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1. El}ozm�enyek, motiv�aci�o �es c�elkit}u-

z�esek

A Debreceni Egyetem Matematikai Int�ezet�enek legnagyobb
hagyom�anyokkal rendelkez}o kutat�asai a di�erenci�algeometria
egy fontos, klasszikus fejezet�enek, a Finsler-geometri�anak
t�argyk�or�ebe tartoznak. Ezeket a kutat�asokat Varga Ott�o, vala-
mint k�ozvetlen tan��tv�anyai, Rapcs�ak Andr�as, Tam�assy La-
jos, Mo�or Arthur �es So�os Gyula ind��tott�ak el. (Varga Ott�o
sz�ulet�es�enek 100. �evfordul�oj�ar�ol 2009-ben eml�ekezt�unk meg.)
Az �ertekez�es t�em�aj�aban ezekhez a hagyom�anyokhoz csatla-
kozik, s}ot m�eg r�egebbi forr�asb�ol is mer��t. Varga Ott�o tu-
dom�anyos munk�ass�ag�at Ludwig Berwald ir�any��t�as�aval a Pr�agai
N�emet Egyetemen kezdte el az 1930-as �evek k�ozepe t�aj�an. Lud-
wig Berwald (1883-1942) volt a klasszikus Finsler-geometria
t�enyleges megalapoz�oja �es legkiv�al�obb m}uvel}oje. �Ertekez�es�unk
sokban t�amaszkodik Berwald k�et nagyszer}u dolgozat�ara
([16],[17]), amelyekhez a lehet}os�egek szerint terminol�ogi�ankban
�es jel�ol�eseinkben is igyeksz�unk igazodni.M�odszereinkben ugyan-
akkor azt az ezredfordul�o t�aj�an kidolgozott appar�atust (ld. pl.
[57]) alkalmazzuk, amelynek szembesz�ok}o formai jegye a klass-
zikus di�erenci�algeometria indexekt}ol tobz�od�o ��r�asm�odj�anak
teljes hi�anya. Tartalmilag: t�argyal�asunk sz��nter�e�ul - a t�obb
k��n�alkoz�o lehet}os�eg k�oz�ul - egy sokas�ag �erint}onyal�abj�anak a
has��tott �erint}onyal�ab projekci�oja �altali visszah�uzottj�at ("pull-back") v�alasztottuk. Ennek megfelel}oen az alkalmazott formaliz-
musra a pull-back formalizmus elnevez�es is haszn�alatos az iroda-
lomban. B�ar az ut�obbi id}oben sz�amos munka��r�odott ebben a for-
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malizmusban, a klasszikus elm�elet m�eg t�avolr�ol sincs �at�ultetve
erre a nyelvre. Ennek sz�amos oka van. Az egyik nyilv�anval�o
ok az, hogy a k�ul�onb�oz}o iskol�ak ragaszkodnak saj�at, megszo-
kott nyelvezet�ukh�oz �es eszk�ozeikhez. Egy m�asik, nyom�os ok
az, hogy a "ford��t�as" p�eld�aul a klasszikus tenzorkalkulusr�ol
a pull-back formalizmusra egy�altal�an nem automatikus, �es ez
hatv�anyozottan igaz a bizony��t�asok index-mentess�e t�etel�ere.

A disszert�aci�o vez�erelve az a m�ar Berwaldn�al kitapinthat�o
�eszrev�etel, hogy

a Finsler geometria egy jelent}os r�esze kifejezhet}o puszt�an a
strukt�ur�at de�ni�al�o Finsler-f�uggv�eny �altal meghat�arozott

kanonikus sprayre alapozva.

R�oviden:

a Finsler geometria nagy m�ert�ekben spray-geometria.

Ennek megfelel}oen munk�ank sor�an egyik c�elkit}uz�es�unk az
volt, hogy - hat�arozott priorit�ast biztos��tva a spray-strukt�ur�anak
- lehet}oleg teljes �es �onmag�ab�ol meg�erthet}o ("self contained")m�odon kifejts�uk a spray-geometri�anak azt a r�esz�et, amelyre a
vizsg�alni k��v�ant speci�alis probl�em�ak t�argyal�as�an�al sz�uks�eg van.
Ez a c�elkit}uz�es azt is maga ut�an vonta, hogy �on�all�o bizony��t�assal
egy�utt t�argyaljunk olyan, a hagyom�anyos elm�eletb}ol ismert
t�enyeket, amelyek a mi fogalmi kereteink k�oz�ott eddig nem
voltak el�erhet}ok. Az ebbe a kateg�ori�aba tartoz�o vizsg�alataink
h�arom csoportba sorolhat�ok:

(1) Technikai jelleg}u eredm�enyek megfogalmaz�asa �es iga-
zol�asa. Tipikus p�eld�ak: homogenit�asi tulajdons�agok, Ricci-
�es Bianchi-azonoss�agok.



3

(2) Fontos klasszikus t�etelek �uj interpret�aci�oja �es bizony��t�asa.
P�eld�ak: a Schur-lemma Finsler-geometriai verzi�oja, a
skal�arg�orb�ulet}u Finsler-sokas�agokra vonatkoz�o Berwald -
del Castillo - Szab�o Z. t�etel.

(3) A k�etdimenzi�os Finsler-sokas�agok Berwald-f�ele
elm�elet�enek �at�ultet�ese a pull-back formalizmusba.

Vizsg�alataink egy tov�abbi r�esze a k�ovetkez}o
probl�emaf�olvet�es k�or�e �osszpontosul:

Mit mondhatunk egy olyan Finsler-sokas�agr�ol, amelynek
valamelyik fontos tenzori�alis adata csakis helyf�ugg}o?

A k�erd�es az�ert �erdekes �es term�eszetes, mert a Finsler-
geometria tipikusan hely �es ir�anyf�ugg}o objektumokkal dol-
gozik. Az els}o klasszikus t�etel, amely ebbe a kateg�ori�aba
sorolhat�o, �eppen az im�ent eml��tett Schur-lemma, amely
(tov�abbi, technikai felt�etelek mellett) azt �all��tja, hogy ha egy
Finsler-sokas�ag skal�arg�orb�ulete puszt�an a helyt}ol f�ugg, akkor
a skal�arg�orb�ulet konstans f�uggv�eny. A k�erd�esk�or m�odszeres
vizsg�alat�at t�emavezet}om, B�acs�o S�andor �es Makoto Matsumoto
jap�an professzor ind��totta el az 1990-es �evek v�eg�en, munk�ankkal
ezekhez a kutat�asokhoz csatlakoztunk.

A Finsler-geometria egyik legintenz��vebben kutatott �es igen
szerte�agaz�o t�em�aja a speci�alis - bizonyos tulajdons�aggal kit�unte-
tett - Finsler-sokas�agok vizsg�alata. A t�argyk�or tal�an legm�elyebb
eredm�enye is erre a ter�uletre esik: Szab�o Zolt�an 1981-ben
�altal�anos strukt�urat�etelt nyert az �un. Berwald-sokas�agokra [55],
amelyet az ut�obbi �evekben tov�abb �nom��tott [56]. Dolgozatunk-
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ban szint�en foglalkozunk bizonyos tenzori�alis felt�etelekkel de-
�ni�alt speci�alis Finsler-sokas�agokkal.

Rapcs�ak Andr�as az 1960-as �evek elej�en fontos eredm�enyeket
�ert el az �un. p�alyatart�o lek�epez�esek elm�elet�eben, �es egy ez-
zel szorosan rokon t�em�aban, a p�alyaterek metriz�alhat�os�ag�anak
vizsg�alat�aban. A t�argyk�or �erdekess�eg�et al�ah�uzza, hogy Hil-
bertnek az 1900-as P�arizsi Matematikai Kongresszuson tartott
h��res el}oad�as�aban felvetett IV. probl�em�aja megfogalmazhat�o
ilyen metriz�al�asi probl�emak�ent. A Rapcs�ak Andr�as �altal ka-
pott eredm�enyek egy r�esze az ezredfordul�o t�aj�an modern meg-
fogalmaz�ast �es bizony��t�ast nyert [61]; ezt a munk�at is folytatni
k��v�antuk, kapcsol�odva egyben t�emavezet}om �es M. Matsumoto
ide vonatkoz�o vizsg�alataihoz ([2], ill. [38]).

2. Az �ertekez�es tartalma �es �uj ered-

m�enyei

A k�ovetkez}okben r�ovid �osszefoglal�as�at adjuk az egyes
fejezetek tartalm�anak, �es felsoroljuk, hogy mi az igaz�an �uj
eredm�eny benn�uk, ill. melyek a r�eszben, vagy csup�an technikai-
lag �uj �eszrev�etelek. Eml��t�est tesz�unk klasszikus eredm�enyek �uj
interpret�aci�oj�ar�ol �es bizony��t�as�ar�ol is.

1. fejezet A munk�at a sz�uks�eges el}ozm�enyek r�ovid
�osszefoglal�as�aval ind��tjuk. Ebben a fejezetben azokat a
legn�elk�ul�ozhetetlenebb di�erenci�algeometriai fogalmakat �es
t�enyeket gy}ujtj�uk �ossze, amelyekre a tov�abbiakban v�egig
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t�amaszkodunk, r�ogz��tve egy�uttal az alapvet}o jel�ol�esbeli �es ter-
minol�ogiai meg�allapod�asokat is. A fejezet egyetlen, technikai
szempontb�ol �erdekes �ujdons�agot tartalmaz, a τ -menti

(
1

s+1

)
-

t��pus�u tenzormez}ok nyom�anak egy indukt��v �ertelmez�es�et, amely
k�es}obbi, k�ovetkezetesen indexmentes sz�amol�asainkban hasznos-
nak �es hat�ekonynak fog bizonyulni. (Megjegyezz�uk, hogy az
oper�aci�o a koordin�at�as nyelvezetben term�eszetesen igen egy-
szer}u: �osszegz�est jelent a kontavari�ans �es az els}o kovari�ans in-
dexre.)

A teljess�eg kedv�e�ert reproduk�alunk egy egyszer}u bizony��t�ast
a di�erenci�alis Bianchi-azonoss�agra, amelyet �altal�anos (de
v�eges rang�u) vektornyal�abon adott kovari�ans deriv�al�asra fogal-
mazunk meg.

Vizsg�alataink sz��ntere a tov�abbiakban a τ : TM → M

�erint}onyal�ab, ill. a
◦
τ :

◦
TM → M has��tott �erint}onyal�ab τ , ill.

◦
τ �altali visszah�uzottja, a

π : TM ×M TM → TM , ill. a ◦
π :

◦
TM ×M TM →

◦
TM

"
pull-back" nyal�ab; nevezz�uk a r�ovids�eg kedv�e�ert az ut�obbit
Finsler-nyal�abnak. A ◦

π szel�esei �altal alkotott Sec( ◦π) C∞(
◦
TM)-

modulus tenzoralgebr�aj�an az ismert elj�ar�assal bevezet�unk egy
kanonikus tenzorderiv�aci�ot, a ∇v vertik�alis di�erenci�al�ast.

2. fejezet R�ogz��tj�uk, hogy mit �ert�unk Ehresmann-
konnexi�on, �es eml�ekeztet�unk a spray fogalm�ara, valamint en-
nek k�ul�onb�oz}o verzi�oira (semispray, m�asodrend}u vektormez}o,
a�n spray). B�ar mindk�et fogalom j�ol ismert, a pontos de-
�ni�al�asukra sz�uks�eg van, ugyanis az irodalomban sz�amos nem
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ekvivalens vari�ansukkal tal�alkozhatunk. Le��rjuk az Ehresmann-
konnexi�ok �es a semisprayk k�oz�ott M. Crampin �es J. Grifone �altal
fel��rt, alapvet}o kapcsolatot. Bevezetj�uk sz�amol�asaink legfonto-
sabb technikai eszk�oz�et, a Berwald-deriv�al�ast (∇), amely egy
Ehresmann-konnexi�o �altal sz�armaztatott "horizont�alis r�esz"-
b}ol (∇h) �es a vertik�alis di�erenci�al�asb�ol �ep�ul fel. Egy

◦
TM -en

�ertelmezett sima f�uggv�eny m�asodik horizont�alis di�erenci�alj�ara
levezetj�uk a hh-Ricci azonoss�agot. Ebben fell�ep az alapulvett
Ehresmann-konnexi�o R g�orb�uleti tenzora. Megmutatjuk, hogy
ennek horizont�alis di�erenci�alj�ara �erv�enyes a

S
(X,Y,Z)

(∇hR)(X̂, Ŷ , Ẑ) = 0

Bianchi-azonoss�ag. Ezzel a fontos rel�aci�oval nem tal�alkoztunk az
irodalomban. Tartalmilag azt fejezi ki, amit a J. Grifone alap-
vet}o dolgozat�anak [27] I.61 �all��t�as�aban szerepl}o

[h, R] = 0

rel�aci�o. Itt a [, ] szimb�olum az �un. Fr�olicher-Nijenhuis z�ar�ojel,
amelynek ki�ert�ekel�ese meglehet}osen hosszadalmas. Az �altalunk
fel��rttal szorosan rokon �es hasonl�o form�aj�u Bianchi-azonoss�agot
nyert kor�abban M. Crampin is [18], de sokkal kev�esb�e
term�eszetes m�odon.

3. fejezet Az Ehresmann-konnexi�ok Berwald-g�orb�ulet�et
vizsg�aljuk, amelyet �ugy kapunk, hogy a Berwald-deriv�al�asb�ol
sz�armaz�o szok�asos

R∇(ξ, η) : Z̃ ∈ Sec( ◦π) 7→ R∇(ξ, η)Z̃ := ∇ξ∇ηZ̃−∇η∇ξZ̃−∇[ξ,η]Z̃ ∈ Sec( ◦π)
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g�orb�uleti oper�atort vertik�alis �es horizont�alis vektormez}ok�on
�ert�ekelj�uk ki:

B(X̃, Ỹ ) := R∇(iX̃,HỸ ) ; X̃, Ỹ ∈ Sec( ◦π).

(Az i C∞(
◦
TM)-line�aris lek�epez�es azonos��tja a Sec( ◦π) modulust

a
◦
TM f�ol�otti vertik�alis vektormez}ok modulus�aval.)
N�eh�any, a k�es}obbiekhez sz�uks�eges technikai jelleg}u eredm�eny

(kisz�am��t�asi formula, szimmetria- �es homogenit�asi tulajd-
ons�agok, a B tenzort tartalmaz�o Ricci-azonoss�agok) levezet�ese
mellett megmutatjuk, hogy a Berwald-g�orb�ulet pontosan akkor
t}unik el, ha az Ehresmann-konnexi�ob�ol sz�armaz�o horizont�alis
deriv�al�as b�azikus abban az �ertelemben, hogy egy, az alapso-
kas�agon adott

D : X(M)× X(M) 7→ X(M) , (X, Y ) 7→ DXY

kovari�ans deriv�al�as term�eszetes liftje:

∇h

X̂
Ŷ = D̂XY ; X, Y ∈ X(M);

X̂(v) := (v,X(τ(v))) , v ∈
◦
TM.

4. fejezet Ebben a szakaszban az Ehresmann-konnexi�ok
�un. a�n g�orb�ulet�et diszkut�aljuk, k�ul�on�os tekintettel arra az
esetre, amikor az Ehresmann-konnexi�ot egy spray gener�alja
a Crampin-Grifone konstrukci�o szerint. Az a�n g�orb�uletet
az Ehresmann-konnexi�ohoz csatolt Berwald deriv�al�asb�ol �ugy
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kapjuk, hogy annak g�orb�uleti oper�ator�at k�et horizont�alis vek-
tormez}on �ert�ekelj�uk ki:

H(X̃, Ỹ ) := R∇(HX̃,HỸ ) ; X̃, Ỹ ∈ Sec( ◦π).

Terminol�ogi�ankban ("a�n g�orb�ulet") L. Berwald sz�ohaszn�alat�at
k�ovetj�uk [17]. Amennyiben ∇vH = 0, Z. Shen nyom�an azt
mondjuk, hogy az Ehresmann-konnexi�o R-kvadratikus.

Levezetj�uk aH a�n g�orb�uleti �es azR g�orb�uleti tenzor k�oz�ott
fenn�all�o

H(X̃, Ỹ )Z̃ = ∇vR(Z̃, X̃, Ỹ )

�es

R(X̃, Ỹ ) = H(X̃, Ỹ )δ , ha az Ehresmann-konnexi�o homog�en

kapcsolatot. (A m�asodik rel�aci�oban δ a v ∈ TM 7→ δ(v) :=
(v, v) ∈ TM ×M TM kanonikus szel�es.) Szint�en homog�en
Ehresmann-konnexi�o eset�en megmutatjuk, hogy az R g�orb�uleti
tenzor els}ofok�u, a H a�n g�orb�ulet nulladfok�u homog�en.

A k�ovetkez}okre n�ezve feltessz�uk, hogy az alapulvett
Ehresmann-konnexi�o torzi�omentes, ami azzal ekvivalens, hogy
tetsz}oleges X, Y ∈ X(M) vektormez}ok eset�en

[Xh, Y v]− [Y h, Xv]− [X, Y ]v = 0.

Levezetj�uk a H tenzorra vonatkoz�o

S
(X,Y,Z)

H(X̂, Ŷ )Ẑ = 0
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algebrai Bianchi-azonoss�agot, valamint a H �es a B tenzort tar-
talmaz�o

∇vH(X̃, Ỹ , Z̃, Ũ)−∇hB(Ỹ , X̃, Z̃, Ũ) +∇hB(Z̃, X̃, Ỹ , Ũ) = 0

di�erenci�alis Bianchi-azonoss�agot.
Tov�abbi, k�es}obbi meggondol�asainkhoz sz�uks�eges techni-

kai eredm�enyk�ent lesz�armaztatjuk a szel�esek �es az 1-form�ak
m�asodik horizont�alis kovari�ans di�erenci�alj�ara vonatkoz�o Ricci-
formul�akat, ezekben aH a�n g�orb�uleti tenzor �es az R g�orb�uleti
tenzor l�ep fel.

Mindezek birtok�aban be-, ill. levezetj�uk azokat az �ossze-
f�ugg�eseket, amelyeknek tenzorkomponensekben fel��rt alakj�at
Berwald az alapvet}o g�orb�uleti adatok de�ni�al�as�ara haszn�alta
a m�ar eml��tett, klasszikus dolgozat�aban. A kiindul�opont ek-
kor egy S spray (Berwaldn�al egy koordin�at�as form�aban fel��rt
m�asodrend}u di�erenci�alegyenlet). Tekintj�uk az S-b}ol sz�armaz�o
H Ehresmann-konnexi�ot �es az ehhez tartoz�o V vertik�alis
lek�epez�est. A spray a�n elhajl�asi tenzora (Berwald termi-
nol�ogi�aja) vagy Jacobi-endomor�zmusa a

K(X̃) := V[S,HX̃] , X̃ ∈ Sec( ◦π)

el}o��r�assal �ertelmezett K
(
1
1

)
-tenzor. Megmutatjuk, hogy K-b�ol

H g�orb�uleti tenzora az

R(X̃, Ỹ ) =
1
3
(∇vK(Ỹ , X̃)−∇vK(X̃, Ỹ )) ; X̃, Ỹ ∈ Sec( ◦π)

�osszef�ugg�es szerint kaphat�o meg.



10 2. AZ �ERTEKEZ�ES TARTALMA �ES �UJ EREDM�ENYEI

A fejezetet egy spray laposs�ag�anak (
atness) �es izo-
tropi�aj�anak r�ovid, el}ozetes diszkusszi�oj�aval z�arjuk. A Jacobi-
endomor�zmus a de�n��ci�o �ertelm�eben mindk�et esetben nagyon
speci�alis alak�u. Azonnal kider�ul, hogy a laposs�ag igen er}os
megszor��t�ast jelent: a Jacobi-endomor�zmus elt}un�es�et vonja
maga ut�an, amib}ol k�ovetkezik, hogy aH a�n g�orb�uleti tenzor �es
az R g�orb�uleti tenzor is elt}unik. Az izotrop sprayk r�eszletesebb
tanulm�anyoz�as�ara a Finsler-keretek k�oz�ott ker��t�unk sort.

5. fejezet Azt mondjuk, hogy egy sprayn projekt��v
v�altoztat�ast hajtunk v�egre, ha hozz�aadjuk a Liouville vek-
tormez}o egy f�uggv�enyszeres�et �ugy, hogy eredm�eny�ul tov�abbra
is sprayt kapjunk. Ehhez sz�uks�eges �es elegend}o, hogy a
k�erd�eses f�uggv�eny, amelyet projekt��v faktornak h��vunk, az
�erint}osokas�agon C1-oszt�aly�u, a has��tott �erint}osokas�agon sima,
els}ofok�u pozit��v homog�en f�uggv�eny legyen. M�as n�ez}opontb�ol: k�et
spray projekt��ven ekvivalens, ha k�ul�onbs�eg�uk a Liouville vektor-
mez}o mondott tulajdons�ag�u f�uggv�enyszerese.

A fejezet ind��t�asak�ent a sprayk projekt��v v�altoztat�as�aval
kapcsolatos alapvet}o t�enyeket tekintj�uk �at. A tipikus jelens�eg
az, hogy projekt��v v�altoztat�as sor�an a sprayhez csatolt, ed-
dig eml��tett �osszes objektum (Ehresmann konnexi�o �es a hozz�a
csatolt lek�epez�esek, horizont�alis deriv�alt, Berwald-g�orb�ulet,
Jacobi-endormor�zmus, ...) v�altozik. Felsoroljuk, a horizont�alis
Berwald-deriv�alt eset�en pedig le is vezetj�uk az "eredeti" �es
az "�uj" spray ezen geometriai adatainak explicit kapcsolat�at.
Megmutatjuk, hogy a B Berwald-g�orb�ulet a spray projekt��v
v�altoztat�asa eset�en akkor �es csak akkor marad invari�ans, ha
invari�ans marad a nyoma. B invarianci�aj�anak krit�eriuma egy
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egyszer}u parci�alis di�erenci�alegyenletet ad a projekt��v faktorra,
amelyet koordin�atamentes m�odon megoldunk.

Ismeretes, hogy k�et olyan alapvet}o tenzor konstru�alhat�o,
amely egy spray projekt��v v�altoztat�asa sor�an invari�ans marad: a
Douglas-g�orb�ulet (D) �es aWeyl-endomor�zmus (W◦); az el}obbi
a Berwald-g�orb�uletb}ol, az ut�obbi a Jacobi-endomor�zmusb�ol
sz�armaztathat�o. Tov�abbi projekt��ven invari�ans tenzorok nyer-
het}ok D �es W◦ vertik�alis di�erenci�al�as�aval. C�elkit}uz�eseink
szellem�eben mind a Douglas-g�orb�uletet, mind a Weyl-
endomor�zmust indexmentesen vezetj�uk be. W◦ de�ni�al�asakor,
v�altoztatva a v�altoztatand�okon, del Castillo egy munk�aj�at
[22] vett�uk alapul, megadtuk azonban e tenzornak egy j�oval
�attekinthet}obb, �es ��gy haszonosabbnak bizonyul�o el}o�all��t�as�at is.

6. fejezet Indul�ask�ent pontosan r�ogz��tj�uk, hogy mit
�ert�unk Finsler-f�uggv�enyen, bevezetve ��gy disszert�aci�onk m�asik
k�ozponti fogalm�at. Koordin�atamentesen de�ni�aljuk a Finsler-
f�uggv�enyekhez csatolhat�o, vizsg�alatainkban n�elk�ul�ozhetetlen
geometriai adatokat (Hilbert 1-forma, normaliz�alt t�amaszelem-
mez}o, sz�ogmetrika, Cartan-tenzorok, Landsberg-tenzor), �es iga-
zolunk ezekkel kapcsolatban n�eh�any, t�obb�e-kev�esb�e technikai jel-
leg}u, de az alkalmaz�asok szempontj�ab�ol fontos �eszrev�etelt. Meg-
adjuk egyebek mellett egy Finsler-f�uggv�eny harmadik vertik�alis
di�erenci�alj�anak kifejez�es�et a kovari�ans Cartan-tenzor, a nor-
maliz�alt t�amaszelem-mez}o �es a sz�ogmetrika seg��ts�eg�evel.

Eml�ekeztet�unk a Finsler-f�uggv�enyek �altal meghat�arozott ka-
nonikus spray kordin�atamentes de�n��ci�oj�ara, amely az energia-
funkcion�alhoz tartoz�o Euler-Lagrange egyenlet egy �nom �es
eleg�ans �atfogalmaz�as�an alapul. A kanonikus spray birtok�aban
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a Finsler-geometriai vizsg�alatokhoz sz�uks�eges tenzori�alis objek-
tumok a

Finsler-f�uggv�eny −→ kanonikus spray −→
Ehresmann-konnexi�o −→ g�orb�uletek

s�ema szerint vezethet}ok be, �es Finsler-kontextusban is al-
kalmazhat�okk�a v�alnak a spray-elm�elet �altal�anos konstrukci�oi,
technik�ai �es eredm�enyei. A kanonikus spray �altal meg-
hat�arozott Ehresmann-konnexi�ot ekkor Berwald-konnexi�onak
(vagy a Finsler-sokas�ag kanonikus konnexi�oj�anak) nevezz�uk.
A Berwald-konnexi�ob�ol az ismert (�es m�ar jelzett) m�odon
sz�armaztathat�o a Berwald-deriv�al�as (amely term�eszetesen nem
t�evesztend}o �ossze a kiindul�o Berwald-konnexi�oval!).

A fejezet egyetlen igaz�an �erdekes eredm�enye egy klasszi-
kus t�etel modern interpret�al�asa �es bizony��t�asa. M�ar t�obbsz�or
is id�ezett munk�aj�aban [17] Berwald megmutatta, hogy egy
legal�abb 3-dimenzi�os skal�arg�orb�ulet}u Finsler-sokas�ag Weyl-
endomor�zmusa elt}unik, �es egy tov�abbi felt�etel el}o��r�asa mel-
lett a megford��t�ast is igazolta. Szab�o Zolt�an �eszrevette
[54], hogy a megford��t�ashoz nincs sz�uks�eg tov�abbi felt�etelre,
teh�at egy legal�abb 3-dimenzi�os Finsler-sokas�ag pontosan akkor
skal�arg�orb�ulet}u, ha a Weyl-tenzora elt}unik. J�oval k�es}obb ki-
der�ult, hogy Berwald t�etel�enek ezt az �elesebb v�altozat�at Szab�o
Zolt�annal l�enyeg�eben egyidej}uleg, de t}ole teljesen f�uggelten�ul
L. del Castillo is felfedezte [22], Berwaldr�ol nem t�eve eml��t�est.
(del Castillo - J. Grifone nyom�an - teljesen index- �es argumen-
tummentes kalkulust alkalmazott; munk�aja val�osz��n}uleg ez�ert,
tov�abb�a a rendk��v�ul t�om�or fogalmaz�as �es a hi�anyos hivatkoz�asok
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miatt ker�ulte el a Finsler-geometri�at t�obbs�eg�ukben a klasszikus
tenzorkalkulus eszk�ozeivel m}uvel}o kutat�ok �gyelm�et.)

Megjegyezz�uk, hogy a skal�arg�orb�ulet fogalm�at is Berwald
vezette be, a H g�orb�uleti tenzorhoz tartoz�o, a Riemann-
geometri�ab�ol ismert elj�ar�assal �ertelmezett metszetg�orb�ulet
seg��ts�eg�evel, �es ehhez fel kellett tennie, hogy a sokas�ag legal�abb
3-dimenzi�os. Mi a t�etel megfogalmaz�asakor skal�arg�orb�ulet}u
Finsler-sokas�ag helyett izotrop Finsler-sokas�agr�ol sz�olunk,
�ertve ezen azt, hogy a kanonikus spray izotrop. Ez a felt�etel a
h�arom vagy magasabb dimenzi�os esetben ekvivalens a Berwald
�altal megk��v�ant skal�arg�orb�ulet}us�eggel, viszont k�et dimenzi�oban
is �ertelmes, �es ekkor is ekvivalens a Weyl-endomor�zmus
elt}un�es�evel. Azt mutatjuk meg teh�at, hogy egy legal�abb
k�etdimenzi�os Finsler-sokas�ag pontosan akkor izotrop, ha a
Weyl-endomor�zmusa a z�erus transzform�aci�o. A k�etdimenzi�os
esetet a 9. fejezetben k�ul�on is diszkut�aljuk. Ellen}orizz�uk azt a
j�ol ismert t�enyt, hogy ekkor a Weyl-endomor�zmus automati-
kusan z�erus, �es megmutatjuk, hogy a kanonikus spray izotrop.

7. fejezet A Finsler-geometria objektumai tipikusan "hely-�es ir�anyf�ugg}ok", megt�ort�enhet azonban, hogy bizonyos objek-
tum csakis a "helyt}ol f�ugg". Ez matematikailag �ugy fejezhet}o
ki, hogy az illet}o objektum (kanonikus) vertik�alis di�erenci�alja
elt}unik. Felid�ez�unk ennek illusztr�al�as�ara egy nevezetes, klasszi-
kus p�eld�at. A Berwald �altal bevezetett skal�arg�orb�ulet-f�uggv�eny
megadhat�o az

R =
1

(n− 1)F 2
trK
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formul�aval, ahol F a Finsler-f�uggv�eny, n a sokas�ag di-
menzi�oja, K pedig a (kanonikus sprayb}ol sz�armaz�o) Jacobi-
endomor�zmus. Ez nulladfok�u pozit��v homog�en f�uggv�eny, ami
az�ert l�enyeges, mert egy 0-t�ol k�ul�onb�oz}o fok�u homogenit�assal
rendelkez}o �es csakis helyf�ugg}o objektum automatikusan z�erus.
Berwald megmutatta, hogy ha egy legal�abb 3-dimenzi�os, �ossze-
f�ugg}o Finsler-sokas�ag skal�arg�orb�ulete csakis helyf�ugg}o, azaz ha
∇vR = 0, akkor a skal�arg�orb�ulet konstans.

Azoknak a Finsler-sokas�agoknak a szisztematikus ta-
lulm�anyoz�as�at, amelyek hordoznak csakis a helyt}ol f�ugg}o geo-
metriai objektumokat, B�acs�o S�andor �es Makoto Matsumoto
ind��totta el [5]. Folytatva ezeket a vizsg�alatokat, ebben a fejezet-
ben foglalkozunk az a�n g�orb�uleti tenzor, tov�abb�a a Landsberg-
tenzor (P) �es a stretch-tenzor (�) ir�anyt�ol val�o f�uggetlens�eg�enek
konzekvenci�aival.

Jelentse g az adott Finsler-f�uggv�enyb}ol sz�armaz�o metrikus
tenzort, azaz az 1

2F 2 energiaf�uggv�eny m�asodik vertik�alis di�e-
renci�alj�at. Eml�ekeztet�unk r�a, hogy a Landsberg-tenzort a

P := −1
2
∇hg,

a stretch-tenzort pedig a

�(X̃, Ỹ , Z̃, Ũ) := 2(∇hP(X̃, Ỹ , Z̃, Ũ)−∇hP(Ỹ , X̃, Z̃, Ũ))

formul�aval �ertelmezz�uk, ahol X̃, Ỹ , Z̃, Ũ a Finsler-nyal�ab
tetsz}oleges szel�esei.

Eredm�enyeink a k�ovetkez}ok:
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(1) A Landsberg-tenzor �es a stretch-tenzor ir�any-f�uggetlens�ege
csakis trivi�alisan teljes�ulhet, azaz

∇vP = 0 ⇒ P = 0 , ∇v� = 0 ⇒ � = 0.

(Megjegyezz�uk, hogy maga az eredm�eny nem trivi�alis,
mert mind a P tenzor, mind pedig a � tenzor nulladfok�u
pozit��v homog�en!)

(2) Az R-kvadratikus - teh�at ir�any-f�uggetlen a�n g�orb�ulettel
rendelkez}o - Finsler-sokas�agok stretch-tenzora elt}unik.

8. fejezet Legyen (M,F ) Finsler-sokas�ag, g a metrikus
tenzora. Euklideszi anal�ogi�ara �ertelmezz�uk a Finsler-nyal�ab
tetsz}oleges szel�es�enek a span(δ) alt�er g-ortogon�alis komplemen-
ter�ere val�o mer}oleges vet��t�es�et. A vet��t�esi oper�ator megadhat�o
az egyszer}u

p = 1− 1
F
∇vF ⊗ δ

formul�aval, ahol az 1 a Sec( ◦π) modulus identikus transz-
form�aci�oja. p seg��ts�eg�evel �ertelemszer}uen de�ni�alhat�o a

(
0
k

)
�es(

1
k

)
(k ≥ 1) t��pus�u Finsler-tenzormez}ok (azaz ◦

τ menti ten-
zormez}ok) vet��tett tenzora. Egy Finsler-sokas�agot ideiglenesen
p-Berwald sokas�agnak mondunk, ha a Berwald-g�orb�ulet�enek
vet��tett tenzora elt}unik. Ezzel kapcsolatban megmutatjuk a
k�ovetkez}oket:

(1) Egy p-Berwald sokas�ag pontosan akkor R-kvadratikus, ha
a stretch-tenzora elt}unik.
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(2) Egy legal�abb 3-dimenzi�os Finsler-sokas�ag pontosan akkor
p-Berwald sokas�ag, ha elt}unik a Berwald g�orb�ulete.

Az elt}un}o Berwald-g�orb�ulettel rendelkez}o Finsler-sokas�agok az
�un. Berwald-sokas�agok; ezek alkotj�ak - mint m�ar jelezt�uk -
a Finsler-sokas�agok legalaposabban kivizsg�alt oszt�aly�at. A (2)
eredm�eny �ugy interpret�alhat�o, mint a legal�abb 3-dimenzi�os
Berwald-sokas�agok egy �uj jellemz�ese. Ez szoros anal�ogi�at mu-
tat T. Sakaguchi egy fontos t�etel�evel [51], amely szerint le-
gal�abb 3-dimenzi�os Finsler-sokas�ag eset�en a Douglas-g�orb�ulet
vet��tettj�enek elt}un�ese ekvivalens mag�anak a Douglas-g�orb�ulet-
nek az elt}un�es�evel. Eredm�eny�unk bizony��t�as�aban Sakaguchinak
ez a t�etele l�enyeges szerepet j�atszik.

A p projekci�o-oper�ator birtok�aban egy izotrop Finsler-
sokas�ag Berwald-konnexi�oj�anak g�orb�ulete a sz�amol�asok szem-
pontj�ab�ol igen k�enyelmes

R = Fp ∧ (R∇vF +
1
3
F∇vR)

alakban fejezhet}o ki, ahol az R f�uggv�eny a m�ar eml��tett
skal�arg�orb�ulet. Megford��tva, ha az R tenzor a fel��rt alak�u, akkor
az (M,F ) Finsler-sokas�ag skal�arg�orb�ulet}u.

Felhaszn�alva ezeket az �eszrev�eteleket, demonstr�aland�o az
eszk�ozeink hat�ekonys�ag�at, a fejezetet a Schur-lemma Finsler-
verzi�oj�anak egy �uj bizony��t�as�aval z�arjuk.

9. fejezet Berwald egyik tov�abbi, alapvet}o dolgo-
zat�aban [16] a klasszikus tenzorkalkulus nyelv�en kidolgozta a
k�etdimenzi�os Finsler-sokas�agok elm�elet�enek egy igen sz�ep mega-
lapoz�as�at. A [68] dolgozat megadta ennek egy eleg�ans, modern
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interpret�aci�oj�at az Ehresmann-konnexi�ok �es Finsler-sokas�agok
Grifone-f�ele elm�elet�enek [27] keretei k�oz�ott. E fejezet jelent}os
r�esz�et annak szentelj�uk, hogy szint�en koordin�atamentes - �es
ilyen �ertelemben "intrinsic" - form�aban kifejts�uk a 2-dimenzi�os
Finsler-sokas�agok elm�elet�enek alapjait az �altalunk haszn�alt,
a Grifone-f�el�en�el gazdas�agosabb "pull-back formalizmusban".
A t�argyal�as sor�an �ujra felt}unik az el}oz}oekben szerephez ju-
tott fontos Finsler-geometriai objektumok legt�obbje, de j�oval
�attekinthet}obb alakban. Ez a jobb �attekinthet}os�eg - az alacsony
�es konkr�et dimenzi�o mellett - annak k�osz�onhet}o, hogy rendel-
kez�es�unkre �all egy intrinsic m�odon megkonstru�alt ortonorm�alt
k�et�el-mez}o, a Berwald-f�ele k�et�el-mez}o, �es hat�asosan alkalmaz-
hat�o az erre vonatkoz�o Fourier-kifejt�es. Ily m�odon ez a fejezet
r�eszben �ugy tekinthet}o, mint eszk�ozeink �es technik�aink alkal-
maz�asa egy speci�alisabb szitu�aci�oban; m�asr�eszt lehet}os�eg ad�odik
arra, hogy n�eh�any, mindeddig nyitva hagyott k�erd�est lez�arjunk:

(1) Megadjuk a Jacobi-endomor�zmus egy olyan el}o�all��t�as�at,
amelyb}ol k�ozvetlen�ul kiolvashat�o, hogy a k�etdimenzi�os
Finsler-sokas�agok kanonikus sprayje izotrop.

(2) Megmutatjuk, hogy a Weyl-endomor�zmus a Berwald-
f�ele k�et�el-mez}o mindk�et tagj�at annull�alja, �es ��gy a
z�erustranszform�aci�o.

(3) Igazoljuk, hogy egy k�etdimenzi�os Finsler-sokas�ag ponto-
san akkor p-Berwald sokas�ag, ha a Berwald-g�orb�ulete
nyommentes. Ez azt jelenti, hogy a k�etdimenzi�os p-
Berwald sokas�agok oszt�alya egybeesik az �un. gyeng�en Ber-
wald Finsler-sokas�agok oszt�aly�aval.
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(4) Bebizony��tjuk, hogy egy k�etdimenzi�os Finsler-sokas�ag
pontosan akkor Berwald sokas�ag, ha elt}un}o Landsberg-
tenzorral rendelkez}o gyeng�en Berwald sokas�ag.

10. fejezet Kijel�olve egy sokas�ag f�ol�ott egy sprayt,
term�eszetes m�odon vet}odnek fel a k�ovetkez}o, teoretikusan is igen
�erdekes, �es p�eld�aul a �zikai alkalmaz�asok szempontj�ab�ol fontos
k�erd�esek:

(A) Milyen felt�etelek mellett l�etezik olyan Finsler-f�uggv�eny az
alapulvett sokas�agon, amelynek kanonikus sprayje egybee-
sik az adott sprayvel?

(B) Milyen felt�etelek mellett l�etezik olyan Finsler-f�uggv�eny az
alapulvett sokas�agon, amelynek kanonikus sprayje pro-
jekt��ven ekvivalens a kijel�olt sprayvel?

Az (A) k�erd�es a sprayk Finsler-metriz�alhat�os�ag�anak vagy
Finsler-vari�aci�oss�ag�anak probl�em�aja, a (B) k�erd�es pedig a
sprayk t�agabb �ertelemben vett Finsler-metriz�alhat�os�ag�a�e vagy
projekt��v metriz�alhat�os�ag�a�e. Mindk�et probl�ema igen neh�ez. Ha
p�eld�aul a (B) esetben az adott spray a kanonikus lapos spray
Rn egy konvex ny��lt halmaza f�ol�ott, akkor Hilbert h��res IV.
probl�em�aj�anak Finsler-geometriai interpret�aci�oj�ahoz jutunk.

Az 1960-as �evek legelej�en Rapcs�ak Andr�as fontos l�ep�eseket
tett a (B) probl�ema megt�amad�as�anak ir�any�aban [49]. El}osz�or
is, a klasszikus tenzorkalkulus nyelv�en, k�et, egym�assal ekviva-
lens, sz�uks�eges �es elegend}o felt�etelt fogalmazott meg arra vonat-
koz�oan, hogy - a mi terminol�ogi�ankkal �elve - ugyanazon sokas�ag
f�ol�otti k�et Finsler-f�uggv�eny kanonikus sprayje projekt��ven ekvi-
valens legyen. Ezekben az egyik Finsler-f�uggv�enyb}ol sz�armaz�o
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spray adatai �es a m�asik Finsler-f�uggv�eny parci�alis deriv�altjai
szerepelnek, ��gy vil�agos, hogy a Rapcs�ak-egyenletek kulcsot ad-
nak a (B) probl�ema vizsg�alat�ahoz.

A fejezet els}o l�enyeges l�ep�esek�ent a Rapcs�ak-egyenletek
egyik�et intrinsic m�odon - el}osz�or indexmentes, majd index-
�es argumentummentes form�aban - fogalmazzuk meg. Alkal-
mazva a Rapcs�ak-egyenletek ��gy nyert �uj alakj�at, egyszer}u
sz�uks�eges �es elegend}o felt�etelt sz�armaztatunk le egy spray
Finsler-vari�aci�oss�ag�ara. Alkalmazva ezt a krit�eriumot, szint�en
rendk��v�ul egyszer}u bizony��t�ast adunk a Finsler-sokas�agok kano-
nikus konnexi�oj�anak unicit�as�ara.

A fejezet tov�abbi r�esz�eben sz�uks�eges felt�eteleket vezet�unk
le egy spray projekt��v metriz�alhat�os�ag�ara. A nyert eredm�enyek
k�oz�ul a leg�erdekesebb (�es legmunkaig�enyesebb) a k�ovetkez}o:

Ha egy F : TM → R Finsler-f�uggv�eny eleget tesz egy M
f�ol�otti sprayre vonatkoz�o Rapcs�ak-egyenletnek, akkor a sprayb}ol
sz�armaz�o K Jacobi-endomor�zmus

"
�onadjung�alt" a µ :=

∇v∇vF szimmetrikus
(
0
2

)
tenzorra vonatkoz�oan, azaz

µ(K(X̃), Ỹ ) = µ(X̃,K(Ỹ ))

teljes�ul minden X̃, Ỹ ∈ Sec( ◦π) szel�es eset�en.
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1 History, motivations and aims

In a broad sense, the subject of our thesis is Finsler geome-
try, a classical chapter of di�erential geometry. Finsler geometry
is a traditional, perhaps the oldest research area in the Institute
of Mathematics of the University of Debrecen. These researches
were initiated by Ott�o Varga and his immediate students, A.
Rapcs�ak, A. Mo�or, L. Tam�assy and Gy. So�os. (The centenary
of birth of Ott�o Varga was celebrated last year, 2009.) In its
main topics our thesis joins these traditions. It draws on, how-
ever, also the most important original sources of Finsler ge-
ometry, represented by the papers of Ludwig Berwald. Ludwig
Berwald (1883-1942) was the real originator of Finsler geometry,
and Ott�o Varga started his studies in Finsler geometry under
Berwald's direction in the early 1930s in the German University
at Prague. Our thesis is also debt to Berwald's wonderful papers
[16], [17] in a large extent. In the choice of our terminology and
notation we followed Berwald's conventions as far as we could.

Our conceptual framework and technique, however, is totally
di�erent from the classical theory based on old-fashioned tensor
calculus, which appears visually as an impenetrable jungle of
indices up and down. On the contrary, the most striking formal
feature of our thesis is the complete absence of indices. As to the
essence, the scene of the theory in our approach is the pull-back
of the tangent bundle of a smooth manifold over the projection
map of the slit tangent bundle. This is only one of the possible
settings of the current modern formalisms. Our choice, however,
the pull-back formalism, is not a random selection. In our opin-
ion, the pull-back bundle is geometrically the most natural for
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the purposes of Finsler geometry, and, in addition, it is more
economical than, for example, Grifone's `TTM -formalism' [27].

Having �xed the scene, our guiding principle may be formu-
lated as follows:

A large part of Finsler geometry may be explained in terms of
the canonical spray arising from the Finsler function, which

determines the geometry.

Brie
y:

A large part of Finsler geometry is spray geometry.

In the spirit of this principle, we set as an aim to elaborate
in a self-contained manner the part of spray geometry which is
necessary to a satisfactory treatment of our speci�c problems.
Thus we also present together with a new proof some classi-
cally well-known facts, which have not been translated into our
language until now. (Note that such a `translation' is not so au-
tomatic and easy in general!) Our considerations of this type
may be classi�ed into three groups:

(1) Formulation and proof of technical results. Typical exam-
ples: homogeneity properties, Bianchi and Ricci identities.

(2) New interpretation and proof of important classical the-
orems. Examples: a Finslerian version of Schur's lemma;
Berwald - del Castillo - Szab�o's theorem on Finsler mani-
folds of scalar curvature.

(3) An elaboration of Berwald's theory of two-dimensional
Finsler manifolds in the pull-back formalism.



22 1. HISTORY, MOTIVATIONS AND AIMS

An important part of this dissertation deals with the follow-
ing problem:

Characterize the Finsler manifolds some of whose tensorial
data depend only on the position.

The question is interesting and quite natural since the objects
of Finsler geometry depend typically on position and direction.
The �rst classical theorem belonging to this category is just
the above mentioned Finslerian Schur-lemma. It states (under
some further conditions) that if the scalar curvature of a Finsler
manifold does not depend on the directions, then this function
is constant. A systematic investigation of problems of this type
was initiated by my supervisor S�andor B�acs�o and by Makoto
Matsumoto in the end of the 1990s. Our work joins this research.

In the early 1960s Andr�as Rapcs�ak obtained important re-
sults concerning the path-preserving maps and the metrizabili-
ties of path-spaces. The importance of the subject lies, among
others, in the fact that the di�erential geometric version of
Hilbert's famous Fourth Problem, formulated in his lecture de-
livered before the International Congress of Mathematicians at
Paris in 1900, is a metrizability problem of the mentioned type.
A part of Rapcs�ak's results was reformulated and proved in a
modern setting about 2000 (see e.g. [61]). In the dissertation we
aim to carry this program on, in connection with some related
works of S. B�acs�o [2] and M. Matsumoto [38].
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2 Contents and new results

In the following we present a brief survey of chapter
contents, and give a list of what are really new and partly
or merely technically new. New interpretations and proofs of
classical results are also mentioned.

Chapter 1 In this chapter we give the necessary preliminar-
ies. We collect the most indispensable concepts and facts from
basic di�erential geometry, and standardize our notation and
terminology. We �x the main scene of our considerations: this
is the Finsler bundle

◦
π :

◦
TM ×M TM →

◦
TM,

the pull-back of the tangent bundle τ : TM → M over the
projection of the slit tangent bundle ◦

τ :
◦
TM → M . We also

need the vector bundle

π : TM ×M TM → TM,

the pull-back of τ over τ . The modules of sections of these vector
bundles will be denoted by Sec( ◦π) and Sec(π), respectively. We
introduce a canonical tensor derivation, the vertical derivation

∇v, over the tensor algebra of the C∞(
◦
TM)-module Sec( ◦π).

The only new technicality is the inductively de�ned trace
operator acting on type

(
1

s+1

)
tensor �elds along ◦

τ . This will
be proved to be e�ective and useful in our coordinate-free
calculations. For completeness, we reproduce a simple proof of
the di�erential Bianchi identity in the context of general vector
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bundles.

Chapter 2 Here we �x what we mean by an Ehresmann
connection and a spray. We also introduce some mutations of
a spray: semispray, second-order vector �eld, a�ne spray. All
this is necessary since we �nd di�erent and non-equivalent def-
initions for these basic concepts in the literature. We recall the
fundamental relation between an Ehresmann connection and a
semispray, discovered (independently) by M. Crampin and J.
Grifone. We de�ne the most important technical tool of our cal-
culations, the Berwald derivative ∇. It is built of a horizontal
part ∇h determined by an Ehresmann connection, and the ver-
tical derivative ∇v.

We derive a horizontal Ricci identity for functions, in which
the curvature tensor R of the Ehresmann connection appears.
We prove the following Bianchi identity for the horizontal dif-
ferential of the curvature:

S
(X,Y,Z)

(∇hR)(X̂, Ŷ , Ẑ) = 0.

To our knowledge, this simple and useful relation has not ap-
peared in the literature (at least in this form). It corresponds
the Bianchi identity

[h, R] = 0
in Proposition I.61 in Grifone's paper [27], where the symbol
[, ] means Fr�olicher-Nijenhuis bracket, whose evaluation is quite
di�cult. A similar Bianchi identity was obtained also by M.
Crampin [19], but in a quite arti�cal manner.
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Chapter 3 This chapter is devoted to a brief discussion of
the Berwald curvature of an Ehresmann connection H. Consider
the usual curvature operator

R∇(ξ, η) : Z̃ ∈ Sec( ◦π) 7→ R∇(ξ, η)Z̃ := ∇ξ∇ηZ̃−∇η∇ξZ̃−∇[ξ,η]Z̃ ∈ Sec( ◦π)

of the Berwald derivative ∇ (ξ and η are �xed vector �elds on
◦
TM). Then the Berwald curvature B of H is de�ned by

B(X̃, Ỹ ) := R∇(iX̃,HỸ ) ; X̃, Ỹ ∈ Sec( ◦π).

(The C∞(
◦
TM)-linear map i identi�es the module Sec( ◦π) with

the module of vertical vector �elds on
◦
TM .)

Beside some technicalities (convenient formulae for calcula-
tions of B, symmetry and homogeneity properties, Ricci identi-
ties involving B), we show that the Berwald curvature vanishes,
if and only if, the horizontal derivative arising from the connec-
tion is \h-basic", i.e., roughly speaking, it is the natural lift of
a covariant derivative operator on the base manifold. More pre-
cisely, B vanishes, if and only if, there is a covariant derivative
operator D on M , such that

∇h

X̂
Ŷ = D̂XY ; X, Y ∈ X(M);

X̂(v) := (v,X(τ(v))) , v ∈
◦
TM.

Chapter 4 In this chapter we discuss the a�ne curvature
H of an Ehresmann connection, with speci�c emphasis on the
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case when the Ehresmann connection is generated by a spray.
By de�nition,

H(X̃, Ỹ ) := R∇(HX̃,HỸ ) ; X̃, Ỹ ∈ Sec( ◦π).

Our terminology (`a�ne curvature') follows Berwald's usage
[17]. If ∇vH = 0, we say after Z. Shen that the Ehresmann
connection is R-quadratic.

We derive between the a�ne curvature H and the curvature
R of H the following relations:

H(X̃, Ỹ )Z̃ = ∇vR(Z̃, X̃, Ỹ );

R(X̃, Ỹ ) = H(X̃, Ỹ )δ , if H is homogeneous.

(δ : v ∈ TM 7→ δ(v) := (v, v) is the canonical section of π.)
Also in the homogeneous case, we show that R is homoge-

neous of degree 1, and H is homogeneous of degree 0.

We assume now that the Ehresmann connection H is
torsion-free.

We deduce

the algebraic Bianchi identity S
(X,Y,Z)

H(X̂, Ŷ )Ẑ = 0,

and the di�erential Bianchi identity

∇vH(X̃, Ỹ , Z̃, Ũ)−∇hB(Ỹ , X̃, Z̃, Ũ) +∇hB(Z̃, X̃, Ỹ , Ũ) = 0.

As further technicalities, we derive the Ricci formulae for
the repeated horizontal di�erential of sections and 1-forms; they
involve the a�ne curvature.
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After these, we de�ne and derive in an index-free manner the
basic relations which served, in the language of tensor calculus,
as the de�nitions of the basic curvature data in Berwald's clas-
sical paper [17]. Let a spray S over M be given. (In Berwald's
treatment the role of S is played by a system of second-order dif-
ferential equations written in terms of local coordinates.) The
a�ne deviation tensor (Berwald's terminology) or the Jacobi
endomorphism of S is the type

(
1
1

)
tensor �eld K along ◦

τ given
by

K(X̃) := V[S,HX̃] , X̃ ∈ Sec( ◦π),

where H is the Ehresmann connection associated to S, and V is
the vertical map belonging to H (V ◦ H = 0, V ◦ i = identity).
We show in our formalism that the curvature of H and the a�ne
deviation tensor are related by

R(X̃, Ỹ ) =
1
3
(∇vK(Ỹ , X̃)−∇vK(X̃, Ỹ )) ; X̃, Ỹ ∈ Sec( ◦π).

We conclude this chapter with a brief discussion of the

atness and the isotropy of a spray. In both cases, by de�nition,
the Jacobi endomorphism has a very speci�c form. It turns out
immediately that 
atness implies the vanishing of the Jacobi
endomorphism, whence the curvature and the a�ne curvature
also vanish. Isotropic sprays will be studied in some detail in
the Finslerian case.

Chapter 5 Two sprays, S and S, over a smooth manifold
M are said to be projectively related if

S = S − 2PC,
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where the projective factor P is a positive-homogeneous function
of degree 1 (smooth on

◦
TM), and C := i◦δ is the Liouville vector

�eld. The transition from S to S is mentioned as a projective
change.

In this chapter �rst we review some basic facts concerning a
projective change of a spray. Then all of the basic geometric data
(Ehresmann connection and its associated objects, horizontal
derivative, Berwald curvature, Jacobi endomorphism,...) of the
spray change; we give the explicit formulas for these changes. We
show that the Berwald curvature and its trace remain invariant
under a projective change at the same time. The criterion of
their invariance leads to a simple PDE for the projective factor,
which we solve without using coordinates.

We recall an intrinsic de�nition of the two basic projectively
invariant tensors, the Douglas curvature (D), which may
be constructed from the Berwald curvature, and the Weyl
endomorphism (W◦), which may be built from the Jacobi
endomorphism. As for the Weyl endomorphism (or projective
deviation tensor in Berwald's usage), we adopted del Castillo's
de�nition [22], mutatis mutandis, but we expressed it in a
more convenient form in terms of K, trK and their vertical
di�erentials.

Chapter 6 We begin with the de�nition of a Finsler func-
tion and its fundamental geometric data (Hilbert 1-form, nor-
malized supporting element �eld, angular metric tensor, Cartan
tensor, Landsberg tensor). We present some simple, more or less
technical, observations about these basic objects. Next we recall
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an intrinsic de�nition of the canonical spray of a Finsler man-
ifold. The construction is just a �ne intrinsic reformulation of
the Euler-Lagrange equation of the energy functional. From this
point, our general principles may be realized according to the
scheme

Finsler function −→ canonical spray −→ Ehresmann
connection −→ curvatures.

Note that the Ehresmann connection determined by the canon-
ical spray of a Finsler manifold is said to be the canonical con-
nection or Berwald connection of the Finsler manifold. From
this connection, as in the general theory, a covariant derivative
operator can be obtained by linearization in the Finsler bun-
dle ◦

π :
◦
TM ×M TM →

◦
TM , this is the (Finslerian) Berwald

derivative. (It is dangerous to confuse the Berwald connection
with the Berwald derivative!)

The only truly interesting result in this chapter is essentially
classical. In his paper [17] Berwald has shown that an at least
3-dimensional isotropic Finsler manifold has vanishing Weyl
endomorphism. (His formulation is distinct to some extent, but
equivalent.) It was discovered by L. del Castillo and, indepen-
dently, by Z. I. Szab�o, that the converse of Berwald's theorem is
also true. We give here a simple proof of this important obser-
vation. (Berwald himself also proved the converse, but he used
an additional condition.) For completeness, we also present an
independent proof of Berwald's above mentioned statement; in
fact, this is the harder part. Note that in Berwald's and Szab�o's
formulation it is assumed that the Finsler manifold is at least
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3-dimensional. In our treatment this condition is super
uous.
However, we shall discuss the 2-dimensional case repeatedly in
Chapter 9. Then we shall check that the Weyl tensor is auto-
matically zero (which is a well-known fact), while the canonical
spray is isotropic (this will be obtained as an easy consequence).

Chapter 7 Finsler geometric objects are typically position
and direction dependent. It may happen, however, that some of
them depend only on the position. Mathematically expressed:
some Finsler geometric objects may have vanishing vertical dif-
ferential. We mention here an important, classical example. In
an n-dimensional, isotropic Finsler manifold (M,F ) may be de-
�ned by the scalar curvature function

R :=
1

(n− 1)F 2
trK,

where K is the Jacobi endomorphism. It is positive-
homogeneous of degree 0. Berwald has shown in [17] that if R
\depends only on the position", i.e., ∇vR = 0, and dimM ≥ 3,
then the function R is constant. (It is presupposed that the
manifold is connected.) This is the Finslerian version of the well-
known Schur lemma from Riemannian geometry.

As we have already mentioned, systematic investigation of
Finsler manifolds with direction-independent data was initiated
by S. B�acs�o and M. Matsumoto [5]. In this chapter we show
that the direction independence of the Landsberg tensor and the
stretch tensor holds only trivially, i.e., if these tensors vanish.
We also prove that R-quadratic Finsler manifolds have vanish-
ing stretch tensor. To formulate these results more explicitly,
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consider
the metric tensor g := 1

2∇
v∇vF 2,

the Landsberg tensor P := − 1
2∇

hg,
and the stretch tensor � de�ned by

�(X̃, Ỹ , Z̃, Ũ) := 2(∇hP(X̃, Ỹ , Z̃, Ũ)−∇hP(Ỹ , X̃, Z̃, Ũ)).

Then we have

(1) ∇vP = 0 ⇒ P = 0;

(2) ∇v� = 0 ⇒ � = 0;

(3) ∇vH = 0 ⇒ � = 0.

Chapter 8 Let (M,F ) be a Finsler manifold with metric
tensor g. First we de�ne the orthogonal projection of the module
of sections of the Finsler bundle ◦

π :
◦
TM×M TM →

◦
TM onto the

g-orthogonal complement of span(δ) (δ is the canonical section).
On Euclidean analogy, it may simply be given by

X̃ 7→ p(X̃) := X̃ − g(X̃, δ)
g(X̃, X̃)

δ.

In a more compact form,

p = 1− 1
F
∇vF ⊗ δ.

We also de�ne, what we mean by the projected tensor of a type(
0
k

)
or a type

(
1
k

)
\Finsler tensor" (k ≥ 1).
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Temporarily, we say that a Finsler manifold is a p-Berwald
manifold, if the projected tensor of its Berwald curvature van-
ishes. Our �rst observation is that a p-Berwald manifold is R-
quadratic, if and only if, its stretch tensor vanishes. Next we
show that the class of the at least 3-dimensional p-Berwald
manifolds is the same as the class of the at least 3-dimensional
Berwald manifolds. Thus we obtain a new characterization of
Berwald manifolds in dimension n ≥ 3. This result is strongly
related to Sakaguchi's important theorem in [51], which states
that an at least 3-dimensional Finsler manifold is a Douglas
manifold (i.e., has vanishing Douglas curvature), if and only if,
its projected Douglas curvature vanishes. Sakaguchi's theorem
plays an essential role in our proof.

Having the projection operator p, we may express the curva-
ture of the Berwald connection of an isotropic Finsler manifold
(M,F ) in the very convenient form

R = Fp ∧ (R∇vF +
1
3
F∇vR),

where R is the scalar curvature mentioned above. Conversely, if
the curvature R takes this form, then (M,F ) is isotropic. If, in
addition, R `depends only on the position', then we obtain

R = FR(p⊗∇vF −∇vF ⊗ p).

Starting from these observations, to demonstrate the e�ciency
of our tools, we conclude the Chapter with a new proof of the
Finslerian Schur lemma.
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Chapter 9 The greater part of this chapter consists essen-
tially of transcriptions in order to give an intrinsic formulation
in our setup of Berwald's theory of 2-dimensional Finsler man-
ifolds, explained by him so beautifully in terms of the classical
tensor calculus in [16]. In this process all ingredients of the pre-
ceding chapters appear once again, but in a more transparent
form. This transparency is mostly due to the fact that we have
an intrinsically constructed orthonormal 2-frame, called Berwald
frame, and we may apply Fourier expansion with respect to this
frame. So, on the one hand, this chapter may be considered as
an application of our tools and techniques to a concrete situa-
tion. On the other hand, we �nd an opportunity to tie up some
loose ends.

We give an explicit representation of the Jacobi endomor-
phism, and conclude that all 2-dimensional Finsler manifolds
are isotropic. On the other hand, we can easily show that the
Weyl endomorphism annulates both members of the Berwald
frame, and hence it is the zero transformation. We show that a
2-dimensional Finsler manifold is p-Berwald, if and only if, it
is weakly Berwald, i.e., its Berwald curvature is traceless. We
conclude, �nally, that a 2-dimensional Finsler manifold is a
Berwald manifold, if and only if, it is weakly Berwald and has
vanishing Landsberg tensor.

Chapter 10 Given a spray over a manifold M , we may ask:
When does a Finsler function exist such that its canonical

spray is the given spray? When does a Finsler function exist
such that its canonical spray is projectively related to the given
spray?
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The �rst question is the problem of Finsler metrizability or
Finsler-variationality, the second one is the problem of Finsler
metrizablity in a broad sense or, brie
y, the problem of projec-
tive metrizability. In terms of the classical tensor calculus, A.
Rapcs�ak has formulated two equivalent criteria for the projec-
tive relatedness of the canonical sprays of two Finsler functions
F and F over the same manifold M . These criteria are men-
tioned as Rapcs�ak equations nowadays. In Rapcs�ak equations
we �nd the partial derivatives of F and the spray coe�cients of
the canonical spray of (M,F ), or the Christo�el symbols of the
Berwald connection of (M,F ). So it makes sense to speak of a
Rapcs�ak equation for a Finsler function with respect to a spray.
In what follows, we use the term in this sense. Then, obviously,
Rapcs�ak equations give a key to attack the problem of projective
metrizability.

In the �rst essential step of this chapter we formulate one
of the Rapcs�ak equations in an intrinsic (�rst index-free, next
index and argumentum-free) manner. Using these new forms,
we derive a simple necessary and su�cient condition for Finsler
variationality. Applying this criterion, we obtain an extremely
simple proof for the unicity of the canonical connection of a
Finsler manifold.

The rest of the chapter is devoted to necessary conditions
for projective metrizability of a spray. The most interesting
among them (with the most di�cult proof) is the following:

If a Finsler function F : TM → R satis�es a Rapcs�ak equa-
tion with respect to a spray over M , then the Jacobi endomor-
phism K determined by the spray is \self-adjoint" with respect
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to the symmetric type
(
0
2

)
tensor µ := ∇v∇vF , i.e., for any

sections X̃, Ỹ along
◦
τ we have

µ(K(X̃), Ỹ ) = µ(X̃,K(Ỹ )).
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