 1/ Zm}.
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If a polynomial with real coefficients is self-inversive then € is necessarily real
hence either € = 1 our polynomial is called reciprocal, or € = —1 and our polynomial
is called antireciprocal.

C. D. Sinclair and J. D. Vaaler in [6] Theorem 1.2 found sufficient conditions,
nonlinear in the coefficients, for self-inversive polynomials to have all their zeros on
the unit circle.

Their results reads as follows (the notations and formulation are slightly changed).

THEOREM 1. (Sinclair and Vaaler) If P,(z) = Y. Axz* is a monic self-inversive
k=0

polynomial of degree m with L > 3 non-zero coefficients such that for some p>1

|Pulp <2+ (D

P
(L—2)p=1”
then P, has all of its zeros on the unit circle.

Here the p norm |B,|, is defined by

Pulp = (AnlP + [Api|P -+ AP (p>1).

Since here P, is monic L > 2, in case of L =2 clearly all zeros of P,, are on the unit
circle. thus we may assume that L > 3.

The authors remark that their result is similar in spirit to recent results of Schinzel
[7] and Lakatos and Losonczi [3].

Here we show that condition (1) is the strongest (gives the largest set of polyno-
mials) if p =1 and for this value (1) is identical to the sufficient condition (ii)-1 in
Theorem 1 of Lakatos and Losonczi [4]. Applying this theorem the result of Sinclair
and Vaaler can be strengthened by giving the location of zeros.

2. Results

To find the dependence of (1) on p first we rewrite it in an equivalent form as

m—1 I/p
(2 |Ak|P/<L—2>> <2/(L-2). @
k=1
For positive p let

n I/p
Mp(x1,.. ., xp) 1= (Zx{’/n)
i=1

be the pth power mean of the (nonnegative) numbers xi,...,x,.

It is well known (see e.g. [1] p.16) that .#,(x1,...,x,) is an nondecreasing
function of p, strictly increasing unless x; = --- = x, and lim,_ . ///p(xl,...,x,,) =
maxj<i<pXi.



It is easy to recognize that the left hand side of (2) is exactly .#),(|A1],...,|Am—1])
thus (1) has now the form

2
( A, < = 3
%P(‘AIL 5|A 1|)_L72 ( )

Suppose now that (3) holds for some p > 1. Then we have

Ail 4+ |An1] 2
T = (A A ) S Ap (A JAn]) < 75

hence
|A1|+"'+|Amfl| SZ(: Z‘AmD (4)

Here strict inequality holds either if (1) holds with strict inequality or if (1) holds
with equality, p > 1 and not all absolute values of the nonzero coefficients (of P,,) are
equal.

Equality holds in (4) either if (1) holds with equality and p =1 or p > 1 and the
absolute values of all nonzero coefficients (of B, ) are equal.

In [4] we proved the following

THEOREM 2. (Lakatos and Losonczi) (i) If all zeros of the polynomial B, (z) =
m
Y, Az € C[z] of degree m > 1 are on the unit circle then P, is self-inversive.
k=0

>ii)-1 If P, is self-inversive and

1 m—1
[Anl 2 3 3 JAK] 5)
k=1
holds then all zeros of P,, are on the unit circle.
Let
.
A 2w —
By = arg Ay | 22 (l:O,...7 [TD o= 2UE=Pn) oy 6
A 2 m

where [%] denotes the integer part of 4. _
(ii)-2 If the inequality (5) is strict then the zeros ¢ (I=1,...,m) of P, are simple
and can be arranged such that

Q1 <u < Q (lzl,...,m). @)

@11)-3 If (5) holds with equality then double zeros may arise. If (5) holds with
equality then &% (1 <1 <m) is a zero of P, if and only if the coefficients of P,
satisfy the conditions

cos (Bm_k+ (% fk) (pl) = (=1)"* forallk=1,...,[%] for which A; £0. (8)

If (8) holds then €'? is necessarily a double zero of P,,.



One can easily see that (5) is identical to (4) hence the assertions of Theorem 2
can be applied. In this way Theorem 1 of Sinclair and Vaaler can be strengthened to

m
THEOREM 3. (j)-1 Let P,(z) = ¥, Az* be a monic self-inversive polynomial of

degree m with L > 3 non-zero coefficients such that for some p > 1

m
Y AP <2+
=0

2P
=2 ®

(or  Jnax |Ax| <2/(L—2) obtained from (9) by p — o) then P,, has all of its zeros

on the unit circle.
Let B,,_;, ¢; be defined by (6) with the coefficients of our monic polynomial.
(Gj)-2 If (9) holds with strict inequality or if (9) holds with equality, p > 1 and
not all absolute values of the nonzero coefficients (of P,) are equal then the zeros
e (I=1,...,m) of P, are simple and can be arranged such that

Q1 <u <qQ (121,...,1’)1) (10)

(Gj)-3 If (9) holds with equality and p =1 or p > 1 and the absolute values of
all nonzero coefficients (of P, ) are equal then double zeros may arise. In this case
€% (1 <1< m) is a zero of P, if and only if the coefficients of the monic P, satisfy
the conditions (8) and if this holds then ¢'? is necessarily a double zero of P, .

3. The case of degree four reciprocal polynomials

Let us consider a degree four monic reciprocal polynomial fi(z) = dHad+
7%+ c1z+ 1 with real coefficients. Its zeros are on the unit circle if and only if (see
Lakatos [2] p. 659-660) 2\/max{c; —2,0} < |c1] < min{4,(c2 +2)/2}. The figure
below shows the closed region D in the (cj,c;) plane, satisfying these inequalities
colored in gray (green in the pdf). Here and in the next figure the horizontal axis is ¢;
the vertical axis is ¢y .

The closed region D



fa satisfies inequality (1) or (9)

forp=1 ifandonlyif 2lci|+]|c2| <2,
forp=2 ifandonlyif 2|c;|>+|ca|? <4/3,
for p — oo ifand only if max|ci|,|ca| <2/3.

Denote by D1, D3, D. the closed regions corresponding to p = 1 (the closed rhombus
with vertices (—2,0),(0,1),(2,0),(0,—1)), to p =2 (the interior and boundary of the
ellipse with horizontal half-axis /4/3 vertical half-axis 1/2/3), to p — o (the closed
square of sides 2/3) respectively. The next figure shows the closed regions D.. C Dy C
D C D together.
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