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Abstract

We describe an efficient algorithm to calculate all solutions of unit
equations in several variables over global function fields. Note that
using the present tools it is not possible to solve completely unit equa-
tions in more than two variables over number fields. In the function
field case such equations are completely solved here for the first time.
As a typical application we determine all solutions of norm form equa-
tions.
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1 Introduction

Unit equations of type
ur+...+tu, =1

where u; are elements in a unit group of a number field or a function field,
play an essential role in the theory and in applications of diophantine equa-
tions. For example, Thue equations and index form equations can be reduced
to unit equations in two variables. General norm form equations lead to unit
equations in several variables. J.H.Evertse and K.Gy6ry [2] showed that any
decomposable form equation is equivalent to a system of unit equations in
several variables.

In the number field case Baker’s theory and reduction procedures allow
to solve unit equations in two variables, cf. 1.Gadl [3]. However, using the
presently known tools it is hardly possible to solve unit equations in three or
more variables. So, I.Jarasi [8] was only able to calculate ”small” solutions
of unit equations in three variables.

In the function field case unit equations in two variables were considered
by R.C.Mason [9] and unit equations in several variables by R.C.Mason [10],
[11]. In these cases it was assumed that the constant field is algebraically
closed, both for characteristic zero and finite characteristic.

In [4], [5] and [6] we considered function fields over finite fields. We
developed an algorithm for solving unit equations in two variables and also
Thue equations over such function fields. In the present paper we give an
effective algorithm for solving unit equations in three variables: this is the
first time that such unit equations are completely solved. This algorithm
has several applications. Here, we describe an efficient method for solving
certain norm form equations.



2 Auxiliary results

Let k = F, denote a finite field with ¢ = p? elements. The rational function
field of k is k(t) as usual, and K is a finite extension of k(t) of degree n and
genus g. The integral closure of k[t] in K is denoted by Og. We assume that
K is separably generated over k(t) by an element z belonging to Ox and
that & is the full constant field of K. The set of all (exponential) valuations
of K is denoted by V, the subset of infinite valuations by V,,. For a non-
zero element f € K we denote by v(f) the valuation of f at v. For the
normalized valuations vy (f) = v(f) - degv the product formula

Y on(f) =0, VfeK\{0}
veV
holds. The height of a non-zero element f of K is defined to be

H(f) == Y max{0,on(f)} = — 3 min{0,on(f)} -

veV veV

The following statements are generalizations of certain arguments of
R.C.Mason [11].

For any f € K but not in KP the genus g of the function field K is given

by
29 -2 = Zv(j{}) degwv. (1)

veV

For any f € K and any valuation v € V we have

o)==t p . oLz o) it s @)

Using the product formula, equations (1) and (2) yield for any f € K\ K?

Z (v (EZ;) —v(f)> degv =29 — 2 + Z degv . (3)

plv(f) pfo(f)



3 Unit equations in two variables

Let Vj be a finite subset of V', containing the infinite valuations. Then
the non-zero elements v € K satisfying v(y) = 0 for all v ¢ V) form a
multiplicative group in K. These elements are called Vy-units. (For Vy = Vo
the Vp-units are just the units of the ring Og.) We consider the unit equation

M+r+r=0 (4)
where the v; are Vy-units for a suitable set V.
Note that equation (4) can be written in the form
(2)+(2)-
73 V3
which is a unit equation in two variables.

Remark It suffices to assume that the ~;/7v3,v2/v3 are Vp-units which
makes the set Vj smaller, cf. the proof of Lemma 3.1 in [4].

When considering the general case we shall proceed by induction reduc-
ing the number of variables. The final step is the case n = 3 which we
excerpt from [4] for the convenience of the reader.

Lemma 3.1 Let Vj be a finite subset of V and let v; (1 <1i < 3) be Vp-units
satisfying (4). Then either % 1s in KP or its height is bounded:

H(“) <29 -2+ Y degu . (5)
73 veVp

4 The general case: Reduction of the number of
variables

Let V) be a finite subset of V' containing the infinite valuations. Let ~;, (i =
1,...,n) be Vp-units. The equation

Y1+...+Wm=0 (6)



is equivalent with the unit equation

(_j:) . (_”j;;l) —1 (7)

in n — 1 variables. (Note that the remark at the end of the previous section
holds here, as well: it suffices if the above fractions are Vjp-units.) The
reason to consider unit equations in more than two variables is that several
well known diophantine equations (e.g. norm form equations, resultant form
equations) lead to such unit equations.

In this section we show how to describe all solutions of equation (7) by
the solutions of a unit equation in a smaller number of variables.

Theorem 4.1 Let Vi be a finite subset of V and let v; (1 < i < n) be
Vo-units satisfying (6). Assume that no proper subsum of the sum in (6)
vanishes. Then we can explicitly construct a finite subset N of V', a solution
T1n of the Vo U N-unit equation

xln+x3n+---xn—l,n =1 )

and a Vo U N-unit ® satisfying

H(®) <29 —2+ > degv , (8)
veVy
such that "
— = Tin o . 9
- 0

Proof of Theorem 4.1. We divide all terms in equation (6) by 2 and
apply local derivation at an arbitrary valuation v to obtain

r1+z3+...x, =0 (10)

for z; :== (vi/72) (1 =1,3,...,n). (For simplicity, we denote by (.)’ the local
derivative at v.) The last equation is a unit equation of type (6), but with a
smaller number of variables. However, besides the valuations in Vj additional
valuations may appear for which the value of one of the x; is non—zero. The
set of such “new” valuations is denoted by N. The valuations v € N satisfy



v(vi) = 0 (1 < i < n), therefore also v(v;/v2) = 0 (i = 1,3,...,n),
but v(z;) = v((vi/72)) # 0 for at least one i € {1,3,...,n}. We set
J:={ie{l,3,....,n}|Fve V\V v(z;) # 0}. (We note that v(x;) >0 in
this case because of (2).) Then we put

f::H'Yj

jeJ Y2

For v € N UV, we then have v(f) = 0, hence p|v(f), and v(f") > 0 for
v € N. We also know that v(f") — v(f) > 0 for all v with plv(f). Using
these inequalities and (3) we obtain

Y degv < Y u(f) deguv=) (v(f) —v(f)) degv

veN veEN veN
< D ((f)—o(f) degv =29 -2+ Y degv
plv(f) pfo(f)
< 29-2+ Z degv. (11)
veVy

Here, the last equation is correct only if f is not a p-th power. But that is
guaranteed because of v(f’) > 0.

Note that the valuations in N can be explicitly constructed. For this
purpose recall that 7" —t is the product of all monic irreducible polynomials
of k[t] whose degree divides m. The finite valuations of degree < m of O
can all be obtained by splitting in O the valuations of k[t] belonging to
monic irreducible polynomials with degrees < m.

By (10) we obtain that z;, = —x;/z, (i =1,3,...,n — 1) are solutions
of the Vy U N—unit equation

Tin +23n+ ...+ Tp_1pn = 1 (12)

in a smaller number of variables.

Let @ be the element satisfying

n_ Mg (13)
Tn Tn



that is

!/
1 In 1 pr
_q)_ﬂ.ﬁ_ﬁ.(W) s (14)
Y w1 (Ll)’_‘l-h”
72 Yo h

where f = 4,/72, h = y /72, and f’,h’ denote the corresponding local
derivatives at an arbitrary valuation v.

Using (2), considering separately the four cases according to whether
v(f) and v(h) are divisible by p or not, and applying (3), we obtain

H(®) = —Zmln()v ) degwv
veV
= — > min(0,v(f") = v(f) +v(h) = v(h')) degv
veV
= — Z min(0,v(f’) —v(f) +v(h) — v(h')) degw
veVOUN

= — > min(0,v(f) —v(f) +v(h) —v(h')) degv

plv(h),plv(f)

— > min(0,v(f") = v(f) +v(h) —v(h')) degv

< - z min(0,v(h) — v(h')) degv — Z (=1) degw
plv(h) p\v( ) fo(f)
< Z degv + Z ) degv
plo(h).p fo(f) plv(h)
= Z degv +2g -2+ Z degv
plo(h)p fo(f) pfu(h)
< 29—2+ ) degu. (15)
veVp

We remark that the application of (3) (needed for the last equation) bases
on the assumtion that h is not a p-th power. Since no proper subsum of the
~i vanishes we have (7;/72)” # 0 in (13), hence h = 71 /72 cannot be a p-th
power.

In view of (13), (12) and the estimate (15) we obtain (9) and (8). O

Remark 1 Splitting in K the valuations of k[t] of small degree, we
usually obtain far too many possible valuations, for which > degv exceeds



the (usually very small) bound in (11). To speed up further calculations
at this stage it is advisable to consider several possible valuation sets N
containing just a few valuations, such that the bound in (11) holds. This
enables one also to parallelize the calculations.

Remark 2 From the proof of the last Theorem we can easily deduce

that
Vi

Tn
with Vo U N-units ®;, z;, subject to

= {Ein'(I)Z‘ (izl,S,...,n)

Tin +Z3n+ ...+ Tp_1pn = 1

and
H(®;) <29 — 2+ Z degv .
veEV
Hence, the solution of a unit equation in n — 1 Vj-units is reduced to deter-
mining the solutions of a unit equation in n — 2 VU N-units.

Remark 3 Assume that z;, € KP. Then for any valuation v € N (not

in V) we have
v <%) = v(Tin) + v(P;).
Tn

Since v(vi/vn) = 0 and plv(x;y), we have plv(®;) for all these valuations.
In several examples the small bound (8) implies |v(®;)| < p which in such
cases imply that N is in fact empty and both z;, and ®; are Vy—units. If
|v(®;)| > p then it can be used to exclude p-th powers with higher exponents
of p.

5 Unit equations in three variables

In this section we develop an explicit method for solving equation (6), re-
spectively (7), in the case n = 4.

According to Remark 2 in the previous section, the terms in equation
(7) can be expressed as

ﬂ = 1’0‘13, E = yO‘I’a B = ZOA (16)
4 V4 V4



where xg, 1o are corresponding solutions of the VU N-unit equation xo+yg =
1, zp is a solution of a similar equation, and the elements ®, ¥, A are also
Vo U N-units of small height, that can be considered as fixed elements (we
can explicitly determine all their possible values). Therefore equation (7)
can be written in the form

0P + yo¥ + zpA = —1. (17)

We need to consider two cases I and II.

I. If any of the three elements xg, yo, 20, say o, is not a p-th power, then
we can calculate all potential values of 2y according to Theorem (4.1). Also,
we have yp = 1 — x, and we get zp from equation (17).

II. If all these elements are p-th powers, then using local derivation at
an arbitrary valuation we get

o® + yg\I/’ + 2o\ = 0. (18)
Note that xz = y = 2z, = 0 in that case. We need to discuss two subcases

(A, B) of II.

A) If &, ¥ A € k, then equation (18) is meaningless but both sides of
(17) are p-th powers and we can take p-th roots to make the valuations of
o, Yo, 20 Smaller. This can be applied repeatedly until we end up in case I.

B) If some of ®, U, A are not constants, then using yp = 1 — xg we get
((I)—\I’).To—l-AZo = —-1-v
((I), — \I//) xro + AN 20 = —. (19)
From this system of linear equations we can determine zg and zy. Note that
the only case when this system of linear equations is not uniquely solvable
is when (& — U)A' — (&' — ¥')A = 0 that is (P — ¥)/A is a constant. In this
case we can use a further equation

((I)”—\II”) To + A 20 = _y”

6 Application to norm form equations

Let L be a finite extension field of K of degree m > 4 and denote by Of,
the integral closure of k[t] in L. Let a, 8 € Op, be linearly independent over



K such that L = K(«,3). Let 0 # p € Ok and consider the norm form
equation in three variables

Npk(x+ay+B2)=p (2,y,2 € Ok). (20)

Denote by «, 5; (i = 1,...,m) the conjugates of «, 3 over K. Then for any
distinet 1 <4, 4, k,l < m the linear forms §,(X,Y, Z) = X + ap,Y + B, Z are
linearly dependent over L, hence we can explicitly calculate v, € L (h =
i, 7, k,1) such that for any solution z,y,z € Ok of equation (20) we have

Yi - 57:('r7y7 Z) + ’Yj : 5j($7yvz) +’Yk . 5k($,y7 Z) + " 51(337% Z) =0
whence

i@y, 2) v iy, 2) e Ok, y, 2)

=1.
P)/l'dl(xay7z) ’Yl'(sl(xﬁy?'z) f)/l'(sl(xvyvz)

Let V4 be the set of valuations of L containing the infinite valuations and
the valuations occurring in . Then all 6;(x,y, z) are Vp-units. Let V; be
an extension of the set Vj containing also the valuations occurring in any
of the v, € L (h = i,j,k,l). Then all fractions in the above equation are
V1-units and we can apply our results of the previous section. Usually p-
th powers can be excluded, if there exist valuations (not contained in Vjp)
which only occur in ~; /4, with values not divisible by p, but cannot occur in
di(z,y,2)/01(x,y, z) or by considering Galois automorphisms (see Example
2).

In this way we can calculate elements v; such that
6i($7 Y, Z) =V 51(177 Y, Z)

for i = 1,...,m. Substituting them into equation (20) we get

<H Vi) ) 5l(x’y7 Z)m =p
=1

which makes it possible to determine &;(z,y, z) and then all 6;(z,y, z). By
solving systems of linear equations we can then determine all possible solu-
tions (z,y, z) of equation (20).

10



7 Examples

Example 1
Let k = F5 and let a be a root of

A —t=0.

Let K = k(t) and L = K(«) and consider the solutions of the norm form
equation
NL/K(eraeran):c't (:U,y,zEk‘[t]) (2]‘)

with an arbitrary ¢ € k*.

The field L has genus ¢ = 0 and L/K has a cyclic Galois group. The
conjugates of a over K are

a] =, o =20, az = —a, ag = —2a.

The linear forms §;(z,y,2) = = + a;y + a2z satisfy
61(3:7 Y, Z) - 52(1’, Y, Z) + 53(17, Y, Z) - 54($7 Y, Z) =0

whence

61(.’E,y,2’) N 52($,y,2) (53(1’,:%2)

54(1'72% Z) 54(1‘,1/,2) 54($7yvz)
There is one infinite valuation vy, of degree 1 in L and there is one valuation
vg of degree 1 corresponding to t. Set Vo = Vi = {vs,vp}. Since 2g — 2 +

> vev, degv = 0, the set N of new valuations (those introduced in Theorem
4.1) is empty and in the representation

=1.

51($, Y, Z)

=z9P
64(:6’?/’2) "o

the solutions x( of the Vy-unit equation in two variables and the Vy-units ®
are constants. (Therefore the p-th powers of x are also constants.) Similarly
0 (z,y,2)/04(x,y, z) and da(z,y, 2)/da(z,y, z) are constants, whence

c1-04(zy,2) =t

with some ¢; € k*. This implies d4(x,y,2) = coayq, whence 6;(x,y,z) =
coa (i = 1,2,3) with c2 € k*. The only solution of equation (21) is z =
0,y = ¢,z = 0 for some c € k*.

11



Example 2
Let k = F3 and let a be a root of

Ay +tz+1=0.
(Observe that this is in fact the family of simplest quartic fields, cf. [7]).

Let K = k(t) and L = K(«a). Consider the solutions of the norm form
equation

NL/K(x+ay+O[2Z):C (1"7y)zek[t]) (22)
with an arbitrary ¢ € k*. L/K has a cyclic Galois group generated by
a—1
o(a) = a+1

Let oy = o' 1(a) for i = 1,2, 3,4. The linear forms §;(z,y, 2) = z+a,y+aiz
satisfy
€ 51('1:7 Y, Z) + n 52(.27, Y, Z) + P 53(1:) Y, Z) = 54($7 Y, Z) (23)

with certain units €, 7, p which are easy to calculate.

The function field L has genus g = 0, it has four infinite valuations
Voo, 15 Uso,2; Uso,3; Uso 4 all of degree 1. By our notation Vy = {vs0,1, V00,25 Voo 35 Voo 4 }
then all summands in equation (23) are Vp-units.

We have 29 —-2+>, . degv = 2. For the set of new valuations IV (those
introduced in Theorem 4.1) we have >, .y degv < 2. Factorizing 3 —t
over k we find that apart from the infinite valuations all valuations have
degrees at least two. Moreover, the only valuations of degree 2 are the two
valuations vg,1,vp2 corresponding to ¢ and the valuation vy corresponding
to t2+1. Hence the set N contains exactly one of the above three valuations
of degree 2.

Up to constant factors there are 115 V5 U N-units ® of height < 2 and
there are 664 solutions of the VyU N-unit equation xg+yo = 0 of height < 4
which are not pth powers. Applying Theorem 4.1 to the equation

Eél(l'ayvz) 52(1',]/,2) + 53(13,3/,2)

=1
@y z) | oa(zyz) L da(ay, 2)

we obtain 5
n 2(55‘,%2) _ x;g" P
€ 51(55,3/, Z)

12



where xg, ® is as above, p® is an unknown exponent. By Remark 2 after
Theorem 4.1 we also have

p63 €Z,Y,z ”
PO )
Eél(xayaz)

where yg = 1 — xg is the corresponding solution of the Vy U N-unit equation
xo+yo =0, and ¥ is a Vp U N-unit of height H (V) < 2.

This yields
51 (CC, Y, Z) _ M

- K 9 24
52(x,y, Z) .’I}g ( )
é
1(55;3/; Z) —_ V,{, (25)
63(56’3/’ Z) yg
with
F= e ew

Applying o to (24) we get

52(a;,y,z) _ U(M)

63(‘Tayaz) G(‘TO)pK

whence using (24) again we obtain

01(x,y,2) _ po(p)
53($,y, Z) Iﬂgﬂ O'(I‘O)pﬁl

This, compared with (25) implies

polp) v

zh ozl g

K9

that is
< 1—2xg )p v
0 0 (20) po(p)
The right hand side of this equation is of bounded height. If the left hand
side is not constant, then by comparing heights, this equation allows to
bound the exponent p®. Indeed, apart from 9 possible solutions xg, the

left hand side is not constant and considering all possible values of ®, ¥ we
obtain x < 1.

13



In order to exclude pth powers of zg in the remaining 9 cases consider
the Vp U N-unit equation

_5 51($,y,2) o n 52($7yaz) 54(‘/1773/’2)

=1.
p53($7yaz) p53(x7y’z) p53($;y;2)
Similarly as above we become
n 52(5(}7 Y, Z) pr
- P 26
651(90,3/7 Z) "o ( )
and 6 )
4 x? y’ z — p"€ \Ij 27
€ 61 (.’13‘, Y, Z) yO ( )

where again we have the same possibilities for the values of zg,yp = 1 —
x0, ¥, ®. Applying o to equation (27) yields

(51(',1;7:% Z)

Sy = o) o) o(),

which, compared with equation (26) implies

" n
gl\E) o p g ) = " )
@ olwl” (1) = e
that is 0
(g o(1 —zp))P =

eo(e)®o(V)
Comparing again heights on both sides of the last equation we usually get

k < 1 and we can exclude pth powers for all remaining o ¢ k*. For zo € k*
(i.e. xg = 2) the exponent k is of course arbitrary.

Now we use for example equation (24) to calculate

K

p
= To

I

S

where we consider all possible values of xy and ® (in calculating u), and
k =0,1. Then we have

0o(x,y,2) = soi(x,y,2)
53(:67:% Z) = J(S) 52(567:% Z) :SU(S) 51($,y,2’) (28)
o4z, y,2) = 02(8) d3(x,y,2) = s o(s) 02(5) 0 (z,y, 2),

14



therefore by the original equation (22) we obtain

Cc= (51(1’,1%2) (52($,y, Z) 53($,y72) (54(1',?;,2)

of equation (22):

=S 0

3

(3)2 0_2

(S) 61 (1’, Y, 2)4

which allows to determine all possible values of d1(x,y, z), whence by (28)
we may calculate the values of §;(z,y,2),i = 2,3,4, as well. Solving the
corresponding systems of linear equations we obtain the following solutions

elylef[afyle]afyle]afylz]a]y]z]
olofJ1]foJo[2ofzJoffo[1]1[[o1]2
ol2foffof2l1ffol2]2]1]olof[1]0]2
1l1lofftlrfrfrl2lof1l2]1]2]0]0
2loltf[21]oll2]1]2] 22021212
(el v [ 2 [[ = [ v | = [ = | y [ =z |
1 t 1 2 2t t t+2 | t+2 2
1] ¢ 2 2 2t 2t 2t 1 i
1 t t 2 |2t+1] t+2 2t t 2
1 t 2t 2 |2t+2]2t+2 2t 2t 1
1lt+1] t+1 t 2 2t 2+ 1 0 t+1
1[t+2]2t+1 t t 2 24+1 | 2t+1] 1
1] 2t 1 t 2t 1 2t + 2 0 t+2
2 ¢ 2 t+1 0 241 2t+2] t+1 2
2 2t 1 t+1|2t+2 1
2 2t 2 t+2 0 2t + 2
N y z [ = y z
0 ¢ 2 +2 242 212t +2 2t
0 2 27+ 1 242 27+ 2t + 1 t
0 242 2t 2 +t+2 t 27+t +1
0 T+t+2 | P+2t+2 P+t+2 | 24242 0
0 Cro+2 [ 20 +2+1| 2+t+2 267 + 1 212t +2
0 2t +1 t 24+ 2t +2 t 207 2t + 1
0 27+t +1 | P+t+2 2+ 242 242 P+t +2
0 2242t +1 | 282 4+t+1 || 24+2t+2 [ 267+ 2t+1 0
t 2 +1 2t 267 + 1 t 0
t 242 0 202+ 1 24+t +2 2t
t 2+t+2 2 +2 2t + 1 27 Ft+1 t
t 2+ 2t+2 2t +1 2t +2 t 7 +1
2 27+ 1 0 22+t +1 2t 2 4+t+2
2 2t7 42 t 202 +t+1 | 24t+2 0
2 27+t +1 2 +2 27+t +1 267 +1 267 2t + 1
2t 2T+ 2t + 1 27+ 1 224+ 2t + 1 2t 242642
2 +1 2 2t7 42 27+ 2t + 1 t2+2 27 Lt 41
242 2t 0 2742t +1 | 22+t +1 0

15




x y z

2 +1 2t 2t +2
212 +2 2% + ¢ t7+1
2 HtT+ 2 tT+28+¢t+1 | " +28 42 +t+1
25 + 27 + ¢ AT+t 2au+2 [ 2P+ 5+ 287+ 26+ 2
2+ 267 + 2t T tT 420 4+1 [ 287+ 285+ 262 4t + 2
2T+t 4 ¢ T 25t 42| 4T+ +2+1
25 + ¢ 2 +1 542t
5+ 2t 22 +2 23+t
T2+ 2+t +1 |2+ 2t +2 2+t + 2t
AT P 27 42+ 2 [ P25 F 1 203 + 27 + ¢t
T2 +2+1 | 4 +2t+1 23+t ¢
T ot L2ttt 2 [ AT L2t 2 2+ 27 + 2t
Example 3

Let k =5 and let « be a root of
AL t+3)2+1=0.

Let K = k(t) and L = K(«). Consider the solutions of the norm form
equation

NL/K($+ay+a2z) =ct (z,y,z € k[t]) (29)
with an arbitrary ¢ € k*. L/K has a bicyclic Galois group. The roots of f
are

o = Vi+Vi+1l
ar = —Vt+Vi+l
az = Vi-vi+1
ay = —Vi-Vi+1

The authomorphism group of L/K is generated by 01,02 with

o1(Vt) = —vt, oi(Vt+1) =Vt +1

and

Ug(\/g) = \/7?, 0'2(\/t 1) = —Vvt+1.

This implies that the non-trivial elements (all of order two) of the autho-
morphism group are o1, 09,0102 with

o1(a1) = ag, o1(as) = au

16



o2(a1) = as, o1(az) = oy

0102(041) = (4, 0'102(052) = Q3.
Solving equation (29) we shall use the ideas of Section 5. The linear forms
8i(x,y,2) = T + ay + oz satisfy
51(‘T7 Y, Z) + 4a% 62(565 Y, Z) + Oé% 63(1‘7 Y, Z) = 64('1"’ Y, Z)? (30)

hence compared with equation (16) we have

l _ _51(1’,y,2)
V4 (54(1‘,y,25)
Y3 3 53('%'7:% Z)
B 3B 31
Y4 ! 54(.%',3/, Z) ( )
B _ _40[% 52(3773172)‘
Y4 54($7y72)
Further, we shall use that
(52(‘,177y72) _ 52($,y72’) . (53(117,y72) - o (51($,y, Z)) . 53(.T,y, Z) (32)
54(‘/1:73/72) (53(56,y,2) 54($7y7 ) 54($,y, Z) 54($,y, Z).

The function field L has genus g = 0, it has two infinite valuations
Uso,1,Voo,2 and two valuations vg 1,v02 corresponting to ¢, all of degree 1.
Let Vo = {vs0,1, Vs0,2, V0,1, V0,2 }, then all summands in equation

N2y (33)

are Vp-units. We have 29—2+3, -y, degv = 2. For the set of new valuations
N (cf. Theorem 4.1) we have > .ydegv < 2. Factorizing 5" — t over
k and considering elements of bounded height with non-zero values only
at given valuations we find that additionally only the valuations vy 1,v1 2,
corresponding to t 4+ 1 both of degree 1, may occur in N.

According to (17) we have

N 20®, B= (1 20)0, (34)

Y4 Y4
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where xg and ®, ¥ are VpU N-units, zq satisfying the unit equation xg+yg =
1 with a Vo U N-unit yo, with H(®), H(¥) < 2 and g is either a pth power
or H(zg) < 4. Further, by (32) we get

B _ *4&% 52($7y72) _ *40{% o1 <51($7yvz)) . (53(-%,1/,2) _
Y4 64($7y72) 54($7yaz) 54(1',y,Z)

-1) —4
—(-4) a0 (—71)-( .:()ag;@ l—2) U. (35
(ot (-2) S0 B o () o) (o) v (35)
This implies that equation (33) can be written in the form
—401(P) W
T0® + (";()> r(wo) (1—m0) + (1—2) ¥ =1 (36)
1
or equivalently
$0(I)+(1—$0)\IJ+20A:1 (37)
with 4oy (@)
=14
A = 17, zZ0 = 01(.@0) (1—.@0).

aq

I. If zy is a pth power then by H(®) < 2 < p Remark 3 after Theorem 4.1
implies that IV is in fact empty, and zg, @, ¥ are Vj units. Obviously 1 — xq
and zgp = o01(z0)(1 — x0) are also pth powers. Using local derivation at a
valuation by Section 5 equation (37) gives

(q)*\l’)xo + Azg = 1-0
(q)/—‘lfl) xro + A 20 = -, (38)

Up to constant factors there are 55 V{ units of height < 2. Observe that
® = WV is not possible and eliminate zg from the above system of equations
to get

2o(AN(® — V) — A(®' —U)) = A'(1-T)+ AT,

Considering all possible values for ® and ¥ we calculated zg from the above
equation. Note that in all cases when the coefficient of xy was zero (that
is (& — ¥)/A is constant) we had a non-zero right hand side, that is a
contradictory equation. We tested if xg is indeed a Vj unit and a pth power.
We obtained, that all possible values of g are constants. By equations (31),
(34), (35) we can calculate the actual values of d;(z,y,2)/04(x,y,2) (i =
1,2,3). Further, by the original norm form equation (29) we have

01(z,y,2) 02(z,y,2) d3(zy Z))_l
4 e 1\¢Ly . I . L
oa(z,y,2)" = c-t (54(%%2«) ou(x,y,2) O4(z,y, 2)
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which gives d4(x, y, z), whence we can calculate the values of the other linear
forms. By solving a system of linear equations we get x,y, z. All solutions
we calculated in this case are

(x,y,2) = (1,4,0),(0,4,1),(1,1,0),(0,1,1)
and their constant multiples.

IT. Assume that zg is not a pth power. Then N = {v; 1,v12}. o and &, ¥
are Vy U N-units with

H(wo) <4, H(®) <2, H(T)<2.

There are 271 possible values for xy and up to constant factor there are 743
possible values for ® (and V). To reduce the number of possible cases to
test we consider

_ iey,2) Ga(zy,2)
= i@ y.2) Gi(wy.2)
_ a(ey,2) S(xy.2)
~ 5(y.2) Sa(wy.2)

= (CEOq)) . 0102(130‘1))

= O'1($U(I>) . O'Q(ﬂfoq)).

Checking the above equations instead of 271 - 743 = 201353 pairs there
only remain 4235 possible pairs xg,® and for each pair we can calculate
the possible constant factors of ®, as well. Further, equation (36) gives the
corresponding ¥ which also must be checked if it is a Vi U N-unit of height
< 2. From zp, ®, ¥ we can calculate the solutions x,y, z of equation (29).
In this case we do not get any further solutions.

Remark All computations were performed by using Kash [1]. The com-
putations of Example 1 took just a few seconds, Examples 2 and 3 took
several minutes.

References

[1] M. Daberkow, C.Fieker, J.Kliiners, M.Pohst, K.Roegner and
K.Wildanger, KANT V4 , J.Symbolic Comput. 24(1997), 267-283.

[2] J.H.Evertse and K.Gyéry, Finiteness criteria for decomposable form
equations, Acta Arith. 50 (1988), 357-379.

19



3]

[4]

[5]

[.Gadl, Diophantine equations and power integral bases, Birkh&auser,
Boston, 2002.

[.Gaal and M.Pohst, Diophantine equations over global function fields
I: The Thue equation, J.Number Theory 119(2006), 49-65.

[.Gaal and M.Pohst, Diophantine equations over global function
fields II: S-integral solutions of Thue equations, Experimental Math.,
15(2006), No.1., 1-6.

[.Gadl and M.Pohst, Diophantine equations over global function fields
1II: An application to resultant form equations, submitted.

M.N.Gras, Table numerique du nombre de classes et des unites des
extensions cycliques reelles de degre 4 in (), Publ. Math. Fac. Sci. Be-
sancon, 1977-1978, fasc. 2.

1.Jarasi, Computing small solutions of unit equations in three variables
1: Application to norm form equations, submitted, II: Resultant form
equations, Publ. Math. (Debrecen), 65(2004), 399-408.

R.C.Mason, Diophantine equations over function fields, Cambridge Uni-
versity Press, 1984.

R.C.Mason, Norm form equations I, J. Number Theory 22(1986), 190—
207.

R.C.Mason, Norm form equations III: Positive characteristic, Math.
Proc. Camb. Philos. Soc. 99 (1986), 409-423.

20



