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Abstract. In 2009, Maksa and Péles established an extension of the decom-
position theorem of Ng in the context of higher-order convexity notions.
They proved that a real function is Wright convex of order n if and only
if it can be decomposed as the sum of a convex function of order n and a
polynomial function of order at most n. Their proof was based on transfi-
nite tools in the background. The main purpose of this paper is to adopt
the methods of a paper of Péales published in 2020 and establish a new
and elementary proof for the theorem of Maksa and Pales.
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1. Introduction

Throughout this paper, let I denote a proper open subinterval of the real line.
For a function f : I — R, one can define three notions of convexity in the
following way:

— f is called Jensen convex (cf. [4]) on I, if

z+y\ _ @)+ fy)
(550 <
— f is called Wright convex (cf. [13]) on I, if
flz+ A=y + f(L-t)z+ty) < flx)+ fly) (z,yel, te[0,1]).

— f is called convex on I, if

fle+ (1 =ty) <tfx)+ (A -0)f(y)  (w,ycl, t€[0,1]).

(z,y €1).

Published online: 08 February 2022 T Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-022-01606-7&domain=pdf
http://orcid.org/0000-0003-2382-6035

73 Page 2 of 11 Z. Pales and M. K. Shihab Results Math

One can see that convexity implies Wright convexity and Wright convexity
implies Jensen convexity and non of these implications can be reversed. For
an overview about the generalizations, stability and regularity properties of
Wright convex functions, we refer to the list of references, which may give the
impression that this subfield of functional equations and inequalities is still in
the focus of research.

A celebrated result of Ng [6] established a deeper connection between
convexity and Wright convexity. It characterizes Wright convex functions as
those functions that are of the form f = g+ a, where g is convex and a is addi-
tive. The original proof of the paper [6] applied de Bruijn’s theorem [1] which
is related to functions which have continuous differences. Several subsequent
proofs of the result of Ng (c.f., Nikodem [7] and Kominek [3]) used another ap-
proach, which was based on Rode’s theorem [11]. Basically, all the previously
known proofs used transfinite induction for the construction of the additive
part a of the decomposition. In a recent paper [8], Pdles obtained a new proof
in which the convex summand g was first constructed in an elementary way.
Therefore, there was no transfinite induction involved.

In the paper [5], Maksa and Péles extended the decomposition theorem
of Ng to the context of higher-order convexity notions. They proved that a
real function is Wright convex of order n if and only if it can be decomposed
as the sum of a convex function of order n and a polynomial function of order
at most n. Their proof was again using transfinite tools in the background.
The main purpose of this paper is to adopt the methods of the paper [8] and
establish a new and elementary proof for the theorem of Maksa and Paéles.

2. Higher-Order Convex and Wright Convex Functions

In what follows, we are going to define several higher-order convexity concepts
in terms of difference operators and divided differences.

We recall that, for a fixed real number h, the operator Ay, acting on a
real function f : I — R, is defined by

Anf(z) = flx +h) — f(x) (xeIn(I-h)).

Obviously, if |h| is small enough, then I N (I — h) is a non-void open interval
again. The product of these operators can also be defined in the usual way
(see e.g. Kuczma [4]).

Given a fixed n € N, a map f : I — R is said to be Jensen convezr of
order n (briefly n-Jensen convex) if

At f(z) >0  (h>0,zeIn( - (n+1)h)). (1)

A map f: I — R is said to be Wright convex of order n (briefly n-Wright
convex) if it satisfies the functional inequality
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Apy oDy f(@) >0 (hyyooshpgr >0, € IN(T = (ha 4+ + hpgr))).
(2)
In the investigation of functional inequalities (1) and (2), those maps that fulfil

these inequalities with equality play a fundamental role in the theory of linear
functional equations. Therefore, for n € N, we consider the equation

AV f@)=0 (h>0,z€In(I—(n+1)h)),

which is termed the Fréchet functional equation in this theory. It is well-known
(see [4,12]) that f : I — R satisfies this equation if and only if it is a polynomial
function of degree at most n, i.e., it has the representation
fl@)=ao+a1(x)+ -+ an(x) (x eI,

where ag € R and ay, is the diagonalization of some k-additive and symmetric
function A, : R¥ — R, that is, ax(z) = Ap(z,...,2), (r €R, k=1,...,n).
Standard polynomials are exactly the continuous polynomial functions. On the
other hand, using Hamel bases, it is not difficult to construct non-continuous
polynomial functions (see [4]).

The divided difference of the function f : I — R with respect to the
pairwise distinct points g, ..., x, € I is defined by

[0y -y Tns f] = ZH

ji=0 (xi —a5)
JF#i

Obviously, divided differences are symmetric functions of their variables, fur-
thermore, it is easy to show that they enjoy the following recursive property

LlyeoeyLpy —|xn. . . X1

[xo,...,xn;f]:[l’ :Zns f] — [0, -+, Tn—1; f]
Ty — X0

for all n € N and pairwise distinct elements g, ..., z, € I.

Based on the works of Popoviciu [9,10], given n € N, amap f: I — R is
said to be convex of order n on I (shortly n-convex on I) if the inequality

[$O;x17"'7xn7x’n+l;f]20 (3)

holds for all pairwise distinct elements xg,x1,...,2Zn,Zp+1 € I. Due to the
symmetry of divided differences, without loss of generality, we may assume
To < xp < -+ < Ty < Ty here.

The following result was obtained in the book [4] and in a more general
form in the paper [2].

Lemma 2.1. Letn € N. Then every n-convex function is n-Wright convex, and
every n-Wright convex function is n-Jensen convex.

One of the main results of the paper [5] established the following gener-
alization of Ng’s decomposition theorem [6].
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Theorem 2.2. Let n € N and f : I — R be an n-Wright convex function.
Then, there exist an n-convex function g : I — R and a polynomial function
P :R — R of degree at most n such that

f@)=g(x)+ P(x) (zel).
Our aim is to obtain a new proof for this result.

Lemma 2.3. Letn € N and f : I — R be an n-Jensen convex function. Then
there ezists a continuous n-convex function g : I — R such that gling = flino-

Proof. Using [2, Lemma 5.1], we have the following identity

A f ()
(h>0,zeIn{—(n+1)h)).

Therefore, the n-Jensen convexity of f implies that

[x,x+h,z+2h....,2+ (n+1)h; f] >0 (h>0,zeIn(I—(n+1)h)).

In the terminology of the paper [2], this property says that f is (tg,...,tn)-

convex with tg = --- =t, = 1. According to [2, Theorem 3.2], it follows that
fis (ro,...,rn)-convex for all positive rational numbers (rg,...,r,)-convex,
that is
[, +roh,x + (ro + r1)h, ...,z + (ro+ -+ 1)k f] >0
(h>0,zeInN(I—(ro+---+rp)h)). (4)

We now deduce that f satisfies the n-convexity property with rational argu-
ments, that is,

[0, @1,y Tpy Tpg1; f1 20 (o, yZnt1 €INQ
such that z; # z; ifi # j). (5)
Indeed, let zg, 21, ..., Zn, Tntr1 € INQ be arbitrary. Without loss of generality,
we may assume that xo < 7 < -+ <z, < Z,41. Applying now the inequality
(4) with & :=xg, h=1and r; := x;41 — z; for i € {0,...,n}, we can see that
(5) holds.
Claim For any compact subinterval [a,b] C I, there exists L > 0 such that

lf(x) = fWI < Llz—yl (2,9 €[a,b]NQ).

To show this claim, let [a,b] C I. Without loss of generality, we can
assume that a,b € Q. Let z,y € [a,b] N Q with 2 < y be arbitrary. Then, for
all pairwise distinct elements uq,...,u, € (I\[a,b]) N Q, we get

[y7x7u17"'aun;f]20a (6)
that is,

y i x (H?:;f((yy) uj) H?:f((;) Uj))
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>

- S ()
— (ui — @) (wi —y) [Leqr, o qay (Wi — u5)
The mapping

- f(ui)

[a,b)” 5 (z,y) — — ; (i — @) (i — 9) yeqr,.mp oy (W — 05

is continuous on [a, b]? and therefore it is bounded from below by a constant
C(u1,...,uy,), therefore, for all z,y € [a,b] N Q, the inequality (6) implies

1 <H fy) [ >2C(u1,...,un). (7)

y—z ?:1(y_uj) H;L:l(x—uj)

Let first u3 < -+ < u, < a be fixed elements of I N Q and define U(t) :=
H;‘L:1(t —u;) for t € [a,b]. Then U is an increasing and positive polynomial
on [a,b]. Therefore U < U(b) and there exists a positive number M > 0
such that |U'| < M on [a,b]. Hence, by the Lagrange mean value theorem,
U is Lipschitzian over [a,b] with a Lipschitz modulus M. From (7), for all

x,y € [a,b] NQ, it follows that

L)oo
By putting & = a, this inequality yields
1) 2 G2 £(0) + U)CCun )y )
>~ @] = U@l u)l(y ~ o
>~ @] = UBICn .. )b~ ),

which shows that f is bounded from below on [a,b] N Q. On the other hand,
putting y = b in (8), we can obtain that

flz) < (U]((”;)) f0) +U(@)C(uq,. .., un)(x —b)
U(x)
< 0 0) [FO)+U(@)|Clu, - .., un)| (b — )
<|fOI+U®)C(w, ..., un)[b—a),

which shows that f is also bounded from above on [a, )] Q. Thus, there exists
a nonnegative number K such that |f(z)| < K for x € [a,b]NQ. The inequality
(8) now yields

f(@) + Uy)Clur, .. un)(y — )
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> —Wﬂw)l ~U@ICGn, - un)l(y — )
. _M([;J(;)@K_ UB)[C(ur, .., un)|(y — )
_ <[J]VI<K) +U(b)|c<u1,..-,un>l><y ).

Let, additionally b < u/,. Define V() := (t—ul,) [T/ (t—u;) for t € [a,b].
Then V is negative polynomial on [a, b]. Therefore there exist positive numbers
My, My and M, such that My < |[V| < My and |[V'| < M3 on [a,b]. Hence
again by the Lagrange mean value theorem V is Lipschitzian over [a, b] with
a Lipschitz modulus M. From (7) for all z,y € [a,b] N Q we have

1 <f(y) B f(f”)> > Oluy, ..., un_1, 1),

y—z\V(y) V()
which is equivalent to
V(y) =V
fy) — f@) < Wﬂx) VO, un-1,00)(y — @)
< ‘Wﬂw\ IV, )y — )
< WI{ + M1|C(U1, cee aun*17u/n)|(y - .’ﬂ)
0
_ <]V](Z( + M |C(uy. . .. ,un—lyuilﬂ) (y—z)
Define
MK MoK :
b= max{(w + U(b)|C(u1,...,un)|)7 ( Mo Mi|Clu, .. ,un,l,un)|) }

Therefore f is Lipschitz with modulus L on the dense set [a, ))NQ. By applying
[8, Lemma 1] with D = [a, b]NQ, we get that there exists a continuous function
g : I — R such that g|;ng = flino-

To complete the proof, we have to show that g is n-convex. Let yq, . .., Ynt1
be arbitrary pairwise distinct elements of I. Then, for all j € {0,...,n+ 1},
there exist rational sequences (z j)ren converging to y; as k — oo with the
property that the elements zy 0, Tk 1,. .., Tkn, Tkn+1 are pairwise distinct for
all & € N. Then, by applying the n-convexity property of f with rational
arguments (i.e., inequality (5)), for all k € N, we get

[xk‘,O) xk‘,ly A ,-rk,7u$k,n+1§9] = [xk707xk,17 tet 7xk,n7xk,n+1; f] 2 0

By the continuity of g the (n+1)st-order divided difference of g is a continuous
function of its arguments. Thus, upon taking the limit as £ — oo, the above
inequality yields that

[Y0, Y1, -+ s Yn, Ynt13 9] > 0.
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Therefore, g is n-convex, indeed. O
Now we give a new proof for Theorem 2.2.

Proof of Theorem 2.2. Since f : I — R is n-Wright convex, therefore by
Lemma 2.1, f is n-Jensen convex, i.e, f satisfies (1). In particular, f|;ng is n-
Jensen convex on I NQ. Thus, in view of Lemma 2.3, there exists a continuous
n-convex function g : I — R such that f|ng = g|ino-

To complete the proof, we show that f — g is a polynomial function of
degree at most n. For this we prove that A} (f — g)(z) = 0 for h > 0 and
x € IN(I— (n+1)h). This equation is equivalent to

AP f(z) = Aftlg(x)  (h> 0,2 € IN(I — (n+1)h)). (9)
More generally, we will show that
Apg Ay, f(z) = Apy -+ Ap, g(z) (10)

holds for all hg,...,h, >0and z € IN (I — (ho + -+ - + hy)).
By the n-Wright convexity of f, for all hg,...,h, >0and z € IN (I —
(ho+ -+ + hy)), we have the inequality

Aho Ahnf(l') Z 0 (11)

This implies that Ap, ---Ap, f : IN(I = (hy + -+ + hy)) — R is nonde-
creasing for all hq,...,h, > 0. On the other hand, Ay, -+ Ay, g : IN(I —
(h1 4+ -+ hy)) — R is continuous and the equality f|rng = ¢|ing gives us
Ap, Ay, fx) = Ay, - Ap, g(x) for € IN(IT—(hy+- - -+hy,))NQ whenever
hi,...,hn € Q4. Applying [8, Lemma 3], it follows that these two functions
are equal to each other also at irrational points of I N (I — (hy + -+ + hy)),
that is,

Apy - Ap, f(z) = Ap, - Ap,g(z)
(hl,...,hn€Q+,$€Iﬂ(1—(h1+"'+hn)).

Applying this equality at =+ ho and at x, and then subtracting the two equal-
ities side by side, we can see that (10) is valid if hg > 0, hy,..., h, € Q4 and
xelInN(I—(ho+ - +hy)).

Let k € {0,...,n} and consider the statement Sj which says that (10)
holds if hg,...,hr > 0, hk+1,...,hn €@+ and x € Im([—(ho—F“‘hn))
According to the previous argument, we have that Sy is true. Now assume
that, for some k € {0,...,n — 1}, the statement Sj holds. We show that
Sk+1 is also valid. To prove this let hg, ..., hxy1 > 0, hgyo,...,hy € Q4 and
zeIN({ —(ho+--+hy,)) and let hy ; < hpy1 be an arbitrary rational
number. Then, by the n-Wright convexity of f, we have

< H Ahi)Ahk+1—h§€+1f(x + hjy1) > 0.

i€{0,...,n )\ {k+1}
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Therefore, using the statement Sy in the last step, we get

Aho e Ahnf(x) = ( H Ah1> : Ahk+1 f(x)
i€{0,...,n}\{k+1}
(ie{o,...,n}\{k+1}
= ( 11 Am) (f(x + hgsr)

i€{0,...,n}\{k+1}
— @4 hiyy) + flz+ hyy) — f()
= ( H Ahi) (Ahk+1—h;€+1f(x + hiy1)

1€40,...,n}\{k+1}
+ Ah;c“f(x))

> ( H Ahi>Ah§c+1f(x)

i€{0,...,n}\{k+1}

_ ( 11 AQAM L g(@).

i€{0,...,n}\{k+1}
Using that g is continuous, after taking the limit k), — hyy1, we get that

Aho ...Ahnf(x) > ( H Ahi)Athg(x) :Aho...Ahng(I).
1€{0,...,n}\{k+1}

To prove the reversed inequality, let hj 41 > hg41 be an arbitrary rational
number, again by the n-Wright convexity of f and statement Sy, we get

Aho U Ahnf(x) = ( H Am) . Ahk+1f(‘r)
i€{0,...,n N\ {k+1}
<i€{0,‘..,n}\{k+1}
= < H Ahi)(f(95+hk+1)
i€{0,...,n\{k+1}
— flz +hig) + f(z + hig) = f2)
= ( Ahi) (= Any—hn (@ 4+ Pgeg)
i€{0,...,n}\{k+1}
+ Apy, (1))

(M s)awsw

i€{0,...,n )\ {k+1}

Am) (f(z+ hrgr) — ()

Ahi) (f(@ + hpgr) — f(2))
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- ( 11 Ahi)A%g(x).

i€{0,....n\{k+1}

Upon taking the limit A}/, ; — hpy1 and using that g is continuous, we get
that

Apy Ay, f(z) < ( H Ahi)Athg(x) = Apy A, g(2).
i€{0,0 )\ [k+1}

Combining the above two inequalities, we can see that Sk, 1 is valid and hence,
we have proved that Sy, is true for all k € {0,...,n}, in particular, for k = n.
This means that (10) is satisfied for any hy, ..., h, > 0. Consequently, it holds
with hg = --- = h,, = h > 0, proving that (9) is satisfied. This implies that
f — g is a polynomial function of degree at most n. O
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