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1 Introduction

Medical imaging has improved considerably and contributed to the cre-

ation of remarkable achievements in disease treatment over the past decades.

Nowadays it is completely general to use medical imaging in everyday med-

ical practice to support non-invasive or semi-invasive medical interventions.

Thanks to the technical progress of computers, digitization of imaging brought
in a new era in the field of medical imaging. The stored digitized data and

improved technology allow creating more accurate and precise treatments.

At the same time, the larger world population causes an increased demand

for medical treatment, which stimulates the era of automatization in medical

imaging. In recent years the number of the technology-driven developments

are increasing for better treatments becoming stoppable in the age of small

and mobile computers. Despite of the clear progress, medical image process-

ing is a non-trivial task, and is one of the most widely researched fields. Due

to the increasing size and diversity of data obtained by better and better

sensors, the most important challenges in this field are the complexity of
the image processing problem and the computation time of its algorithmic

solutions. To reduce complexity and raise the accuracy of the solutions,

splitting the problem into subtasks is a known answer. The detection of the

location of an object on an image is one of the most common tasks in the

field of medical image processing. In this task a classification procedure of
the image pixels is solved by the help of classifiers. The reason for compos-

ing ensembles from individual classifiers is to make joint classification from

the aggregated data instead of using only one classifier. These ensembles are

popular to use since they can raise the accuracy of the final answer and make

it possible to apply existing research results. For decision making, majority

voting is a usually applied model. Although the ensembles can reduce the

complexity in the level of sub-tasks, the complete ensemble-based software

solution mostly has great computational demand.

Under my thesis work, I focused on the investigation of ensemble-based
image processing involving optimization which increases the accuracy and
decreases the computing time. In my dissertation, novel results are reported
about ensemble-based enhanced object detection covering extension, opti-
mization of the ensembles. I gave solutions to respond high-performance
computing demand also.

The structure of the dissertation is the following. After a short introduc-
tion in chapter 2, a novel ensemble-based combined object detection algo-
rithm is introduced. It is studied in chapter 3 how to improve further the
performance of ensemble-based object detection with adding an additional



classifier based on the its theoretical model. Chapter 4 contains comprehen-
sive examinations about optimization of ensemble-based methods. Namely,
in section 4.1, the generalized diversity-based ensemble optimization results
are described. To follow the ensemble optimization consideration, a new
approach is presented in section 4.2 to compose an ensemble with maximal
performance under certain constraints. Finally, in section 4.3 a hardware-
based solution with optimal task scheduling is given in a high-performance
computing environment for ensemble-based solutions. Finally, a summary is
given in chapter 5 in English and in chapter 6 in Hungarian.



1.1 Object detectors for practical applications

The retina is a delicate light-sensitive lining located at the back of our eye
that “takes pictures” and sends the images to the brain. Diabetic retinopa-
thy (DR) is the damage to the eye’s retina that occurs with long-term dia-
betes, which can eventually lead to blindness. The blood vessels that provide
nourishment to the retina may weaken and leak, forming small, dot-like hem-
orrhages in case of a person with diabetes. These leaking vessels often lead
to swelling or edema in the retina and decreased vision. The fluorescein
angiography and retinal photography are the most commonly used medical
imaging of eye that provides ophthalmologists the possibilities to monitor
the progression of the disease and to make decisions for the appropriate
treatment. Screening programs for DR are being introduced, and automa-
tion of image grading would have some benefits. However, an important
prerequisite for automation is the accurate location of the main anatomical
features in the image, notably the optic disc (OD) and the macula. The OD
is a circular shaped anatomical structure with a bright appearance. It is the
location where the optic nerve enters the eye. If the position and the radius
of the optic disk are detected correctly, then they can be used as references
for approximating other anatomical parts, e.g., the macula and the fovea.
The macula is located roughly in the center of the retina, temporal to the
optic nerve. It is a small and highly sensitive part of the retina responsible
for detailed central vision. The macula allows us to appreciate details and
perform tasks that require central vision such as reading. The fovea is the
very center of the macula, the site of our sharpest vision, see Figure 1.

Information about the locations of these features is necessary because the
severity and characterization of abnormalities in the eye partially depend on
their distances to the fovea and OD. The precise identification of the macula
is important to enable successful grading of macular pathology such as dia-
betic maculopathy (clinically significant macular edema, macular ischemia).
In the followings we introduce the collected set of OD and macula detectors
to benefit from their predictions for finding a more accurate OD and macula
center.

1.1.1 Description of algorithms used for detecting optic disc

Although numerous OD algorithms have been developed, a major concern
in constructing ensembles is done how to select appropriate algorithms as
ensemble components. The challenge is that there is no single algorithm
that can outperform any other algorithms in all respect, i.e., to reduce the
complexity and computational time while achieving better performance. De-
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Figure 1: A retinal fundus image and main anatomical features.

spite of these fact, We propose adopting the following OD detectors found
to achieve better predictive accuracy when combined. Nevertheless, much
effort has been devoted to this area, and it needs further attention as well.
We discuss now the key OD detector algorithms that have been improved
and implemented.

1.1.1.1 Optic disc detection based on pyramidal decomposition
(ODpd>

This algorithm relies on three assumptions. First, the image is centered on
the macula or OD, second, the OD represents a bright region (not neces-
sarily the brightest) and finally, the form of the OD is approximately cir-
cular. Based on the hypothesis that the OD is roughly a circular patch of
bright pixels surrounded by darker pixels Lalonde et al. [44] proposed to
locate the candidate OD regions on the green plane of the original image by
mean of pyramidal decomposition (Haar-based discrete wavelet transform).
In the low-resolution image pixels which have the highest intensity values
compared to the mean pixel intensity over the search area were selected as
possible candidates. Next, smoothing is done within each of these regions,
and the brightest pixel is selected as a possible OD center point, and its
confidence value is computed as the ratio of average pixel intensity inside a



circular region centered at the brightest pixel and the average intensity in
its neighborhood.

1.1.1.2 Optic disc detection based on edge detection (OD.q)

In this method, introduced by Lalonde et al. [44], we search the area identi-
fied by the pyramidal decomposition as described above for a circular shape.
To reduce the number of regions of interest, contiguous regions were aggre-
gated into a single zone. A binary edge map is obtained by performing Canny
edge detection [51] firstly in the region of interest, and then a thresholded
image I is obtained with a special threshold value computed from noisy
edge map. The search for the OD contour is performed using an algorithm
based on Hausdorff distance [51]. The Hausdorff distance provides a degree
of mismatch between two sets of points, defined as

H(A,B) =max (h(A,B),h(B,A))with h(A,B) = maicrbni}gl la—0b] .
ac (S
(1)

Several circular templates of variably sized diameters were used to com-
pute the Hausdorff distance between the templates and thresholded image
I containing edges. Hence, a percentage of matches are computed, and if
the certain proportion of the pixels template is found to overlap edge pixels
in I then the location is retained as the center point of a potential OD
candidate.

1.1.1.3 Optic disc detection based on entropy filter (OD.y)

Sopharak et al. [10] presented the idea of detecting the OD by entropy fil-
tering. The original RGB image is transformed into HSI color space, median
filtering is applied to remove possible noise and for contrast enhancement
contrast limited adaptive histogram equalization (CLAHE) [51] is done af-
ter. After preprocessing, OD detection is performed by probability filtering,
using the following equation:

255

H(I;) = P1, (i)log Px, (i) (2)

i=0
where Pr, is the probability mass function of the pixel intensities I, in a
local neighborhood of z. Binarization is done with Otsu’s algorithm [49]



to separate the complex regions from the smooth ones, and the largest con-
nected region with an approximately circular shape is marked as a candidate
for the OD.

1.1.1.4 Optic disc detection based on feature vectors and uniform
sample grids (ODy,)

Niemeijer et al. [46] defines a set of features based on vessel map and im-
age intensity, like the number of vessels, the average width of vessels, stan-
dard deviation, orientation, maximum width, density, average image inten-
sity etc., measured under and around a circular template to determine the
location of the OD. After pre-processing, each image is scaled so that the
width of its field of view (FOV) is 630 pixels. The binary vessel map ob-
tained [45] is thinned until only the centerlines of the vessels remain and all
the centerline pixels that have two or more neighbors are removed. Next,
the orientation of the vessels is measured by applying principal component
analysis on each centerline pixel with its neighboring pixel on both sides. A
two-step sampling process is launched to get the training database. First, a
circular template of radius r = 40 pixels having manually selected OD center
within the radius are used, and all features are extracted for each sample
location (a uniform grid spaced 8 pixels apart) of the template including
distance d to the true center. In the second step, 500 randomly selected
location (i.e., not on a grid) in the training image were sampled similarly.
During the OD location process, a sample grid (grid points spaced 10 pixels
apart) is overlaid on top of the complete FOV and feature vectors are ex-
tracted. A rough location of the OD is found containing pixels having the
lowest value of d. The process is repeated with a 5x5 pixel grid centered on
the rough OD location to get the more accurate OD center.

1.1.1.5 Optic disc detection based on fuzzy convergence of blood
vessels (ODy,,)

Hoover et al. [9] developed a procedure to localize OD via a voting map of
fuzzy segments. The voting map accumulates the fuzzy segments gathered
from the detected segments of blood vessel systems. The input parameter
of the method is binary image foregrounded blood vessels. From this input,
the line-shape segments are modeled with fuzzy segments. The segments are
gathered from the vessel network by the help of the procedure of thinning and
fracturing the vessel network into smaller pieces. The voting map has the
same resolution as the original image - on which the OD should be located -
and will contain probabilities in the case of all pixels based on the strength



of its convergence. The final candidate of the algorithm is the strongest
convergence detected via the computation of blurred and threshold voting
map.

1.1.1.6 Optic disc detection based on Hough transformation (ODy;)

Ravishankar et al. [53] tried to track the OD by combining the convergence
of the only thicker blood vessel initiating from it and high disk intensity
properties in a cost function. On the initially resized image standard reso-
lution (768 x 576), a grayscale closing operation is performed on the green
channel image. This step is followed by thresholding and median filtering to
obtain the binary image of the blood vessels. The segments of the thicker
blood vessels skeleton are modeled as lines found by the Hough transform.
The dataset of lines generated is reduced by removing those lines with slopes
0 < 30°. This reduced dataset of lines is intersected pairwise to generate
an intersection map. The map is dilated to make the region of convergence
more apparent. A weighted image is produced by combining this dilated
intersection map and a preprocessed green channel image. A cost function
is defined to obtain the optimal location of the OD that is a point which
maximizes the cost function.

1.1.1.7 Optic disc detection based on temporal arcade (OD;,)

Fleming et al. [3] proposed to identify the macula region based on the
information of the temporal arcade and OD center. First, the arcade was
found by using semielliptical templates having a range of sizes, orientations,
and eccentricities and having right- and left-handed forms. Next, the OD has
to be detected by using a Hough transform with circular templates having
diameters from 0.7 to 1.25 OD diameter (DD). Finally, the fovea was detected
by finding the maximum correlation coefficient between the image and a
foveal model. The search was restricted to a circular region with diameter
1.6 DD centered on a point that is 2.4 DD from the OD and on a line
between the detected OD and the center of the semi-ellipse fitted to the
temporal arcades.

1.1.1.8 Optic disc detection based on circle Hough transforma-
tion (OD.;)

Similarly to the published algorithm in the article Zhu at al. [63] we devel-
oped an own algorithm based on the outer border of the OD is determined
by the help of the circle Hough transformation. This Hough transformation



maps the 2D image space into the 3D image space where the components
of the dimensions are the coordinates of a center and a radius of a fitted
circle. The main goal is to determine the best-fitted circle via 3D Gaussian
filtering. As sub-procedures, the methods also contain grayscale conversions,
and Canny edge detectors to localize the changing intensity on the image
are also computed in advance. As the final step after the normalization of
the candidate center is computed. The middle point algorithm using this
candidate center determines the OD plate.

1.1.2 Description of algorithms used for detecting macula

In this section, we present an overview of those macula detector algorithms
that were selected for the ensemble-based system.

1.1.2.1 Macula detection based on intensity (MC;)

In [58] a region of interest (ROI) is defined to process macula detection. A
Gaussian low pass filter is applied to smooth the intensity of the image. The
statistical mean and standard deviation of the ROI area is used to compute a
threshold for segmentation to get binary objects. The object that is located
nearest to the center of the ROI is labeled as the macula of the retina. Its
center of mass is considered to be the center of the macula. However, we
did some modification to this approach, because it is not mentioned in the
article how this ROI is defined; therefore instead of restricting the process
to a specific ROI we applied it to the whole image. The smoothing of the
image is done using a large kernel (70 x 70 pixels with Sigma = 10) so that
vascular network and small patches do not interfere in detection. Then, the
thresholding based segmentation process is launched which generates a set
of binary images corresponding to different threshold values in the iteration.
The object satisfying the area and distance from the center constraints are
identified in each binary image. Finally, the object found nearest to the
center with the minimum surface area is marked as the macula.

1.1.2.2 Macula detection based on spatial relationship with the
optic disc (MCs,)

In [54] a region of interest for macula is defined using its spatial relationship
with the optic disk. That is, the portion of a sector subtended at the center of
the optic disk by an angle of 30° above and below the line between this center
and the center of the retinal image disk. The macula is identified within this
ROI by iteratively applying a threshold, and then applying morphological



opening (erosion followed by dilation) on the resulting blob. The value of
the threshold is selected such that the area of the smoothed macula region
is not more than 80% of that of the detected optic disk. The fovea is simply
determined as the centroid of this blob.

1.1.2.3 Macula detection based on temporal arcade (MC},)

Fleming et al. [3] proposed to identify the macular region based on the
information of the temporal arcade and OD center. First, the arcade has
to be found by using semielliptical templates having a range of sizes, orien-
tations, and eccentricities and having right- and left-handed forms. Next,
the OD was detected by using a Hough transform with circular templates
having diameters from 0.7 to 1.25 OD diameter (DD). Finally, the fovea was
detected by finding the maximum correlation coefficient between the image
and a foveal model. The search was restricted to a circular region with di-
ameter 1.6 DD centered on a point that is 2.4 DD from the OD and on a
line between the detected OD and the center of the semi-ellipse fitted to the
temporal arcades.

1.1.2.4 Macula detection based on Watershed and morphological
operators (MCym)

Zana et al. [25] presented a region merging algorithm based on watershed cell
decomposition and morphological treatments for macula recognition. After
noise removal, morphological closing followed by opening is performed to
remove the small dark holes and white spots. A watershed-based decompo-
sition of the gradient image into cells is done, and the cell with darkest gray
level inside the macula is selected as the first step of a merging algorithm.
A complex criterion based on the gray values and on edges of the filtered
image is calculated to merge the cells of the macula while rejecting perifoveal
inter-capillary zones to produce the contour of the macula.

1.1.2.5 A novel approach (MC,,)

Besides the algorithms discussed so far, we have also tested our novel con-
tribution for macula detection which has been not published yet. We used
state-of-the art image processing tools in a new fashion but similarly in
OD.f thanks to the similarity between OD and macula. First, we extract
the green channel form the color fundus image (RGB). Then, we gener-
ate the background image by applying an AxA median filter and subtract
this background image from the green plane, resulting in a shade corrected



image. Next, we binarize the image by considering all-non zero pixels as
foreground pixels, and others as background. Finally, we apply an image
labeling procedure and select the largest component as the macula.

1.2 Databases

To take advantage of the theoretical foundations, we used different data-
sets. The most used databases contain images with different field of view
(FOV) resolutions. For instance, the MESSIDOR dataset [19] contains 1200
digital images, with 45° FOV and 1440 x 960, 2240 x 1488, and 2304 x 1536
resolutions in pixels. For the evaluation purposes, all the images and related
descriptive data were rescaled to 1500 x 1152 in the normalization procedure.
The ground truth information was manually created by a specialist from the
relevant field. The used databases are listed in Table 1.

Table 1: Databases used for experimental results.

DB Names Number of data
Diaretdb0 130
Diaretdbl 89

Drive 40
Hei-med 169
Kaggle 53576
Messidor 1200
Moorfields 3000
Programming lab test 6750

After this introductory chapter, we discuss our combined object detec-
tion motivated by medical applications. At the beginning of the chapter
we review shortly the basic results of that theoretical foundation from the
literature which are generalized by us. In this manner we give a solution
which can be analyzed and evaluated experimentally. Moreover the theo-
retical studies are also possible to conclude the limits of the system in real
applications.

10



2 Combined object detection of optic disc and
macula based on anatomical features

2.1 Majority voting in object detection

The data fusion is becoming increasingly frequent not exclusively in the field
of image processing. In the field of image processing in most cases is realized
the majority voting as a decision mechanism based on the data generated
by different algorithms as an answer to the same question. Mathematically
this can be described as follows.

Let D = (D1, Ds,...,D,) be a set of classifiers, D; : RF — Q (i =
1,...,n) where Q = (w1,wo,...,w.) is a set of class labels. In the majority
voting, the class label w; is assigned to x regarding the majority votes of the
classifiers from the set D.

As a special case, we can consider binary classifiers examined exhaus-
tively in the literature. Let n be odd, = (wy,ws) (each classifier output
is a binary vector) and all classifiers have the same classification accuracy
p. An accurate class label is given by the majority vote if at least [n/2]
classifiers give correct answers. The overall accuracy of correct classification
in majority voting with independent classifier decisions can be computed by
the binomial formula:

[n/2]

=3 (pra-prt 3

Applying the majority voting in pattern recognition, several interesting
results can be found in [39] (e.g., adding one or two new classifiers to the
voting system). It is also prooved if the classifiers are independent and
1 > p > 0.5, then this method is guaranteed to outperform the individual
classifiers.

In the following section we will present our algorithmic solution for a real
image processing object detection problem. As it can be seen in later chap-
ters, the basis of the algorithm has a model based mathematical background,
and there are general theoretical results also for extending, optimizing via
measuring diversity among classifiers or taking into account execution time.
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Figure 2: Flowchart showing the steps of the proposed technique.

2.2 Combining algorithms for automatic detection of
optic disc and macula in fundus images

As discussed (also in [21]), an ensemble classifier is more accurate than any
of its individual members if the individual classifiers are doing better than
random guessing. Because, if the algorithms are complementary, then when
one or a few algorithms make an error, the probability is high that the
remaining algorithms can correct it. The main steps involved in the proposed
system are depicted in the flowchart see Figure 2, which presents a compact
summary of our approach. Extensive tests have shown that combining the
predictions of multiple detectors is more accurate than any of the individual
detectors in the ensemble.

2.2.1 Computing distribution shift factors

The macula/OD centers detected by a particular algorithm in all test images
are mapped onto a single image to check the distortion of its distribution
help by training it in advance. We observed that the outputs generated by
the algorithms are quite dispersed and deviated from the manually selected
macula center. In Figure 3a, the Gaussian kernel density estimation of the
MCy [58] algorithm outputs are shown for the macula and of the ODfv
[46] algorithm for the OD, respectively. Therefore, we propose to compute
the distortion in the data and applying a shift operation before an actual
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combination of outputs for finding macula center is performed to make the
individual algorithms unbiased. To compute the shift factor, we calculate the
average difference between the candidate of the algorithm and the manually
selected macula center for those n images, where the algorithm successfully
found the macula/OD region. That is, there are shifting vectors for the x
and y coordinates:

n
s e (Y = Yma)

dlz) = “"Fo— d = @ 4

(=) () . (1)
where (x;,y;) stands for the fovea/OD center candidate of the algorithm
on the i-th image, while (2,5, Ym:) is for the manually selected fovea/OD
center. The new output distribution is generated by applying the distortion
shift factor on each output pixel coordinate. The improvement on the result
can be seen in Figure 3.

(a) (b) (c) (d)
(e) ® ()] (h)

Figure 3: a-d) The distortion in macula detector outputs [58] before and
after applying a shift factor, e-h) the distortion in OD algorithm [46] outputs
before and after applying a shift factor.

2.2.2 Detecting hotspot region for OD/macula
2.2.2.1 OD and macula detection separately

We devised a circular template voting scheme to determine the hotspot re-
gion [13,14], i.e., an area in the image where the majority of the outputs
lies. A circular template of radius R is fitted on each pixel in the image
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and outputs of candidates of the algorithms that fall within the radius of
the predefined circular template are counted. The circular template covering
the maximum number of OD detector outputs in its radius is considered to
be a hotspot. There can be more hotspots covering the maximum number of
detector outputs; hence they together define a hotspot region. That pixels
have the highest probability value to be the final candidate which are cov-
ered most by the hotspots inside the hotspot region. The radius R of the
template was set to 102 pixels, keeping in view the fact that clinically this
is the average OD radius at the investigated resolution (field of view FOV is
equal to 1432). A circular template voting scheme has an intuitive appeal,
and our results show it works well in practice. Overall, we have used the out-
puts of the five algorithms for OD detection and five algorithms for macula
detection, as discussed previously, in our combined system. Following the
principle of majority voting, the center of the circular templates covering the
maximum number of OD detectors and macula detector outputs in its radius
is considered to be the OD and macula hotspots, respectively. If there is a tie
then such conflict is handled using additional post-processing, e.g., for OD
detection, the Gaussian filter is applied on the green channel of the image
with a large sigma (o = 300). The smoothened image is then subtracted
from the original image to get the resultant image, a rather darker image in
which OD appears as a brighter patch as compared to the background image.
The average intensity around the detectors’ outputs is computed using the
same circular template, and the template with the highest average intensity
is selected as the best OD hotspot region.

In case of macula detection, we observed and tested that the vessel based
macula detection algorithm MCy, [3] influenced the combination result,
therefore, whenever there is a conflicting situation or ties among hotspot
regions, the hotspot region containing the output of algorithm MC;a is se-
lected for further processing. If the output of MC,, is lying isolated and
not as part of any hotspot region detected, then the situation is handled
by computing distance between hotspot centers and the center of the image
followed by selecting the closest region.

Sometimes, majority voting may fail to detect the correct OD or macula
center, especially in case of the diseased retina (see Figure 4, where the
template with three outputs is assumed to be the best hotspot for OD).

Therefore, we proposed a more sophisticated alternative method to avoid
these shortcomings, explained in the following section.
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Figure 4: False positive reported in the majority voting during OD detection.

2.2.2.2 Optic disc and macula detection based on mutual infor-
mation

Our idea was to raise the accuracy by exploiting the anatomical constraints
between OD and macula determined by doctors, particularly the information
about distance and angle criteria can be used to choose the best candidate
hotspot region pair. The minimum radius bounding circle around a set
of points is a simple measure of the area they occupy, as well as a useful
tool in graphical applications. Welzl [22] proposed a simple randomized
algorithm for the minimum covering circle problem that runs in provabilty
linear running time. Therefore to reduce the image processing needs instead
of scanning the whole image, a minimum radius bounding is used to locate
the hotspot region as being the candidate of OD/macula. For this purpose
an unordered collection of different OD detectors and macula detectors are
produced separately using the following equation:

n!

C(n,r) = (5)
where n, r are nonnegative integers and r < n. Here, n is the number of
detectors, and r is the number of items taken from n elements. The minimal
enclosing circle algorithm considers every circle defined by these set of detec-
tors generated using combination without repetition. The algorithm returns
the center and radius of the circle defined by detectors. There can be many
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such circular regions, however, to validate a region as being hotspot region
(candidate for OD/macula), the OD radius is used as threshold criteria to
accept or discard a circle,. i.e., if the radius of the minimal enclosing circle
is less than or equal to the OD radius, then such a circle is considered as
a candidate for OD/macula. For all hotspot regions for macula and OD
detected in this way, we calculate the score using their mutual information
and the candidate hotspot pair with maximum score is selected as the best
hotspot region for macula and OD. The score of a pair is based on the cardi-
nalities, i.e., a number of outputs present in a hotspot and penalties in term
of distance and angle errors:

SCOT@(MCZ',ODJ') = |MCZ| X |OD]| — h — h (6)
Da'ug Aavg

Here, MC; is the i-th macular candidate hotspot and ODj; is the j-th
OD candidate hotspot region, |.| stands for the cardinality of a set. Dy,
and A, is the distance and angle error respectively, obtained as a difference
between computed values and average values. Using manually marked mac-
ula and OD centers, we found that the average distance (Dq.4) is 114 pixels
and the average angle (Au.q) is £6°. Figure 5a shows the macula and OD
candidates representing triangles and squares respectively. So the dashed
circles represent hotspots of the OD, while the circle with continuous line
are for macula candidates. In Figure 5b, all possible OD/macula pairs are
shown (dashed lines), the solid line between OD; and M; has the maximum

score, i.e., they satisfy best the cardinality, distance and angle criteria.

2.2.3 Center of the hotspot based on a weighted combination

The center of the final hotspot regions could be found by averaging algo-
rithms’ outputs, however, for more accurate estimation, weights can be as-
sociated with detector outputs to determine the final location. The principal
difficulty is how to choose the ‘right’ weights. By following classical statis-
tical recommendations, we assumed the observed data set to be a linear
combination of a certain basis. Therefore, weights w; can be computed for
the x-coordinates and y-coordinates of the detector outputs.

If we denote the output centers of the individual algorithms by random
variables S (z1,91),S2 (z2,¥2),..., SN (xN,yn) with distinct variances
Var (S;) = 02 > 0, then the problem of output combination is to reduce
these N outputs to one final center S, (2., Y ). An appropriate combination
of the outputs can be the weighted linear combination
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(b)

Figure 5: A retinal image with spotted hotspot regions for macula and OD
(a), and M1 and OD1 satisfying geometric constraints with highest score

(b).

N
Sw = szsz (7)
i=1

where w1, ws,...,wy are non-negative weights, constrained to sum to 1.
This constraint guarantees the combined estimate to remain unbiased. The
variance of the estimator S,, is determined by choice of weights and the
variances of the individual outputs. When the random variables are inde-
pendent, then the variance of the estimator S,, is determined by choice of
weights and the variance of individual outputs. In this case, we have to
minimize the expression below

N
Var (Sy) = Zw?Var (Si). (8)

In this way the choice of weights that minimizes the variance of the
combined estimate is

(9)

w; =

I
[\v)

as a result of [62]. The choice of these weights leads to small variance.
Hence, the expected Euclidean distance from the true center of the combined
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estimate can be minimized. The higher the weight for output, the more that
detector is trusted to provide the correct answer. In the other case, when
the random variables are dependent, then we have to consider the pairwise
covariances, as well [41]. We minimize

N N
Var (Sy) = Z w?Var (S;) + Z w;w;Cov (S;,55) (10)
i=1 1<i<j<N

to get the optimal combinations for the weights. We can also write equation
(10) as Var (S,) = wl Dw, where w is a vector containing the weights and
D is a matrix containing the pairwise covariances. This minimum problem
can be solved via derivation i.e., W%qﬂ@” = 0 should be solved for the N
variables wy, ws, ..., wy to determine the proper weights.

In our setup, we have compared all the macula and OD detectors, re-
spectively, with x? — test to check their independence. Then, according to
the above description we removed the term Cov (S;, S;) from equation (10),
when the i-th and j-th algorithms were proven to be independent.

2.2.4 Results and discussion

We have evaluated our proposed combination of algorithms to localize OD
and macula on the publically available three benchmarks listed in Table 2.

Table 2: The training and test databases used.

Benchmark Resolution No. of images
Diaretdb0 [9] 1500x 1152 130
Diaretdb1 [10] 1500%x 1152 89
Drive [11] 565x 584, 730%x490 40

The proposed algorithm should be trained on the training database (with-
out the influence of the test database). Therefore, the set of images from the
three benchmarks listed in Table 2 has been split into a training database
and a test database. The training database contains 40% of the images from
each benchmark, and the test database contains the remaining 60% of the
images. To reduce variability, multiple rounds of cross-validation are per-
formed using different partitions, performing the analysis on one subset (the
training set), and validating the analysis on the other subset (the validation
set or testing set).
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Figure 6: A retinal image with manually selected OD patch.

2.2.4.1 Optic disc detection results

The methods have been evaluated on the basis of two criterions, i.e., to fall
inside the manually selected OD patches (see Figure 6), and to be close to
the manually selected OD center. Table 3 shows the correct detection of
the OD location based on OD patch; the percentage detection rate of the
proposed approach is higher than any of the individual algorithms. In Table
4 we can see the secondary error term that measures the average Euclidean
distance of the candidates from the manually selected OD centers. We can
observe that the combined system led to more accurate center localization
than any of the individual algorithms.

Table 3: Candidates falling inside manually selected OD patch in percentage.

Test database

OD detector algorithms

imple OD
OD,y OD.; OD;, OD, ODp maSjoriI;ye V(()) ting
Diaretdb0 89.52 77.56 7820 9529 80.12 96.79
Diaretdbl 88.99 7546 77.04 93.70 76.41 94.02
Drive 80.55 97.22 67.35 98.61 86.10 100
Total avegare 87.95 79.88 76.12 95.26 79.78 96.34
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Table 4: Average Euclidean distant error of the OD candidates from the
correct in pixels.

OD detector algorithms
ODpq OD.q ODjg, OD. ODp

Test database Simple OD

majority voting

Diaretdb0 15.89 20.63 18.55 11.89 11.41 12.23
Diaretdbl 17.38 20.84 20.41 13.05 11.95 11.95
Drive 23.31  13.21 20.69 16.98 14.67 15.95
Total avegare 17.54 19.55 19.52  13.07 12.10 12.71

Table 5: Candidates falling inside MC region in percentage.
OD detector algorithms

MC; MCs, MC,, MC, MCynm

Test database

Simple MC
majority voting

Diaretdb0 67.94 70.29 8247 86.10 60.67 93.58
Diaretdbl 60.373 77.66 78.29 91.50  71.69 99.68
Drive 72.06 81.07 5855 81.07 81.07 91.88
Total avegare  65.77  74.24 78.03 87.39  67.10 95.53

2.2.4.2 Macula detection results

To localize macula and detect fovea, we tested the five algorithms listed
previously on the same three databases of Table 2.

The methods have been evaluated on the basis of two criterions, i.e.,
macula error and fovea error. The macula error is the number of times the
algorithm’s output falls within the 0.5DD radius of the manually selected
macula center (Table 5), and fovea error, i.e., the average Euclidean distance
of these candidates and the manually selected centers (see Table 6). Results
are given in pixels at the resolution of ROIdiameter = 1432 (average ROI
diameter of Diaretdb0 and Diaretdb01). Weights are calculated by consid-
ering the algorithm’s dependencies. Just like the OD, the combined system
provided more accurate results than any of the individual algorithms both
for the primary error and the secondary error terms.

2.2.4.3 Joint OD-macula detection results

Research in ensemble methods has largely revolved around designing ensem-
bles consisting of competent yet complementary models. The goal of the
proposed approach is to create a more stable and achieve performance im-
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Table 6: Average Fuclidean distant error of the fovea candidates from the
correct in pixels.

OD detector algorithms
MC; MCs. MC, MC, MCym

Test database Simple MC

majority voting

Diaretdb0 29.98 31.63 52.13 35.57  29.28 29.64
Diaretdbl 27.05 29.93 47.88 28.86  27.75 24.26
Drive 16.52 24.19 61.68 36.08 22.19 26.80
Total avegare 27.27 30.11 51.81 33.25  27.86 27.38

Table 7: OD and MC detection based on mutual information.
Joint OD-MC detection
Test database

MC OD
Diaretdb0 96.79 97.64
Diaretdbl 98.74 97.79
Drive 91.73 100
Total avegare  96.87 98.06

provement with a more precise algorithm via a precisely defined decision
mechanism. The results demonstrate that the use of mutual geometric con-
straints between OD and macula have improved upon traditional approaches
like simple averaging or voting. Weighted averaging has proven to be very
effective and has achieved better prediction accuracy than any of the indi-
vidual algorithms could have on their own (Figure 7). The use of geometric
constraints between OD and macula is a unique contribution which has been
rewarded as it outperforms all individual decisions and separate combina-
tion as shown in Table 7. Therefore, practitioners in diabetic retinopathy
should stay tuned for further developments in the vibrant area of multiple
algorithm-based decision making.

2.2.4.4 Conclusion

We developed a framework for combining state-of-the-art OD/fovea detector
in a flexible way. The aim was to give an intuitive understanding of the
potential advantage of ensemble methods in term of improving performance
as compared to individual algorithms. We showed that our combination
outperformed all the individual algorithms. We have used a majority voting
and weighted linear combination based scheme that counts the number of
outputs of the algorithms falling in a circle of a specified radius is marked

21



Figure 7: Joint macula-OD detection results, the plus signs indicates system
outputs against dots (manually choosen by an ophthalmologist).
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as a hotspot. Our method achieved the highest performance, and closest
to the manually selected OD center chosen by a retinal specialist. This
proposed combination is just one possibility; there is still room for further
improvement through future research by combining other methods. We tried
to check the influence of each algorithm present in our combination system
by excluding it and running the test again with the remaining of algorithms.
In both cases, i.e., OD and macula we found that all the algorithms were
potentially useful and excluding any of them did not improve the results,
rather it decreases the detection rate.

In the following chapters based on our generalized model for object de-
tection we will investigate how the behavior of the algorithms influences the
performance of a fusion system. In the next chapter, we will concentrate
on what one can expect when extending the object detection fusion system
with additional detectors.
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3 Extending an ensemble-based system with
an additional classifier

As it was demonstrated in the previous chapter, a well-built fusion system ad-
justed to the investigated problem can lead to a robust and high-performance
level object detection. Although the object detectors as classifiers with ad-
equate performance level are essential, they need to have other exploitable
features in group work environment also. That is, beside natural abilities
like performance and running time; the behavior conducted dependency in
a complex system is important, too. It is not hard to see that a brute-
force way extension could lead a fusion system which performs below the
expectations regarding computational complexity, running time and system
performance. In this context we address the problem to find an adequate
dependency among classifiers with low running time. Instead of the highest
performance of the algorithms, the goal will be to optimize our complete
system to the direction of pattern of success and pattern of failure [41] which
are such realizations of the votes in a series of experiments that lead to the
possible highest and lowest accuracy of the ensemble.

To achieve our aim we need a deeper mathematical model-based investi-
gation. The final performance in our application is based on the how success-
ful is the component detection. So the followings performance investigations
concern that how could be enhanced the single detection effectively.

From a practical point of view, we tried to organize different individual
detector algorithms for example [11] into a weighted voting system to raise
the accuracy of the object detection. In the example application, the result
of the algorithm is a single pixel which is the center of the searched object.
It inducts a majority voting where the spatial constraint of each vote also
counts in making the final decision. In the generalized weighted voting sys-
tem, the object center candidates of each detectors have been combined, and
the minimum bounding circles for all subgroups of the candidates are consid-
ered. While the searched objects have rounded shape, a center and radius of
a circle is an adequate feature to describe final positions. The radius of the
circle must be less than or equal to the radius of the object (macula, OD)
that is a clinically predetermined constant. In this weighted voting system,
we choose the circle with the maximal sum of the weights assigned to the
candidates falling inside the circle.

In the following section we will briefly summarize the basic concepts and
theorems of the majority voting and our generalized majority which was
applied above in previous chapter. More details about the basic model and
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its experimental results can be found in [30], [31], [6] and [32]. In general,
we show the improvability of the ensemble methods both theoretically and
experimentally.

3.1 Introduction and basic concepts of applied majority
voting

We recall first the previously published theoretical results for the generalized
majority voting system [6]. The figures, tables, data etc. in this section are
from paper [6]. We note that some of them also appears in [32]. However,
here these objects serve as a starting point only and/or are used for compar-
ison. It will be clear that the results discussed here are completely different
from those in [32]. For a further detailed discussion, see also [8].

As introduced above let D = (Dy,Da,...,D,) be a set of classifiers,
D;:RF - Q(i=1,...,n) where Q = (wi,ws,...,w,.) is a set of class labels,
and let us assume that classifier D; has accuracy p;. If the classifier decisions
are combined in the majority voting then the class label w; is assigned to x
that is supported by the majority of the classifiers D;. In the case of a tie,
the decision is most often made randomly.

The classifiers making independent errors are generally considered inde-
pendent, so under this assumption, the error of the classifiers can be mod-
eled by random variables and their distributions. If we assume initially equal
probabilities of errors for all classifiers, the model with Bernoulli distribution
is the simplest and for this case the most appropriate one.

Let n = (m,...,m,) be an n-dimensional random variable (n classifiers).
Assume that the coordinates n; of n are independent random variables of
Bernoulli distribution with

P(’I]izl):pi7 P(sz):l—pi (i:l,...,n), (11)
where p € [0,1] and 7; = 1 means correct classification by D;. In particular
the accuracy of D; is the expected value of n;: En; = p;(i = 1,...,n). Define
now the random variables £ in the following way:

Pl=1)=puk, and PE=0)=1—ppi (12)
where k = |{i : n; = 1}|. Let the p, x-s are given numbers with monotone

increasing property:

= no o=
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Here the p,, 1 describes the probability of the good final decision in case
of k correct classifications from n classifiers and so £ represents the modified
majority voting. In this context £ is a random variable of Bernoulli distri-
bution, where the parameter is ¢, so in the special case of equal accuracies
for the members (p = p; = ... = p,) are assumed, so the ensemble accuracy
is:

q= Zn:pn,k (Z)p’“(l —-p)" (14)

k=0

In order to have that the generalized majority voting outperforms the
individual decisions, we need only to guarantee that ¢ > p and consequently
EE>p.

If the assumption about accuracies for the members (p =p; = ... = p,)
are equal is left, the accuracy term takes the following form regarding the

majority of correct votes (k = [%]):

n
Gclassical = Z ( Z sz H (1 - pj))’ (15)
k=[2] MC{ln}i€l  je{l,..n]\I
[1|=k
where 0 < p; <1 (i=1,...,n) stand for the individual accuracy of the i-th
independent member [41].
Moreover, if the geometric restriction transformation is taken into ac-
count we get:

n
o=Yre( ¥ T I G-m) (16)
k=0 IC{1,..,n} i€l je{1,..n}\I
[1|=k

In that case when p,, j is linear in k for a given n, that is p,r = k/n
(k=0,1,...,n), then we get ¢ = p (see Figure 8).

If we suppose that p, ,, > k/nforall k =0,1,...,n, then ¢ > p, so in this
case the generalized majority voting outperforms the individual decisions. As
a special case of the generalized majority voting, when n is odd, p > 1/2 and
forall k =0,1,...,n we have p, = 1, if k > n/2, and p, ; = 0, otherwise,
we get the classical majority voting (see: Figure 9).

We would like to mention, as it also can be seen on Figure 9 the decision
is not clear if the number of voters is even.

From a practical point of view, the p,  could be encoded into the mech-
anism the factors influencing decisions. We give now an example of the
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Figure 8: The linear case.
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(c) System accuracy

Figure 9: The classical majority voting scheme.
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matrix p,,  of independent algorithms in connection with a medical imaging
application. In this case the behavior of p, j as a function of k for a given
n and the system accuracy are illustrated in Figure 10.
Figure 10 shows that if n is given then the p,, j, increases exponentially in
k. Based on the results of [12] about the diameter d of a point set, indeed, the
probability that d is not less than a given constant decreases exponentially if
the number of points tends to infinity. Note that, this diameter corresponds
again to the radius of the object defined in advance in our case by the clinical
protocol.




nN=3 | n=5 | N=7 | N=9

p=0.6 | 0.8208 | 0.8390 | 0.8895 | 0.9247
p=0.7 ] 0.9163 | 0.9373 | 0.9658 | 0.9823
p=0.8]0.9728 | 0.9850 | 0.9942 | 0.9980
p=0.9]0.9963 | 0.9988 | 0.9997 | 0.9999

0 i
0 k n

(a) The curve of py, i (b) System accuracy

Figure 10: The system accuracy and p,, ;, curve of experiment with geometric
constraint.

As a modification of the decision rule, the weighted majority also could
apply in majority voting model, where the choice of the appropriate weight-
ing model is necessary. The class label wy is chosen for x in a weighted
majority voting system, if

= 1
gk(x) jmax g;(x Zb dik (17)
where the weight b;, decision d; € [0, 1] corresponds to the classifier D;.
The optimal weights for independent classifiers in a classical majority
voting system [41], which maximize system accuracy:

di=1,...,n (18)

cannot guarantee this kind of optimality in our application thanks to the
prk and non-linear behaviour of the ¢ function. Instead, we can use for
independent classifiers the following calculations

bi

(1 —pi)?ri(1 —m)
where b; denotes the optimal weight for the classifier D; with accuracy p;
[31] so that r; € [0, 1] for classical case and in our application r; = % In
the last equation the Ty and T are the area of the OD and the ROI. Note the
relationship among this optimal weight and the sample p,, j given in [10].
From Figure 11. one can see the relationship between the model and object
detection.

If we check our theoretical comparison tables (see below Figure 12, re-
garding majority voting (MV), weighted majority voting (WMV), general-
ized majority voting (GMV), weighted generalized majority voting (WGMYV))

b; = log (19)
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(a) Example of OD detection. (b) Schematic visualization of a
generalized model.

Figure 11: Relationship between the model and object detection.

Table 8: Applied weights in our comparative studies, where Bs is optimal
for OD detection in case of independent classifers.
By By Bs

bi=pi | by =log2- | b

J— Di
? (1—pi)2ri(1—ry)

in the case of single object detection (the applied weights for OD detection
are in Table 8), we can realize, that our application (2.2) based on this
theoretical model works with a slightly weaker performance.

The object detectors in real application are hardly independent. There-
fore our primary objective is to study and extend our basic model: how
changes the performance of our object detection model if a new classifier is
added to the system. As dependency plays a key role, we will investigate
this at the level of model.

3.2 Extending the ensemble adding a new classifier

As we could see the generalized decision model can characterize well a single
object detection problem if the algorithms are independent. Nonetheless,
the applied classifiers are slightly independent, so it is not obvious that how
an additional algorithm will affect the system accuracy. Below we study the
possibility to improve system accuracy with adding a new classifier D, 41
with accuracy p,+1. The change of the system accuracy ¢ and the interval
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MV WMV | GMV | WGMV
0.7323 | 0.7323 | 0.9948 | 0.9996
0.7380 | 0.7380 | 0.9941 | 0.9991
B, 0.7326 | 0.7326 | 0.9948 | 0.9989

w| w| >

N

(a) Overall system accuracies for the set of classifiers

equal accuracies, that is py = p2 = ... = po = 0.6
A, MV WMV GMV | WGMV
B, 0.5012 | 0.8066 | 0.9889 | 0.9943
B, 0.4965 | 0.9688 | 0.9901 | 0.8712
B, 0.5009 | 0.7289 | 0.9877 | 0.9951

(b) Overall system accuracies for the set of classifiers

with accuracies p; = 1 — 0.1, i = 1,...,9
A, MV WMV GMV | WGMV
B, 0.8241 | 0.9526 | 0.9996 | 1.0000
B, 0.8260 | 0.9926 | 0.9989 | 0.9941
B, 0.8258 | 0.9481 | 0.9989 | 0.9998

(c) Overall system accuracies for the set of real clas-
sifier with the following measured accuracies in Mes-
sidor [19] database: p1 = 0.6472,p2 = 0.9765, p3
0.3205,p4 = 0.7593,p5 = 0.3153,ps = 0.2276, p7
0.9582, pg = 0.7671, pg = 0.6432.

Figure 12: Overall system accuracies for the set of classifiers, in case of
different accuracies.

[@min s Gmaz) for the minimal and maximal system accuracy are also studied.
The ambiguity about dependency/independency we will consider different
cases, given in a numerated list below for reference in the next chapter:

A. we fix the individual accuracies and outputs of the algorithms of the
current ensemble for an experiment in terms of a contingency table,
and:

1. add a new independent algorithm and check how the ensemble
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accuracy (q) changes,

2. add a new dependent algorithm and check how the minimal (¢iy,)
and maximal (gnq.) ensemble accuracy change,

B. we fix the individual accuracies, but ignore the outputs of the algo-
rithms of the current ensemble.

Beside the performance of the algorithms py, ..., pn, the values of p,y1 &
have significant influence on the system accuracy, if a new algorithm is added
to an existing system. Therefore based on the definition of p, ; and that
fact a wrong decision will be added to the system, our estimation for the
related py, ; values are:

Dk > Pn+1,k, (20>

Pnk < Pl k1 (21)

According to the interpretations the added vote is expected to be false
so that the probability of a right decision cannot increase in case of (20).
However the probability of a right decision cannot decrease in (21).

After adding a new algorithm to the existing system, the new system
accuracy depends not only on the accuracies py,...,pn,41, but also on the
values pp41 k-

As a conclusion we obtain from the inequalities (20) and (21) the prop-
erties for p,,41,; to estimate pyy1 5 from p, &

Pn,k—1 S Pn41,k S Pn.k- (22)

We briefly discuss the existing results. For classical majority voting the
so-called pattern of success and pattern of failure [41] are defined to measure
the extremal, or otherwise the highest and lowest accuracies of an ensemble.
However, these results have a severe restriction considering discretization of
the model. More precisely, in the experiments besides the accuracies of the
individual classifiers, the precise numbers of the successful decisions are also
fixed. That is, a classifier with performance p = 0.7 gives seven correct votes
in 10 repeated experiments on average. It is easy to see that this implies the
following, a lower performance classifier (p < 0.7) could be the best-added
component if its correct votes are arranged carefully based on the tie or
one-vote-missing cases.

So, if a new member is added to an existing ensemble, the accuracy of
the extended ensemble is affected by two main properties of the new voter:
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its accuracy and its correlation with the members of the existing system.
We will investigate the joint distribution of the output of the detectors as
a dependency measurement. In the equations the x denotes 0 or 1 and

n; (i =1,...,n) are random variables, so that cq, .. 4, can be considered as
the elements of the contingency table of 11, ..., n,:
Cay,...,an :P("h =0A1y.-.,Mn = (Ln), (23)

so that a; € 0,1, . If (11,...,m,) were totally independent, we would get:

Car,an = P =a1),...,P(nn = an), (24)

Now let 7,41 be also a random variable with En,+1 = pnt1. To de-

termine the best/worst choice for the new member to achieve the best

(¢maz)/worst (qmin) performance for the extended ensemble the following

linear optimization problem has to be solved in the general case B. Maxi-
mize/Minimize the function:

n+1
Q(Cah.--,an-u) = Z <pn+1,k Z Ca17~»-,an+1> (25)

k=0 ai+...+an+
+ant1=k

under the following conditions:

Z Cse,...ox,a4,%,....x — Pi (Z = 1, o, n 1)7

ai:1

Z Cala~-~,an+1 = 1a (26>

Q1,500 41
Caryoanss =0, a; €{0,1} (i=1,...,n+1),

where En; = p; (i = 1,...,n 4+ 1), so the accuracy of the i-th classifier is
p;. In case A.2., besides the objective function in (25) and the conditions in
(26) being the same, we have extra conditions thanks to the dependency:

cala-~7an = Cal,...,an,o + Cal,...,an,l- (27)

E Calv--'7an+1 =

ar+...4ant1=k

E Cay,...,an,0 + E Cay,...,an,1-

ai+...4an,=k ai+...+a,=k—1
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From the definition of cq,,.. 4, given in (23) it follows that the term
containing cq,.....a,,, in (25) can be split.

Without having any further information about p,y; %, we can give an
interval for ¢min and Gmaz- Let ¢, /05 and ¢, /¢, be the mini-
mal/maximal value of the objective function (25) if we have the equations
Prk—1 = Pnt1,k and pny1k = Pn,k, respectively.

From (22), we get:

?ﬂn < Gmin < Q2in7 and qvenaa: < Gmaz < q%ax' (29)

In the special case, when 7,11 is totally independent from (n1,...,7,),
the entries of the extended contingency table can be determined by ¢y, ... qa,
and Pn+1:

Cay,...,an,1 = Pn+1Cay,...,an > (30)
Cay,...,an,0 = (]- _pn+1)ca1,.“,an~
Considering the equations (25), (28) and (30) we get that the linear

optimization problem which can be solved by maximizing/minimizing the
function:

q(Cay...anir) = (31)
n+1
)OI (D SRR SR
k=0 ar1+...+an==k

+ Z pn+1ca1,...,an)

a1+...+ap=k—1

under the following conditions:

Z Cay,....an = 1, (32)

Cay,.oan, > 0,a; € {0,1} (i=1,...,n),

If we consider that the entries of the contingency table of ny,...,n,
remain the same after adding an independent variable 7,41 to the ensemble
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(case A.l.), the solution of the problem in (31) under the conditions (32)
depends only on p,11 and pn41.k.
In the same way as in (29), from (22) we get:

¢° <q<q°%, (33)

where ¢© and ¢® denote the minimal /maximal value of the objective func-
tion (31) for a fixed p,41 if we consider the equations p, x—1 = pPnt1,k and

Dn+1,k = Pn.k, respectively.
For the improvability of the system, we have the following lemma.

Lemma 3.1. For the accuracy of the extended ensemble in case of the in-
dependence we have:

q(cal oo A1 ) Z q(Cal 7“'7an)7

provided that,

n
z( > cal,...,aﬂ(pn,kpm,k))

N k=0 \a1+...4+an=k
Pn+1 = n
Z ( Z Cay,...,an (pn+1,k+1 _pn+1,k)>
k=0 a1 +...+a,=k

holds for the accuracy of the added member.

Proof. First, note that the value of this fraction is non-negative, since p,, >
Dnt1k and Dpi1k < Pnti1k+1. Moreover, from (22) and (30) the statement
follows. O

In the next section, we will show some experimental results for the im-
provability of the accuracy of our OD detector ensemble with adding a new
algorithm based on the established theoretical results.

3.3 Experimental results

After we have laid the theoretical background to extend the ensemble by
adding a new algorithm, we have a tool to finalize the connected investigation
experimentally. Namely, we have formulated the ways of the calculation of
ensemble accuracy for the cases, when the new member is dependent or
independent from the ensemble, respectively. Besides the simple ensemble
accuracy, we have also explained how the minimal and maximal accuracies
of the ensemble would change.
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To understand more deeply how to change the accuracy in our model and
application during extension, as comparison, we recall some experimental
measurements about the fundamental behavior of our basic model (which
were introduced in section 3.1) and related the applications from [30], [31],
[6] and [32]. (Similarly as in section 3.1), the figures and tables are from [6].
Some of there are also in [8], but in a different context.)

In our real application the joint detection is deterministic thanks to the
geometric constraint among OD and macula detection.We will concentrate
only on the improvement of the model based single-object detection. More-
over, the detection based on majority voting in both cases are the same
since we apply a majority voting with the same geometric constraint. As a
demonstration, we will use the OD detectors in the experiments. The reason
is simple, the number of OD detectors is higher.

The applied model for object detection is a generalized majority voting
model. The generalization is due to the use of the probabilities p, ;. In
fact, the probabilities p,, j, are restricted by geometric constraints based on
anatomic rules in our real application. Namely, in our application the output
of the detectors as votes required to fall within a circle of radious not larger
then (dop,dpa) defined by anatomical features. As a matter of fact, the
calculation of p,, j for our proposed method is guided by the shape charac-
teristic, that is the k pieces of correct votes have to fall inside the correct
object region. However, the remaining n — k votes are spread within the
complete ROI. While the ROI is significantly larger, a false region could be
formed. This means that the correct votes need not necessarily to be in
majority to make the correct decision since the condensation of the incorrect
ones is not guaranteed inside only one false region. On Figure 13 there is a
sample situation in the case of the OD.

To take advantage of the theoretical foundations for the experiments
we used the MESSIDOR databases [23]. To characterize and compare our
Pn,k model, both the independent and dependent cases, we made empirical
calculations where the values of p, ; characterize our ensemble accuracies
as a function of k. As the simulation of the independent case, we make
simulation by dropping a large number of random points. Figure 14 shows
the exponential behaviour of p, ; for both cases.

In this experiment we also confirm an existing result known in the lit-
erature [12,47]: if the number of points tends to infinity, the probability
that the diameter of a point set is not less than a given constant decreases
exponentially, where in our case the diameter was the diameter of the object
(for instance dpp). The obtained data for the ensemble accuracy from em-
pirical measurement are shows in Table 9, where the independent classifiers
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Figure 13: The geometric constraint applied to the candidates of the al-
gorithms: they should fall inside a disc of a fixed diameter dop to vote
together.
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(a) The graph of p,,  for n =9 and (b) The graph of p, j for n = 6 in our
p = 0.9 with our geometric constraint OD detector ensemble.
to fall within a disc of diameter dpp.

Figure 14: The exponential behaviour of p,, ; in independent (left) and de-
pendent (right) situations.

(n) have the same accuracy (p). Based on the table it is quite clear, that
the geometric constraint has a significant effect on the ensemble accuracy.
The ratio of the areas (T and T') is decisive. Thanks to the independency,
the rapid increase is visible because of the uniformly distributed false votes.
Moreover, there is a significant performance decrease if the number of votes
is too small paired with low performance.

To start our experimental discussion of extending the ensemble-based
system, we check the behavior of our current OD detector ensemble during
its compilation. Namely, we measure the change of the ensemble accuracy,
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] | n=3 [ n=5 | n=7 [ n=9 |
p=0.6 || 0.6435 | 0.9076 | 0.9654 | 0.9893
p=0.7 1] 0.7889 | 0.9631 | 0.9938 | 0.9985
p=0.8 || 0.9029 | 0.9906 | 0.9986 | 0.9997
p=0.9 || 0.9697 | 0.9994 | 1.0000 | 1.0000

Table 9: Measured ensemble accuracy for independent classifiers under the
geometric constraint.

when the sixth member is added to the ensemble of five members. For this
aim, we calculate the accuracy of each ensemble of five individual algorithms
with the corresponding figures enclosed in Table 10. Thus, Table 10 contains
the accuracies of the six possible ensembles of five members, wherein the i-
th column the i-th member is excluded having individual accuracy p;, for
i=1,...,6.

Index of excluded member 1 2 3 4 5 6
Ensemble accuracy (5 members)|{/0.980/0.957|0.979|0.976|0.961|0.976
|Ensemble accuracy (6 members)]| 0.981

Table 10: Change of the ensemble accuracy, when a sixth member is added
to the ensemble of five algorithms.

As we have given in (34), the accuracy of the ensemble of the six given
members has been measured to be the highest (0.981) from all the possible
ensembles that we could generate from the eight implemented algorithms.
Thus, each ensemble of five members has lower accuracy, as well. From Ta-
ble 10 we can see that the largest increase in accuracy (from 0.957 to 0.981)
is reached not by adding the most accurate (ps = 0.977) member, but a
slightly less accurate (pa = 0.958) one. Similarly, the smallest improvement
(from 0.980 to 0.981) is found not by adding the least accurate (p3 = 0.315)
member, but by adding an individually more accurate (p; = 0.767) one. To
understand these results we should realize that there are specific dependen-
cies among the members. Thus, in general, it is not sufficient to compose an
ensemble-based on the individual accuracies only.

Next, we adopt the results from section 3.2 to investigate how our current
OD detector ensemble consisting of six algorithms is going to behave if a new
detector algorithm is added. We start with the case A.1 from section 3.2
when the dependencies of the current ensemble members are considered as
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known in terms of a contingency table belonging to our experimental test
on the dataset MESSIDOR ([23]) and the new algorithm is considered to be
independent of the ensemble. For this case, through the solution of (31), we
gain the numeric results enclosed in Table 11. Note that, in this case we can
check the interval [¢°, ¢®] introduced in (33) where the ensemble accuracy
will fall based on the lower and upper estimations that can be derived for
Dn+1k aS given in (22).

| Accuracy of the new algorithm [[ ¢® [ ¢%® |
p7 = 0.6 0.957 | 0.989
p7 = 0.9 0.975 | 0.995

Table 11: The interval for the OD detector ensemble accuracy if a new
independent algorithm is added to a dependent system.

From Table 11, we can see that in our application a new (independent)
algorithm with accuracy approximately 0.9 is highly expected to improve
the current system accuracy based on our experimental test:

q=0.981. (34)

The case A.1 in section 3.2 also includes the special scenario, when the
existing ensemble contains independent members, and we add an indepen-
dent algorithm, as well. For this scenario, we can investigate the minimal
and maximal accuracies of the new system by solving the problem in (31)
under the new condition (35):

Cay,van, = P =a1)...P(n, = ay). (35)

In Table 12, we enclosed the respective accuracy figures regarding the
lower and upper estimations of the values p,,11 k.

| Accuracy of the new algorithm [[ ¢® [ ¢%® |
p7 = 0.6 0.975 | 0.997
p7 = 0.9 0.984 | 0.999

Table 12: The interval for the OD detector ensemble accuracy if a new
independent algorithm is added to an independent system.

By comparing Table 11 and Table 12, we can see that if we assume com-
plete independency among the algorithms, we can expect higher ensemble
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accuracy. Since the original ensemble would lead to very high accuracy with
independent algorithms that is ¢inq = 0.998., only in case of a very accu-
rate new algorithm can we expect any improvement. The calculation of the
system accuracy we used (31) for n only under the conditions (32) and with
the assumption (24) on the independence of the detectors.

Next, we analyse the case A.2 from section 3.2, when the dependencies of
the algorithms are still considered,but the new algorithm should not be in-
dependent. In this setup, we can determine the accuracy interval introduced
n (29) for the minimal (gm:,) and maximal (¢mnq.) ensemble accuracies, re-
spectively, based on the estimation for the values p,+1 % as given in (22).
The corresponding figures presented in Table 13 can be determined by the
solution of (25) under the conditions (26), (27).

| Accuracy of the new algorithm || ¢5.. | a0, [ 69a | @hae |

pr = 0.1 0.920 | 0.981 || 0.981 | 0.995
pr = 0.7 0.920 | 0.981 || 0.981 | 0.995
p7r = 0.9 0.942 | 0.981 || 0.981 | 0.995

Table 13: The interval for the minimal and maximal OD detector ensemble
accuracy if a new dependent algorithm is added to a dependent system.

Table 13 shows that an individually very weak, but diverse algorithm
could lead to a remarkable improvement of the ensemble, however, this pos-
sibility is rather unrealistic. Moreover, since the current ensemble is not
optimal regarding dependencies, even with a very diverse and accurate algo-
rithm, we cannot reach accuracy 100%. It is also visible from Table 13 that
the original system accuracy (34) cannot be outperformed with the lower
estimation for p,y1%, and cannot be degraded with its upper estimation,
either.

Another point which is worth considering is that since the retinal databases
are quite heterogeneous, we cannot go for sure regarding the dependencies
of the algorithms of the ensemble found for a specific (in our case for the
MESSIDOR |[23]) database. Thus, if we keep the individual accuracies of the
ensemble members, but drop the dependency relations, it would be useful
to know to what extent a new algorithm may ruin or improve the ensem-
ble accuracy. Consequently, we investigate case B from section 3.2, when a
new algorithm with accuracy p; is added to our current ensemble with no
constraints are given for the dependencies. In other words, we check the
intervals for the minimal and maximal accuracies of the extended system
regarding the lower and upper estimation of the values p, 1k, respectively.
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The corresponding figures enclosed in Table 14 can be determined by the
solution of (25) under the conditions (26).

| Accuracy of the new algorithm [[ ¢, [ ¢ [ das | @oas |

pr = 0.7 0.764 | 0.899 1 1
pr = 0.9 0.908 | 0.934 1 1

Table 14: The interval for the minimal and maximal OD detector ensem-
ble accuracy if a new dependent algorithm is added to a system with no
dependency constraints.

Table 14 indicates the natural fact that if the dependencies are unknown,
the minimal and maximal accuracy can profoundly differ, and, e.g., the en-
semble performance can be worse than that of some of its members. However,
it is also worth considering for our specific OD detector ensemble that a new
algorithm of accuracy p7 = 0.9, by all means, will raise the minimal system
accuracy (¢min = 0.899, ¢mas = 1) calculated by a linear programming tech-
nique for n described in equation (31). A comparison with Table 13 shows
that if we do not assume any dependencies for the original ensemble, we can
reach higher maximal and lower minimal system accuracies.

For the strict majority voting approach, an ensemble with an even num-
ber of members is meaningless, since as it is also known from classical theory
[39] ensemble accuracy always drops for even number of L members with re-
spect to the L — 1 case.

So we have analyzed the change in accuracy when the ensemble con-
taining five members is extended to seven members. First of all, we have
determined the most accurate ensemble with seven members from all the
implemented eight algorithms. This ensemble includes the same six algo-
rithms as listed before plus the one described in [43] having individual accu-
racy p7 = 0.320. Then, we have selected the most/least accurate ensembles
with five members, respectively, and checked which members were added to
compile the ensemble with seven members. The corresponding quantitative
results are given in Table 15.

Indices of excluded members ||2,5 (lowest acc.)|3,7 (highest acc.)
Ensemble accuracy (5 members) 0.626 0.944

]Ensemble accuracy (7 members) H 0.853 ‘

Table 15: Change of the ensemble accuracy for strict majority, when the
sixth and seventh member is added to the ensemble of five algorithms.
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The results of Table 15 are quite obvious, since two individually highly
accurate (p2, ps) and also two rather inaccurate (ps, p7) algorithms are
present. Thus, their joint removal leads to a strong drop/increment regarding
the ensemble accuracy, respectively.

3.4 Conclusion

In section 2.2 we introduced our joint object detection fusion based system.
As decision rule, we applied a generalized spatial constrained majority vot-
ing for each detected object extended with a combined final decision driven
by anatomical features. In this section, the first aim was to investigate how
the system performance is affected if a new classifier is added to the system.
While the joint model is deterministic thanks to the anatomical features
and obviously depend in particular on the performance of the separate de-
tection, we studied the separate behavior. We described our generalized
model working behind the separate object detection. The basis of the gen-
eralization is the introduced p,  model for handle spatial majority voting
regarding independency and dependency. Although the p, j is entirely gen-
eral, we produced it’s values as experimental results both int the dependent
and in the independent cases to characterize the performance of our applica-
tion. We would do this in order to investigate and characterize what is the
possibility to make some further improvement including it’s level by help of
more classifiers. We had results which characterize how the system perfor-
mance is affected if a new classifier is added to the system. Based on the
results it is obvious that our classifiers cannot work in a fusion system as
independent voters. Our system works effectively since, as the results show,
the performance is very close to the optimum. Nevertheless, if it contains
completely independent classifiers it could work more effectively. However,
it is unclear whether it is possible to create the complete independence while
all the classifiers nominate candidates based on the same data source (input
images) only.

Whereas we identified the limits of the performance focusing mainly on
the extension capability, the level of dependency among classifiers remains
unknown. Therefore in the first part of the next section, we will introduce
generalizations of well-known statistical diversity measures for our general-
ized majority voting as a general tool for ensemble optimization. Namely, we
will evaluate the diversity level among the classifiers, and based on the results
all of those will be selected for majority voting, which together makes the
maximum performance. The second part of the next section we will consider
system optimization also if there is a constraint, for instance, computational
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time or resources. The primary goal is the same; we try to compose the
best performance fusion system using generalized majority voting, regarding
computational limitations.
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4 Ensemble-based system optimization

4.1 Composing an ensemble-based system guided by di-
versity measures

We have already presented how the classical majority voting model can be
extended to the spatial domain, e.g., to solve object detection problems.
As we have also pointed out, the detector algorithms cannot be considered
as independent classifiers in applications, so a good ensemble cannot be
composed by simply selecting the individually most accurate members. In
classical theory, diversity measures are recommended to help to explore the
dependencies among the classifiers. In this section, we generalize the clas-
sical diversity measures in two steps. First, we show how classical pairwise
measures can be extended to explore larger sets of classifiers via letting the
contingency table entries of an ensemble-based system be freely weighted.
Second, we introduce these extended measures also to the spatial domain
within a majority voting framework. We show that these measures fit better
to spatial applications with a specific example of OD detection. Moreover,
we show how a more efficient descriptor can be found in terms of a weighted
combination of diversity measures which correlates better with the accuracy
of the ensemble.

4.1.1 Generalized diversity measures

In this section we introduce some basic concepts and notations and explain
our approach to generalize commonly used diversity measures. We also ex-
hibit how existing measures can be generalized with the new model.

4.1.1.1 Basic concepts and notations

Let D = {D;,Ds,...,D,} be a set (ensemble) of classifiers (voters) D; :
ACR™ - RM (i =1,...,n), and Q = {w1,wa,...,wn} is a set of finite
class labels.

The classifier D; assigns the support values

Di(x) = (di,1(x)s - -+ di,mr (X))

to a so-called feature vector x € A describing the opinion of the classifier on
what degree x should be labeled by w1, ...,war, respectively.

The simple majority voting based classical ensemble classifier can be
derived by restricting the support of the individual classifiers with d; ;(x) =
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1, if the classifier D, labels x in the class w; and d; j(x) = 0, otherwise. The
final labeling of the ensemble is based on determining the class wy received
the largest support in terms of the number of votes:

n M n
Dinaj (X) =wi <= Y _diy = max <Z di,j) : (36)
=1 =1

In our model, we consider classifiers D; with accuracies p; as random
variables 7; of Bernoulli distribution, i.e.,

Pni=1)=p;, Pmi=0=1-p; (i=1,...,n). (37)

Here n; = 1 means correct classification by D;. In particular, the accuracy
of D; is just the expected value of n;, that is, En;, =p; (i =1,...,n).

In our practical applications, we consider different algorithms as voters.
These algorithms cannot be assumed to be independent in all cases, because
it can happen that the operations of the algorithms are based on very similar
principles. In case of dependent algorithms, we have to decide how to mea-
sure the dependencies of the algorithms. For this aim, we can investigate
the joint distribution of the outputs of the algorithms. So let

Cay,...,an, = P(Th =aly.--yNn = an)a (38)

where a; € {0,1,x}. The star denotes any of the possible correctness values,
that is, * = 0 or 1, but it is not specified. The probabilities c,,,... 4, can be

considered as the entries of the contingency table C of n1,...,n,.
From practical point of view, the performance of the ensemble and the in-
dividual classifiers are always evaluated on a finite dataset A = {x¢, ..., Xn}

having cardinality N € N. Such a dataset can be a sequence of questions or
images to be classified. Using this realization, the entries of the contingency
table C can be written as:

Cay,..,an — Nalag...an/N7 (39)
where N%1%2--%n denotes the number of cases from the whole dataset, when
m = ai,...,N, = ap hold. When we are interested in only a subset of
the classifiers Dg = {D;,,...,D;, } of cardinality |Dg| = K with S =
{i1,...,ix} C{1,...,n}, we will shortly write N*1%2%x instead of
N#r@ig ek igxexaie sk Por example, N0 will denote the number of cases,

when two fixed classifiers both made incorrect decisions. Moreover, we write
N {1} xe t0 collect all the possible N®192--9K yalues with K1 + Ko = K
and [{a; € {a1,0a9,...,ax} : a; =0} = Ky, |[{a; € {a1,a9,...,ax} : a; =
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1}| = Ks. Especially, N{0}x stands for the number of cases, when all the
K classifiers made incorrect decisions, while N{0}xi{*}x2 collects all those
values, where at least K7 among the K classifiers made incorrect decisions.

Among existing diversity measures we find such ones that explore ensem-
ble dependency only based on the individual performances of the members.
As for the realization of the classifier D; for the j-th element of the dataset
we write ngj ). That is, ngj )= 1if D; classified x; correctly, while ngj ) = 0in
the case of wrong classification. Notice that, with this notation for the indi-

vidual classifier accuracies we also have p; = Z;\;l T]Z(j ) /N fori=1,...,n.

4.1.1.2 Weighing the contingency table

As an essential consideration for our approach for the generalization of diver-
sity measures, notice that, widely used diversity measures are simply derived
from special entries of the contingency table C. Thus, we introduce general-
ized diversity measures with letting arbitrary weights to be assigned to the
entries of C. More formally, a generalized diversity measure DM has the
form

DM =T : (DM;,DMs,,...,DMr) € RT - R (40)
with
DM, = > wl o Carran, t=1,...,T, (41)

a;€{0,1},i=1,...,n

where w((fl),_“,an € R is the weight assigned to the contingency entry cq,.... a,

in the ¢-th component DM;. As for the transformation 7 in (40), its usual
role is to combine the differently weighted contingency entries via com-
mon arithmetic operators, like addition, subtraction, multiplication, divi-
sion, square root, etc.

Commonly used diversity measures can be obtained by applying specific
weights in the general model as will be shown in the forthcoming section.

4.1.1.3 classical measures in our model

In this paper, we consider the generalization of the currently widely used
diversity measures summarized in Table 16. The table also includes the
formulas for their calculations.

Now, we shortly exhibit each of these measures and present how they can
be derived with an appropriate weigthing applied to some specific elements of
the contingency table. We note that all of the generalized number introduced
below are reducible with the appropriate parameters to the originals.
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Table 16: classical diversity measures and their calculations.
Diversity measure Calculation

Pairwise measures

Double fault (F) F,; = N%/N

Disagreement (D) D;; = (N 4+ N9 /N

Product-moment correlation (PM) | PM;; = N%//N*0NO

NllNOO _ NOlNlO
Correlation coefficient (C) Cij =
NI*NO* _ N*IN*O
NIINOO _ N01N10

Qij = NIIN00  NOINT0

Q statistics (Q)

Measures based on individual performances

Minimum individual error (MIE) | MIE = Irﬁ?(l — i)
i=

n
Mean error (ME) ME =5% (1-pi)/n
i=1
n .
Majority rule error (M RE) MRE = {j cje{l,...,NL > 7;2-7) > %} /N
i=1
System improvement (ST) SI=MRE—-ME

4.1.1.3.1 Double fault (F)

Originally, the double fault measure N° /N tries to estimate the probability
of the coincident error between two classifiers D;, D; (¢,7 € {1,...,n},i # j).
The desired different behavior of the classifiers is observed related to their
bad decisions only by this measure. In our model, it can be written as

Fij=N"/N=" 3 € maimmassn (42)

ai:(),a]- =0
with applying the following weighing in (41):

1, if a; =0 and a; =0,

. (43)
0, otherwise.

Way,....an =

Moreover, notice that this simple diversity measure has only one component
considering (40). The double fault measure has been introduced also within
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the whole set of base classifiers as

_ ) n
F = wn D) > Fy. (44)

ij=1
i)
4.1.1.3.2 Disagreement (D)

This measure tries to explore the degree of diversity based on pairwise
disagreement with summarizing the cases, where the voters D;,D; (i,j €
{1,...,n},i # j) disagree. It is also normalized with the volume of the
dataset (see Table 16).

In our model, it can be written as

Dij = T(DM,, DMy) = (DM, + DMy)/N (45)

with applying the following respective weighings for DM; and DMs in (41):

o fL (e =0anda;=1), (46)
ooyl 0, otherwise,

w@ b if(e=landa; =0), (47)
Tyeees n 0, otherwise.

Notice that, the disagreement measure is composed from two compo-
nents with 7 in terms of an addition and normalization with 1/N. The
disagreement measure is defined also for the whole set of base classifiers as

— 2 -
D=—>—S" D, (48)
n(n—1) ”2221 !
i

For shorter formulation of the remaining diversity measures for higher
dimensions, from now on we will use the alternative definitions based on

NET R K Qg Kk ek

instead of the forms (40) and (41). However, notice the underlying equivalent
weigthing schemes.
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4.1.1.3.3 Product-moment correlation (PM)

The product-moment correlation measure has been created to support the
selection of the most diverse algorithms in neural network-based scenarios.
The original pairwise measure for binary input focuses on the simultaneous
failures divided by the multiplication of the individual errors:

NOO
\ /N*ONO*

Similarly to the previous measures, product-moment correlation is defined
also for the whole set of classifiers as

PM;; = (49)

2 n
PM = —— PM;;. 50
T 2 PMa (50)
1,j=1
i#]
4.1.1.3.4 Correlation coefficient (C)
The correlation coefficient, which is one of the most widely applied statistical

measure for binary scenarios has the following form:

NllNOO _ N01N10

Ci‘ = \/ND«NO* — N*IN*0 ’ (51)
Its variant for the whole set of classifiers is written as
c- 2 Yo, (52)
nn—1) =1 v
i

4.1.1.3.5 Q-statistics (Q)

As the last investigated measure, the pairwise Q-statistics measure has the
range [—1, 1], where a value 0 shows independence, 1 suggests similar pre-
dictions, while -1 different ones:

NllNOO _ N01N10

Qij = NIINO00 4 NOINI0® (53)
To include the whole set of classifiers we write
-2 Y, (54)
n(n—1) g1 v
i#j
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4.1.1.3.6 Measures based on individual performances

In Table 16 we have enclosed such simple measures that are based only
on the individual performances of the voters. The minimum individual er-
ror (MIFE) selects the largest individual accuracy, the mean error (ME)
calculates the average of the individual accuracies, the majority rule error
(MRE) determines the error of majority-rule based decision, while the sys-
tem improvement (ST) checks M RE and ME simultaneously. The proper
formulation of these measures are contained in Table 16.

4.1.1.4 Generalization of classical measures

Using the flexible weighting model introduced in section 4.1.1.2, now we
generalize the classical measures introduced in section 4.1.1.3. The basis
of generalization is letting to observe the classifiers not only pairwise, but
also larger sets and subsets of them having cardinality 3 or more. This ap-
proach allows a deeper discovery of underlying dependencies. Moreover, our
weighting model provides the possibility to weigh the entries of the contin-
gency table in a non-binary (0/1) way introducing free weight parameters
that can be adjusted afterwards for optimal performance for specific appli-
cations. Next, we show how can be generalized the five measures described
in section 4.1.1.3 in this way.

4.1.1.4.1 K-fault (Fx)

The K-fault measure (2 < K < n) is a natural generalization of the double
fault one with discovering the mutual behavior of more than two classifiers.
Accordingly, for any subset of classifiers Dg with |Dg| = K we introduce
this measure in the following way:

N{O}K
Frg = N

Moreover, to aggregate for all the possible subsets of classifiers for cardinality
K we introduce the weighted average of the K-fault measures as

(55)

n
Fr = % > Wk Fr, (56)
(K) W19y ig =1
ij#i, (1<j<k<K)

where Wi € R for K € {2,...,n}. As for (56), notice that a non binary
weighting became possible to be applied to the selected contingency entries.
Possibilities on the optimal adjustment of these weights will be discussed in
later chapters.
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4.1.1.4.2 Full K-fault (Fx.)

To improve the descriptive property of K-fault measure, we introduce the
full K-fault one, which besides a subset Dg of K members (2 < K < n) with
S ={i1,...,ix} € {1,...,n} analyzes smaller collections of it. Namely, the
full K-fault measure is introduced as

K
> (Wi > N{O}i>
i=K' S'CS, |8'|=i
Fy. = ;

K n(K—-K+1) (57)

with some K’ € {2,...,K}. The main idea behind using this measure is
that if in an application we have insufficient number of samples in the K-
dimensional contingency cells, smaller dimensional ones can be considered
instead; the smallest such subset size is given with K’.

4.1.1.4.3 K-disagreement (Dg)
The pairwise disagreement measure can be generalized to K components
(2 < K <n) in the following way:

N — N{t}x _ y{0}x
Di = .
N

(58)

Similarly to the previous measures, all the possible subsets with the same
cardinalities can be aggregated via a weighted sum:

n

—_ 1
Dk =+~ > Wk Dy, (59)
(K 11,82,..., 0k =1
i #in (1<j<k<K)
4.1.1.4.4 Full K-disagreement (D)

Based on a similar argument discussed for the full K-fault measure F,, we
introduce the full K-disagreement one D, as

K
S w > N — N{1}: — Ny{0}:
i=K’ 5/CS, |8'|=i

DK*: N

(60)

with some K’ € {2,...,K}.

50



4.1.1.4.5 Product-moment correlation measure for K - (PMg)

We generalize the pairwised product-moment correlation measure to K clas-
sifiers (2 < K <n) in a quite straightforward way as

N{0}x
PMy = . (61)

K [] N
Neni0i{s k1

As usual, to aggregate for all the possible subsets of classifiers we define the
weighted average of the product-moment correlation measures as

_ 1 n
PMg = — S Wi PMy, (62)
K) 11,02,..,0 k=1
ij#i, (1<j<k<K)

where Wi € R for K € {2,...,n}.

4.1.1.4.6 Full product-moment correlation measure for K -
(PMk.)

Similarly to the previous measures, we introduce the full product-moment
correlation measure for K as

K )
PMg, =S w, % NO (63)

i=K'  S§'CS, |S'|=i 4 I1 N
NeNr{s}i

with some K’ € {2,...,K}.

4.1.1.4.7 Correlation coefficient for K - (CK)

As for our generalization to cross correlation, the main structure of the
original formula is preserved, however, the members are expressed in a com-
pletely different way. Namely, let Dg = {D;,,...,D;, } be a subset of clas-
sifiers of cardinality |Dg| = K with S = {i1,...,ix} € {1,...,n}, and
K' € {2,...,K}. Then, the correlation coefficient for K is introduced as

CK = CK'/CK", (64)
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(45

, K K-1 K K-1
CK'=1> > W; > N > W;
k=1j=K' ai,=1, S'CS k=1j=K'
D;y €5, |8 =441,
NeN{i+

and

D;y €5, |8 |=j+1

K
CK'=K || % SN

k=1 aikzl

Neniitk-

T

s oS

Nen{i{tk-1

K K-1
> N E W > NI,
ai, =1, §'CS k=1j=K' a;), =0, S'CS
D;), €5, |8'|=j+1, D;, €5, |8'|=5+1
NenN{k-;{0}; NeN1Hi{0 K-
(65)
K K-1 .

;X NMIX X 5 X N
5'CS, Dy, €5’ k=1j=K'+1" 5'CS,D;, €5’
|8 |=j+1 |8’ |=j+1
Nen{i Nen
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4.1.1.4.8 Q statistics for for K - (QK)

The same technique presented for the correlation coefficient can be applied to
the generalization of the Q statistics, as well. Namely, with also comparing
the original formulas of the Q statistics and the correlation coefficient in
Table 16, we introduce the Q statistics for K as

QK = CK'/QK", (67)
where
K K-1 K K-1
7
QK'=1> > Wi X N X Wi > N|+
k=1j=K' ai,=1, S'CS k=1j=K’ a;, =0, §'CS
D;, €8, |8'|=j+1, D;, €5, |8 |=j+1
NeN{tit NeNtOtj+1
K K-1 K K-1
W X NI XYW Y N
k=1j=K' ai, =1, §'CS k=1j=K' a;, =0, S'CS
D;, €8, |8 |=j+1, D;, €5, |8 |=j+1
NeNt I K—;10}; NenNtH{0kr—;
(68)

The next seven diversity measures have already been introduced in the
literature. These measures also accumulate the subsets of a given set of clas-
sifiers, so our generalization approach considered for the former measures are
not applicable for these ones; they are enclosed for the sake of completeness,
since we have found them efficient to discover better dependencies within an
ensemble.

4.1.1.4.9 Measure of difficulty (DI)
This measure is based on the discrete error distribution
Z = [p.(0),...,p, (K)] for a subset of classifiers Dg = {D;,,..., D, } of
cardinality |Dg| = K with S = {i1,...,ix} C{1,...,n}, where

Dz (]) = Z Cagy ey

Haiz:as,=1,t=1,... . K}|=j
for j =0,..., K. Namely, the measure of difficulty is defined as

1 K

DI= j:0<pz(j> -2 (69)
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where p; = Zszo px(7)/K. For more details see [17].

4.1.1.4.10 The entropy measure (EN)

This measure considers a subset of voters D;,, ..., D;, and tries to calculate
the level of dependency based on entropy via

min{m(x:), K — m(x;
EN = Z { XK/2J bt (70)

where m(x;) is the number of correct classifications for the sample x. Thus,
its range is between 0 and 1, where 1 means full diversity. For more details
see [17].

4.1.1.4.11 Kohavi-Wolpert variance (KW)

This measure is based on a similar idea to the entropy one. Namely, it
calculates the average variance of the outputs for all the classifier from a
binomial distribution as

1

N
KW = W;m(Xi)(K*m(Xﬂ)- (71)

Notice that KW = K - DI holds for independent classifiers. For more details
see [17].

4.1.1.4.12 Interrater agreement measure ([A)

Another modification of the same idea is used for the interrater agreement
measure via

HMZ

m(xi)(M —m(x:))

A= = R e =) (72)

K N

where e = Y > (1 — (j )) /KN is the average error rate of the classifiers.
i=1j=1

For more details see [17].

4.1.1.4.13 The fault majority measure (F M)

This measure is based on partial error distribution (PDED) to utilize the
degree of contributing to the different levels of ensemble error coincidences
for each voters. Only those PDED components are aggregated that could
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contribute to majority voting error for a given subset of classifiers. That is,
for error coincidences with at least [K/2] errors and coming from [K’/2]
locally best classifiers with 1 < K’ < K. More precisely, the measure is

defined as
K [K'/2]

FM= > Y z (73)

j=[K"/2] =1
where ¢* stands for the classifiers sorted according to their values of z; ; for
the fixed coincidence level j, and

X (k) :
Yo [1=mn" | m(zy) =0]/N for j =0,
S (74)
M [0 [ may) = 0)/Nj for j #0.
k=1

For more information see [18].

4.1.1.4.14 Generalized diversity (GD)

The basic idea of the GD diversity is based on measuring the simultaneous
failures p(K’) of K’ voters which can be shown to be

K . . .
i i—1 i—K'+1
oK')=) —

TLEK K KK 1

(75)

where ¢; denotes the probability that exactly i voters fail among the total
K ones.

It can be easily verified that maximum diversity is observed for ¢(2) = 0,
while minimum diversity for ¢(2) = ¢(1). That is, the simple generalized
diversity is introduced as

GD:l—Zg; (76)

with falling in the interval [0,1]. For more details see [17].

4.1.1.4.15 Coincident failure diversity (CFD)

This measure is similar to the GD one described above, however, it considers
higher order failure coincidences, as well. Namely, coincident failure diversity
is defined as

CFD={1—q &K1t =% (77)
0) q0:1
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Again, we have maximum diversity, when CF'D = 1. For more details see
[17].

4.1.2 C-constrained diversity measures

The diversity measures described in the previous section give useful informa-
tion on how to select the members to achieve the highest ensemble accuracy.
More specifically, efficient diversity measures should correlate with the sys-
tem accuracy. In the literature, the case when the classifier decision making
method is not the majority rule is rarely examined. Our aim is to mod-
ify these measures to be applicable in spatial voting scenarios, as well. The
main difference is that in our case we must observe the incorrect votes further
when checking the dependency of two (or more) member algorithms.

The investigation of the spatial domain was motivated by a retinal im-
age processing problem — the detection of the OD, which appears as a bright
circular patch within the region of interest (ROI) in a retinal image, see
Figure 15. We have observed that organizing more individual OD detector
algorithms into an ensemble may raise detection accuracy. In this voting
system, each individual OD algorithm votes in terms of a single pixel as
its candidate for the OD center. The application of existing majority vot-
ing models are not completely adequate here, since they consider only the
correctness of the votes, which concerns falling into the true OD region in
this scenario. However, in our case, the spatial behavior of the votes is
also important, since they vote together for a specific location of the OD,
only if they fall within a region matching the OD geometry. Consequently,
we should consider discs of diameter of the OD dpop € Rsq covering the
candidates of the individual detector algorithms as shown in Figure 15.

The diameter dop can be derived by averaging the manual annotations
made by clinical experts on a dataset and can be adjusted to the resolution of
the image. As a final decision, the disc having diameter dpp with maximal
number of candidates is chosen for the OD location. In this combined system,
we can make a good decision even if the false candidates have majority such
as in the case illustrated in Figure 15. A wrong decision is made only when
the number of correct ones is smaller than the number of the false candidates
covered by a disc having diameter dpp

Thus, when two algorithms miss, the chance of the final wrong decision
increases only if these incorrect votes meet the geometric constraint with
e.g., falling in a disc of diameter dpp in the OD detection task. By this
consideration, we label the member outputs with 1 if the vote is correct, 0~
if the vote is wrong and there is another wrong vote close to it meeting the
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Incorrect OD Cand. X
Correct OD Cand. o

Figure 15: The OD of diameter dop in a retinal image and the OD center
candidates (3 correct, 5 false) of individual detector algorithms. Candidates
inside the black circles can vote together for possible OD locations.

geometric constraint, and 0% if the vote is wrong, but no other wrong vote
can be found close to it. If we do no mind how worse an incorrect vote is,
we simply write 0, that is, a 0 vote is either 0 or 0~ Thus, we generalize
the term N to let a,b € {0,0%,07,1}, where e.g. N® © is the number of
cases, when both algorithms miss and their votes meet also the geometric
constraint. With this generalization, we have t = NO'0" 4 N0O707 4 NO1 4
N7 4 NOT14 N10T 4 N1 for the total number of cases for any two classifiers
D;,D;;. Now, the diversity measures listed in the previous section can be
generalized as follows.

4.1.2.1 C-constrained double fault

The pairwise C-constrained double fault measure estimates the diversity of
two classifiers D;, D; (i,5 € {1,...,n},i # j) according to their outputs
which satisfy the C-constraint. That is, we define it as

FS=N"°/N. (78)
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The C-constrained double fault measure is introduced also within the whole
set of base classifiers as

FC = _—— _ ES. (79)

The C-constrained double fault can be simply extended to a subset of classi-
fiers Dg = {D;,,...,D;, } of cardinality |Dg| = K with S = {i1,...,ix} C
{1,...,n} to define the C-constrained K-fault via

FE = NIk, (30)
while for all the possible subsets of classifiers of cardinality K a weighted

average can be calculated as

n

— 1
FC= - 3 Wi Fg. (81)
(K) 11,02,..., ik =1
ij#in (1<j<k<K)

Moreover, analogously to the K-fault measure, the full K-fault measure is
generalized to its C-constrained one as

K
Wy Nih
=K' S'CS, |S'|=i

n(K—K +1)

c _
FK* -
using the common notations.

4.1.2.2 C-constrained disagreement

All the variants of the disagreement measures are generalized to their C-
constrained variants similarly to the K-fault ones. That is, the pairwise
C-constrained disagreement measure has the form

NOT1 4 0~
while all the pairs can be aggregated via
o—_ % En: D¢, (84)
n(n —1) 5 K
i#j

58



Next, the C-constrained K-disagreement has the form

N — N{t}x — {07}k
D = ,
N
while all the possible subsets with the same cardinalities can be aggregated
as

(85)

_ 1 n
DY = — 3 Wy D$. (86)
(K) 11,02, ix =1
ij#in (1<j<k<K)

Furthermore, the C-constrained full disagreement is introduced as

K
S W > N — nN{1} _ y{07 ks
=K' §/CS, |S'|=i

N

D, = (87)

4.1.2.3 C-constrained product-moment correlation

The original product-moment correlation measure aims to explore diversity

via focusing on the coincident errors, so the C-constraint holds. Thus, the

C-constrained variants can be easily generalized as
NO_O_

A /N*O NO*

for the pairwise measure. For the whole set of classifiers

c _
PMS =

2 n
PMC = _ PM % 89
n<n _ 1) Z ij ( )
1,j=1
i#]
can be considered. The C-constrained product-moment correlation measure
for K has the form

N0}k
PME = , (90)
Tl 7
NeN{Ot1iixtr—1
and aggregation on subsets can be considered with
1 n
PM{=—~ Y  WxPMg. (91)
(K) W19y =1

i1 FipFE FiK
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Moreover, the full product-moment correlation measure for K is introduced

as
N0}

K

PME, => W; > :

,L‘:K/ S/QS7 ‘S/IZZ 7 H N
NeNtil}ig

4.1.2.4 C-constrained correlation

(92)

Compared with the extension of the previous measures to the spatial do-
main, the generalization of the correlation and Q statistics measure needs
further considerations. Namely, starting with the pairwise correlation, while
the N% terms can be mapped to N° ¢ as before, the 0T cases should
be incorporated in the original N°' and N'° disagreement terms to reflect
that if the answer is incorrect, it cannot significantly influence the final de-
cision in the constrained case for larger ensembles. That is, the pairwise
C-constrained correlation is introduced as

11 A70~ 0~ 01, NOToF 10 , NOTot

C _
Cij - VNTxNOx — N*Iy*0 <93>
with the possible aggregation for all the cases via
2 n

¢ =——— ce. 94
n(n _ 1) pa i ( )

i,j=1

i#j

Naturally, the same considerations are to be applied to the extensions to
K classifiers. That is, the C-constrained correlation coefficient for K is
introduced as

c c’/ "
CK® =CKY JCK", (95)

where

K K-1 K K-1

~/

CE® =3 > w, NS > w, > N -

k=1j=K’ a;, =1, S'CS k=1j=K' a;, =0", S'CS

D;, €5, |8 |=j+1, D, €S, |S'|=j+1
NeN{Hi+1 NeNOT it

K K-1 J K K-1 K—j-1

SyYwywmo Y wv|[TETwywm Y oW

k=1j=K' =2 ai,=1, S'CS k=1j=K’ =2 ai, =0, S'CS

D;, €8, |S'|=j+1, D;, €8, |S'|=j+1,
NeNK—j-110}; {0} NeN{Ok—j—1{1 0ty

(96)
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Notice that similarly to the pairwise case, the denominator of CK¢ coincides
with that of CK.

4.1.2.5 C-constrained Q-statistics

Considerations similar to the correlation measures are applied to derive the
C-constrained versions of the Q-statistics related measures. Accordingly, the
pairwise C-constrained Q-statistics is introduced as

o N11N0707 _ (y\]Ol + N(’;OJr) (2\710 + N0;0+>
QS = (97)
7 A Notot Notot
NUNO0- 4 (NOl SRR LAt ) (N10 + e )

with possible aggregation via

2 e
=D > Q- (98)
i,j=1
i#£j
Moreover, the Q-statistics for K is defined as
QKC = CKY' |QK", (99)

with noticing that the nominator is the same as that of the C-constrained
correlation, while the denominator coincides with the non-constrained Q-
statistics for K.

4.1.2.6 More C-constrained measures

As for the C-constrained variants of the measure of difficulty (DI¢), en-
tropy measure (EN®), Kohavi-Wolpert variance (KW ), interrater agree-
ment measure (IAY), fault majority measure (FM), generalized diversity
(GD®), coincident failure diversity (CF D) listed at the end of section 2,
all in these seven measures the 0~ votes should be considered instead of the
original 0 ones in all the aggregations.

4.1.2.7 C-constrained measures based on individual performances

The measures presented in section 4.1.1.3.6 are based on the individual per-
formances of the voters, so it does not make sense to interpret them as
pairwise or K-wise ones. However, their generalization to C-constrained
variants is meaningful just following the same way given in section 4.1.2.6
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with considering only the 0~ votes instead of the 0 ones. That is, we can
introduce the C-constrained minimum individual error (M1E®), the mean

error (M E®), the majority rule error (M RE®), and the system improvement
(SI°).

4.1.3 Empirical results

As a basic consideration of our approach, most of the generalized diver-
sity measures incorporate weight terms to provide larger flexibility. These
weights can also be considered as free parameters adjustable according to the
specific application.The generalized measures were composed to return the
original ones with a specific weight adjustment (as we have shown for e.g.,
double fault), however, for specific applications practical considerations can
be useful. The determination of the appropriate weights has to be based on
the definition of the diversity measure and the decision model collectively.
Namely, we have followed the strategy that larger weights were assigned
to that cases which have positive influence on the increment of the system
accuracy and vice versa there are proportional penalties for cases with a
contrary effect. In our practical application, the votes should fall within a
region matching the OD geometry, as it was explained in section 4.1.2. For
example, in our application the weights W; of C-constraint full K-fault mea-
sure (4.1.2.1) are decreasing negative numbers. As far as weighted average is
concerned, the performance of the classifiers from the subsets (p; or 1 — p;,
where j = 1...K) can be considered to be a basis in finding the weights.
If there is a representative training database, the weights can be learnt by
the help of this database. The strategy to follow is that larger weights are
assigned to such situations whose original versions show larger correlation
with the system accuracy.

To check the efficiency of the generalized diversity measures, we have
checked their correlations with the ensemble performance and how they can
be used to compose accurate ensembles. Firstly, we checked the correlation
with system accuracy of the generalized diversity measures in an experiment
on the data from the test papers of programming lectures, where the voters
were students, who have to pass a multiple-choice driving test. The number
of incorporated students was 135, and the number of the questions was
50. Secondly, we checked the correlation with system accuracy of the c-
constraint diversity measures in an experiment for the OD detection task
described in section 4.1.2. Eight OD detector algorithms were involved in
this analysis, namely [44], [10], [9], [53], [46], [63], [3]. As the experimental
data of the retinal application, the publicly available database KAGGLE [20]
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has been used which contains 53576 images for the study of the generalized
C-constraint diversity measures.

4.1.3.1 Correlation with ensemble performance

In case of the multiple-choice driving test experiment, the system accuracy
is calculated with the help of its answer key. For the practical problem of
OD detection, the system accuracy is measured on the database [20] de-
scribed above. For the final decision on the location of the OD, constrained
majority voting-based rule has been applied where only those outputs of the
algorithms vote together, which fall in the same disc of diameter dpop. More
details are given in section 4.1.2.

We have calculated the ensemble performances for all the possible en-
sembles and also all the diversity measures. In our experiment with the
classical generalized diversity measures the number of possible ensembles is

n=60
given by > (7). However, there is no real point for the ensembles having
k=1

only one or two members to be included into the investigation for practical
reasons, since substituting n = 2 into the generalized diversity measures we
get back the original formulas. While this size effects unmanageable pieces
of different of ensembles, we reduced the number of voters by grouping the
voters into the disjunct sets with ten cardinalities. Finally, we performed
the experiment on these disjunct sets separately without and with interpola-
tion (discussed later), and the final results are calculated by averaging them.
In Figure 16(a) we present the correlation between the diversity measures
and the ensemble performance. To make the visualization feasible, we have
averaged these values for each possible ensemble cardinality K = 3, ..., 60.
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Results on Programming lab experimental data
without interpolation

—a—Original  —#—Generalized

(a) Results on Programming lab experimental data
without interpolation

Results on Programming lab experimental data
with interpolation

—e—Original =—e=Generalized

(b) Results on Programming lab experimental data with
interpolation

Figure 16: Result of evaluating the generalized diversity measures based on
multiple-choice driving test experiment.

The Figure 16(a) and 16(b) show the correlation between system perfor-
mance and generalized diversity measures without and with applying inter-
polation, respectively. The values of the ordinate are the correlation values,
and the individual generalized diversity measures are listed on the abscissa.
Based on the plot values, the generalized diversity measures estimate by
18.7% and by 12% more accurately the system performance, respectively.

To test the C-constraint diversity measures exhaustively, all the possible
ensembles and also all the diversity measures were considered. In our ex-
periment with the generalized C-constraint diversity measures the number

n=60
of possible ensembles is given by > (Z) However, because of practical
k=1
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reasons, only the cases n > 2 were investigated. In the experiment we have
calculated the ensemble performances for 219 variously composed ensembles.
In Figure 17(a) we present the correlation between the diversity measures
and the ensemble performance. To make the visualization feasible, we have
averaged these values for each possible ensemble cardinality K = 3,...,8.

Results on Kaggle images without interpolation
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(b) Results on Kaggle images with interpolation

Figure 17: Result of evaluating the generalized C-constrained diversity mea-
sures based on KAGGLE data experiment.

The Figure 17(a) and 17(b) show the correlation between system per-
formance and generalized C-constraint diversity measures without and with
applying interpolation on Kaggle images, respectively. The values of the or-
dinate are the correlation values, and the individual generalized C-constraint
diversity measures are listed on the abscissa. Based on the plot values, the
generalized C-constraint diversity measures estimate by 14.1% and by 7.5%
more accurately the system performance, respectively.
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From the figures 16 and 17, it can be clearly seen that the (C-constrained)
generalizations of the measures correlate much better with the ensemble
accuracy, so they have a stronger descriptive dependency behavior than the
existing measures.

Another practical issue arises for incomplete contingency tables, when
some realizations are missing. Technically, it makes the corresponding con-
tingency entries 0, which may ruin some diversity measures (e.g. where a
product is considered). To resolve this problem we may apply an interpo-
lation technique — specifically we have tested the 5-point moving average
one — to the contingency table to eliminate the 0 entries. This solution
also makes the correlation of the diversity measures with the system per-
formance smoother even if the rate of correlation may slightly drop. These
observations have been made in our OD detection scenario with the correla-
tion between the diversity measures and the ensemble accuracy depicted in
Figure 18.

5-point moving average smooth

=——Measured valugs == Smoothed data

Figure 18: The result of the interpolation applying 5-point moving average
kernel on the measured data in case one of the diversity measures. The plot
shows how smooth the correlation values are after the interpolation.

Moreover in the figures 17(b) and 16(b) there are the plots about inter-
polated experiment results for comparison reasons to the non-interpolated
investigations. It is clearly shown, that the performance superiority of the
generalized diversity for both cases is maintained. The positive effect of the
interpolation step is also obvious. Moreover, an important feature of diver-
sity measures is observable too. Namely, the generalized diversity measure
is less vulnerable to the incompleteness of the contingency tables.
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4.1.3.2 Application to composing ensembles

Besides the diversity measures discussed so far, we can introduce an ag-
gregated (super) measure that incorporates all the dependency observations
supplied from the simple measures. To make this super measure adoptable
to different applications and to compensate the possible less descriptive be-
havior of some measures — caused e.g. by the lack of specific samples causing
0 or close to 0 entries in the contingency table — we propose a weighted linear
combination of the diversity measures.

More formally, suppose that n classifiers and h diversity measures DM,
..., DM, are given and the aim is to compose a system from the classifiers
having the highest accuracy using the diversity measures. For all the possible
(2) (k = 1,...,n) ensembles, we calculate a weighted combination of the
diversity measures as

h
GD; =) ;;DM,;, ]:1<Z> k=1,...,n, (100)
i=1

where a; ; € R are some weights, DM, ; is the value of the i-th diversity
measure on the j-th ensemble. With assuming stronger correlation between
the weighted combination and system accuracy, the ensemble with the max-
imal GD; is selected

h
GD =max(GD;) = > a;DM,;. (101)
J =1

The appropriate selection of the weights «; are well-known from the liter-
ature for independent feature selectors. Namely, the optimal weights can
be determined from the individual accuracies of the feature selectors [41].
In this special case, the correlation values show the performance of the di-
versity measures as feature selectors. If we consider independent members
DMy,..., DM; with accuracies dpq,...,dp, then GD can be maximized
by assigning the weights

acorr;

o; =1n t=1,...,h (102)

1 — acorr;’
In our application, the accuracy acorr; is defined as the average correlation
of the i-th diversity measure with the system accuracy regarding all possible
assembled ensembles having the same number of members. For our OD
detection task, in [7] we have found that an ensemble composed using the GD
figure outperforms the one collecting simply the individually most accurate
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members, or by considering only a single generalized diversity measure for
this aim. That is, to compose the ensemble we can rely on the combined
diversity measure GD, as it correlates quite well with the system accuracy
demonstrated also in Table 17.

Ensemble of detectors

System acewracy |55 55 T0D,; | OD;, | ODp | ODga | 0D [ 0D | &P
0.9774 X X X X 85.68
0.9765 X X X X X X X 86.35
0.0783 X | X X | X | X | X | X 8636
0.9774 X X X X X X 89.88
0.9800 X [ X | X | X | X | X 59.88

Table 17: Selecting ensembles by using a weighted linear combination of
generalized diversity measures.

4.1.4 Conclusion

In classical theory, diversity measures are recommended to help to explore
the dependencies among the classifiers. As we have also pointed out, the
detector algorithms cannot be considered as independent classifiers in ap-
plications. Moreover, in the previous section it was proved by heretical
based investigations that there is dependency in our example object detec-
tion application. Our aim was to describe the dependency to improve the
selection efficiency of classifiers towards composing more performance op-
timized ensemble compared with that it is composed by simply selecting
the individually most accurate members. We showed how classical pairwise
measures could be extended to explore larger sets of classifiers via letting the
contingency table entries of an ensemble-based system be freely weighted.
These generalized diversity measures fit to use with classical majority voting
and other multidimensional investigations about diversity. As experimental
proof, we showed how much they work better in case of the classical major-
ity. As a more specific use of diversity measures, we introduced extended
measures for spatial constraint majority voting framework. We showed ex-
perimentally that these measures fit better to spatial applications with a
specific example of OD detection. Moreover, we showed also how a more
efficient descriptor could be found in terms of a weighted combination of di-
versity measures which correlates better with the accuracy of the ensemble.
In our experimental test, we use the publicly available KAGGLE database
[20].

In the following chapter, our primary goal remains similar. We try to
compose the best performance fusion system. For this purpose, we extend
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our model by adding a natural constraint regarding a time limit within
which the ensemble should make the decision. For this aim, we consider
both the execution time and accuracy of each member. Then, we solve the
problem on how to find the most accurate ensemble, where the sum of the
execution times of its members remains belows the limit. As a decision rule,
we analyze a majority voting-based one generalized to be applicable in single
object detection scenarios. This optimization task leads to a non-separable
Knapsack problem, which is addressed using stochastic considerations.

4.2 Composing an ensemble-based system guided by a
constraint

There are many possibilities to improve further the performance of ensemble-
based systems. One possibility, e.g., is to adjust the free parameters of the
members to provide maximal ensemble accuracy [35]. High ensemble accu-
racy is a generally fundamental requirement. However, other performance
issues might be reasonable. One specific such point is the execution time
since ensembles are more resource demanding in this respect, as they have
to execute all their members before making their decision. Over a specific
total execution time, we cannot achieve a considerable increase in system ac-
curacy by adding new members to the ensemble. In this section, we address
this issue with solving the problem to compose the most accurate ensemble
from certain possible members under a constraint on execution time. The
primary challenge of this optimization problem is that the selection of ensem-
ble accuracy ¢ in (103) as an energy function leads to a non-separable task,
which cannot be solved easily using, e.g., classical dynamic programming
approaches:

n
Qclassical = Z ( Z sz H (1 - pj)>7 (103>
k=0 “[C{1,...n}i€l  je{l,...n}\I
[|=k

After formulating the problem as a knapsack one, we give a theoretical
approach for optimization and also validate it in a single object detection
problem.

The rest of the section is organized as follows. A proper formulation of
the problem in terms of a knapsack problem is given in section 4.2.1. In
section 4.2.2, we consider several specific cases for accuracies and execution
times of the potential members of the ensemble to have a better insight of the
problem and discuss the cases when the optimization can be performed easily.
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Our approach to solving the general problem is presented in section 4.2.3. In
section 4.2.4, we enclose some experimental results on the specific detection
problem to locate the OD in retinal images. Finally, some conclusions are
drawn in section 4.2.5.

4.2.1 Formulation of the knapsack problem

First, we present the classical knapsack problem and then formulate it for
our ensemble composition task with a short discussion on the difficulties of
selecting ¢ from (104) as the target (energy) function:

qzn:pn,k< > 1I» 11 (1pj)>. (104)

k=0 IC{1,..m}i€l  je{l,..n\I
[I|=k

4.2.1.1 The classical knapsack problem

Let n items be given, with values v1, ..., v, and weights w1, ..., w,, respec-
tively. Let z; be the number of the i-th item to be packed (zero or one).
The maximum weight being carried in the knapsack is W. It is common to
assume that all values and weights are non-negative. The aim is to maximize

n
the function Y zjv; under the following conditions:
k=1

n
> wwr W, 2 €{0,1} (k=1,...,n). (105)
k=1
According to a vast number of applications, the corresponding properties
of the objective function and/or constraints led to many variations of the
original knapsack problem. The major examples from the related literature
are about real or integer variables, linear or non-linear, separable or non-
separable, convex or non-convex objective functions, and additional specially
structured constraints such as bounds on the variables or generalized upper
bound constraints. Although some varieties of nonlinear knapsack problems
are investigated in the literature [36], [59], most of the research efforts have
been focused on knapsack problems with a linear objective and a linear
constraint [57], and knapsack problems with a separable convex non-linear
objective function and a simple linear equality constraint [61].
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4.2.1.2 Knapsack problem for majority voting target function

In the investigated ensembles, each member is an object detector with its
accuracy p; as value and with its running time t; as weight in a constrained
majority voting system. The problem is to find the most accurate ensemble
from these algorithms with bounded total execution time. That is, now we
have to maximize the ensemble accuracy ¢ given in (104).

More specifically, the aim is to get the optimal solution g7 for the system
accuracy, where:

ar = {zfna}f} Zps’k( Z Hpi H(l —pj)> (106)

k=0 IC{in,eyis} €1 jE{in, s I\ I

|I|=k
under the following conditions:
S ot T, {ir,...,is} S{L,...,n} (s=1,...,n). (107)
j=1

The optimization task formalized above is far from being trivial to solve.
The primary challenge can be easily recognized with noticing that the target
function g of the majority voting rule is non-linear and non-separable. As we
have mentioned before, such functions are rarely investigated in the literature
with a strict restriction on their functional structure (e.g., the exponential
one is analyzed in [59]). That is, for a proper analysis we need a model for
the optimization of the specific target function (104) within the knapsack
framework.

4.2.2 Relation of member accuracies and execution times

There can be several natural relationships between the running time ¢; and
accuracy p; of the members of the ensemble. Regarding this issue, we for-
mulate some specific cases besides the most general scenario, when both the
execution times and accuracy values may be different within the system. In
all of our examples, we will consider a fixed number n = 7 for the number of
algorithms from which the ensemble can be composed. This selection leads
to better comparability with our practical application (see section 4.2.4) also
considering seven algorithms. As for the time limit 7" from now on we will
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n

suppose that T' < Tiotar = Y ti, since the total computational time of the
i=1

algorithms is equal to Tyo¢q-

e CASEI: Both the execution times and accuracies are constants. The
intuitive interpretation of this case is that all the members have the
same accuracy and execution time. As a concrete example, we show
some corresponding experimental results for ensembles having the fol-
lowing parameters:

— EXAMPLEL: p=p;=...=p7=0.6; t=t1="...=t7=1,
— EXAMPLE2: p=p;=...=p7=0.7; t=t1="...=t7=2,
— EXAMPLES: p=p;=...=p7=0.8; t=t1="...=t7=3,
— EXAMPLE4: p=p;=...=p7=0.9; t=t1="...=t;=4.

The setup of these cases emulates the situations when more accurate
members require more time. The knapsack problem can be trivially
solved for CASE] for a given time limit 7" with noticing that because
of the equal member accuracies the best strategy is to immediately add
a new member to the ensemble till the time limit is reached leading to
L%J for the number of possible ensemble members. Now, the accuracy
of the system can be easily calculated using (108):

- = ny i —k
Gequal = kz_opn,k (k)p (1 _p)n . (108>

The maximum ensemble accuracy that can be reached for different
time limits is shown in Fig. 19, for the examples above. The corre-
sponding curves show that after a while the ensembles of slower, but
more accurate members overtake the ones consisting of faster, but less
accurate algorithms.

e CASE2: The execution times are constant, the accuracies are differ-
ent. This case interprets such a scenario, where the members are not
equally accurate, but their execution times are the same. As a concrete
example we show some corresponding results for one ensemble having
the following parameters:

— EXAMPLES5: p;=0.6, po=0.65, p3=0.7, p1=0.75, p5=0.8, pg=0.85,
p7=09, t=t1=... :t7=4
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Figure 19: The maximum ensemble accuracies in CASE1. The graph plotted
the system accuracy qr over the normalized time T'.
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Figure 20: The maximum ensemble accuracy in CASE2.

The knapsack problem can be trivially solved for CASE2 by observing
that because of the equal execution times the best strategy is to add
the most accurate one first, then the second most accurate one, etc. till
reaching the time limit. For the number of possible ensemble members
we have L%J with the accuracy of the system calculated by (104). The
maximum ensemble accuracy gr versus the normalized time limit T is

shown in Fig. 20.

e CASE3: The accuracies are constant, the execution times are differ-
ent. Just as a reversed version of CASE2 now the system members
are equally accurate, but take different times to run. As concrete ex-
amples we show some corresponding results for four ensembles having
the following parameters:
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Figure 21: The maximum ensemble accuracies in CASES3.

— EXAMPLEG6: p=pi1=...=p7=0.6; t1=1,...,t;="7,
— EXAMPLET: p=p1=...=p7=0.7; t1=1,...,t;=T7,
— EXAMPLES: p=p;=...=p7=0.8; t1=1,...,t;="1,
— EXAMPLE9: p=p;=...=p7=0.9; t1=1,...,t;=T7.

Because of the same accuracies, the solution is quite simple since now
we have to put the fastest algorithm first into the knapsack, then the
second fastest one, etc. till reaching the time limit. For the num-
ber of possible ensemble members we have the maximal m for which
m

> t; < T with the accuracy coming from (108). The maximum en-
i=1

semble accuracy qr versus T is plotted in Fig. 21. It can be observed
how the more accurate members naturally lead to better performance
in this case.

CASE4: Both the accuracies and execution times are different. As
the most general and natural scenario we turn to discuss on the case,
when the members have both different execution times and accura-
cies. As concrete examples we show some corresponding results for
two ensembles having the following parameters:

— EXAMPLE10: p;=0.6, p»=0.65, p3=0.7, ps=0.75, p5=0.8, ps=0.85,
p7=0.9; tlzl, cee ,t7:7,
— EXAMPLEL11: p1=0.6, p»=0.65, p3=0.7, p4=0.75, p5=0.8, ps=0.85,
p7:0.9; t1:7, cee ,t7:1.

The determination of the most accurate ensemble for a given time
limit 7" is much more challenging in this case. In the next section,
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Figure 22: The maximum ensemble accuracies in CASEJ.

we propose a stochastic algorithm to find an efficient solution for this
specific knapsack problem. The maximum ensemble accuracy gr re-
garding the time limit 7" is shown in Fig. 22. EXAMPLE10 stands for
a natural case when a more accurate algorithm needs more execution
time. However, EXAMPLE11 illustrates well that it is highly worth to
put some effort to try to make more accurate algorithms as a massive
improvement of performance can be gained.

4.2.3 Stochastic approach for knapsack problems with majority
voting-based energy function

A greedy approximation algorithm was proposed by G. Dantzig to solve the
unbounded knapsack problem [57]. First, the items are sorted in decreasing
order of value per unit of weight, ;’71 Then, they are inserted into the knap-
sack in this order with as many copies as possible until there is no longer
space in the knapsack. Greedy algorithms are usually the most straight-
forward and most efficient algorithms available when they result in optimal
solutions. Provided that there is an unlimited supply of each kind of item,
then the greedy algorithm is guaranteed to achieve at least the half of the
maximum possible value. However, when the supply of each kind of item
is limited, the algorithm may be very far from being optimal. Moreover, in
contrast to the classical knapsack problem, our optimization task cannot be
solved using dynamic programming because of the non-linear, non-separable
objective function. These results show that several significant modifications
are needed to find the optimal solution.

In our proposed approach, the selection of the items to the ensemble is
based on the efficiency of the members determined in the following way: for
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the i-th item with accuracy p; and execution time t;, the system accuracy
q(pi, t;) of the ensemble containing maximal number of i-th items:

u‘q

o (D ol
Q(pz»tz) = ;OP{ZJ’]?( k >pz (1 pz) ¢ (109)
characterizes the efficiency of the i-th kind of item, instead of the values f—:
considered in the classic greedy method.

A greedy algorithm for an optimization problem always chooses the item
that seems to be the best at that moment. In our selection method, a discrete
random variable depending on the efficiency values of the remaining items is
applied in each step to determine the probability of choosing an item from
the remaining set to add to the ensemble. Namely, in the k-th selection
step, if the items i1, ...,4,_1 are already in the ensemble, then the efficiency
values q(k_l)(pi,ti) of the remaining items are updated to the maximum
time of 17" — Z?;ll ti;. The i-th item is selected as the next member of the
ensemble with the following probability:

(Pens) ™ = Vit
[3 Zq(k*l) (pl,tl)

7

(110)

where ¢ € {1,...,n}\{é1,...,ig—1}. This discrete random variable reflects
that the more efficient the item is, the more probable it is selected to the
ensemble in the next step.

Ift; > T—E?;ll ti; foralli € {1,...,n}\{i1,...,9x—1}, then our stochas-
tic process ends because there is not enough remaining time for any algo-
rithms to be executed.

The variation of the efficiency values in (109) and the selection proba-
bilities of the items in (110) derived from the terms p, , for the classical
majority voting rule is shown step by step in Table 18 for EXAMPLE10,
when T' = 0.85 Z?:l t;, if the most efficient item is supposed to be selected
at each step.

For the further characterization of the results that can be achieved by
the proposed method, it is a beneficial task to investigate the distribution
of the system accuracy ¢ considered as a random variable. To determine its
distribution function F,(z), the distribution of the accuracy values of the
algorithms needs to be described. For an approach solving an optimization
problem, several fundamental questions are raised: when it is able to find
the optimal solution, how far the final result of the method can be from the
optimal solution or rather how often this result is above a particular value.
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To answer these questions, it is expedient to examine the complementary
cumulative distribution function F,(z) = P(q > z) = 1 — F,(=).

Here the system accuracy ¢ is defined as a linear combination of the
random variable £ derived from the accuracy values. The distribution func-
tion of ¢¥ (k =1,...,n) is determined by the distribution of ¢ because the
power functions are bijective for the non-negative random variable . It is a
very challenging task to describe the distribution function Fy(z) in the next
step because the random variable ¢* has different kind of distributions for
k=1,...,n. By applying the moment generating function technique (that
is M, (x) = E(e*")), the distribution of a linear combination of indepen-
dent random variables can be determined uniquely. Because of the special
and complex form of the system accuracy ¢, it can frequently occur that we
cannot find an exact and close form for its distribution function Fy(z). In
this case, we can either give a numerical approximation for the distribution
function by applying advanced numerical methods or Markov’s Inequality is
adaptable to estimate the values of the complementary cumulative distribu-
tion function Fy(x):

P(g>1x) < E;q), (111)

because ¢ is a non-negative random variable. Without knowing the exact
value of the expected value E(q), it can be estimated by a sufficient number
of samples of the system accuracy q.

However, E(q) can be calculated if we have some knowledge on the dis-
tribution of the accuracy values of the algorithms. Accordingly, we have
checked the literature and some online challenges, where the accuracy of the
participating algorithms are made publicly available [1,48]. Naturally, some
distortions may appear as consequences of the competitive behavior. For ex-
ample, several authors try to beat state-of-the-art results by over-training, or
competitors submit relatively weak solutions, as well. However, if we elim-
inate these outliers, the remaining accuracy values often have a uniform or
normal distributions, which behaviors seem to be reasonable also intuitively.
Without the sake of completeness, we can mention the sources [48] or [1] as
specific examples. Since this experiment suggested us that the uniform or
normally distributions of the accuracies can have practical importance, we
investigated these cases more closely. In these special (normally or uniformly
distributed) instances, the expected value E(q) of the system accuracy is de-
termined as the distribution of ¥ is known. For example, if ¢ has a standard
uniform distribution, then ¢* has a beta distribution with parameters % and

1, that is B(¢F) = 1J1rk. Furthermore, the distribution of a product of nor-
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mally (or uniformly) distributed variables is known, that can be given, e.g.
by a modified Bessel function or in terms of Meijer G-functions.

The results of the proposed method in Table 18 and Table 19 can be com-
pared, when the distribution of the accuracy values is uniform in EXAM-
PLE10 and when a normal distribution is given in the next object detection
problem in 4.2.4.
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Table 18: The efficiency values and the selection probabilities of the items respectively, and the remaining
nor‘malized time for EXAMPLE10.

| (p1,th) H (P2 ta) H (p3;t3) | (P4, ts) | (ps;t5) | (ps; ts) | (pr,t7) | T |
¢@ 110.836 [ 0.133 [ 0.851 | 0.136 | 0.874 | 0.139 | 0.897 | 0.144 | 0.896 | 0.143 | 0.94 | 0.150 | 0.972 | 0.155 | 0.85
¢ | 0.787 [ 0.157 | 0.8 | 0.160 | 0.837 | 0.167 | 0.844 | 0.168 | 0.896 | 0.179 | 0.850 | 0.170 - - 0.6
¢@ 1 0.753 [ 0.193 | 0.765 | 0.196 | 0.784 | 0.201 | 0.75 | 0.192 - - 0.85 | 0.218 - - 0,421
¢® ][ 0.683 10245 | 0.65 | 0.233 | 0.7 | 0.252 | 0.75 | 0.270 - - - - - - 0.207
¢@ || 0.6 1 0 0 0 0 - - - - - - - - 0.064
q® - - 0 0 0 0 - - - - - - - - 0.028

Table 19: The efficiency values and the selection probabilities of the items respectively, and the remaining
normalized time for OD detection.

(p1,t1) | (pa; ta2) | (sits) | (Pasta) | (psits) ] (P, t6) | (pr,t7) | T ]
¢@ 11 0.9994 | 0.198 | 0.9999 | 0.199 | 0.169 | 0.033 | 0.994 | 0.197 | 0.189 | 0.036 | 0.976 | 0.194 | 0.709 | 0.141 | 0.85
¢ ]| 0.9998 | 0.248 - - 0.169 | 0.042 | 0.992 | 0.246 | 0.189 | 0.047 | 0.978 | 0.242 | 0.709 | 0.176 | 0.771

@ - - - - 0.169 | 0.057 | 0.989 | 0.334 | 0.189 | 0.064 | 0.978 | 0.329 | 0.643 | 0.216 | 0.745
q® - - - - 0.169 | 0.085 - - 0.189 | 0.096 | 0.978 | 0.494 | 0.643 | 0.325 | 0.705

q@ - - - - 0.304 | 0.24 - - 0.319 | 0.252 - - 0.643 | 0.508 | 0.372
q® - - - - 0 0 - - 0 0 - - - - 0.115




4.2.4 Experimental results — optic disc detection

As a single object localization problem, we consider the detection of the
OD in retinal images to test our approach under real circumstances. The
proper detection of the OD is useful from several aspects including vessel
segmentation and bright lesion localization tasks, but also the recognition
of the presence of glaucoma. We have already shown that the performance
of individual OD detector algorithms can be outperformed with organizing
them into an ensemble [52]. In this realization, the output of each OD
detector is a single pixel indicating its candidate for the center of the OD.
The member’s decision is considered to be correct if its candidate falls inside
the disc-shaped OD region. Majority voting rule can be applied to have
the decision of the ensemble by taking the shape constraint of OD also into
consideration. Namely, we aggregate those outputs of the members that
can be bounded by a circle of a given diameter dop. The disc containing
the maximal number of outputs is accepted as the final decision for the OD
location, see also Figure 23. In [5] we have shown how to calculate the p, j
parameters in (104) to determine the accuracy of the ensemble.

Correct
QD Cand.

Figure 23: Majority voting rule for OD detection in retinal images.

In this specific scenario, we have seven member OD detectors with the
following respective individual accuracies and execution times (in seconds):
p1 = 0.765,p2 = 0.958,p3 = 0.304,py = 0.754,p5 = 0.319,ps = 0.976,p7 =
0.643, and tl = 7,t2 = 21,t3 = 387t4 = 11,t5 = 34,t6 = 90,t7 = 69.
These figures have been calculated offline with no additional time using the
publicly available manually annotated dataset MESSIDOR [23]. We have
the accuracy of a detector as the portion of the correct decisions in the
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Figure 24: The maximum ensemble accuracies for the real object detection
scenario.

whole dataset.

To see how our approach operates on this problem, we have determined
the most accurate ensembles regarding all possible bounds on the total exe-
cution time T'=1,.. ., 21'7:1 t;.

The efficiency values, see (109), and the selection probabilities, see (110),
are derived from the generalized terms p,, ;; is shown step by step in Table 19
for the OD detection problem, when T = 0.85 Z?Zl t;, if the most efficient
item is supposed to be selected at each step. The results are shown for seven
detectors, but this stochastic method is not dependent on changes in the
number of the members.

As we have mentioned earlier, both the target function (104) and our
ensemble composition approach suppose the members to be independent.
However, in practical applications, the detectors show certain levels of de-
pendencies, which can influence the system accuracy, as well. On the other
hand, our stochastic approach can guarantee optimality only a given level
of confidence. Thus, the efficiency of our approach cannot be wholly val-
idated by checking its outcome in comparison with a brute-force ensemble
composition strategy. However, since the dependency issue is hardly distin-
guishable from the error of the stochastic approach, this comparison is still a
natural one. Accordingly, in Figure 24, besides the maximal ensemble perfor-
mance found by brute-force, we also plot the maximum ensemble accuracies
gr versus the time limit 7" found by our approach (supposing independent
members).

As a general behavior, it can be nicely observed that in real applications
the algorithms with having the same aims are usually dependent in such a
way that ruins ensemble performance. Moreover, the ensembles found by our
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stochastic approach for the specific time limits indeed supplied the largest
system accuracies. However, in general, we cannot guarantee this feature
without a complementary exhausting dependency check of the members.

4.2.5 Conclusion

Ensemble-based systems are beneficial to obtain a higher accuracy than that
could be gained by any of its members. However, more computation re-
sources are needed for an ensemble, since the execution times of its members
cumulate. Thus, it is a meaningful condition to consider a time limit for the
total execution time of an ensemble together with trying to keep up accu-
racy. This limitation leads to an optimization problem of identifying those
members which compose the most accurate ensemble together with having
their cumulated execution times below the required limit. In this chapter, we
solve this combinatorial optimization task by a stochastic approach through
formulating knapsack problems with an energy function based on the ma-
jority voting rule. We plot the ensemble accuracy against the time limit
for several cases, which may help a user to select an appropriate time limit,
where the accuracy reasonably increases. Moreover, it also becomes possible
to see whether the acceleration of specific components may raise ensemble
accuracy. As a real experimental study, we consider a single object detec-
tion scenario for the localization of the OD in retinal images. In this way,
we also compare our models for independent systems with a real one having
dependencies among its members. Though the independent models help to
measure up the expected behavior, the extension of the study seems to be
reasonable for dependent systems, as well.

In previous sections we have made serious efforts to improve the per-
formance of medical image analysis methods with using ensemble-based sys-
tems. In the following section, we present a novel hardware-based solution for
the efficient adoption of our complex, fusion-based approaches for real-time
applications. Even though most of the image processing problems and the in-
creasing amount of data have high-performance computing (HPC) demand,
there is still a lack of corresponding dedicated HPC solutions for several
medical tasks. To widen this bottleneck, we have developed a Hybrid Small
Size high-performance computing Resource (abbreviated by HuSSaR) which
efficiently alloys CPU and GPU technologies, mobile and has an own cool-
ing system to support easy mobility and wide applicability. Besides a proper
technical description, we include several practical examples from the clinical
data processing domain in this work. For more details see also: https://
arato.inf.unideb.hu/kovacs.laszlo/research_hybridmicrohpc.html
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4.3 Ensemble-based systems in HPC environment

4.3.1 Introduction

Information technology has developed significantly, especially in the last
decades. New hardware-based achievements establish never seen capabil-
ities for more precise detection and personalized treatment in healthcare.
General-purpose computing on graphics processing units (GPGPU)[27], the
Intel Many Integrated Core Architecture (MIC)[55], the field-programmable
gate array (FPGA)[33] and more recently the Neural Processing Unit (NPU)
architectures are the examples for the hardware related progress. Several
papers have been published about performance comparisons in different ap-
plications to determine the superiority of the Processing Units [37]. Though
comparative studies [26] suggest it, the performance superiority of this plat-
form is not evident in several cases. Namely, though GPUs are capable of
running faster than other current PUs for instance deep learning algorithms,
it should be noticed that GPUs are specialized vector processors on which
convolutional operations are very efficient. PUs can take advantage of using
fusion-based approaches with higher computing efficiency instead of consid-
ering competitive individual algorithms. Although the area of medical image
analysis is full of high-performance computing problems, including machine
learning, deep learning, and ensemble-based systems, access to efficient, cor-
responding HPC systems for the daily routine is limited. Thus, solutions
like the proposed Hybrid Small Size high-performance computing Resource
(HuSSaR) can be a precious tool.

4.3.2 The HuSSaR machine

Our primary aim was to build a hybrid small size mobile high-performance
computer (see Figure 25) which could be placed in an operation room or place
on a truck for mobile screening to support different detection or treatment-
related computational issues [38]. While the number of processor units (PU)
is limited on the mainboards, the co-processor cards are the only options to
be built a high PU density machine in a regular size case. When there is no
particular algorithm predefined, it is hard to tell in advance which hardware
technology of PU should be followed. It is proved that the aggregation of
different solutions can solve a complex problem more efficiently compared
with any individual approach. HPC hardware components generate a high
amount of heat. Thus, they are designed to work in an air-conditioned server
room. The maximum working temperature of these PUs is around 90°C.
The HPC components are overheated during heavy loaded computations at
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Figure 25: The HuSSaR machine

normal room temperature (20-25°C). To achieve our objective, we have con-
structed a high PU density machine equipped with combined liquid/airflow
cooling, which is sufficiently efficient for HPC demands. Moreover, it pre-
vents overheating, performance drop and noise intolerability caused by fans.

4.3.2.1 Built-up

Although the field of hybrid computing is a new domain, there are several
attempts to exploit PU architectures (CPU, GPU, MIC, FPGA) simultane-
ously. To guarantee full usability of the CPUs, HuSSaR has an additional
co-processor for each CPU. The number of the co-processors could be deter-
mined based on the required bandwidth and connection type between the
CPU and the co-processors, as well. We have considered a dual processor
motherboard with two different types (GPGPU and MIC) of co-processor
cards for each CPU to support hybrid computing on PCI-E sockets. The pro-
totype was designed carefully to establish direct wired connections between
the CPUs and their co-processors. This architecture supports the optimal
assignment of the specific subtasks to the necessary co-processor. Moreover,
all the PUs can work as a separate computing node if needed, but can also
form a CPU-GPGPU-MIC set to enhance performance [4,6,26].
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4.3.2.2 Cooling

The maximum operating temperatures of PUs is about 90°C, which limit
is quickly reached if, e.g. a strong GPU card is inserted into a typical PC.
In such situations, the driver usually decreases performance. In a HPC en-
vironment, this problem is avoided with maintaining constant temperature
via air-conditioning, so that the significant part of the heat is conducted
by a liquid-based cooling system. Liquid(water)-based cooling is accessible
also for regular PCs primarily for optical tunning purposes. A customized,
water-cooled PC only optical tunning reasons, combining with air-based ven-
tilation, can reach HPC-level cooling.

During our stress tests under a full load of computations, the temper-
atures of the CPUs were around 40°C, GPUs 50°C, and Xeon Phi CPUs
60°C in a closed office with room temperature 24°C.

4.3.3 Applications with optimal task scheduling

The idea of hybrid applications is twofold. First, the types of HPC envi-
ronments based on different architectures increase according to the rapidly
developing software and hardware technologies. Thus, attempting optimal
usage of the available tools is a natural motivation. Second, complex systems
that aggregate different approaches could outperform single solution based
ones [6]. However, such fusion-based approaches have large computational
needs with including more algorithms or complex workflows. As for model-
ing this approach, we can consider a set of components to be executed with
their corresponding computational needs. If we have limited computational
resources and an execution time constraint for execution, the optimal selec-
tion of a subset of the components can be solved as a non-linear knapsack
problem. For more details on the theoretical results on this topic, see [4]. As
an outcome of this step, we have the components that need computational
resources to be assigned to them.

To control the access to the computing resources, HuSSaR considers
state-of-the-art schedulers to support distributed processing, e.g., for a fusion-
based application consisting of many algorithms. Technically, the system has
master and computing nodes, where the master receives and schedules the
computing task via waiting queues. The free computing node (PU resources)
can pick and execute the jobs from the queue. Since there is no shared mem-
ory access, this technique is used mainly for running the jobs with different
inputs. If there is a need to increase the performance of a single HuSSaR ma-
chine, two or four of them can be piled up, where all the member HuSSaRs
have from one to four CPUs equipped with the co-processors. The commu-
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nication among the HuSSaR is realized via UTP network using scheduling
or computing library software solutions. Overall, a HuSSaR configuration
of maximum performance includes four motherboards, 16 CPUs, and 32 co-
processor cards providing operation speed 350 TFlops.

Machine learning technologies nowadays have a leading role in the field
of image processing. However, the application of deep learning-based meth-
ods is only one example. As a computational task, deep learning is just
similar to other traditional, e.g., detector algorithms or an ensemble of them
for a dedicated image processing task. Thus, similarly to distributed deep
learning, they can be efficiently executed on the HuSSaR system.

We demonstrate the operation of the hybrid processing unit environments
and HuSSaR also on the specific tasks corresponding to the detection of skin
lesions, CT segmentation and visualization in medical images [29] including
a not own solution of pairwise alignment of very long DNA sequences from
the field of bioinformatics.

4.3.3.1 Skin Lesion Detection
4.3.3.1.1 Introduction

Malignant melanoma is a cancerous lesion from the pigment-bearing basal
layer of the skin. Melanoma is one of the deadliest forms of skin cancer
in the developed countries, though it can be treated by surgical excision if
detected early. One of the visual features of melanoma is the presence of
streaks. Streaks are linear extensions of a mole/pigmented lesion that are
arranged in linear structures in the radial growth directions of the mole at
its borders. This clinical definition can be translated to an abstract model,
whose parameters can be determined by image processing techniques: 1)
Streaks are three or more linear structures co-radially oriented at the border
of the mole having thickness 1/3 of the minor axis of the lesion. 2) Streaks
are darker than other mole regions in their neighborhood. 3) Streaks are
shorter than the 1/3 of the minor axis of the lesion, and they should be
longer than 1% of the major axis. 4) Streaks do not branch and have small
curvature.

4.3.3.1.2 Streak detector algorithm

As an example to detect the streaks on melanoma images, we can use con-
ventional image processing tools as follows. First, the lesion is segmented,
rotated to align its major axis to be horizontal as it represents the growth
direction of the mole. To detect dermatoscopic structures, a Laplace of
Gaussian operator is applied to the image. A Gabor filter with orientation
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and tuned ridge frequency removes noise while preserves correct ridges and
valleys. Since streaks appear in more radial directions, Gabor filters are con-
sidered in more directions (0°, 45°, 90°, 135°). A proper threshold function
is used to get the main structures of the mole with 0 for valleys and 1 for
ridges. As a final step, skeletonization is applied to get the streaks with a
fast parallel algorithm [16] including a removal step for the too short/long
skeleton segments, as well. A sample output can be observed in Figure 26.

Figure 26: Detected streaks in a mole.

4.3.3.1.3 Implementation and compilation

To implement the above method to optimize performance, different parts of
the corresponding codes run on different PUs to be computed at the same
time. Namely, an image is processed using a CPU including Intel graphics
cards (GFX) if exists, a GPU by Nvidia CUDA libraries, and an Intel MIC
PU architecture, typically on Xeon Phi processors by Intel Parallel Libraries
[34]. As Gaussian blur and minimum/maximum pixel intensity extraction
run sufficiently fast on CPU, it is worthless uploading and downloading data
to/from co-processor cards. However, a Canny edge detector is fast on GPU.
Thus it is worth uploading/downloading. Figure 28 explains which part of
the code has implemented on which architecture. The figure also shows how
distributed parallelization is applied to each computing node; our prototype
has two computing subnodes (two CPU/GPU/MIC sets).

Because of the heterogeneous hardware setup, there are no direct com-
piler options available. However, it is possible to combine the native com-
pilers of the individual architectures, that is, Intel ICC and Nvidia Cuda.
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During compilation, there is a check to discover existing Intel and CUDA
compatible architectures. The parameters and compiler commands are as-
sembled in a makefile. The compilation procedure (see Figure 27) for co-
processor architectures is executed before compiling the main functions of
the code, which links the precompiled PU kernels directly.

In the next subsection, we will give another example of using hybrid
HPC environment from the field of CT segmentation and visualization. The
following result is achieved during the Summer of HPC 2015 program as
granted one of twenty research assistant student from Europe student appli-
cant. This work was a part of the project titled “Medical image segmenta-
tion and visualization” (MEDIVIS) at IT4I Czech National Supercomputing
Center at VSB — Technical University of Ostrava, Czech Republic.
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4.3.3.2 Liver 3D visualization for CT images

In this subsection, we demonstrate how to segment the human liver using the
hybrid HPC environment from the CT images and create a photo-realistic
visualization to support more precise and faster medical treatments. We
note that our 3D viewer supports the hand-gestures control by the Leap
sensor and Virtual Reality by the Oculus glasses in HPC environment.

4.3.3.2.1 Introduction

Computed Tomography (CT) is one of the fields which generates a signifi-
cant amount of data in medicine. The CT scanning or also so-called X-ray
computed tomography (X-ray CT) could be considered as a non-invasive
procedure since it allows us to see inside the human body without clinical
surgery. The only limitation of the technology is the x-ray radiation dose
during the process and its effects on the human body. The risk that comes
from the radiation is much lower nowadays thanks to the new types of CT
machines. Moreover, a punctual and more easily understandable visualiza-
tion of the data can prevent from repeating the scanning intervention.

Figure 29: CT machine and the results of the scanning

During the scanning process, the CT machine recreates the inner image
of the body in sequential axial slices, see Figure 29. The CT images are
stored in a special Digital Imaging and Communications in Medicine (DI-
COM) format. It is a well-known and widely adopted standard by hospitals
and medical device industries for handling, storing, and transmitting all the
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necessary information in medical imaging. In the viewpoint of the medical
treatments, the precise and realistic image processing and visualization are
important since they can obviate the repeated scanning and directly help
doctors with the evaluation and decision-making process. A typical appli-
cation of it is the liver carcinoma, which is frequently a malignant epithelial
tumor. Based on reports of World Health Organisation (WHO) the human
cancer is a major health problem worldwide. Over a million deaths per year,
which is about 10% of all deaths among the adults, can be contributed to
hepatocellular carcinoma all over the world. On the Figure 30 it can be seen
how the hepatocellular carcinoma looks like.

Figure 30: Liver carcioma

Regarding this type of cancer, one of the most important information
coming from the segmentation is the exact evaluation of the organ volume.
Based on this information exact liver resection is made. Without the in-
formation, the surgery can be lethal. For the punctual liver segmentation
and visualization, we exploit the HPC technology extended with coproces-
sors to provide the solution. This process consists of four main steps: pre-
processing, segmentation, post-processing, and 3D visualization [15],[50].

4.3.3.2.2 Pre-processing

In the pre-processing step, the first task is to retrieve the data from DICOM
standardized medical image data format. In our research, we try to use de-
tailed CT images with mutual axial slices of 0.6 mm to support accurate 3D
reconstruction. The next important sub-step is noise reduction by applying
the denoising filters in all the acquired images. During the scanning process,
random noise appears in the images. The noise is tightly connected with the
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physical principle of the scanning. We have to mention that this is just a
half true because during scanning process many different kinds of noise could
distort the final output. Nonetheless, based on the state-of-the-art studies,
the application of our model can suppress the majority of the noise very ef-
fectively, Figure 31. The images with a suppressed level of noise support the
segmentation algorithms to achieve better results. In the current stage of
our research, we focus on the state-of-the-art methods of Gauss smoothing
and BM3D.

Figure 31: Results of the denoising filter

Before the segmentation step, there is a mapping, which is, in fact, a
pixel intensity transformation from CT to Hounsfield Units (HU). During the
calculation, we apply the following linear equation, in which the inputs come
from only the DICOM format. This mapping is useful since the different
organs (in the human body) have different HU values. For instance, the
bones have typically +700 HU or higher, the liver has +40 to 460 HU,
and the air has -1000 HU. As the last substep, we applied to image data
conversion to store all the image slices in one image vector.

4.3.3.2.3 Segmentation

In the case of the segmentation process, we focus on the state-of-the-art
k-means method. The generalized algorithm can partition n pixels into k
clusters, where k is an integer value and k£ < n. In our case, the k-means
algorithm classifies the pixels regarding the similarity features. The pictures
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below show the segmentation results in the case of one image slice with and
without prefiltering.

Figure 32: Results of the segmentation without/with denoising

4.3.3.2.4 Post-processing

As a post-processing step, we proceed to the reconstruction of the surface
based on the gained individual segments. These boundary segments are cal-
culated with the flooding algorithm. As for the 3D reconstruction algorithm
we used the Marching Cubes method. Figure 33 shows the result of the
reconstruction.

4.3.3.2.5 3D Visualisation

The final step is the creation of the 3D object and its visualization in a
suitable environment based on the segmentation results. With these results
we can provide the expected measurements such as volume measurement.
We concentrate on the liver. It simplifies the final solution, but on the
other hand, it is remains possible to easily extend the solution to other
organs in the future. Considering the high performance and portability
demands we have choosen the OpenSceneGraph (OSG) as a visualization
environment. The OSG is an open source LGPL licensed high-performance
3D visualization toolkit. It is widely used as scientific visualization, virtual
reality or modeling environment. OSG is written in C++ and supports
the full range of operating systems like Windows, OSX, Linux. The cross-
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Figure 33: Results of the 3D reconstruction

platform environment is convenient since in this way it is possible to show
the segmentation results not only on a computer but also on a smart-phone
or tablet. It can be useful not only for medical treatments but also for the
education of medical students.

In fact the visualization part, we also focus on the newest real 3D visu-
alization technology and unconventional LEAP Motion controller for inter-
active control of the visualized scene. The Leap Motion Controller tracks
the hands at up to 200 frames per seconds using two infrared cameras. The
field of view of the sensor is 150 degree. We integrate the leap sensor into
our viewer to replace the usage of the regular mouse. We add the following
features into our program: object grabbing with one hand; object rotating
with one and two hands; zooming with two hands; pointer function with
one and two hands. While the project focuses on real 3D visualization, we
also work with OCULUS Virtual Reality Glasses. These glasses are a virtual
reality head-mounted display developed by Oculus VR®. The glasses track
the head movement and put the viewer in the middle of the scene, while
the head mounted display renders the picture to view everything in real 3D
from the viewpoint of the person. We successfully integrate the Oculus Rift
into our viewer. The program can recognize the connected devices and ren-
ders the scene on the glasses monitor in a right form. With the help of the
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glasses, moving the head to follow the object movement more easily. We pay
considerable attention to create the feeling of the virtual reality as real as
possible. We successfully integrate the LEAP sensor and the OCULUS Rift
to work together. It means both tools can be used at the same time.

While the project also focuses on the photorealistic post-processing of
the acquired data, we chose the Blender project as an open source software
to create adequate materials, textures, and scenes. It is a modeling and
rendering program that can create photo realistic pictures and animations.
The 3D model of the liver is imported into the Blender, and by the help of
our texture materials and by using both Blender’s renderers a real photo-
realistic liver model is created, see Figure 34.

Figure 34: Results of 3D visualization

4.3.3.2.6 Post-processing

This model is exported and used in our virtual reality visualizer. Due to the
massive data from the organs, the HPC computers have enough computa-
tional power only to execute the computation in time. During computations
the Intel Xeon Phi were used to compute the image segmentation and recon-
struction of the organsThe texturing and photorealistic visualization were
run on NVIDIA Tesla coprocessors.
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4.3.3.2.7 Results

Our solution can use the automatic image segmentation of medical images
to visualize the liver in a precise and realistic 3D way. The application
uses the latest 3D visualization technology involving the photo-realistic post-
processing of the acquired data, and it is enabled for the users to control the
visualized scene by an unconventional LEAP controller interactively even in
the virtual reality environment. To achieve the results, we exploit all types
of coprocessors so that the task was optimized for the adequate GPU and
CPU architectures.

Finally, we briefly discuss the applied scheduling for HPC environment in
our fusion-based solutions. A pairwise alignment of very long DNA sequences
from the field of bioinformatics as another application of hybrid coprocessor
HPC environment is also discussed as proof of relevance.

4.3.3.3 Task scheduling for an ensemble-based system including
HPC and analysis of DNA sequences

The HPC environments including hardware and software have increased at-
tention year after year. The exploitation of hybrid environments come to
mind of other researchers at the same time, which increases the relevance
of existing HuSSaR type hardware environments. During the construction
of HuSSaR, another study has been released [28] about a hybrid solution
of optimal pairwise alignment of very long DNA sequences, and protein se-
quence database search (SWhybrid). This work has been shared on Github,
and the hybrid implementation was successfully tested on HuSSaR without
any problems with good running performance.

The task scheduling is an essential part of the solution for ensemble-
based application and exploitation of HPC hardware. There is more soft-
ware scheduler developed over the past decade. The best-known maybe are
Grid Engine and Slurm. The responsibility of a scheduler in HPC is to
control the access to the computation resources. It is a core issue what per-
centage of the complete system are accessible for a process. In most cases
the HPCs are complex resources so distributed parallel processing technol-
ogy is applied. In this context the master node of the scheduler controls
sharing the resources between the tasks, while the task are running on the
computing nodes. Namely, the master node receives and stores in queues
the jobs with demands to run, and after proper scheduling, the jobs run on
computing nodes. During our experimental results we use Grid Engine and
Slurm scheduler involving our own setup and maintain grid (approx. 800
CPU core with 800GB memory), our own build HuSSaR HPC, and NIFI
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managed HPCs. An ensemble-based solution fits perfectly the distributed
computing while the task separation could be self-evident. Namely, one of
the convenient options is to run components/classifiers parallelly but sepa-
rately on computing nodes. It is a good idea when the input of each task is
the same. When there is a sequential demand for the execution because of
the next input generated from another output, the image based parallelism
are optimal. Of course, the mixture of these is also feasible. During our ex-
periments, the image based, that is the second version was applied mostly.
The reason is simple: first of all, the data migration was minimal among
master computing nodes (one picture was sent one time for all tasks), more-
over in most cases ensemble-based solutions, like ours, are complex enough
to be necessary to create an own inside control algorithm to execute all
the component guaranteeing the final answer of the ensemble. Our created
ensembles (embedded into our DRSCREEN system [2]) including our grid
and own hardware-based solutions competed in an international online chal-
lenge also: last time on ISBI 2018 Diabetic Retinopathy — Segmentation and
Grading Challenge passing out with good marks.

4.3.4 Conclusion

The ensemble-based system has high performance computing demand. In
the last section, we have presented a Hybrid Small Size high-performance
computing Resource (HuSSaR) dedicated mainly for digital image analysis.
Weexplained how we used our grid and HuSSaR HPC, and how we opti-
mized our computations to fit HPC environment. The optimal exploitation
of the system was demonstrated on a skin lesion classification, CT segmenta-
tion and 3D visualization including virtual reality tasks and the third party
application so-called SWhybrid.For all of the applications, a task scheduler
(grid engine/slurm) manages task assignment to hardware. The main goal
is to maximize the utilization of the hardware and reduce computing time.
So the hardware acceleration is driven by optimal task scheduling based on
hardware requirement of the concrete tasks. Our distributed parallelized
complex fusion based retinopathy screening system included the described
model above also competed on ISBI 2018 Diabetic Retinopathy — Segmen-
tation and Grading Challenge and passed out with good marks.
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Summary

In this section we summarize the contents of the dissertation in thesis points.
Thesis 1. T developed a combined object detection method based on
anatomical features, using a generalized majority voting model. 1 con-
structed the weight function for its application to detect optic disc and mac-
ula. By the help of experiments using public databases, I showed that the
method outperforms both the individual algorithms, and their combination
using the classical majority voting.
Corresponding publications: [1-9]

Thesis 2. I developed a method to characterize and measure the im-
provability of the accuracy of a generalized ensemble-based object detection
system. I adopted the theoretical results for a medical application.

Thesis 2.1. Based upon the theoretical results, by the help of exper-
iments using a public image database, I showed that a specific set of optic
disc classifiers is dependent. I described the accuracy of every subset of the
elements of the ensemble.

Thesis2.2. Based on the theoretical results, by experiments on pub-
licly available image databases, I obtained the minimal and maximal values
of the accuracy of a generalized ensemble-based optic disc detection method
in the following cases:

e a new independent algorithm is added to a dependent system:;
e a new independent algorithm is added to an independent system;
e a new dependent algorithm is added to a dependent system.

Corresponding publications: [1,3-7]

Thesis 3. I generalized the standard two-dimensional diversity measures
of the classical majority voting to the higher dimensional case. I showed ex-
perimentally that the generalized diversity measures outperform the original
ones, i.e., they provide better estimates for the ensemble accuracy.
Corresponding publications: [10]

Thesis 4. T generalized the higher dimensional diversity measures of the
classical majority voting to be applicable in the case of spatial constraint
voting. By the help of experiments, I justified that the generalized diversity
measures outperform the original ones, i.e. they give better estimates for
the ensemble accuracy.

Corresponding publications: [10]
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Thesis 5. I described a method to compose an ensemble with maximal
performance, based on the generalized diversity measures. Using the theo-
retical results, I constructed the best performing combination of a given set
of classifiers in a concrete application concerning the detection of the optic
disc.

Corresponding publications: [10]

Thesis 6. I introduced a method for the optimal composition of ensembles
under the constraint that the total computational time is limited. For this,
I generalized the knapsack problem using a majority voting energy function
and solved the combinatorial optimization task by a stochastic approach.
Applying the theoretical results, I developed an algorithm to compose an
ensemble with maximal performance regarding execution time constraint in
the optic disc medical application.

Corresponding publications: [11]

Thesis 7. I provided a hybrid hardware-based solution for optimal task
scheduling of complex algorithms and composed ensembles in HPC environ-
ment. [ introduced a method to find the optimal scheduling with respect
to the computational requirements of the individual algorithms, in various
applications.

Corresponding publications: [12-18]
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Osszefoglas (summary in Hungarian)

Ebben a fejezetben, tézispontokba szedve Osszegezziik a disszertacioban be-
mutatott eredményeket:

1. Tézis. Kifejlesztettem egy tObbségi szavazas elvén miikodo, anatémiai
képletek tulajdonsigait is figyelembe vevé tobb objektum egyiittes detek-
talasat megvaldsité eljarast. Kidolgoztam az eljards végs6 jeloltpar (sér-
gafolt - vakfolt) silyfiiggvényét. Publikus adatbazisokon torténd kisérletek
segitségével megmutattam, hogy a kidolgozott modszer nemcsak az egyéni
algoritmusoknal, hanem a klasszikus tObbségi szavazast hasznalé Gsszetett
rendszernél is hatékonyabb.

Kapcsolédé publikéciok: [1-9]

2. Tézis. Modszert adtam egy objektumdetektdlé altalanositott Gsszetett
rendszer kiboOvitésekor torténd teljesitményvaltozas mérésére és a teljesit-
mény javitasara. Az elméleti eredményeket sikerrel alkalmaztam egy valds
orvosi képfeldolgozasi probléméaban is.

2.1. Tézis. Az elméleti eredmények alapjan, egy publikus adatbazison
végrehajtott kisérletek segitségével igazoltam egy konkrét osztalyozorendszer
fiiggdségét. Sikeriilt a rendszer valamennyi részrendszerének teljesitményét
is meghataroznom.

2.2. Tézis. Az elméleti eredmények alapjan, publikus adatbazison
végrehajtott kisérletek segitségével meghataroztam az altalanositott vakfolt
detektalo Osszetett rendszer teljesitményének minimalis és maximalis értékét
a kovetkezo esetekben:

o fliggtelen algoritmussal bévitiink egy fiiggd rendszert;
o fiiggtelen algoritmussal bévitiink egy fiiggetlen rendszert;
o fiiggd algoritmussal bovitiink egy fligg6d rendszert.

Kapcsoléd6 publikaciok: [1,3-7]

3. Tézis. Kiterjesztettem a klasszikus tobbségi szavazé modellek es-
etén hasznalatos kétvaltozds diverzitdas méroszdmokat magasabb dimenzids
esetre. Kisérletek segitségével igazoltam, hogy a kiterjesztett mérészamok
teljesitményben feliilmiljak az eredeti méroszamokat, azaz pontosabb bec-
slést adnak az Gsszetett rendszer pontossagara.

Kapcsoléd6 publikaciok: [10]

4. Tézis. Kiterjesztettem a magasabb dimenziés diverzitas méroszamokat
térbeli tobbségi szavazd modellekre. Kisérletek segitségével igazoltam, hogy
a kiterjesztett méroszamok térbeli szavazas esetén teljesitményben felillmuljdk
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az eredeti mérbszamokat, azaz pontosabb becslést adnak az Gsszetett rend-
szer pontossagara.
Kapcsol6dé publikaciok: [10]

5. Tézis. Kidolgoztam egy, az dltalanositott mérészamokon alapulé méd-
szert maximalis teljesitményi 6sszetett rendszer osszeallitasara. Az elméleti
eredményeket valos orvosi alkalmazasba atiiltetve, egy konkrét algoritmus-
rendszerbdl kivalasztottam a vakfolt meghatarozasira szolgdlé maximalis
teljesitmény algoritmuskombindaciot.

Kapcsolédé publikdcidk: [10]

6. Tézis. Modszert adtam a maximalis teljesitményi részrendszer megha-
tarozésara a szamitasi eroforrasok korlatozasa mellett. Ehhez a tobbségi
szavazoO energiafiiggvény segitségével altalanositottam a hatizsdk problémat,

és arra egy sztochasztikus megkozelitésli kombinatorikus optimalizacidés megoldést

adtam. Az elméleti eredmények felhasznalasdval algoritmust fejlesztettem
egy korlatozott futési idejli, maximalis teljesitményti, vakfolt megkeresésére
szolgdld Osszetett rendszer konstrukcidjara.

Kapcsol6d6 publikaciok: [11]

7. Tézis. Hardver alapt megoldast adtam a komplex algoritmusok és
Osszetett rendszerek optimalis titemezésére hibrid szuperszamitégépes kornye-
zetben. Tobb alkalmazds esetén megmutattam, hogyan valésithaté meg az
egyes algoritmusok szamitési igénye szerinti optimélis titemezés.
Kapcsolédé publikaciok: [12-18]
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