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Abstract

In addition to rather complicated general methods it is interesting and
valuable to develop fast efficient methods for calculating generators of
power integral bases in special types of number fields. We consider
sextic fields containing real cubic and complex quadratic fields. We
develop a very simple and very efficient method to calculate
generators of power integral bases in this type of fields. Our method
can be applied to infinite families of number fields, as well. We
substantially improve the former methods. Our algorithm is illustrated

with detailed examples, involving infinite parametric families.
1. Introduction

In the following we shall denote by Z g and Dy the ring of integers and

the discriminant, respectively, of any number field K.

There is an extensive literature of monogenity of number fields and
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power integral bases, see [11], [7]. A number field K of degree n is

monogenic if Zyg is a simple ring extension of Z, that is there exists

o € Zg with Zg = Z[o]. In this case (I, a, ..., &”""!) is an integral basis
of K, called power integral basis. (We also call a the generator of this power
integral basis.) The algebraic integer a. generates a power integral basis if and
only if its index

D(a) ‘

1= | 32

is equal to 1, where D(a) is the discriminant of .

The calculation of generators of power integral bases can be reduced to

certain diophantine equations, called index form equations, cf. [7].

There exist general algorithms for solving index form equations in cubic,
quartic, quintic, sextic fields, however the general algorithms for quintic and
sextic fields are already quite tedious, see [2]. Therefore it is worthy to
develop efficient methods for the resolution of special types of higher degree

number fields.

In this paper we study totally complex sextic fields that are composites of
a totally real cubic and an imaginary quadratic fields. These fields were
investigated in [6] where we reduced the relative Thue equation involved to
absolute Thue inequalities. That method was further developed in [9].
However some ideas of [8] lead to a considerable improvement of that
algorithm, what we are going to detail here. We also note that a parametric
family of this type of number fields, consisting of composites of the simplest
cubic fields and imaginary quadratic fields was studied in [10], but applying
results on the connected simplest family of relative Thue equations, which
counts as a more complicated approach.

2. Composites of Real Cubic and Imaginary Quadratic Fields

Let 9 = 90, ) 90) pe the roots of the totally real polynomial f(x)
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= x> +ax? +ax+ay € Z[x] and let L =Q(3). Let 0<d eZ be a
square-free integer, set M = Q(ix/g ). Our purpose is to calculate all
generators of power integral bases in K = L- M = Q(9, ivd). Set

1+ivd

w=ivd if —d =2, 3(mod4) and ® = 3

if —d = 1(mod4).

Denote by y' the conjugate of any y € M.

To make our presentation as simple as possible, we formulate our

statements for the order
0=17[1, 9, 9%, 0, 03, 03*].

The cubic field L very often happens to have integral basis (1, 3, 82), and if
Dy is relatively prime to D,,, then indeed O = Zg. However, otherwise

our statements are applicable with minor modifications, see Remark 2.

Let us represent any a € O in the form
o =Xy + X9 + 9% + Yoo + MY + 1Hed? = Xy + X9+ X972, (1)
where x;, y; € Z, X; =x; +oy; € Zy (j =0,1,2).
The conjugates of o are obtained the following way:
ol = Xo + x19(j) + )62(8(1.))2 + Yoo + ylcoS(j) + yzco(\‘}(j))2
= Xo + X;9Y) + x, (8D,
a2 = xo + xIS(j) + xz(\‘)(j))2 + Yoo + ylm'S(j) + yz(D'(S(j))2
= x4+ X199 4+ x589,
for j =1, 2, 3.
Keeping the coefficients as variables, consider the symmetric polynomial

F(xl’ X2, Y0o> V1> yZ)
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- (a(lyl) _ a(2,2))(a(1,1) _ o 3))((1(1, 2) _ OL(2,1))
(a(172) _ oc(2’3))(oc(1’3) _ 0L(Z,l))(m(lﬁ) o2 2)),

having all coefficients in Z.

Theorem 1. If o € O (in the representation (1)) generates a power

integral basis in O, then the coefficients x|, x5, Yo, V1, V2 € Z of o satisfy

F(xy, x3, 0, ¥1> ¥2) = 1, 2

and
Npjo(vo + 19 + y29%) = #1. A3)
Further, if —d = 2,3 (mod4), then
|Npjo(x = (az + 8)xp)| < 1 “)
and
|NpjoWn = (az + 8) )| < ﬁ (5)

If —d =1(mod4), then

|NLjo((2x; + y1) = (az + 8)(2x3 + 1)) < 8 (6)
and
[Njo(n = (az + 8)»2)| < (\/%)3 : (M

Recall, that a, is the coefficient of the quadratic term of the defining
polynomial of 9.

Proof of Theorem 1.
The discriminant of the basis (1, 9, 92 , O, ®9, 0382) of O is

Do = D(8) - D3 (8)
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For j, k € {1, 2, 3}, j # k we have

all- /) — o0 — (30— g8y (x, + (81 1 9y x,)
= (0 =89 (X; ~(a + 9))x),

a9 620 _ (90) _ g®Ny(x1 4 (9U) 4 90y x3)
= (9 = 80 (X] ~ (a + 91))x),

where ¢ = {1, 2, 3}\{/, k}. Therefore

2
[T T a5y =D(8) Nyyo(Ng/u (X1 = (az + 8) X2)). (9)

s=11<j<k<3
Further,
o7 a2 = (0~ ) (3 + 318V + ()2,

hence
3 . .
II@ghﬂ_a@dbz(w_diUQQO+h8+yﬁﬂ) (10)
j=1

The remaining factors of I(a) are just those of F(xj, x5, yg, ¥, ¥3). In
view of (8) this implies that

160) = | 22| = NN (31 =+ )32 Nyl

2
+ 119+ 1297) - F(x1, x2, ¥9, V1> 2)5

or equivalently, 7(a) = 1, if and only if (2), (3) and
Nujo(Ngm (X1 = (az +8) X3)) = £1, (11)

simultaneously hold.
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Our present improvement concerns this last equation. (11) implies
|Ng/m (X) = (ag +8)X5)| = £1 (12)

since the norm M/Q is just the product of the above norm and its complex

conjugate. We obtain

3
H((xl +oyy) — (ay + 89 (xry + ny))| = 1.

j=1
Set B(j) = (x + oyy) = (ap + S(j))(x2 + ), j=1,2,3.  Obviously
IRe(BY)) <[] and [Im(BY))| < [BY)], for j = 1, 2, 3, whence

3 3 3
[ TIReB) < [TIBY)| = 1 and [ jmm(8) < 8] = 1. (13)

J=1 J=1 J=1

If —d =2, 3 (mod4), then

Re(BY)) = 3 = (a3 + 8 xy, Im(BY) = 3y = (a3 + 9)) 5,
and (13) implies (4), (5).
If —d =1 (mod4), then

Re(BV)) = 2 (2 + 1) = (a2 + 89)) 23 + 32),

im(p/)) = @(n ~(ay + 5V ).

and (13) implies (6), (7).
Remark 1.

We already had equations (3) and (12) in [6], but (4), (5), (6), (7) are
much stronger than the corresponding inequalities of Theorem 2.2 in [6].
These will be very useful in applications, see Sections 3, 4.
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Remark 2.

If O isnotequalto Zg, then any o € Zg can be written in the form

Xg + x18 + X282 + Yo® + yl(DS + y2(082
g

with a common denominator g € Z. This implies
Narjo(Ngar (Xq = (a3 + 8) X3)) - Npjo(vo + 19

2 15
+129%) - F(xy, X3, y0, 1, ¥2) = +g °.

This factor g15 splits into a product of integers g, g5, g3 with g1g2,g3

= g15 such that g;, g5, g3 occur on the right hand sides of the above three
factors, that is we get (2) with right hand side % gy, (3) with right hand side
* g, and (4), (5), (6), (7) with right hand sides equal to g; times the original
right hand sides.

3. How to Apply Theorem 1?

If d#1 in case —d =2,3(mod4), then (5) has only the trivial

solutions y; = y, = 0, whence by (3) we obtain y, = *1.

Similarly, if d # 3 incase —d =1 (mod4), then (7) has only the trivial

solutions y; = y, = 0, whence by (3) we obtain yj = *1.

For the Gaussian integers (¢ = 1) and Euler integers (d = 3), (5), resp.
(7) are Thue inequalities with some small right hand sides.
For any given )y, y, equation (3) is just a cubic polynomial equation in

the integer variable y.

In case —d =2,3 (mod4) we can determine xj, x, from the Thue

equation (4).
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In case —d =1(mod4), given y;, y, we can determine xj, x, from

the Thue equation (6), solving it with right hand sides 0, 1, ..., 8.

Remark that using Magma [3] or Kash [5] it is no problem to solve cubic

Thue equations with small right hand sides within a few seconds.

Having calculated x;, x5, yg, ¥, ¥» we have to check if a of (1) has

indeed index 1 (equations (2), (3), (11) together are equivalent with
I(a) = 1, but the inequalities (4), (5) and (6), (7), respectively, are weaker
than (11)).

It is easy to explicitly calculate the polynomial F(xj, x5, yg, Y1, ¥2)-

Equation (2) is very useful if we consider monogenity in infinite parametric
families of number fields, see Section 4.

4. Examples

4.1. Example 1

Let ¢ € Z and consider the infinite parametric family of polynomials
f(x) =2 = =0)x? + (- 2%)x + 1. (14)
According to [1] the polynomial f; has three real roots for ¢ > 2. In the

following let ¢ > 2 and denote by 9, arootof f;. Let L, = Q(9).

Set F(x, y) = y° fi(x/y). The infinite parametric family of Thue

equations

F(x,y)=Npjolx=8y)=1linx, yeZ (15)
was recently considered by Bennett and Ghadermarzi [1]. They showed that
for ¢ # —1 all solutions of the above equation are (x, y) = (1, 0), (0, 1),

@), (*=26,1), (0-22, =3 +3r%) and for t=-1 it has the
additional solution (x, y) = (6, — 5).
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Let d > 1 be a square-free integer with —d =2, 3 (mod4) and let

o =ivd.
Consider the order O, ; = Z[l, 9,, 92, o, ©9,, ®9?] of the number
field K, ; = Q(8;, iN'd). Remark that (1, 9,, 92) very often happens to be
an integer basis of Q(9,) (in case the discriminant of f; is square-free, but

also in other cases). Further if (I, 9,, 97) is an integer basis of Q(3,) and

the discriminant of f; is co-prime to 4d, then O, ; is just the ring of

integers of K; 4.

We have

Theorem 2. For t>2,d >1,—d =2,3(mod4), the order O, ;4 is
never monogenic.

Proof of Theorem 2.

For d > 1 we have y; = y, =0 from (5) and yy = £1 from (3). The
solutions of (4) we obtain from the result of [1] on equation (15), by a

suitable transformation (if x, y is a solution of (15), then x; = x + ayy,
X, =y is a solution of (4), where a, is the coefficient of x? in the defining
polynomial of 3,, thatis, a, = t* —t in our case).

We substitute all possible x;, x5, g, 11, Vo into F(x1, X3, Yo, V> V2)-

We obtain cubic polynomials in d. Their coefficients are polynomials in 7.
All these coefficients are negative for ¢ > 2, that is (2) cannot be satisfied.

4.2. Example 2
Let f(x)=x> —x?>—2x+1. This polynomial (with discriminant 49)
has real roots. Denote by 9 a root of /. Let L = Q(9), with integral basis

1, 9, 9°).



96 Istvan Gaal
Let d > 1 be a square-free integer, set = ivd if —d =2, 3 (mod4)
and o = (1 +ivd )2 if —d =1 (mod 4).

Consider the order O, = Z[1, 9, 92, o, 9, oo82] of the field K; =
Q(9, iNd ). If 4d (respectively d) is co-prime to 49, then Oy is the ring of
integers of K; = Q(9, ivd). We have

Theorem 3. The order O, is only monogenic for d =1, in which case

all generators of power integral bases are of the form
o =xy+x9+ x282 +iyy + 9 + iy282,
where xy € Z,
(x1, x2, ¥o» V1> ¥2) = (0, 0,1, -1, 0), (0, 0, 1, 0, 1), (0, 0, 2, 0, 1),
(0, 0,1,1,-1), (0, 0, 2, 1, 1), (0, 0, 0, 1, 0).
Proof of Theorem 3.

LA. Assume —-d=2,3(mod4) and d >1. Then we have
y1 = yp =0 from (5) and yy = £1 from (3). To calculate x;, x, we solve

equation (4), that is,
INpjo(x = (= 1+ 8)x;)[ <1

by Magma. Substituting all possible  x, x5, ¥, 1, ¥p  into
F(x, x3, ¥9> ¥1> ¥2), we obtain cubic polynomials in d with all negative
coefficients, that is (2) cannot be satisfied.

I.B. Let d = —1. We calculate all solutions yj, y, of (5). For all these
explicit values we determine y from (3). We determine the possible values
of xj, x, from (4). Calculating the indices of a of (1) for all possible

X1, X3, Yo, Y1, Yo we obtain the generators of power integral bases.



Monogenity in Totally Complex Sextic Fields, Revisited 97
ILA. Assume —d =1(mod4) and d > 3. Then we have y; = y, =0

from (7) and yy = =1 from (3). To calculate x|, x, we solve equation (6).
We substitute all possible xj, x5, yo, ¥, Yo into F3(x1, X2, Yo, 1> V2)
and obtain that (2) cannot be satisfied.

II.B. Let d = 3. Using Magma we calculate the possible solutions of (7).
For all these y;, ¥ we calculate y, from (3). Further, for all y;, y, we

calculate the solutions x;, x5 of (6). Testing the indices of a of (1) for all

these x1, x», Yo, 1, V2, we do not get any elements of index 1.

5. Computational Aspects

All calculations connected with the above examples were performed in
Maple [4], except for solving the Thue equations, which was done in Kash
[5] and Magma [3]. Our procedures were executed on an average laptop
running under Windows. The CPU time took all together some seconds.
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