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Introduction

Finsler manifolds are generalizations of Riemannian manifolds. In a Riemannian
manifold we attach a positive definite scalar product to each of the tangent spaces. If
we replace the scalar products by nonsymmetric norms, we obtain a Finsler manifold.
Since the generalization happens on the tangent manifold, it is not immediately
clear what new phenomena can occur on the manifold itself. This question was the
main motivation behind the research whose results are presented in the Thesis. We
attempt to tackle the issue from two directions: by examining Finsler manifolds
that are ‘close’ to Riemannian manifolds, namely, Berwald and generalized Berwald
manifolds, and by investigating how theorems about affinities and isometries in
Riemannian geometry can be carried over into Finsler geometry.

Possibly the simplest (but most important) geometric objects attached to a
Riemannian or to a Finsler manifold, who live on base manifold, are their geodesics.
On a Finsler manifold, the length of a smooth curve segment ~y: [a, b] — M is defined
by the arclength integral .

/ FoA.
a

It is invariant under orientation preserving reparametrizations of v. A curve 7 is
called a geodesic if it is a stationary point of the arclength functional, and it has
constant velocity, i.e., the function F' o ¥ is constant. In some cases, the paramet-
rization of the geodesics is not important, then we refer to them (following [8]) as
oriented geodesic paths. Through the Euler-Lagrange equation, the geodesics can
be obtained as solutions of a second-order differential equation. In an induced local

coordinate system ((z°),, (y*)",) on the tangent manifold, it takes the form

442G 0y =0, i€{l,...,n}, (0.1)

where the G's are 2"-homogeneous functions and are smooth outside the zero vec-
tors. In the Riemannian case, the functions G* become smooth everywhere, and
hence they are fibrewise quadratic forms. The functions G* give a local description
of the globally defined canonical spray S via the formula

0 .0

7 i

S = - — -
locally Y agL" ayl
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2 Introduction

Then (0.1) can be rewritten as ¥ = S o 4. When the functions G* are fibrewise
quadratic forms, the spray S is called affine. Due to the work of Z.I. Szabé [42],
Finsler manifolds with affine canonical spray, called Berwald manifolds, are well
understood. Their geodesic structures carry no novelty, because for any Berwald
manifold, there is a Riemannian manifold with the same geodesics. We can relax
the affinity of the canonical spray by assuming only that the geodesic paths are
specified by an affine spray. Since this problem requires no special parametrization
of the geodesics, there is no need for a Finsler structure: it can be formulated in the
framework of sprays manifolds. So we arrive at the following problem: characterize
sprays that have the same geodesic paths as an affine spray. (Then we say that
the spray is projectively equivalent to an affine spray.) This is an old problem, a
local solution was given by J. Douglas [15]. He proved that if a suitable projectively
invariant tensor attached to a spray S vanishes, then, locally, there exists an affine
spray projectively equivalent to S. Global constructions were found by Z. Shen [40]
and J. Szilasi and Sz. Vattamény [46], but they still assumed the orientability of the
manifold. In section 2.1 we present a method that works without any restriction on
the manifold. We construct the affine spray from the divergence of the spray with
respect to a suitable volume form on the tangent manifold.

In section 2.2 we turn to the problem of finding Finslerian generalizations of
Einstein manifolds. Most of the currently known Einstein—Finsler manifolds are
either of Randers type or have vanishing curvature function, see e.g., [5, 9, 39, 41, 53].
We obtain a negative result by showing that among Berwald manifolds, the only
non-Riemannian Einstein manifolds have vanishing curvature function.

Clearly, in a Riemannian manifold, there is a linear isomorphism between any
two tangent spaces which preserves the inner product. This does not hold for Finsler
manifolds in general. When it does, the Finsler manifolds is called monochromatic
(an expressive term of D. Bao and Z. Shen). Y. Ichijyo proved that such Finsler
manifolds are generalized Berwald manifolds. This means that the linear isomorph-
isms can be chosen as parallel translations with respect to a single linear connection.
His proof relied on G-structures and their compatible connections, while our proof
uses only simple properties of Ehresmann connections. This demonstrates that
some problems in Finsler geometry become very simple if one works on the tangent
manifold instead of the base manifold, and uses the techniques of tangent bundle
geometry. (A detailed exposition of these tools can be found in [45, Chapter 4].)
To obtain the result we assumed, and so did Ichijyo, that the Finsler manifold is
monochromatic in a smooth way. Informally, this means that the linear isomorph-
isms ‘depend smoothly’ on the points. N. Bartelme3 and V. Matveev announced
to prove that the condition is redundant, as it follows from the smoothness of the
Finsler function. However, this result has not been published yet.

In Chapter 3 we discuss isometries and affinities of Finsler manifolds and some



relations between them. A bijection on a Finsler manifold is called affine, if it pre-
serves the geodesics as parametrized curves, and an isometry, if it preserves the
Finslerian distance function. Both conditions are formulated using objects living
on the base manifold. They have counterparts that are defined in terms of objects
living on the tangent manifold. The analogue of an affine mapping is an auto-
morphism of the canonical spray S, that is, a diffeomorphism ¢: M — M such
that . 0S5 = S o ¢,. The analogue of an isometry is a Finsler isometry, that is,
a diffeomorphism ¢: M — M satisfying F' o ¢, = F', where F' is the Finsler func-
tion. The ‘tangent manifold counterparts’ are a priori more special, as they require
differentiability. F. Brickell proved in the somewhat forgotten paper [8] that if an
affine transformation is also a homeomorphism, then it is necessarily smooth, and
hence an automorphism of the spray. Since isometries are automatically affinities
and also homeomorphisms, they are also necessarily smooth, and hence Finsler iso-
metries. The latter result was proved also by S. Deng and Z. Hou [13] much later,
independently from Brickell. In sections 3.1 and 3.2 we provide a simplified version
of Brickell’s argument. In section 3.3 we give a more direct proof of the smoothness
of isometries. It is based on a very elegant proof from [38] of the same result for
Riemannian manifolds. It utilizes coordinate systems, whose coordinate functions
are distance functions. We show that such coordinate systems do exist in the Fins-
lerian case. Using these special coordinates we show also that under some regularity
condition, submetries between reversible Finsler manifolds are differentiable. This
is in fact a special case of a result about submetries between metric spaces [30],
however we believe it is beneficial to have a purely differential geometric proof. Our
argument mostly follows [6], where the same theorem is proved for Riemannian man-
ifolds, although in that case, the argument yields that the submetries are of class
oL,

We continue by examining how some theorems of Riemannian geometry about
the relations between affinities and isometries can be generalized to Finsler geo-
metry. K. Yano showed that infinitesimal affinities (i.e., affine vector fields) on a
compact orientable Riemannian manifold are infinitesimal isometries (i.e., Killing
vector fields) [52]; his proof is based on integral formulas. J.-I. Hano found a gen-
eralization: bounded affine vector fields on a complete Riemannian manifold are
Killing vector fields. Hano’s proof relies on the de Rham decomposition and special
properties of irreducible Riemannian manifolds. Our Theorem 3.4.6 is a generaliz-
ation of Hano’s result to Finsler manifolds. Surprisingly, the proof is significantly
simpler than the ones in [25, 19] for the more special Riemannian case, it utilizes
only the Euler-Lagrange equation and the ‘fundamental inequality’ ([4, p. 7] or
[45, Proposition 9.1.37]), and perhaps most notably, it does not need any concept
analogous to irreducibility. This again demonstrates that some problems in Finsler
geometry become very simple if one works on the tangent manifold.



4 Introduction

Another famous theorem about affinities and isometries is due to S. Kobayashi
[24]. He proved that in a complete irreducible Riemannian manifold any affinity
is an isometry, except for the 1-dimensional Euclidean space. In the remainder
of section 3.4 and in section 3.5, we attempt to generalize this result to Finsler
manifolds. Since there is no good analogue of irreducibility in Finsler geometry,
we propose to replace it by one if its consequences: if the holonomy group of a
Riemannian manifold is irreducible, then it determines the metric tensor up to a
scalar factor. This property can be translated to Finsler geometry: we say that
a Finsler manifold is affinely rigid, if its canonical spray determines the Finsler
function up to a scalar factor (this translation indeed carries the intended meaning,
since the canonical spray completely determines the holonomy). Affine rigidity turns
out to be a suitable replacement of irreducibility in the theorem of Kobayashi, see
Corollary 3.4.10. This suggests that affine rigidity should be examined further in
order to properly understand the relation between affinities and isometries. We
devote section 3.5 to this topic. A simple sufficient condition for affine rigidity
is the transitivity of the holonomy group on the unit sphere, see Proposition 3.5.1.
However, the transitivity of the holonomy group is an overly strong assumption, even
in the Riemannian case, furthermore the Finslerian holonomy groups are difficult to
handle because they are potentially infinite dimensional [33, 34]. We believe that
instead of the holonomy group, one should examine a smooth singular distribution
constructed from horizontal vector fields. We collect our results in Theorem 3.5.7
and we formulate an open question at the end of the section.

Our concluding section 3.6 is about Finsler manifolds that admit local frame
fields consisting of Killing vector fields. Such Finsler manifolds have been studied
by M. Xu and S. Deng in [51]. We show that these Finsler manifolds are generalized
Berwald manifolds, and hence monochromatic. We also show that if the Finsler
function is compatible with the local parallelizations induced by the Killing frame
fields, then the Finsler manifold is a Berwald manifold. This was already known
in the special case when the whole manifold admits a Killing frame field [1]. Our
arguments are quite simple, using again tools from tangent bundle geometry.

~ O ~v

Some technical remarks about the Thesis. In the first Chapter we summarize our
terminology and basic facts. In the second and third Chapters we collect our results.
If a theorem, lemma, corollary or proposition is not new, we write the name of the
original author right at the beginning of the statement between parentheses. If
a result of ours have been already published, we cite the publication also at the
beginning of the theorem. The fourth and fifth chapters are the summaries, in
English and in Hungarian, respectively. A list of symbols can be found at the end
of the Thesis.



Chapter 1

Basic concepts and tools

1.1 Canonical constructions on the tangent bundle

1.1.1. By a manifold we mean a finite-dimensional smooth manifold whose under-
lying topology is second countable and Hausdorff. Mappings between manifolds
are assumed to be smooth (infinitely many times differentiable), if not specified
otherwise. For a manifold M we use the following notation:

(1) C°°(M) is the ring of smooth real-valued functions on M;
(2) 7: TM — M is the tangent bundle of M;

(3) TM is the submanifold of T'M consisting of the nonzero tangent vectors to M,
7 := 71 | TM is the slit tangent bundle of M;

(4) mrar: TTM — TM is the tangent bundle of T'M.
Some further notation:

(5) For a vector field X, F1* is its maximal flow, FI,* (¢ € R) is the tth stage of the
flow.

(6) For a vector bundle 7: B — M, I'(w) or I'(B) denotes the C*°(M)-module of
its (smooth) sections. In particular, X(M) := I'(T'M) is the C*°(M )-module of
vector fields on M.

(7) The derivative or tangent map of a map ¢: M — N is ¢,: TM — TN.

5



6 Chapter 1. Basic concepts and tools

Throughout the rest of the Chapter, M stands for an n-dimensional manifold, where
n > 1.

1.1.2. For a function f € C*°(M), we define the functions f¥ and f on TM by
fli=for and f(v):=v(f), veTM.

They are called the vertical and the complete lift of f, respectively.
If (U, (u')?,) is a chart for M, set

o= (u)Y, Y= (uh)S ie{l,...,n}. (1.1)
Then (77(U), ((x))™,, (y*)7;)) is a chart for TM, called the chart induced by

(u7 (ulezl)
For the complete lift of f € C°(M) we have

c _ 1 af '
Far(of) (12

In (1.2), and throughout the Thesis, we use the Einstein summation convention for
expressions with repeated indicies.

1.1.3. The vertical lift of a vector field X € X(M) is the velocity field XV of the
global flow
(t,v) eERXTM —v+tX(r(v) € TM

on TM. If FI*: Dy C R x M — M is the maximal flow of X € X(M) and
Dy = {(t,v) e Rx TM | (t,7(v)) € Dx},

then B
(t,v) € Dx — (FLV).(v) € TM

is a flow on TM, whose velocity field X°€ is called the complete lift of X. The
vertical and the complete lifts are natural in the following sense. If M and N are
manifolds, ¢: M — N, X € X(M) and Y € X(N) are ¢-related vector fields, that
is, p, 0 X =Y o, then

Yex 0 X =Y 00, and Ve 0 X' =YV 0 p,.

In particular, if ¢ is a diffeomorphism and ¢ X := ¢, 0 X o~ is the push-forward
of X by ¢, then

Pupp(XY) = (0 X)"  and (X)) = (ppX)" (1.3)



1.1. Canonical constructions on the tangent bundle

The Liouville vector field on T'M is the velocity field C' of the flow of the positive

dilations
(t,v) ER x TM s e'v € TM.

If (U, (u'),) is a chart on M, and X = X';2;, then locally

0 ) 0 0

XV =X"— X = (X" — X" —

= (X G + (X5
and 9
C = y'—.
(u)yﬁyl

In particular,

For any X,Y € X(M) and f € C°°(M) we have

XV =0,
XVfe = (X[),
Xef = (Xf),
Xefe= (XS,

cre=rs
(fX)" = f"X+ fX,

[Xvayv} =0,

[C’XV} = —XY,

[C, X]=0

(X4+Y)=X+Y°,

(X", Y] = [X, Y],

(X6, Y] = [X, YT,

Yo X=XV +[X,Y]"oY.

For details, see, e.g., [45, 4.1].

0\’ 0 d\° 0
- | = . - | = ; ) 1,... .
<8u1> oy’ <8ul> Oxt’ Pe{lon)

(1.6)

- -
© 00 =3

P N S N N e O N i S N N g

= = =~~~
—_ = =
N =

1.13
1.14
1.15
1.16
1.17
1.18
1.19

o~~~ o~ o~ o~ o~ o~ o~ o~

1.1.4. Each tangent space T,,M is a submanifold of 7'M, thus its tangent manifold
can be naturally embedded into TTM. A vector in TTM is called vertical, if it
is tangent to a tangent space in this sense. The vertical vectors form the vertical
subbundle of TT'M, denoted by VT M. The vertical lift of a vector field in X(M) is
a section of VT'M, and for every vertical vector w, there is a vector field X € X(M)
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such that XV(7rp(w)) = w. The vertical subbundle is also the kernel of 7, and it
restricts naturally to a subbundle of TTM. The restriction is denoted by VT M.
This vector bundle is naturally isomorphic to the Finsler bundle described below.

The pull-back 7*7 of 7 by 7 is a vector bundle over T™ , called the Finsler
bundle. Its total manifold is

TM x 3 TM = {(u,v) € TM x TM | #(uv) = 7(v)},

and its fibre over u € TM is {u} x T:wyM. Every vector field X € X(M) can be
lifted to a section

X:TM —TM x, TM, X(u):= (u, X(#(u)))

of the Finsler bundle, called the basic lift of X. All tensors on M can be lifted
similarly to the Finsler bundle.

We have a natural C° (7'M )-linear injection i: I'(#*7) — [(VTM) specified by
the rule iX = XV. We agree to identify such module homomorphisms with bundle
maps, so we may regard i as a fibrewise linear mapping from TM %3 TM to VI'M.

On fibres, i is natural also in another sense. As TpM is an open subset of the
vector space T,M, its tangent manifold can be identified with YO};M x T,M. Since
f’pM is also a submanifold of 7'M, its tangent manifold can be naturally embedded
into TYOUW7 in fact, into VT M. This embedding is just i.

Another natural bundle map is the canonical surjection

j: TTM — TM x5 TM, j(w) := (rryw, Tw).

Its kernel is VTM, and jX°© = X. The composition J := i o j is the wertical
endomorphism. It has the characteristic properties

IXV=0, JX°=X', XeXxM).

1.1.5. We denote by § the canonical section
o:ueTM— (u,u) € TM xy TM
of 7*7. The Liouville vector field can be expressed as io = C.

1.1.6. If a chart (U, (u’)™,) is given on M, the basic lifts of the coordinate vector
fields ( a)é_ form a local frame field < 0 ) of the Finsler bundle. Its dual

oul oul
v /i=1 “/i=1

(@)?:1 is formed by the basic lifts of the 1-forms du’.

1.1.7. We can construct a covariant-derivative-like operator VV: I'(7*7) x I'(7*7) —
['(7*7) on the Finsler bundle from the canonical differentiation on the fibres. For a
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section X of #*7, there exists a unique map
X:TM - TM
such that X (u) = (u, X(u)) for all w € TM. Define
V()= (un, (V[ HMY@)(X(W),  pe M, ue M,

and for a function f € C“(f]\/[), set V‘fif := iXf. Then V¥ can be extended
to a derivation of the tensors of 7*7 in the usual way. We call this derivation the
canonical vertical derivative. Since basic lifts are ‘constant on the fibres’ we have

o~

V'X =0 forall X € X(M). (1.20)

As a consequence, o

V'WYAX,Y) = XYYV (1.21)

In local coordinates, V¥ is just ‘differentiation with respect to the y* coordinates’.

For example, if f € C>°(T'M), then
Of —

f = g, v = S
vf(u) oyt w vvf(u) Oyt Oy

2 —_— —_—
oF du’ @ du?, etc. (1.22)

1.1.8. A function f € Cm(fM) is kT-homogeneous, if Lof = Cf = kf. This
means that f(Av) = M f(v) for all v € TM and positive scalar A. A vector field
€ € X(TM) is k*-homogeneous, if Lo€ = [C,€] = (k—1)¢. If € = &+ §”+i£i,
then ¢ is k*-homogeneous if and only if the functions ' are (k — 1)T-homogeneous
and the functions £"** are k*-homogeneous for all i € {1,...,n}.

1.2 Ehresmann connections and sprays

1.2.1. Let M be a manifold. By an FEhresmann connection in TM we mean a
smooth mapping

H:TM xpy TM — TTM, (u,v) — H(u,v),
which satisfies the following conditions:
(E1) H(u,v) € T,TM for all (u,v) € TM x5 TM:;

(E2) the mapping v — #(u,v) is R-linear for each fixed u € T'M:;
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(E3) 7 H(u,v) = v for all (u,v) € TM x5 TM.

Conditions (E1) and (E3) can be briefly expressed together as j o H = idy,, 7as-

The image H TM := ImH of H is a subbundle of TTM of rank n = dim M, and it
is complementary to VI'M, i.e.,

TTM =VTM & HTM. (1.23)

Conversely, any subbundle of TTM satisfying (1.23) is the image of a unique
Ehresmann connection. Subbundles of T7M satisfying (1.23) are called horizontal.
We have the projections h: TTM — HTM ,v: T T™M — VI M , characterized
by
Kerv = HTM, Kerh=VTM.

Then h = H oj. We also define the vertical mapping V := i~! o v; it is a left

inverse for i. For a vector field X € X(M), X" := HX is the horizontal lift of
X. The Ehresmann connection is positive-homogeneous, if the horizontal lifts are
1*t-homogeneous, that is [C, X" = 0 for all X € X(M).

1.2.2. A spray for M is a smooth vector field on T™ satisfying the following
conditions:

(Sl) T © S = ldTM
(S2) [C,S] =S, that is, S is 2*-homogeneous.

A spray manifold is a manifold M together with a spray for M. If H is a positive-
homogeneous Ehresmann connection, then S := HJ is a spray. Conversely, if S is a
spray, there is an Ehresmann connection H such that

—

H(X) = X" = ;(Xc XY, S])  forall X € X(M). (1.24)

We call this Ehresmann connection the Berwald connection of the spray manifold.

Then 16 = S. For details, see [45, 7.3.3).

1.2.3. Let an Ehresmann connection H in TM be given. The mappings R and T
given by
R(X,Y) :=V[HX, HY] (1.25)

and
T(X,Y) := V[HX,iY] — V[HY,iX] — j|HX, HY], (1.26)
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where X, Y € ['(7*7), are skew-symmetric type (1,2) tensors on the Finsler bundle,
called the curvature and the torsion of H, respectively. Evaluating R and T on
basic sections X and Y, we obtain

iR(X,Y) = v[X" V"] = [X" V"] - [X,V]", (1.27)

iT(X,Y)=[X"Y"]—[v" X]—[X, Y] (1.28)
It is easy to check that the torsion of the Berwald connection of a spray manifold
vanishes. In fact, every positive-homogeneous and torsion-free Ehresmann connec-
tion is the Berwald connection of a spray (for a proof, see [45, Theorem 7.8.7]).

The Jacobi endomorphism of a spray manifold (M, S) is the type (1,1) Finsler
tensor field K defined by

K(X):=V[S,HX], X eT(#7). (1.29)
If H is the Berwald connection of (M, S), we have
R(5,X) = V[S, HX] = K(X). (1.30)

If n =dim M > 2, the function

K = trK (1.31)

n—1

is called the curvature function of (M,S).

1.2.4. Let H be a positive-homogeneous Ehresmann connection in TM , I CRan
open interval and v: I — M a smooth curve. A vector field X : I — T'M along -y is
said to be parallel with respect to H (briefly H-parallel, or simply parallel) if

X(t) = H(X(t),4(t)) foralltel. (1.32)

Foreachty € I and v € fv(tO)M , there is a unique parallel vector field X along v such
that X (¢9) = v. Then X(t) is the parallel transport of v along v to Io’v(t)]\/[. In this

way we obtain a mapping P(7)j, : i,(to)M — jl’v(t)M that sends each v € Tv(tO)M to
its parallel transport. Then P(vy);, is smooth and 1*-homogeneous (in the obvious
sense) for all ¢ € I. For details, see [45, 7.6]. It is natural to extend P(7);, to T’ ) M
by declaring the zero vector fields to be parallel, and hence setting P(v); (0) = 0.
One should keeping in mind that this extension is only continuous, and not smooth.

We will tacitly use this extension whenever necessary.

1.2.5. An Ehresmann connection H induces a covariant-derivative-like operator
Vh: T(#*1) x T(#*7) — ['(#*7), given by

hy . Y iV
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For basic lifts we have R
VEY =i [X", V). (1.33)

From V" and V¥ we build a covariant derivative operator
V: X(TM) x T(#*7) — T (#*7)
on the Finsler bundle such that
VugY =VhY, VY =VLY.

It is called the Berwald derivative induced by H. We define its curvature tensor in

the usual way: N N N N
Rv(fﬂﬁX = VeV X =V VeX — Vi X,

where &, € X(T'M), X e D(#*7).
From RY some useful partial curvatures can be obtained. The first of them is
the affine curvature (or horizontal curvature) of H given by

H(X,Y)Z := RV (HX,HY)Z

~ . _ (1.34)
=VouxVayZ = Vg Vs Z — V[H}?,H?]Z'
It is completely determined by the curvature R of H:
H(X,Y)Z = —-V4R(X,Y). (1.35)
We also have o o
H(X,Y)) = -R(X,Y). (1.36)

For proofs, see [45, 7.14].
The second important partial curvature is the Berwald tensor of H given by

B(X,Y)Z := RV(iX,HY)Z

_ - _ (1.37)
=VixVurZ = Vg Vi Z — v[i)?,mN/]Z'
On basic lifts, it acts simply by
iB(X,Y)Z = —[Y", [z, x"]] — [z, [x*, "] "2 [[xV, v"), 2], (1.38)

see [45, 7.13].

1.2.6. Let (M,S) be a spray manifold. By condition (S1), each integral curve
o: 1 —TM of S is of the form o = 7, where v := 70 0. Such a curve 7 is called a
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geodesic of S. Equivalently, a curve v: I — M is a geodesic of S if So+4 = 4. We
declare the constant curves to be geodesics as well.

Given a vector v in T'M and a geodesic ~y satisfying +(t) = v for some t € I, we
say that 7 is a geodesic with velocity v at ¢ or starting at p := y(t) = 7(v). From the
theory of ODEs, we know that for any v € M , there is a unique maximal geodesic
v, with initial velocity v at 0.

The 2*-homogeneity of S implies that if A\ and ¢ are positive scalars such that
v, is defined at At, then ~,, is defined at ¢, and

Yoaw(t) = Yo (AL). (1.39)

This implies that if v is a geodesic, then so is t — ~v(at + b) where a > 0 and
b € R. Hence an orientation preserving affine reparametrization of a geodesic is also
a geodesic.

1.2.7. Let a chart (U, (u?)?_,) be given for M. An Ehresmann connection A in 7'M
can be described with the coefficients N, ; of the horizontal lifts of the coordinate
vector fields, determined by

N (N0 0
H(W)‘(%) —@—Njayi» je{l,...,n} (1.40)

Then (N})7;_, is a family of smooth functions on 7~'(f), called the Christoffel
symbols of H. Then the Berwald derivative induced by H satisfies

—

9 ONI§ 0

o = : o o
.7 Ouk  Oyk dut’ a7 Ou¥

=0, g ke{l,... n} (1.41)

The Berwald tensor has the coordinate expression

) BN D .0 .

A spray S over M can be written locally in the form

0 .0
=y'— —2G"'—. 1.4
S(u)y(%Z G(‘?yZ (1.43)

Here (G)_, are again smooth functions on 77! (U), called the coefficients of S. The
Christoffel symbols of the Berwald connection of S are just

o 0G
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Thus, for the Berwald connection of a spray, (1.41) and (1.42) simplify to

b9 0G0 )
Vi ok T oyogon’ Visod 0
and P e e
9 9 0 PGt 0 .0
(au Dk auz) = ayloyioyt au - By (1.45)

This implies that the Berwald tensor is symmetric in a spray manifold.

1.3 Linear connections and affine sprays

An Ehresmann connection H in 7'M is called linear if any of the following equivalent
conditions holds:

(L1) H is positive-homogeneous and can be extended smoothly to T'M.

(L2) The Christoffel symbols of ‘H are fibrewise linear functions with respect to any
chart of M.

(L3) The Christoffel symbols of the Berwald derivative induced by H are constant
on the fibres with respect to any chart of M.

(L4) The Berwald tensor of ‘H vanishes.

(L5) For any two vector fields fields X, Y on M, their Lie bracket [X" Y] is a
vertical lift.

(L6) There exists a unique covariant derivative D on M such that

(1.33)

(DxY)" = [X" Y] iV XY e xX(M). (1.46)

(L7) The H-parallel translations along any smooth curve (as described in 1.2.4) are
linear mappings.

We note that we defined Ehresmann connections only on T™ , hence in the
statements above, many objects need to be extended smoothly to the zero vectors.
These extensions can be carried out in an obvious way.

From now on, we will simply refer to linear Ehresmann connections as linear
connections.
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A linear connection can be constructed directly from the covariant derivative D
n (L6): for each (v,w) € TM xp TM, we set

H(v,w) =Y, (w) —i(v, D,Y) it Y e X(M), Y(r(v)) =v. (1.47)
This can also be expressed as
X"oY =Y,0X — (DxY)' oY, for all X, Y € X(M). (1.48)

The parallel translations with respect to H are the same as with respect to D. The
torsion and affine curvature of H (see 1.2.3) can be obtained from the torsion 7" and
curvature R of D by
iT(X,Y)=(T(X,Y)), X,YeX(M); (1.49)
iH(X,Y)Z = (R(X,Y)Z), X.,Y,ZeX(M). (1.50)

For a more detailed account on linear connections, we refer to sections 7.5 and 7.15
in [45].
A spray S is called affine if any of the following equivalent conditions holds:

(A1) S can be smoothly extended to T'M.
(A2) The coefficients of S are fibrewise quadratic forms.
(A3) The Berwald connection determined by S is linear.

Condition (A3) implies that we can characterize affine sprays through their Berwald
connection, by any of (L1)-(L7).

1.4 Finsler manifolds

Let M be a manifold. A function F': TM — R is called a Finsler function (for M)
if it satisfies the following conditions:

(F

F is continuous on T'M and smooth on TM

1)
(F2) F is 1T-homogeneous,
(F3) F(v) > 0if v #0,
(F4) the fundamental tensor
= ;VVVVFQ (1.51)

is (fibrewise) positive definite.
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A Finsler manifold is a pair (M, F') consisting of a manifold M and a Finsler function
FonTM. We say that F := %F2 is the energy function associated to F' or the energy
function (briefly energy) of (M, F). A Finsler manifold reduces to a Riemannian
manifold if its energy is a quadratic form on each tangent space.

A smooth curve v in M is a geodesic of the Finsler manifold, if it satisfies the
Euler—Lagrange equation

oF \' 9B . ,
(ayioy> —axioy—(), ie{l,...,n} (1.52)

for any chart that intersects the image of . There is unique spray S for M whose

geodesics are the geodesics of the Finsler manifold. We call it the canonical spray
of (M, F). Then, using (1.4), we can rewrite (1.52) as

SX'E—X°E=0 forall X € X(M). (1.53)

This form of the Euler-Lagrange equation is due to M. Crampin, see [11, p. 348].

The Berwald connection H of the canonical spray is called the canonical con-
nection of the Finsler manifold. It is the only Ehresmann connection in TM which
satisfies the following conditions:

(CC1) H is positive-homogeneous;

(CC2) the torsion of H (given by (1.26)) vanishes;
(CC3) HTM :=Im(H) C ker dF.
(

For details, see [45, Theorem 9.3.5].) Condition (CC3) guarantees that F is constant
along parallel vector fields (see (1.32)), thus the parallel translations with respect
to the canonical connection preserve the Finsler function. The proof of this is a
simple calculation, as we shall see in Lemma 2.3.1. Hence the canonical connection
is a direct analogue of the Levi-Civita connection of a Riemannian manifold, and
in fact, if (M, F') is Riemannian, then the canonical connection is the Levi-Civita
connection.

1.5 The exponential map of a spray

Throughout this section, (M, .S) is a spray manifold. Let TM be the set of tangent
vectors v € T'M such that ~,, the maximal geodesic of S with initial velocity v is
defined at 1. The exponential map for S is the mapping

exp: TM — M, v exp(v) :=7,(1).
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Then TM is an open subset in T'M 27, p. 91, and by the smooth dependence
on initial conditions, exp is smooth on T'M NTM. Applying (1.39), we see that
t € [0,1] — exp(tv) is a geodesic with velocity v at 0.

We often need only the restriction of the exponential map to the tangent space at
a certain point p. We denote this mapping by exp,), its domain is T'M, := T'M N1}, M.
The following properties are well-known, their proofs can be found, for example, in
[40, p. 222] or [45, Lemma 5.1.45].

(i) exp, is of class C'' on T'M;
(ii) ((exp,)«)o, is the canonical isomorphism which identifies 7,7, M with T, M.

It follows that there is a neighbourhood of 0, in 7, M on which exp, is a C! diffeo-
morphism onto its image. If such a neighbourhood is also star-shaped with respect
to 0p, then it is called a normal domain of exp,. The image of a normal domain
under exp,, is called a normal neighbourhood of p. Whenever we need the inverse of
exp,, we use the inverse of its restriction to a normal domain. A normal neighbour-
hood of p has the nice property that each of its points lies on a geodesic starting
from p contained in U, and all such geodesics differ only by orientation preserving
reparametrizations. This motivates the notion of an oriented geodesic path, a set
of geodesics that differ only by orientation preserving reparametrizations. If v is a
representation of an oriented geodesic path ¢, and [a, b] is in the domain of v, we say
that ¢ is a geodesic path from 7(a) to 7(b). This terminology allows us to say: if U
is a normal neighbourhood of p, then for each q, there is one and only one geodesic
path in U, from p to q.

A subset of M is called totally normal, if it is a normal neighbourhood of each of
its points. J.H.C. Whitehead proved that there exists such a neighbourhood around
any point of a spray manifold [49, 50]. Later R.E. Traber presented a simpler
argument [47]. A proof based on their works, written in modern language, can be
found in [45, 5.1.4].






Chapter 2

Characterization of some spray
and Finsler manifolds

2.1 Projectively affine sprays
Two sprays S and S for a manifold M are projectively related if
S=S8-2PC (2.1)

for some function P on 7M. Then we also say that S is a projective change of S
with factor P. Note that P is necessarily smooth and 17-homogeneous. Projective
relatedness means that the sprays have the same oriented geodesic paths.

In this section we prove that a spray is projectively related to an affine spray if
and only if its Douglas tensor (to be defined in Fact 2.1.2) vanishes. Locally this
was first proved by J. Douglas [15]. Global versions are due to Z. Shen [40, 5.2] and
J. Szilasi and Sz. Vattamény [46]. However they assumed that the base manifold is
orientable. In our version this assumption is eliminated.

Fact 2.1.1. Let (M, S) be a spray manifold. Under a projective change S := S—2PC
of S, the Berwald tensor of (M, S) changes by the rule

B=B+ (V'V'V'P) @6 + (V'V'P) @ idp(+r (2.2)
where © is the symmetric product. The change of the trace of the Berwald tensor is
given by B

trB=trB+ (n+1)V'V'P. (2.3)

Both formulae can be easily verified using (1.22) and local calculations. (An
index-free proof can be found in [45].)

19
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Fact 2.1.2. Let (M,S) be a spray manifold, and let B be the Berwald tensor of
(M, S). Then the tensor

D:=B- ((V'trB)® 4 + (tr B) ® idr(s+r) ) (2.4)

n+1

is the same for all projective changes of S.

The proof is straightforward using Fact 2.1.1. The tensor D defined in the lemma
is called the Douglas tensor of the spray manifold.

Fact 2.1.3. If a spray is projectively related to an affine spray, then its Douglas
tensor vanishes.

Proof. The Berwald tensor of an affine spray vanishes, see (A3) and (L4) in sec-
tion 1.3. Hence its Douglas tensor also vanishes by (2.4). Since the Douglas tensor
is projectively invariant, our statement follows. O]

In the remainder of the section we prove the converse: if the Douglas tensor
of a spray vanishes, then it is projectively related to an affine spray. It turns out
that the projective factor that produces the affine spray can be constructed directly:
it is the divergence of the spray with respect to a volume form w on the tangent
manifold TM that satisfies Lxww = 0 for all X € X(M). Such volume forms are
called vertically invariant.

We recall that given a volume form p on a manifold M, the divergence of a
vector field X € X(M) is the unique function div, X satistying Lxp = (div, X)p.
In particular, if (U, (u?)?,) is a chart on M and

= odu'A---ANdu", X = X'—
" ) ; ou’
where o € C*°(U), then
" 19(cX¥)
div, X = — . 2.
iv, ];O Sl (2.5)

Lemma 2.1.4. Let M be a manifold.

(i) A volume form w on TM is vertically invariant if and only if div, XV =0 for
all X € X(M).

(7i) Suppose that w is a vertically invariant volume form on TM, and let @ be
another volume form on T M. Then w is vertically invariant if, and only if,
w = fYw for some smooth function f on M.
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Proof. The first assertion is clear from the definition of divergence. As to the second
claim, we surely have @ = hw for some smooth function h on TM. If @ is vertically
invariant, then for any vector field X on M,

0=Lxw=Lx(hw) = (X'h)w+ hLxw = (X h)w.
Thus XVh = 0 for all X € X(M), hence h is constant on the tangent spaces.
Therefore h is a vertical lift. The converse can be shown by a similar argument. [

Remark 2.1.5. Let (U, (u*)?;) be a chart for M and let (77 (U), ((z),, (¥*)y))
be its induced chart on 7M. Then
pi=dot A Ada" Adyt A A dy”

is a vertically invariant volume form on 7—(U).
Indeed, if X = X! ai is a vector field on U, then its vertical lift is XV =
(X)) s € X(r1(U), and

div,(XY) Z

so our claim follows by part (i) of the previous lemma. We say that p is an induced
volume form on 771 (U). In view of part (ii) of Lemma 2.1.4, every vertically invariant

volume form on T'M can locally be written as f¥u, where f is a smooth function on
M.

Lemma 2.1.6. Let M be an n-dimensional manifold. If w is a vertically invariant
volume form on TM and C € X(T'M) is the Liouville vector field, then div,, C = n.

Proof. We work locally. With the notation of the previous remark, let w (;) Y.

Then, since C’ = y ayw

]

. no v, n
div, € %2 3 10(fy) _ -9 _
w = fv oy ay
Lemma 2.1.7. Let (M, S) be a spray manifold. [fw is a vertically invariant volume

form on T M, then
V'VY¥(div, S) = —2trB. (2.6)

Proof. With the notation of Remark 2.1.5, we calculate locally. Then w (;) u,

where f is a smooth function on U and p is the induced volume form on 7~ (). If
S (E) Y2 — QG’ 8 , then

Ozt
o2y = (1O 20(/'G)
div,, S m ; ( o on f" dy
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(1.6),(1.9),(1.7) " af 8G’
5 (7 () ~250)

Thus, taking into account (1.2),

fe " OG" (144) f€
div, § = % 2 AT o, 2.7
WP ey T 27)

Now we turn to the proof of (2.6). For any j, k € {1,...,n},
VY7V 5 /(-9\ /é\ (2_7) A wa% c % /é\ /é\
w9 (9 (F
2 o (5-)

(DN((2£) LY, 06, ¢
“\ow ouk | fv Oyioyk T Oyidykoy

2trB<8 6) O

(1.45)

QBZ]k -

ouw’l’ Ouk

Theorem 2.1.8 ([45]). Let (M,S) be a spray manifold with vanishing Douglas
tensor and let w be a vertically invariant volume form on T M. Then

S:=S—2PC, where P := #divw S,
2(n+1)

is an affine spray.

Proof. First we show that S is a spray. We only have to check that P is 17-
homogeneous. We have

_ 1 en L (o aogi

= M G 2t (Ofv O2G>
iy 1 ﬁ_ N 1 ﬁ_ i) —
e (72000 = (5 2) & 7

taking into account that the Christoffel symbols Gz- of the Berwald connection of
(M, S) are also 1T-homogeneous. This proves the desired homogeneity. Then notice

that | .
. (2.6)
WP = ——V'VY(d = — tr B.
V'V 2(n+1)VV(1VwS) i (%)
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For the Berwald tensor of S we obtain that

BY B+ (V'V'V'P) ® 6 + (V'V'P) ®idper)

B (VuB)e; e ) B9y
=B — - 1((V trB) ® 0 + (tr B) ®1d1"(7°—*7.)) Z'D=0.
So the Berwald tensor of S vanishes, hence it is an affine spray. ]

Shen’s proof is similar. However, in his construction of the projective factor a
volume form on M was applied, hence his method cannot be globalized. Our con-
struction relies on the existence of a suitable volume form on the tangent manifold,
which, as the next proposition shows, always exists.

Proposition 2.1.9 ([45]). The tangent manifold of a manifold admits a vertically
invariant volume form.

Proof. Let M be an n-dimensional manifold and consider its 2n-dimensional tan-
gent manifold TM. Suppose that (u’)’; and (a')?, are local coordinate sys-
tems on M with the same domain U/, and consider the induced coordinate systems
((@")isy, (¥)izy) and ()i, (§')iey) on TM.

Step 1. We show that

dz' = (4))"de’,  dy' = (A))da’ + (A7)'dy’, i€ {l....,n}, (2.8)
where A§ = g—g; 1,7 € J,. This can be done by an immediate calculation:
0t . 0T . (11),(16) o\ . ;
v _ T J v J DA _ \V J
dz' = e da’ + By dy’ = 50 (u'")" ) dz

o\ i oy (0wt e
+ ((W) (u) ) dy’ == (W) dx’ = (A)"dx’;
oy 0y (0N i) O\ e g

(110,08 (0w \ . . ou\" . e i
= ( ) dx? + <8uj> dy’ = (A%)°dx’ + (A})"dy’.

Step 2. Consider the induced volume forms
pw=dx'N--Adx" Ady A N dy”

and
fo=dz'A--- ANdZ A dyt A N di"
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We claim that the volume forms p and j represent the same orientation of the vector
bundle 77y; | 771 (U). To see this, we express the volume form i in terms of the
coordinate differentials dz’ and dy’. Since the wedge product is C>(T M )-multilinear
and a A a = 0 for any one-form «, we find that

iy = dz'A - AdT" (2:'8)(A}l)vdxﬁ Ao N (AD ) dan
= Z (Ai(n)vdl'a(l) A A (Ag(n))vdma(n)

O'ESn

= ( > 5(0)(/1(1,(1))” . (Ag(n))") dz'A - Adz"

oESy

= det((A))")dz'A-- - Ada™ = (det(AL)) da' A~ A da.
Thus

fin A dyt = (det(A%))da' A+ Ada™ A ((AS)Sda’ + (A})'dy’)
= (det(Aj-))"d:pl/\ S Ada N ((A;)dej) =1 A\ ((A;)dej).
Continuing in the same way, we obtain that
=i Ady A Ny = i A (ALY A A (AT )Y dyT

= jix A (det(AD) Ady'A--- A dy™ = ((det(A)))*) .

Here the function ((det(A%))?) is positive, so y and fi represent the same orientation.
Step 3. Let A = {(U;,u;) | i € I} be an atlas of M, and let (f;);c; be a partition
of unity on M subordinate to the covering (U;);c;r. Every chart (U;, ;) yields an
induced volume form g; on 771(U). Define a top form w on T'M by

vETM = wy, =Y (fi)'(0)pi(v) € Asy (T, TM).
iel
For an arbitrarily fixed vector w in T'M, let
Iw):={iel|r(w) €U, fi(r(v))#0} and U,:= [) U;.
jel(w)

Then, by Step 2,

Ky = (h]')vlujo’ jE[(w)7

()

where jo € I(w) is a fixed index and h; is a positive smooth function on U,,. So it

follows that

o) i1 (w)
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and here Y ;cr (fih;)Y € C°(77 (Uy)) is a positive function. Thus, taking into
account Remark 2.1.5, w is a vertically invariant volume form on 77! (i4,,). Since the
vector w can be chosen arbitrarily, this completes the proof. O

This proposition and Theorem 2.1.8 yield:

Corollary 2.1.10 ([45]). If the Douglas tensor of a spray manifold vanishes, then
the spray is projectively related to an affine spray.

2.2 There are no proper Einstein—-Berwald mani-
folds

A Berwald manifold is a Finsler manifold whose canonical spray is affine. This
implies that its canonical connection is linear, and hence it is generated by a (torsion-
free) covariant derivative (see section 1.3).

A Finsler manifold (M, F) is called an Einstein—Finsler manifold if the curvature
function of its canonical spray given by (1.31) is related to the Finsler function by

K = \F? (2.9)
where A € C°(M).

Lemma 2.2.1 ([14]). The curvature function of a Berwald manifold is a quadratic
form on each tangent space.

Proof. Notice first that the Jacobi endomorphism of the canonical spray can be
expressed in terms of the affine curvature tensor:

K, (0) "2 Ry (u,0) = Ry (v,u) "2 H (0,0, ).

Let D be the covariant derivative on M that generates the canonical connection of
(M, F). Then, from (1.50), for any p € M, u,v € T,,M we get

K.(v) = (u, Ry(v,u)u), (2.10)

where R is the curvature tensor of D. Thus

(n— DK @) = tr K(v) "2 tr(u v (u, R(u,v),v)),

hence K is indeed a quadratic form on the tangent spaces. O

Theorem 2.2.2 ([14]). If a connected Einstein—Finsler manifold is a Berwald man-
ifold, then it is either a Riemannian manifold or its curvature function vanishes.
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Proof. If X in (2.9) is everywhere zero, we are done. If there is a point p € M where
A does not vanish, then
K (u)
F?(u) = —= forallu e T,M,
() A(p) '

thus F? | T,M is a quadratic form by the previous lemma. Since (M, F') is a Berwald
manifold, the parallel translations are linear. These parallel translations preserve F,
thus F? is a quadratic form on each tangent space, therefore F' is Riemannian. [J

The argument presented here is from [22], which is a slightly simplified version
of our proof in [14].

2.3 Monochromatic Finsler manifolds

Let M be a manifold and ¢ an open submanifold of M. Consider a frame field (X;)?,
on U. Then the R-linear span of (X;)?, is called a local parallelization (of M) over
U. Given a local parallelization P over U, a vector field in P is called parallel with
respect to P. For any v € 771 (U), there is a unique parallel vector field vp (w.r.t. P),
such that vp(7(v)) = v. For each p,q € U, we obtain a mapping P,,: T,M — T,M
by setting P,,(v) := vp(q) . The construction guarantees that these mappings are
linear. The concept of parallelization defined this way is equivalent to the one in
[18, p. 174]. A (not necessarily smooth) function f: TM — R is compatible with
P,if fo P, = f over T »M for all p,q € U. Equivalently, f o X is constant for all
X eP.

We say that a (not necessarily smooth) function f: TM — R is monochromatic,
if for any p,q € M, there is a linear isomorphism L, from T,,M to T, M such that
foLg = f over pr . We say that f is smoothly monochromatic, if for any point
p € M there is a local parallelization over an open neighbourhood of p, which is
compatible with f. It is easy to see that smoothly monochromatic functions are
monochromatic if M is connected.

Similarly, we say that a (not necessarily smooth) function f: TM — R is com-
patible with a homogeneous Fhresmann connection H if the parallel translations with
respect to H preserve f. In other words, f is constant along H-parallel vector fields
(cf. section 1.2.4).

For functions of class C!, the compatibility with an Ehresmann connection has
the following simple characterization.

Lemma 2.3.1. A function f: TM =R of class Ct is compatible with a homogen-
eous Ehresmann connection if and only if the corresponding horizontal subbundle is
a subset of ker df .
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Proof. Let X: I — TM be a parallel vector field along a curve v: I — M. Then

(1.32)

(foX)(t)=X(O)f = HX(1),5(t)f = df(H(X(1).5(t)))

for all t € I. So fo X is constant if and only if H(X(¢),7(t)) is in kerdf for all
t € I. Since (X (t),#(t)) can be any point in TM X, TM, this proves the desired
equivalence. O

Notice that the lemma above also shows that a Finsler function is compatible
with its canonical connection.

A Finsler manifold (M, F) is a generalized Berwald manifold if there is a linear
connection in 7'M compatible with F'. If this linear connection is torsion-free, then
it is necessarily the canonical connection, hence (M, F') is a Berwald manifold.

We prove that if a smoothly monochromatic function f: TM — R is of class
O, then it is compatible with a linear connection. In particular, if F is a smoothly
monochromatic Finsler function, then (M, F)) is a generalized Berwald manifold.
The latter result is due to Y. Ichijyo [21, Theorem 2]. We note that his proof
relied on G-structures and their compatible connections. Our proof relies merely on
simple properties of Ehresmann connections and utilizes only the differentiability of
the Finsler function, and so is very simple. Another generalization of Y. Ichijyo’s
result, in which even differentiability is omitted, can be found in [2].

Lemma 2.3.2. Any affine combination of Ehresmann connections is an Ehresmann
connection. More precisely, if Hi,...,Hy are Ehresmann connections in T'M and

fi,. oy fr € O°(TM) such that SF | f; =1, then
H:TM xpy TM — TTM, H(u,v):= > fi(w)Hi(u, v)

is an Ehresmann connection in T M. If Hi,..., Hi are linear and fy,..., fr are
vertical lifts, then H is also linear.

Proof. To prove the first claim, we have to show that # satisfies conditions (E1)-
(E3) from 1.2.1. Clearly, H(u,v) is in T,,TM, and H(u,v) is R-linear in v, so (E1)
and (E2) are satisfied. Since

k
M) =7, ;fi(U)Hi(u,v)>

= Zfz(u)n(”;’-[z(u,v)) = Zfi(u)v =,
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(E3) is also satisfied. We prove the second claim using (L5). We have to check that
[HX,YV] is a vertical lift. However, this is easy:

k k k
(HX, Y] = [Z fIHX, YV] =S IAHX Y] E S B Y.

)
i=1 i=1 i=1

The Ehresmann connections Hy, ..., Hy are linear, hence the right-hand side here
is a vertical lift. O

Theorem 2.3.3. If a function f: T™M - R of class C1 is smoothly monochromatic,
then it is compatible with a linear connection.

Proof. Let P be a local parallelization over U, compatible with f. Define a covariant
derivative D on U by setting
DX =0 (2.11)

for all X € P. Let H be the linear connection in TU generated by D. Then H is
compatible with f by Lemma 2.3.1. Indeed, for any v, w € TM xy TM,

H(v,w)f (147 vp«(w)f —i(v, Dyvp) f LY vp«(w)f =w(fovp) =0,
since f is constant along the vector fields in P.

By condition, there is an open cover (U, )aca of M such that for each o € A,
there is a local parallelization P® over U,,, compatible with f. Then, through the
construction above, we obtain a linear connection H® in each 7#7'(U,), compat-
ible with f. Let (¢a)aca be a partition of unity subordinate to our covering. By
Lemma 2.3.2, the affine combination }_,c 4 ¢%,H® yields a linear connection in TM.
Then Lemma 2.3.1 implies that this new Ehresmann connection is still compatible
with f, because ker df is closed under affine combinations. n

The converse of Theorem 2.3.3 is true without any restriction on the function.
To show this, we need a few technical results. The first is well-known.

Fact 2.3.4 (Smooth Dependence Theorem). Let V be an open subset of a finite-
dimensional real vector space, and let 1p: V — X(M) be a mapping, such that

UV x M= TM, (v,p) — ¥(v,p) = ¥(v)(p)

is a smooth mapping (‘the vector field 1 (v) depends smoothly on v’). Then for each
(Po,vo) € M x V there exist

an open neighbourhood U of pg in M,

an open interval I containing 0,
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an open neighbourhood W of vy in V,
a smooth mapping p: I XU X W — M
such that for each (p,v) € U x W the curve

ppi I = M, t = pp(t) = o(t,p,v)
is an integral curve of the vector field 1 (v) starting at p, i.e.,

Gp =V() oy,  ©p(0) =p.

For a proof, see [20, Proposition 7.5.15]. The next lemma, and lemmas of similar
flavour are considered ‘simple’ consequences of the smooth dependence theorem,
however, the technical details are not straightforward.

Lemma 2.3.5. Let H be a linear connection in TM and let S be an affine spray.
Fiz a point p in M, let V be a normal domain of exp, (with respect to S), and
abbreviate exp := exp,, [ V. For any b € T,M, there exist a positive real number to
and an open neighbourhood Uy C U = exp(V) of p such that the mapping

{X:UO%TMa g X(q) = P (75) (b), (2.12)

Vq: [07 tO] — an 'Vq(t) = epr(t expil(Q))
is a (smooth) vector field on Uy.

Proof. Notice that exp is smooth everywhere, since S is an affine spray.
Step 1. Define a mapping

Z:VXxUCT,MxM— 7 U)CTM

by
Z(v,q) = exp, (i(exp~'(g),v)); veEV, g€l

We show that for any fixed v € V, the mapping
Z(): U —TU, g Z(v)(q) = Z(v,q)

is a vector field on U whose integral curve starting at p is just the geodesic v, of S
with initial velocity v.

Indeed, the smoothness of Z(v) is guaranteed by the construction, and it is easy
to check that 7o Z(v) = 1y, so Z(v) € X(U). Further, let ¢ be an element of the
domain of v,, and define a: s € R+ sv € T,M. Then we have v, = exp, o a and

Z(@) (1)) = exp, (i(exp™ (3(1)), v)) = exp,(i(a(t), v))
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= exp,(&(t)) = (exp, 0 ) (1) = (1),

as desired.
Step 2. With the help of the mapping Z, define a further mapping

Z:Vx1 Y U) CT,M x TM — T(r~YU)), (v,w) — Z(v,w)

by N
Z(v,w) = (Z(v)"(w) = H(w, Z(v)(r(w))).

Then Z satisfies the conditions of Fact 2.3.4, and so there exist
an open neighbourhood U; of b in T'M,
an open interval I containing 0,
an open neighbourhood W of 0, in V,
a smooth mapping ¢: I x Uy x W — 77 HU)

such that for each (w,v) € Uy x W the curve
oo I = TU, t— @y (t) = p(t,w,v)
is an integral curve of (Z(v))" starting at w, i.e.,

(Z(W) o gl = ¢ 0(0) = w. (*)

Step 3. Consider, in particular, the curve ¢y, where b is the given vector in T, M
and v € W. We show that

To W) = (%)

To see this, we calculate the velocity vector of 7o ¢} at a point ¢ € I. We find that

. v _ <V (i) h v (E_3) v
Topy(t) = TPy (t) = T 0 (Z(v))" 0 py(t) = Z(v) o7 0 (1),
therefore 7 o ¢} is the integral curve of Z(v) starting at p. Thus, by Step 1, we
obtain (#x). From this it follows that ¢} is a vector field along 7,.

Step 4. We show that ¢} is an H-parallel vector field along v,. Indeed, for every
t € I we have

£1(8) = (Z(0) (@b () = H(p} (1), Z(v) o T 0} (1))
Step 1

= H(pp(t), Z(v) o u(t)) "= H(ep(t), 1 (t)),
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so for any fixed tg € I we obtain

P (70)(b) = @3 (to).

Now let Uy := exp(W). Then for every ¢ = exp(v) € U,

X(q) == Py (1) (b) = P (1) (b) = @y (to)
= ¢(to, b,v) = ¢(to, b, exp~'(q)),

which proves the smoothness of X. O
Notice that in the above lemma no relation between H and S is assumed.

Proposition 2.3.6. If a not necessarily smooth function f: TM — R is compatible
with a linear connection H, then f is smoothly monochromatic.

Proof. Fix a point p € M. For each v € T,M, let vp denote the smooth vector
field constructed in Lemma 2.3.5 (with respect to H and any affine spray ). If
(v;)i, is a basis of T,M, then (v;p)}, is a frame field on some neighbourhood U of
p, because the parallel translations P(v,)¢ are linear isomorphisms. For the same
reason, the R-linear span of (v;p)l; is {vp € X(U) | v € T,M} =: P, thus P is a
local parallelization over . For each vector field X € P, f o X is constant, because
f is compatible with H. m

This and Theorem 2.3.3 yields

Theorem 2.3.7 (Y. Ichijyo [21]). A Finsler manifold is a generalized Berwald man-
ifold if and only if it is smoothly monochromatic.

Finally we have a modern reformulation of a classical result that goes back to
H. Weyl. The idea of the proof is from [28, p. 185].

Remark 2.3.8. Recall that if (M, F) is a Berwald manifold, then there is a Rieman-
nian metric g on M, whose Levi-Civita derivative induces the same parallel trans-
lations as the canonical connection of (M, F'). This result is due to Z.1. Szab¢ [42],
other proofs can be found in, e.g., [48, 44, 31], see also [10]. Each proof relies on
the construction of a Riemannian metric g on M with the following property: for
all p,q € M, given a linear isomorphism Lg,: T,M — T,M such that F'o Ly, = F
over T,M, L, also satisfies g,(Lg,(v), Lyp(w)) = g,(v,w) for any v,w € T,M. Then
the Levi-Civita derivative of g indeed induces the same parallel translations as the
canonical connection of (M, F') because of the uniqueness of the Levi-Civita deriv-
ative.
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Theorem 2.3.9 (Weyl). Let f: T,M — R be a Finsler norm. (Then f is con-
tinuous, 11 -homogeneous, smooth and positive on T,M \ {0}, and f"(v) is positive
definite for all v € T,M \ {0}.) For each parallelization P over an open subset
U C M containing p, define a Finsler function Fp for U by

Fp(v) := f(vp(p)).

Assume that for each such parallelization P, (U, Fp) is a Berwald manifold. Then
f is an Euclidean norm.

Proof. Let P be a parallelization over an open subset Y C M with p € U. Then,
since Fp is compatible with P, Fipo F,, = Fp over T,M. Also, (U, Fp) is a Berwald
manifold by assumption. Then there is a Riemannian metric g© on U such that the
Levi-Civita derivative of ¢* induces the same parallel translations as the canonical
connection of Fp. Furthermore, ¢* is compatible with the parallelization P, that is,
9y (Pyp(v), Pyp(w)) = g (v, w) for all p,q € U, v,w € T,M (see Remark 2.3.8).

Now let U be an open neighbourhood of p that admits a Riemannian metric g
of constant nonzero curvature. We may obtain such a Riemannian metric using a
diffeomorphism from a suitable open subset of the sphere S™ to . Using the freedom
of the chosen diffeomorphism, we can guarantee that g, = If . Let (X;), be an
orthonormed frame field (w.r.t. g) on a neighbourhood of p. After a restriction, we
may assume that this neighbourhood is . Consider the parallelization P over U
given by the R-linear span of the frame field (X;)?,. Then (U, Fp) is a Berwald
manifold by assumption, and its canonical covariant derivative D is the Levi-Civita
derivative of g”'. The linear isomorphisms P,, preserve g”’. But they also preserve g,
because P was constructed from an orthonormed frame field. Then, since g, = gf ,
we have g = g©. Therefore D is also the Levi-Civita derivative of g. But g has
constant curvature, so its holonomy group is transitive on the unit sphere, hence
the unit sphere of f is an ellipsoid. This concludes the proof. O



Chapter 3

Affinities and isometries of spray
and Finsler manifolds

This Chapter is about affine and isometric transformations of spray and Finsler
manifolds. Given a Finsler manifold (M, F) or a spray manifold (M, S), we define
an affinity as a (not necessarily smooth) bijective mapping ¢: M — M that pre-
serves geodesics. More precisely, ¢ is an affinity if for any geodesic v, p oy is also a
geodesic. Similarly, for a Finsler manifold (M, F), a (not necessarily smooth) biject-
ive mapping ¢: M — M is an isometry if o(¢(p), ¢(q)) = o(p,q) for all p,q € M,
where o is the (generally nonsymmetric) Finslerian distance function on M. This
distance function is described in more detail at the beginning of section 3.2.

For simplicity, we deal mostly with transformations only, although many of the
concepts and results in the Chapter translate naturally to mappings between differ-
ent manifolds. For example, if (M, S1) and (Ma, S) are spray manifolds, a bijective
mapping ¢: M; — My is affine if for any geodesic v of S, w o~ is a geodesic of S,.

3.1 Affinities are smooth

F. Brickell proved [8] that an affine homeomorphism of a spray manifold is neces-
sarily smooth. We present a proof following Brickell’s ideas, however we slightly
streamlined his argument with our Lemma 3.1.1, which may be interesting in its
own right.

Throughout the section, (M, S) is a spray manifold. The argument is of local
nature, so we may assume that M is an open subset of R™. Thus we identify T'M
with M x R". We endow R" with a norm || - ||, and we set W), := exp,'(M). We
also assume that M is totally normal, thus for any pair of points (p,q) of M, there
is a unique oriented geodesic path from p to q.

33
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Lemma 3.1.1. Let (M, S) be a spray manifold, p a point in M. Suppose that (a,)
and (b,) are sequences converging to p, and let

Ln = eXp;nl (bn)7 An = eXp;I(an)a Bn = engl(bn>7 ne N*

Then

lim =0,
nvoe | Ly
and hence % — 1. Furthermore, if one of the sequences

(=x) ()
1B = Aull ) [ L
converges, then so does the other, and their limits coincide.

Proof. For each q € M, define the mapping
A, = exp;1 oexp,: Wy — W, = expgl(M).
Then the mapping (q,v) — A,(v) is of class C*, and we have
Ay =idw,, A, (0)=A,, A, (L)) =B,

For all n, s — A,,(sL,) is the inverse image of the geodesic from a, to b, under
exp,, and it runs from A, to B,. Its initial velocity is A (0)L,. We have

- lidn — AL (O)[[[ L

L,— A L,
o 1En = A, OL

e [ L oo L]

= lim [lidg. —A; (0)[| =0,

since A, = idw,. So (L, /|| Ly||) and (A, (0)L,/|/Ly||) converge to the same vector,
provided that at least one of them is convergent. We prove the same for the pair
of sequences (A, (0)L,/||Ly||) and ((B, — An)/||Lnl||). We define (for each n € N*)
the curve

Qi s Ag, (sLy) — A, — sAL(0) L,

which measures how much s — A, (sL,) deviates from its tangent line at A,. Using
the main value theorem, we obtain

1Bn = An = A, (0) L[| = [lan(D)]] = llan(1) — ax(0)]] < S lo/ (D)
= sup [|A,, (0Ln)Ln — Ay, (0) Ly ||

0€[0,1]
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< sup [|A,, (0Ln) — Ag, (O[] Ln]|

Hence

Bn—An_ ! OLn / /
lim | A OLll i sup |4 (0L,) = A, (0)]] = 0,

n—oo ||Ln|| n—>000€[0 1]

since both (A[, (6Ly)) and (A;, (0)) tend to idg». This proves our first claim. Then

“Bn_AnH _1‘: |||Bn_An||_||Ln||| < ”Bn_An_LnH -0
|| L] [ L] B [ L] ’
hence ”B\TL_n /‘“"H — 1, and so the last claim follows. O

Corollary 3.1.2 (F. Brickell [8]). Let (M,S) be a spray manifold, p € M. Choose
two vectors A, B € W, and let the curves a,b: [0,1] — M be defined by

a(t) = exp,(tA), b(t) := exp,(tB).

Let s+ ¢y(s) be the geodesic with ¢,(0) = a(t), ¢,(1) = b(t). Consider the mapping
1
C: (t,s) €[0,1]* = C(t,s) := ;expgl ci(s) € M.

Then
lim C(t,s) = (1 —s)A+ sB.

t—0t

Proof. For any t € [0, 1], let
L(t) := expg) (b(t)) € TuwM,

which is the initial velocity of ¢;. Fix a sequence (t,) converging to 0%, and apply
Lemma 3.1.1 for a,, := a(t,), and b, := b(t,). Then

exp; L(b(t,)) — exp, Ha(t, t,A—t,B
Ly e 0 — e el ) [
n=o Lt novee | L(t) |
The sequence (%) converges if and only if (|| 0 ) does, and they have the
same limit. The first one obviously converges to v := ngu’ SO HLE%H — v. Now

apply Lemma 3.1.1 to (a(t,)) and (¢4, (s)). We get

L=t 1959500 (5)) — e @] _ (40Ot 5) = Al
e [z s L ()]
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and, since (%) converges (to v), we find that
B—-A o — Tim L(t,) lim sL(t,)
B — Al n=oo |[L(t,)|| - nee [|sL(tn) ||
iy 1O 8) —taA 1) 8Ot 8) — taA
T S[Lt) o staA — 6B
. C(tp,s) — A
= lim ————~4——.
no s[A— B
Thus
dim C(tn,s) = A+ s(B—A)=(1—-s)A+sB. O

Theorem 3.1.3 (F. Brickell [8]). An affine homeomorphism of a spray manifold is
a smooth diffeomorphism.

Proof. Let p: M — M be an affine homeomorphism. Choose a point p € M, a
vector v € W), and let ~, be the geodesic with initial velocity v. Then, since ¢ is
affine, p o, is a geodesic starting from p(p). We denote its initial velocity by ¢'(v).
Then v — ¢'(v) is actually the mapping

¢’ = exp_,) 0P oexp, (3.2)

from W), to W,). It is continuous, and, since geodesics are invariant under orient-
ation preserving affine reparametrizations, ¢ is 17-homogeneous.

We show that it is in fact linear. Consider two vectors v, w in a convex subset
of W,, and construct the mapping ¢; as in Corollary 3.1.2. Repeat the construction
for ¢'(v) and ¢'(w) as well. Then ¢ o ¢; takes the role of ¢;, since it is defined by
concatenating geodesics and ¢ is affine. Then we perform the following calculation:

S#0) + ¢ (w) = lim ¢ (el oo (5)

t—0t

i + (¢ oexpy o ()

Jim (oo, o (3
) 1 1 1

=¢ (Lm 7P ( <2>>)

(b
= v+ -w).
v \2" T3

This, together with the 17 homogeneity, implies that ¢’ is linear not only on W,
but on the whole T,M. So, in particular, it is smooth. Now, rearranging (3.2),

P = eXPyp 0§ © exp}j1 :

Here the right-hand side is a smooth diffeomorphism on M \ {p}, hence so is ¢. But
the choice of p was arbitrary, therefore ¢ is smooth everywhere. O]
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3.2 Isometries are smooth

There is a natural (generally nonsymmetric) distance function on Finsler manifolds,
defined as follows.
Let 7v: [a,b] — M be a smooth curve segment. The Finslerian length of = is

lr(vy) = /abFO"y- (3.3)

If v is a piecewise smooth curve segment, then its Finslerian length is

lp(y) = Z:KF(V [ [tio1, ti])-

Given a point (p,q) € M x M, let Q(p,q) be the set of all piecewise smooth curve
segments in M from p to q. The Finslerian distance o(p, q) from p to q is the greatest
lower bound of {{r(v) € R |~ € Q(p,q)}, ie.,

o(p,q) == inf{lp(y) € R | v € Q(p,q)}. (3.4)

Then the function
o: MxM—=R, (pq)— op,q)

is a quasi-distance on M: it is non-negative, definite, satisfies the triangle inequality,
but it is not necessarily symmetric. The forward metric balls

B (a):={peS|oap) <r}

generate the topology of M [4, 6.2 C].

A curve v € Q(p,q) is distance minimizing if o(p,q) = Cr(7), i.e., if it makes
the right-hand side of (3.4) minimal. Distance minimizing curves are geodesics.
Conversely, ‘short’ geodesics are distance minimizing. More precisely, we have

Fact 3.2.1. Let (M, F) be a Finsler manifold, p € M a fized point and let r and e
be positive numbers such that exp, restricted to

Bic(p) ={veT,M| Fv) <r+e¢}
is a diffeomorphism. Then for each v € T,M with F(v) =1, the geodesic
v [0,7] = M, y(t) == exp,(tv)

is distance minimizing, i.e.,

o(p, exp,(tv)) = t. (3.5)
Furthermore, any minimizing curve in Q(p,exp(rv)) is a reparametrization of .
From (3.5) we also deduce that

tF(w) = o(p, exp,(tw)) for all w € B,(p) and t € [0,1]. (3.6)
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This is essentially [4, Theorem 6.3.1].

Using Fact 3.2.1 it is easy to show that isometries (i.e., distance preserving
transformations) of a Finsler manifold are affinities. Furthermore, isometries are
continuous, since forward balls generate the topology of M. Thus, an isometry is a
homeomorphism. Hence from Theorem 3.1.3 we obtain immediately

Theorem 3.2.2 (F. Brickell [8]). Isometries of Finsler manifolds are smooth.

3.3 Distance coordinates
Throughout the section we use the shorthand

op: M =R, g 0,(q) = 0(p,q)

for any p € M. We say that g, is the distance function at p. Note that if U is a

normal neighbourhood of p, then p, O g exp,, U over U, and hence g, is smooth
on U \ {p}.

If (p;)?, is a family of points in M such that the mapping u, := (0, -, 0p,)
is a diffeomorphism from an open subset U of M onto an open subset of R", then
(U, u,) is called a distance chart and (gp,, - .., 0p,) is a distance coordinate system
for (M, F). Then the points py,...,p, are called the base points of the chart (or of
the coordinate system).

Lemma 3.3.1 ([3]). Any point of a Finsler manifold has a neighbourhood that ad-
mits a distance chart.

Proof. Let (M, F) be a Finsler manifold, and fix a point p € M. Throughout the
proof, for any v € TM, =, denotes the maximal geodesic with 4,(0) = v. We
construct a family (p;)i; of base points in M and a basis (v;)?_; of T,,M such that

v;(0p,) >0 forall j € {1,...,n},
vi(op,) =0ifi <j; 4,7 €{1,...,n}.

(*)

We begin with a general observation. Let v € T,M be fixed. From basic ODE
theory we know that the domain of v, contains an open interval containing 0. Thus
there is a positive real number ¢ such that a := v(—J) is defined. We may also
assume that a is in a totally normal neighbourhood U of p. We call such a point
an emanating point of v. Because of (1.39), affine reparametrizations of geodesics
are also geodesics, thus if we set w = 4(—4), then v,(t) = 7,(t — ), and hence
Yw(0) = a, 7,(0) = p, and *,,(6) = v. This implies that v(g,) > 0. Indeed, we have

v(0a) = Y (6)(0a) = (00 © ) (9).
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For any real number s such that v,(s) is in U, we find that

00 0 u(5) = 0(a, 70 (5)) = o(a, exp,(sw)) E F(sw) = sF(w),

hence
v(04) = (0a © 7w)/(5) = F(w) > 0.

Now we turn to the proof. Choose any nonzero vector v; € T, M and let p; be an
emanating point for v;. Since (dgp,),(v1) = v1(0p,) > 0, we have dim(Im(dg,, ),) =
1, and hence dim(Ker(do,,),) =n — 1.

In the next step we select a vector vy € Ker(dp,, ), \ {0} together with an
emanating point ps for vs. Then

02(0) > 0 and va(g,,) = (dgy,)p(v2) = 0.
Furthermore, we have
dim(Ker(dp,,),) =n—1, i€ {1,2},
and Sylvester’s rank inequality gives
dim (Ker(dgpl)p N Ker(dgm)p) >n—1)4+Mn—-1)—n=n-—2.

We proceed by induction. Let k& € {1,...,n}, and suppose that we have a
sequence (v;)¥_; of nonzero tangent vectors in T, M together with a sequence (p;)¥_,
of corresponding emanating points such that v;(g,,) = 0if i < j, 4,5 € {1,...,k}.
As above, by Sylvester’s rank inequality,

k
dim (ﬂ Ker(dgpk)p> >n—k,

=1

so, as long as k < n, we can choose a vector

v+ € () Ker(dgy, ), \ {0},

=1

together with an emanating point py.; for vg;. Then we have vkﬂ(gpkﬂ) > 0 and
Uk+1(0p,) = 0 for all i < k+1. This proves that there exist families (v;)}; of vectors
in T,,M and families (p;)?_; of points in M satisfying ().

Now consider the mapping u, := (gp,,- -, 0p,). Then u, is smooth in an open
neighbourhood of p. We claim that (((ug)*)p(vi))n_l is a basis of T, ;) R", and hence

i=
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(v;), is a basis of T,M. Let ('), be the canonical coordinate system on R", i.e.,
the dual of the canonical basis of R™. Since

(1) )p(vs)(€") = vj(e" 0 up) = v;(ey,)

for all 7,5, € {1,...,n}, the well-known basis theorem [37, Theorem 1.12] gives
[ 0 0
((ug))p(vs) = ((g)e)p(v)(€') | o = vi(ep) | 75 :
€' o €'/ ot

By (%), the matrix (v;(0,,)) is invertible, whence our claim. Now the inverse mapping
theorem guarantees that there exists an open neighbourhood U of p such that u, [ U
is a diffeomorphism onto its image. This concludes the proof. O

Using distance coordinates, we give, as we promised, a simple new proof for the
smoothness of isometries which does not rely on the smoothness of affinities. The
idea is borrowed from the proof in P. Petersen’s book [38, Ch. 5.10].

Proof of Theorem 3.2.2 Choose and fix a point p € M, and let ¢ := ¢(p).
Forward balls constitute a basis for the topology of M, so we can find a positive
number 7 such that B} (p) is contained in a totally normal neighbourhood of p. Since
¢ is a distance preserving bijection, we have B (q) = ¢(B;(p)). Let

U, up) = (U, (0415 - - 0g,))

be a distance chart for N at ¢ such that the base points ¢y, ..., q, are elements of
B (q). This can be achieved because for any nonzero tangent vector in 7, N we can
find an emanating point in N which is arbitrarily close to ¢. Let

pii=0 @), i€{l,...,n}.

Then {p1,...,pn} C B (p), and for every point a € o' (U) C M we have

op; (@) = o(pi, a) = o(p(pi), p(a)) = o(qi, p(a)) = o4 © p(a).

Therefore,
Up O P = (Q(h 0907""9%090) = <9p17"'7gpn)'
Since B;f (p) is contained in a totally normal neighbourhood of p, the function g,, is

smooth on B, (p) \ {p;} for each i € {1,...,n}. Furthermore, u, is a diffeomorphism
on a neighbourhood of ¢, hence ¢ is smooth at p. 0J

As a further application of distance coordinates, we show that regular submet-
ries between reversible Finsler manifolds are differentiable (Theorem 3.3.3 below).
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This result is known in the more general setting of metric spaces (see [30]). We
believe, however, that our proof is more accessible and more interesting for experts
in differential geometry. First we clarify the terminology.

Let M; and M; be metric spaces. We denote by B the metric balls in both of
them. We say that a mapping ¢: M; — M, is a submetry if for any p in M, there
is a positive number § such that for every ¢ € |0, [ we have

©(B:(p)) = B-(¢(p))-

For each p € M;, the supremum of these positive numbers ¢ will be denoted by 9,
(note that ¢, can be infinite). We say that a submetry is regular if for any compact
set I C M; we have

dx := inf 6, > 0. (3.7)

peK

The following properties of submetries can be immediately deduced from the defin-
ition:

(i) submetries are continuous;
(ii) composition of submetries is a submetry;
(iii) composition of regular submetries is a regular submetry.

Recall that a Finsler manifold is reversible, if F'(—v) = F(v) for every v € T M.
In case of such a Finsler manifold, the distance function p is symmetric, and (M, )
is a metric space. Hence, for reversible Finsler manifolds, we omit the ‘™’ from the
notation B (p) of forward balls.

Lemma 3.3.2 ([3]). Let (M, F) be a reversible Finsler manifold, p a point in M,
and U a normal neighbourhood of p. Then the distance function o, at p restricted
toU \ {p} is a regular submetry into R with respect to its canonical distance.

Proof. Choose a point ¢ in U \ {p}. Let § be the minimum of the two numbers

o(p,q) and o(q, M \U) := inf{o(q,q) | § € M \U}. Fix e € ]0,6[ and a € B.(q).
The Finslerian distance satisfies the triangle inequality, therefore

o(p,a) < o(p,q) + o(q, a),
o(p,q) < o(p,a) + ola,q).

Rearranging these inequalities and using the symmetry of o, we obtain

lo(p,a) — o(p,q)| < o(g,a) <e.
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Consequently,
0p(B:(q)) Clop(q) — €, 0p(q) + [ =: B:(0,(q))-

Now we show that g, maps B.(q) onto B.(0,(¢)). Let v be the maximal unit
speed geodesic starting at p passing through ¢. For any positive ¢ such that v(][0, t])
is contained in U, we have

0p(7(£)) = olp, (1)) "= ¢, (3.8)

Since € < g,(q), the interval B.(g,(¢)) contains only positive numbers. Furthermore,
B.(q) C U because € < o(q, M \U). Thus, according to (3.8), we only have to show
that y(t) € B:(q) if t € B:(0,(q))-

First assume that ¢t € [0,(q), 0,(¢) + €[. The curve 7 is of unit speed, so for any
t € [0p(q), 0,(q) + €[, the Finslerian length of the curve segment 7 [ [g,(q), ] is equal
to t — 0,(q). Notice that (3.8) implies v(g,(q)) = ¢. Then, since v has unit speed,
we have

o(g,7(1)) = e(v(ep(9)), (1)) <t = 0p(q) <e.

Now suppose that ¢ € Jo,(q) — ¢, 0,(¢)]. Using the reversibility of F, we obtain
similarly that o(q,v(t)) < 0,(¢) —t < €, as was to be shown.

The regularity of g, follows from the fact that disjoint closed and compact sets
have positive distance. O

Now we are in a position to present a second application of distance coordinates.
We shall use some ideas of [6] where the analogous result is proved in Riemannian
setting.

Theorem 3.3.3 (A. Lytchak [30],[3]). A surjective regular submetry between revers-
ible Finsler manifolds is differentiable.

Proof. Let (M, F) and (N, F') be reversible Finsler manifolds, and let ¢ be a surject-
ive regular submetry from M to N. Choose a point p € M and a distance coordinate
system (D, (0p,)"1) at ¢(p) such that the base points (p;)I; and D are contained in
a totally normal neighbourhood of ¢(p). The functions g,, are regular submetries on
D by the previous lemma, hence the functions g,, o ¢ are also regular submetries on
@1 (D). If these functions are differentiable, then ¢ is also differentiable, because
(D, (0p,;)1-) is a chart. Consequently, we only have to show that regular submetries
from (M, F) into R are differentiable.

To do this, let f be such a submetry, and let ¢ be a point in M. Choose an open
neighbourhood D of ¢ with compact closure and a number § € ]075(:1(13){ (where
dei(p) is defined as (3.7)) such that the closure of Bs(q) is contained in D. Then for
any point p € cl(Bs(q)) we have 6, > 6.
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Consider the fibres H™ := f~'({f(q)+d}) and H~ := f~*({f(q)—4}). Since f is
a submetry, there is a point b € H* and a point a € H~ such that o(q,b) = 0(q,a) =
. Then 6, > 6 and 0, > 6, so Bs, (a) N By, (b) is an open neighbourhood of g. Define
the functions f, and f, on this set by f,(u) := f(a)+0.(u) and fy(u) := f(b) — 0p(u).
These functions have the following properties:
(1) fb < f < fa;
(il) fola) = f(q) = fa(a).

Indeed, since f is submetry,

0a(u) = o(a,u) = |f(u) = fa)] = f(u) — f(a).

Similarly, g,(u) > f(b) — f(u), and we obtain (i). Furthermore,

fala) = f(a) + 0a(@) °“E " F(@) =5+ 0(q,a) = f(q),
fo(@) = F(b) = oo(a) "L f(q) +6 — 0(a,b) = f(q),

so (ii) is also true. The function f, — f, is differentiable on B, (a) N By, (b), non-
negative and vanishes at ¢, so it has a local minimum at that point. Therefore
its differential vanishes at ¢, which implies that (dfy), = (df.),- Now let o be a
differentiable curve in M with ¢(0) = g. Then, taking into account (i) and (ii), we
find that

iy 2T T2 00) 5 gy 1000 = J0200) _ () (5(0)),
%1_{% f ° J<t> ; f O U(O) S %1_{% fa © U<t> ; fa © 0<0) _ (dfa)q(U(O)),
therefore f is differentiable at ¢. O]

3.4 Relations between affinities and isometries

In the previous sections we have seen that an affine homeomorphism ¢ of a spray
manifold (M, S) is smooth. Then it is clear that ¢ is a automorphism of S, that is, a
diffeomorphism satisfying ¢, oS = So,. The converse is obvious, automorphisms
of sprays are affine. Similarly, we proved that an isometry ¢ of a Finsler manifold
(M, F) is smooth. It can be shown that then ¢ is a Finsler isometry of F, that
is, a diffeomorphism satisfying F' o ¢, = F. In the Riemannian case, S.B. Myers
and N. Steenrod [35] proved that the two types of isometries are the same. The
Finslerian version of the theorem is due to F. Brickell [8]. S. Deng and Z. Hou
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rediscovered it four decades later [13]. In both proofs, the crucial point is the
smoothness of isometries, which we have already established. Hence we obtain the
Finslerian version of the Myers—Steenrod theorem easily.

Theorem 3.4.1 (F. Brickell [8]). An isometry of a Finsler manifold is a Finsler
1sometry.

Proof. Let (M, F') be a Finsler manifold with Finslerian distance p. Suppose that
@: M — M is an isometry. Since ¢ is necessarily smooth, we only have to show
Fop,=F. Let v be any vector in TM and let v be the maximal geodesic with
4(0) = v. Then ¢ o+ is a geodesic and (p o) (0) = ¢.(v). So

F) 2 Tim 2 o(+(0),1(8)) = Tim ~o((1(0)), 0(1(1)) Y Flpw). O

t—0t+ t—0t+

The converse is clearly true. To summarize: Finsler isometries of a Finsler
manifold are the same as its isometries, and automorphisms of a spray manifold are
the same as its affine homeomorphisms. From now on, we will simply refer to them
as isometries and affinities.

Now we turn to the relations between isometries and affinities of a Finsler mani-
fold. It is more or less obvious, that isometries are affinities, since if a transformation
preserves the Finsler function, it should preserve anything derived from it. However,
this heuristic argument could not replace the precise proof.

Proposition 3.4.2 ([3]). A Finsler isometry is an affinity.

Proof. Let (M, F) be a Finsler manifold, ¢: M — M a diffeomorphism satisfying
Fop, = F. Then we also have Foy, = E. We show that the push-forward
spS = a0 S 0 ;! of the canonical spray S also satisfies the Euler-Lagrange
equation (1.53).

One can easily check that for any X € X(M) and f € C*(M) we have

(P X)f) o = X(fop), (3.9)
and hence

(pX)f = X(fop)op™. (3.10)
Now let X € X(M) be arbitrary. Then X = .Y for some Y € X(M), and

v (3.10) v 1 (1.3) v _
epS(XYE) =" S(XYEop,) o, =" S((pupYE) 0 p.) 0 0, "

D SV (Eop.))opst = S(YYE) o g,
(].:53) YCE o (p;]_ _ YC(E o (70*) o 90**1
(3.10) (13)

=Y )E'Z XE. 0
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The converse of Proposition 3.4.2 is clearly not true in general. There are af-
finities that are not isometries, for example, in Euclidean spaces. In Riemannian
geometry, some celebrated results give sufficient conditions for the equivalence of af-
finities and isometries (see, e.g., [25, pp. 242-244]). In the remainder of the section,
we present some Finslerian counterparts of these results.

Our first result is about infinitesimal affinities and isometries. These are vector
fields on the base manifold, whose stages have the corresponding property. Infinites-
imal affinities are called affine vector fields, and infinitesimal isometries are called
Killing vector fields. Both properties can be expressed in terms of the complete
lifts of vector fields: if (M, F)) is a Finsler manifold with canonical spray S, then
X € X(M) is affine if and only if Lx<S := [X€, S] = 0, and it is a Killing vector
field if and only if Lx<F' := X°F' = 0.

First we generalize a theorem of J.-I. Hano to Finsler manifolds. Hano proved
that bounded affine vector fields on a complete Riemannian manifold are Killing
fields. The proof of this in the book [25] relies on the de Rham decomposition
theorem of simply connected and complete Riemannian manifolds [25, Theorem 6.2],
and on the following important result:

Fact 3.4.3 (S. Kobayashi [24]). The affinities and isometries of a complete irredu-
cible Riemannian manifold coincide, except for the 1-dimensional Euclidean space.

Hano did not use explicitly the second result in his proof [19], but he followed
similar ideas as Kobayashi.

Rather surprisingly, Hano’s theorem can be proved for Finsler manifolds without
introducing any analogue of irreducibility (or decomposition). In fact, our proof is
elementary, it relies merely on the Euler-Lagrange equation (1.53) and the following
well-known

Fact 3.4.4 (Fundamental inequality). If V' is a finite-dimensional real vector space,
f:V = R is Finsler norm, then f'(p)(v) < f(v) for allv € V, and equality holds if
and only if v is a non-negative scalar multiple of p.

For a proof, see, e.g., [4, p. 7] or [45, Proposition 9.1.37]. It is clear that a Finsler
function restricts to a Finsler norm on each tangent space.
The key to our proof is the following simple observation.

Lemma 3.4.5 ([23]). If X is an affine vector field on a Finsler manifold (M, F)
and 7y is a geodesic, then for all t and ty in the domain of v we have

XYB(3(5)) = X"E(i(to)) + (t — to) XE(3(t0)).
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Proof. Since X is affine, we have [X¢, S| = 0. Geodesics have constant speed, hence
SE = 0. From these we get

0= [X,S]E = XS(SE) — S(X°E) = —S(X°E).

Since 7 is a geodesic, S o4 = 4, and we have
(X'Eo4) = S(X'E) o+ "2) X°E o4,
(X'Eoq)" =(XEoy) =S(XE)oy=0.

Therefore XVE o7 is an affine function, and our claim follows. O

This lemma is in fact a disguised special case of Exercise 5.4.3(c) from [4], which
states the following: if J is a Jacobi field along a geodesic v, then

95 (L) () = g5 (J (o), ¥(to)) + (t — to)gs(J (to), ¥(t0)),

where J' is the covariant derivative of J along v with respect to the Berwald or the
Chern derivative. However, it is easier to prove the lemma directly, than from the
quoted exercise.

Recall that a Finsler manifold is forward complete if the domains of its maximal
geodesics are not bounded from above, and complete, if the domain of its maximal
geodesics is R.

Theorem 3.4.6 ([23]). Let (M, F) be a Finsler manifold, X an affine vector field
on M, and suppose that one of the following conditions holds:

(1) F o X is bounded, and (M, F) is complete;
(2) FoX and F o (—X) are bounded, and (M, F) is forward complete.
Then X s a Killing vector field.

Proof. First we show that XVE is bounded from above on U(T'M) := F~'({1})
if (1) holds, and it is bounded from above and from below if (2) holds. For any
v e U(TM), setting p := 7(v), we have

Fact 3.4.4

XYE(v) = F0)X'F(v) = X'F(v) = (F | MY (0)(X(p) < F(X(p)).
In a similar way, we obtain

XYE@) = (F [ T,M)' (v)(X(p) = —(F | T,M)'(v)(=X(p)) = —F(=X(p))-
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Over U(TM) these two inequalities give —F o (—=X) o7 < XVE < F o X o7, from
which our first assertion follows.

Now we show that X°FE = 0, and hence X is a Killing field. It suffices to prove
it on U(T'M), because X“E is 27-homogeneous. Indeed:

O(X°E) = [C, X|E + X°(CE) "2” 2x°F.

We fix v € U(T'M) and consider the maximal geodesic ~ starting at 7(v) with initial
velocity v. Then Lemma 3.4.5 gives

XYE(3(1)) = X*E(3(0)) + tXB(3(0)) = X E(v) + tXE(v)

for any real number ¢ in case (1) and for any positive real number ¢ in case (2).
Geodesics have constant speed, hence 4 remains inside U(T'M), and the left-hand
side of the above formula has to be bounded from above in case (1), and it has to be
bounded from above and below in case (2), which is possible only if X°E(v) =0. O

As a simple corollary we have

Theorem 3.4.7 (J.-I1. Hano). Let (M, g) be a complete Riemannian manifold, and
X an affine vector field on M such that the function g(X, X) is bounded. Then X
is a Killing vector field.

The proof is immediate if we apply Theorem 3.4.6 to the Finsler function given

by F(v) := /g(v,v), v € TM. Since compact Finsler manifolds are complete, we
also have

Theorem 3.4.8 ([23]). An affine vector field on a compact Finsler manifold is a
Killing vector field.

The Riemannian version of the last theorem is due to K. Yano [52].

To conclude the section, we propose a possible generalization of Fact 3.4.3 to
Finsler manifolds, by replacing irreducibility with affine rigidity, defined as follows.
We say that a spray S for M is uniquely metrizable, if it is the canonical spray of
a Finsler function F' for M, and if F is another Finsler function whose canonical
spray is also S, then on each component of M, F is a scalar multiple of F' (in other
words, d(F/F) = 0). We say that a Finsler manifold (M, F) is affinely rigid, if its
canonical spray S is uniquely metrizable. The following result is a direct Finslerian
analogue of 25, p. 242, Lemma 1].

Lemma 3.4.9. An affinity of a connected affinely rigid Finsler manifold is a ho-
mothety.
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Proof. Let (M, F') be such a Finsler manifold and S its canonical spray. Let ¢: M —
M be an affinity, and consider the Finsler function F := F o ¢,. Then ¢ is an
isometry from (M, F) to (M, F), hence the canonical spray of (M, F) is the push-
forward ¢,4S = @. 0 S o p;!. However, ¢ is also an affine transformation of
(M, F), so we have ¢, xS = S. Thus F and F have the same canonical spray. Since
(M, F) is affinely rigid, F = F oy, is a constant multiple of F, therefore ¢ is a

homothety. [

Corollary 3.4.10. The affinities and isometries of a connected forward complete
affinely rigid Finsler manifold coincide.

Proof. From the previous lemma we know that the affinities of such a Finsler man-
ifold are homotheties. However, the only forward complete connected Finsler man-
ifolds admitting proper homotheties are the Finsler vector spaces [29]. But Finsler
vector spaces are clearly not affinely rigid, so our claim follows. O]

This generalization of Fact 3.4.3 is not very efficient, as little is known about
affinely rigid Finsler manifolds. In the next section we explore some sufficient con-
ditions.

3.5 Affinely rigid Finsler manifolds

In this section we attempt to give some sufficient conditions for a Finsler manifold
to be affinely rigid (defined at the end of the previous section). Throughout, (M, F')
is connected Finsler manifold.

We may construct the holonomy group of a Finsler manifold, analogously to that
of a Riemannian manifold, using the parallel translation with respect to the canonical
connection (see 1.2.4). In this way, for a fixed p € M, we obtain a subgroup Hol, of
the group of diffeomorphisms of YO}JM . Each element of Hol, is a 1*-homogeneous
diffeomorphism of YO},M , which preserves the Finsler function. If the Finsler manifold
is connected, Hol, and Hol, are isomorphic for any p and ¢ in M, so we may speak
of the holonomy group of a (connected) Finsler manifold. Finslerian holonomy
groups can be vastly different from the Riemannian holonomy groups, as they can
be infinite-dimensional (see, e.g., [33, 34]). Non-Berwald Landsberg manifolds have
non-Riemannian, but finite dimensional holonomy groups [26], however, it is still
not known whether such Finsler manifolds exist.

A simple sufficient condition for affine rigidity of a Finsler manifold is given by
the following

Proposition 3.5.1. If Hol, acts transitively on the unit sphere

U(T,M) = F7({1}) N T,M,
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then (M, F) is affinely rigid.

Proof. Let F' be a Finsler function for M that shares its canonical spray with
F. Then F and F have the same canonical connection, parallel translations and
holonomy groups. Fix a point p € M and a vector v € U(T,M), and let ¢ := F(v).
Then F(w) = ¢ for any w € U(T,M), since there is an element in Hol, that maps
v into w, and the elements of the holonomy group preserve both Finsler functions.
Now choose another point ¢ € M and a smooth curve v with 7(0) = p and (1) = g¢.
Then P(v)} maps U(T,M) onto U(T,M), and it satisfies F' o P(y)} = F over T,M.
Thus F has the constant value ¢ over U(T,M). Since ¢ was arbitrary, the homogen-
eity of the Finsler functions imply F = cF. O

It is well-known that irreducible Riemannian manifolds are affinely rigid. By
Berger’s holonomy theorem [7, 36] there are irreducible Riemannian manifolds whose
holonomy groups are not transitive on the unit sphere. This implies that the converse
of Proposition 3.5.1 is not true, and the transitivity of Hol, should be replaced by a
weaker condition.

It is worth noting that Riemannian manifolds are ‘much more rigid’ than Finsler
manifolds. In the Riemannian case, the norms on the tangent spaces are required to
be quadratic functions, thus they are uniquely determined by their Hessian at any
point. Finsler functions allow much more freedom, therefore characterizing affinely
rigid Finsler manifolds is expected to be more difficult, then the Riemannian ones.

To prepare the formulation of our results, we recall a few concepts and results
about singular distributions from [32]. Given a manifold M, we denote by X;,.(M)
the set of vector fields that are defined only on an open subset of M. Suppose that
for each p € M we have selected a subspace &, of T,M. Then the disjoint union
E = Upenm &y is a singular distribution on M. We denote by X¢ the set of (smooth)
local vector fields in X;,.(M ), that take values only in £. We say that a subset V of
Xe spans &, if at each p € M, &, is the linear span of {X(p) € T,M | X € V}. (We
agree that the linear span of the empty set is {0}.) We say that & is smooth if it is
spanned by Xg.

An integral manifold of a smooth singular distribution £ on M is an immersed
submanifold 7: N — M such that i,(T,N) = & for all p € N. It turns out that
these integral manifolds are actually initial submanifolds [32, 2.13], so we need not
to specify the immersion i.

A subset V of X;,.(M) is stable if for any X,Y € V, the local vector field
(FLX)4(Y) is also in V. For a set W C Xioo(M), S(W) denotes the set of local
vector fields of the form

(FL o 0 FIN*) Y,
where Xi,..., X, Y € W, &k € N. Then S(W) is the smallest stable subset of
X1oc(M) that contains W. According to [32, 3.24 Lemmal, the smooth singular
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distribution £ spanned by S(W) is integrable in the sense that any point of M is
contained in an integral manifold of £.

We are going to study S(X,7,,), and the smooth singular distribution D"
spanned by S(X,7,,), where H TM is the horizontal subbundle corresponding to
the canonical connection of (M, F').

Lemma 3.5.2. With the introduced notation, D" C ker(dF).

Proof. We know that H TM C ker dF, because HT'M is the image of the canonical
connection of (M, F'). Then it suffices to show that if £ and 1 are vector fields on
TM satisfying nF = ¢F =0, then we also have (FI5 un)F = 0.

Let ¢: I — T'M be an integral curve of £&. Then F' is constant along ¢, because

(Froc)(t) = é(t)F = &(c(t) F = 0.
This implies that F o FI¢ = F, whenever both sides are defined. Then

(FIE o) F %2 (n(F o FI9)) 0 FI, = (nF) o FIE, = 0. O

Corollary 3.5.3. The Finsler function F' is constant on the connected integral man-

ifolds of D".

Thus it suffices to examine D" on a single level set of F. The following observa-
tion is from [16]. We provide a proof for the reader’s convenience

Fact 3.5.4. If £ is a smooth singular distribution, then the function p — dim &, is
lower semi-continuous.

Proof. Fix a point p € M, and set k = dim &,. We show that p has a neighbourhood
U, such that dim &, > k for all ¢ € U, from which our claim follows.

There are vector fields (X;)¥_, in X¢ such that (X;(p)) spans &,. For an arbitrary
frame field (F;)?, around p, we have X; = X/ F; where (X7) is a family of smooth
functions on a neighbourhood of p. The rank of the matrix (X7(p)) is k. Since the
rank function of matrices is lower semi-continuous, there is a neighbourhood U of p
such that the rank of (X7(q)) is at least k for all ¢ € U. So (X;(q)) span a subspace
of dimension at least k. Since X;(q) € &,, this proves that dim &, > k. n

Proposition 3.5.5. If D" has dimension 2n — 1 over a dense subset of fM, then
(M, F) is affinely rigid.

Proof. Let F be a Finsler function for M which has the same canonical spray as F'.
Fix a point v € TM such that D" has dimension 2n — 1. Without loss of generality,
we may assume that F(v) =1, and hence v € U(TM) := F~'({1}). By Fact 3.5.4,
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D" has dimension 2n — 1 on an open neighbourhood of v. Also, v is contained in
an integral manifold N of D", which has dimension 2n — 1. Since F is constant on
N, by Corollary 3.5.3 we can assume that N is an open submanifold of U(T'M).
However, F is also constant on N, thus d(F | U(TM)), = d(F | N), = 0. Such
points v in U(TM) form a dense set, therefore d(F | U(TM)) = 0. This and the

homogeneity of F and F imply that F/F is constant on TM. O

Proposition 3.5.6. If U(TM) := F~*({1}) contains countably many mazimal in-
tegral manifolds of D", then (M, F) is affinely rigid.

Proof. Let F be a Finsler function for M which has the same canonical spray as
F. Let O be the set of integral manifolds of D" contained in U(T'M). Then F is
constant on each of these, thus F' can have at most countably many different values
on U(TM). However, F is continuous, so this is possible only if F' is constant on
U(TM). O

To summarize, from the results of this section, Lemma 3.4.9 and Corollary 3.4.10
we obtain:

Theorem 3.5.7. Let (M, F) be a connected Finsler manifold satisfying any of the
following conditions:

(1) Hol, acts transitively on the unit sphere U(T,M) := F~*({1}) N T,M;
(2) D" has dimension 2n — 1 over a dense subset of TM;

(3) U(TM) := F~'({1}) contains countably many mazximal integral manifolds of
D",

Then any affine transformation of (M, F) is a homothety. If, in addition, (M, F)
is forward complete, then any affine transformation of it is an isometry.

Remark 3.5.8. Some special cases of these results have been appeared in the lit-
erature. J. Szenthe in [43] considered (in our terminology) the singular distribution
spanned by the vector fields v[¢,n] where {,n € X,4,,- He proved that if it is a
distribution and its rank is n — 1, then any affine transformation is a homothety.
This is a special case of our result, because S(X+,,) is closed under Lie brackets
by [32, 3.27 Lemma], and the dimension of D" is 2n — 1 if and only if the dimension
of vD" is n — 1. In [17], the authors considered the singular distribution spanned
by all the successive Lie brackets of the vector fields in X;,,, and assumed that
it is a distribution. They have found a connection between the codimension of this
distribution and the maximal number of functionally independent Finsler functions
that have the same canonical spray as F. As a special case, they obtained that if
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the codimension is 1, then the canonical spray is uniquely metrizable. Our Pro-
position 3.5.5 is a generalization of this result, because we allow the distribution to
be singular, and it is also larger, thus it has a better chance to have the maximal
dimension 2n — 1 (almost) everywhere.

The following converse of Proposition 3.5.5 is quite tempting:

If the dimension of D" is less than 2n — 1 on an open subset of ’fM,
then (M, F) is not affinely rigid.

If D" has a nonmaximal dimension on an open subset, it can have (uncountably)
many integral manifolds, which forces less rigidity on the Finsler functions that
metrize the canonical spray. However, even if a smooth singular distribution has
nonmaximal dimension on an open subset, it can still uniquely determine the con-
tinuous functions that are constant on the integral manifolds. For example, there is
a smooth singular distribution on R? (endowed with the canonical coordinate system
(x,y)) whose maximal integral manifolds are

(a) the half-planes given by the inequalities y < 0 and y > 1;
(b) the ‘vertical’ line segment {(zg,y) € R* | 0 < y < 1}, for each zy € R;
(c) each point of the straight lines given by y = 0 and y = 1.

It is easy to see that the only continuous functions that are constant on each of these
integral manifolds are the constant functions. However, we do not know whether a
similar configuration can occur or not in the case of D".

For the sake of completeness, we show that there is indeed a smooth singular
distribution on R? with the integral manifolds described above. Let ¢,7: R — R
be smooth, nonnegative functions such that

©(0) = (1) =0, and it is positive everywhere else;

) vanishes on [0, 1], and it is positive everywhere else.

Consider the smooth singular distribution £ spanned by the vector fields
X=(@ong, Y=(pony.
Then
2if y(p) > 1 ory(p) <0
dim(&,) =41if0<y(p) <1 ;
0ify(p) =1 ory(p) =0

and &£ has the prescribed integral manifolds.
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3.6 Finsler manifolds with many Killing vector
fields

Let (M, F) be a Finsler manifold. A local parallelization P over an open subset
of M (see section 2.3) is called a Killing parallelization if it is the R-linear span of
Killing vector fields. Then, actually, all vector fields in P are Killing vector fields.

We say that a Finsler manifold (M, F) has the Killing property (cf. [51]), if each
point in M has an open neighbourhood that admits a Killing parallelization. We
say that (M, F') has the constant Killing property if it has the Killing property, and
the Killing parallelizations are also compatible with F'.

These concepts were motivated by the paper [12] where the authors examined
Riemannian manifolds which admit local orthonormal frame fields consisting of
Killing vector fields. Finsler manifolds with constant Killing property are direct
generalizations of these Riemannian manifolds. We show that a Finsler manifold
with Killing property is a generalized Berwald manifold, and Finsler manifolds with
the constant Killing property are Berwald manifolds. We note that the second result
is a generalization of a corollary of Theorems 3.21 and 3.22 in [1].

Theorem 3.6.1. A Finsler manifold with Killing property is a generalized Berwald
manifold.

Proof. Let (M, F') be a Finsler manifold with Killing property, and let P be a local
Killing parallelization over U. Define a covariant derivative D (over U) by setting
VxY := [X,Y] for any X,Y € P. Then the Ehresmann connection in 7+ (U)
induced by D is given by

(1.47)

H(v,w) :="vp.(w) —i(v, (Dyvp))

= (0 (p)
forallp e U, v,w € %p_l(bl). Since wp is a Killing vector field, we have ws,F = 0,
so the above calculation gives H (v, w)F = 0. In other words, ImH C ker dF, that
is, H is compatible with F.

We may choose an open covering (Uy)aca of M such that there is a local Killing
parallelization P, over each U,. Then the above construction gives a linear connec-
tion H* on 7~ 1(U,), compatible with F. The rest of the proof is the same as that
of Theorem 2.3.3. O

Theorem 3.6.2. A Finsler manifold with constant Killing property is a Berwald
manifold.



54 Chapter 3. Affinities and isometries of spray and Finsler manifolds

Proof. Let (M, F) be a Finsler manifold with constant Killing property and P a
local Killing parallelization over Y C M such that for all X € P, F o X is constant.
As in the proof of Theorem 2.3.3, we may define a covariant derivative D~ on U
such that DyY = 0 for all X,Y € P and the corresponding linear connection
H~ in 771(U) is compatible with F. However, as in the proof of Theorem 3.6.1,
there is a covariant derivative D™ on U such that D}Y = [X,Y] for all X|Y € P,
and then the corresponding linear connection H* in #77!(i) is also compatible with
F. Then H := {H' + $H~ is also a linear connection (Lemma 2.3.2), and it is
still compatible with F', because ker dF' is closed under affine combinations. It is
torsion-free, because for each X,Y € P we have

(1.28)

iT(X,7) "2 X, Y] - [HY. XY] - [X, Y]
= ; (['HJFj(\, YV + [foj(\’ YY) — [H+}/}7XV] _ [Hf}’}’XvD — X, Y)Y

a6 1 N
(129 5 (DAY + DY = D{X — DyX)" = [X,Y]"

([va] - [KX])V - [XvY]V =0.

DN | —

Now we may proceed in the same way as in the proof of Theorem 2.3.3, using
partition of unity to glue together the linear connections compatible with F. It
only remains to check that if (H%)aec4 is a family if torsion-free linear connections
and (¢q)aca is a family of smooth functions on M such that > ,c 4 ¢a = 1, then
H = pes OLH™ is also torsion-free. This is a straightforward calculation:

iT(X, V) V00 v - vt X - X Y]
= |3 ¢ HOX, YV] - gb;w?,XV] — X, Y]
acA acA
D5, ((HOX, YY) = [HY, XY] = [X,Y]') = 0. O

acA



Chapter 4

Summary

In this summary we collect our main results. Since in Chapter 1 we have already
summarized our basic tools and concepts, we do not repeat them here. All results are
quoted from the Thesis with the same numbering. If a theorem, lemma, corollary
or proposition is not new, we write the name of the original author right at the
beginning of the statement between parentheses. If a result of ours have been already
published, we cite the publication also at the beginning of the theorem.

Characterization of some Finsler and spray mani-
folds

Projectively affine sprays

Two sprays S and S for a manifold M are projectively related it S =8 —2PC for
some function P on TM. Then we also say that S is a projective change of S with
factor P.

It can be shown by simple calculations that if a spray is projectively related to
an affine spray, then its Douglas tensor

1 \%
D:= B—ﬁ(w trB) @3 + (tr B) @ idr(ser) )

vanishes. Our aim is to prove the converse. To do this, we need the notion of
vertically invariant volume forms. These are volume forms on the tangent manifold
of M, whose Lie-derivatives with respect to vertical lifts vanish.

Theorem 2.1.8 ([45]). Let (M,S) be a spray manifold with vanishing Douglas

tensor and let w be a vertically invariant volume form on T M. Then
1

S:=S—-2PC, where P := mdivw S,

25
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is an affine spray.

Proposition 2.1.9 ([45]). The tangent manifold of a manifold admits a vertically
invariant volume form.

Together these yield:

Corollary 2.1.10 ([45]). If the Douglas tensor of a spray manifold vanishes, then
the spray is projectively related to an affine spray.

Locally this was first proved by J. Douglas [15]. Global versions are due to
Z. Shen [40, 5.2] and J. Szilasi and Sz. Vattamény [46]. However they assumed that
the base manifold orientable. In our version this assumption is eliminated.

There are no proper Einstein—-Berwald manifolds

A Berwald manifold is a Finsler manifold whose canonical spray is affine, or, equi-
valently, whose canonical connection is linear.

A Finsler manifold (M, F') is called an Finstein—Finsler manifold if the curvature
function of its canonical spray given by (1.31) is related to the Finsler function by
K = (Ao 7)F? where A\ € C®(M). We have obtained a negative result on the
existence of Einstein—Finsler manifolds among Berwald manifolds.

Lemma 2.2.1 ([14]). The curvature function of a Berwald manifold is a quadratic
form on each tangent space.

Theorem 2.2.2 ([14]). If a connected Finstein—Finsler manifold is a Berwald man-
ifold, then it is either a Riemannian manifold or its curvature function vanishes.

Monochromatic Finsler manifolds

Let M be a manifold and ¢/ an open submanifold of M. Consider a frame field (X;)?,
on Y. Then the R-linear span of (X;), is called a local parallelization (of M) over
U. Given a local parallelization P over U, a vector field in P is called parallel with
respect to P. For any v € 771 (U), there is a unique parallel vector field vp (w.r.t. P),
such that vp(7(v)) = v. For each p,q € U, we obtain a mapping P,,: T,M — T,M
by setting P,,(v) := vp(q). The construction guarantees that these mappings are
linear. The concept of parallelization defined this way is equivalent to the one in
[18, p. 174]. A (not necessarily smooth) function f: TM — R is compatible with
P,if fo P, = f over T »M for all p,q € U. Equivalently, f o X is constant for all
X eP.

We say that a (not necessarily smooth) function f: TM = Ris monochromatic,
if for any p,q € M, there is a linear mapping L,, from T,M to T, M such that
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foLg = f over TpM . We say that f is smoothly monochromatic, if for any point
p € M there is a local parallelization over an open neighbourhood of p, which is
compatible with f. It is easy to see that smoothly monochromatic functions are
monochromatic if M is connected.

Similarly, we say that a (not necessarily smooth) function f: TM — R is com-
patible with a homogeneous Fhresmann connection H if the parallel translations with
respect to H preserve f. In other words, f is constant along H-parallel vector fields
(cf. section 1.2.4).

Lemma 2.3.1. A function f: T™ =R of class C' is compatible with a homogen-
eous Ehresmann connection if and only if the corresponding horizontal subbundle is
a subset of ker df .

We establish some basic relations between functions compatible with linear con-
nections and monochromatic functions.

Theorem 2.3.3. If a function f: T™M = R of class C' is smoothly monochromatic,
then it is compatible with a linear connection.

The converse is true without any restriction on the function.

Proposition 2.3.6. If a not necessarily smooth function f: TM — R is compatible
with a linear connection, then f is smoothly monochromatic.

A Finsler manifold (M, F') is a generalized Berwald manifold if there is a linear
connection in T'M compatible with F. From our two results above, the following
characterization of generalized Berwald manifolds follows immediately.

Theorem 2.3.7 (Y. Ichijyo [21]). A Finsler manifold is a generalized Berwald man-
ifold if and only if it is smoothly monochromatic.

We note that Y. Ichijyo’s proof relied on G-structures and their compatible
connections. Our proof relies merely on simple properties of Ehresmann connections
and utilizes only the differentiability of the Finsler function, and so is very simple.

Finally we have a modern reformulation of a classical result that goes back to

H. Weyl.

Theorem 2.3.9 (Weyl). Let f: T,M — R be a Finsler norm. (Then f is con-
tinuous, 11 -homogeneous, smooth and positive on T,M \ {0}, and f"(v) is positive
definite for all v € T,M \ {0}.). For each parallelization P over an open subset
U C M containing p, define a Finsler function Fp for U by Fp(v) := f(vp(p)).
Assume that for each such parallelization P, (U, Fp) is a Berwald manifold. Then
f s an Euclidean norm.
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Affinities and isometries of spray and Finsler man-
ifolds

This chapter is devoted to affine and isometric transformations of spray and Finsler
manifolds. Given a Finsler manifold (M, F') or a spray manifold (M, .S), we define
an affinity as a (not necessarily smooth) bijective mapping ¢: M — M that pre-
serves geodesics. More precisely, ¢ is an affinity if for any geodesic v, p o~y is also a
geodesic. Similarly, for a Finsler manifold (M, F'), a (not necessarily smooth) biject-
ive mapping ¢: M — M is an isometry if o(o(p), v(q)) = o(p, q), for all p,q € M.
Here o(p, q) is the (generally nonsymmetric) Finslerian distance, defined as the in-
fimum of the set of lengths of the piecewise smooth curves connecting p with ¢ (in
this order).

Affinities and isometries are smooth

F. Brickell proved [8] that an affine homeomorphism of a spray manifold is necessarily
smooth. His proof can be simplified using the lemma below, which may be interesting
in its own right.

Lemma 3.1.1. Let (M, S) be a spray manifold, p a point in M. Suppose that (a,)
and (b,) are sequences converging to p, and let

Ln = expgnl (bn)7 An = expgl(a’n)a Bn = eXpy:l(bn>§ nc N*
Then

im =0,
nvee | L
and hence HB‘TL_nT"”” — 1. Furthermore, if one of the sequences

(=x) ()
”Bn_AnH ’ HLn”
converges, then so does the other, and their limits coincide.

Here || - || is the norm with respect to an arbitrarily chosen Riemannian metric
on M.

Theorem 3.1.3 (F. Brickell [8]). An affine homeomorphism of a spray manifold is
a smooth diffeomorphism.

Using the minimizing property of ‘short geodesics’ [4, Theorem 6.3.1] it is easy
to show that isometries of a Finsler manifold are affinities. Furthermore, isometries
are continuous, since forward balls generate the topology of M. Thus, an isometry
is a homeomorphism. Hence from Theorem 3.1.3 we obtain immediately
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Theorem 3.2.2 (F. Brickell [8]). Isometries of Finsler manifolds are smooth.

Distance coordinates

Let (M, F') be a Finsler manifold and (p;)?; a family of points in M such that the
mapping
uQ: q+— (Q(pla Q)a sy Q(pn7 q))

is a diffeomorphism from an open subset U of M onto an open subset of R™. Then
(U, u,) is called a distance chart for (M, F').

Lemma 3.3.1 ([3]). Any point of a Finsler manifold has a neighbourhood that ad-
mits a distance chart.

Using distance charts, we give a simple new proof for the smoothness of isometries
which does not rely on the smoothness of affinities. We borrowed the idea of proof
from P. Petersen’s book [38, Ch. 5.10].

As a further application of distance charts, we show that regular submetries
between reversible Finsler manifolds are differentiable (Theorem 3.3.3 below). This
result is known in the more general setting of metric spaces (see [30]). We be-
lieve, however, that our proof is more accessible and more interesting for experts in
differential geometry. First we clarify the terminology.

Let M; and Ms be metric spaces. We denote by B the metric balls in both of
them. We say that a mapping ¢: M; — Ms is a submetry if for any p in M, there
is a positive number ¢ such that for every € € |0, [ we have p(B.(p)) = B:(¢(p)).
For each p € M, the supremum of these positive numbers ¢ will be denoted by 9,
(note that 0, can be infinite). We say that a submetry is regular if for any compact
set K C M; we have

O := inf 5, > 0.

Recall that a Finsler manifold is reversible, if F'(—v) = F(v) for every v € TM.
In case of such a Finsler manifold, the distance function p is symmetric, and hence
(M, o) is a metric space.

Lemma 3.3.2 ([3]). Let (M, F) be a reversible Finsler manifold, p a point in M,
and U a normal neighbourhood of p. Then the distance function o, at p restricted
to U\ {p} is a regular submetry into R with respect to its canonical distance.

Theorem 3.3.3 (A. Lytchak [30],[3]). A surjective regular submetry between revers-
ible Finsler manifolds is differentiable.

In the proof we borrowed some ideas from [6] where the analogous result is proved
in Riemannian setting.
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Relations between affinities and isometries

In the previous sections we have seen that an affine homeomorphism ¢ of a spray
manifold (M, S) is smooth. Then it is clear that ¢ is a automorphism of S, that is, a
diffeomorphism satisfying ¢, oS = Sop,. The converse is obvious, automorphisms
of sprays are affine. Similarly, we proved that an isometry ¢ of a Finsler manifold
(M, F) is smooth. It can be shown that then ¢ is a Finsler isometry of F, that
is, a diffeomorphism satisfying I’ o ¢, = F. In the Riemannian case, S.B. Myers
and N. Steenrod [35] proved that the two types of isometries are the same. The
Finslerian version of the theorem is due to F. Brickell [§8]. S. Deng and Z. Hou
rediscovered it four decades later [13]. In both proofs, the crucial point is the
smoothness of isometries, which we have already established. Hence we obtain the
Finslerian version of the Myers—Steenrod theorem easily.

Theorem 3.4.1 (F. Brickell [8]). An isometry of a Finsler manifold is a Finsler
isometry.

The converse is clearly true. To summarize: Finsler isometries of a Finsler
manifold are the same as its isometries, and automorphisms of a spray manifold are
the same as its affine homeomorphisms. From now on, we will simply refer to them
as isometries and affinities.

Now we turn to the relations between isometries and affinities of a Finsler mani-
fold. It is more or less obvious, that isometries are affinities, since if a transformation
preserves the Finsler function, it should preserve anything derived from it. However,
this heuristic argument could not replace the precise proof.

Proposition 3.4.2 ([3]). A Finsler isometry is an affinity.

The reverse is clearly not true in general. There are affinities that are not isomet-
ries, for example, in Euclidean spaces. In Riemannian geometry, some celebrated
results give sufficient conditions for the equivalence of affinities and isometries (see,
e.g., [25, pp. 242-244]). We present some Finslerian counterparts.

Our first result is about infinitesimal affinities and isometries. These are vector
fields on the base manifold, whose stages have the corresponding property. Infinites-
imal affinities are called affine vector fields, and infinitesimal isometries are called
Killing vector fields. Both property can be characterized with the help of complete
lift: if (M, F') is a Finsler manifold with canonical spray S, then X € X(M) is affine
if and only if LxS := [X¢, 5] = 0, and it is a Killing vector field if and only if
LxF:=XF=0.

First we generalize a theorem of J.-I. Hano to Finsler manifolds. Hano proved
that bounded affine vector fields on a complete Riemannian manifold are Killing
fields. The proof of this in the book [25] relies on the de Rham decomposition
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theorem of simply connected and complete Riemannian manifolds [25, Theorem 6.2],
and on the following important result:

Fact 3.4.3 (S. Kobayashi, [24]). The affinities and isometries of a complete irredu-
cible Riemannian manifold coincide, except for the 1-dimensional Euclidean space.

Hano did not use explicitly the second result in his proof [19], but he followed
similar ideas as Kobayashi.

Rather surprisingly, Hano’s theorem can be proved for Finsler manifolds without
introducing any analogue of irreducibility (or decomposition). In fact, our proof is
elementary, it relies merely on the Euler-Lagrange equation (1.53). The key is the
following simple observation.

Lemma 3.4.5 ([23]). If X is an affine vector field on a Finsler manifold (M, F)
and v is a geodesic, then for all t and ty in the domain of v we have

X*E(3(8)) = X"E(i(to)) + (£ — to) XE(3(t)).

This lemma is in fact a disguised special case of Exercise 5.4.3(c) from [4], which
states the following: if J is a Jacobi field along a geodesic v, then

95 (L,3)(t) = g5(J (to), ¥(to)) + (t — to)gs (' (to), ¥(t0)),

where J' is the covariant derivative of J along « with respect to the Berwald or the
Chern derivative. However, it is easier to prove the lemma directly, than from the
quoted exercise.

Theorem 3.4.6 ([23]). Let (M, F) be a Finsler manifold, X an affine vector field
on M, and suppose that one of the following conditions holds:

(1) FoX is bounded, and (M, F) is complete;
(2) FoX and F o (—X) are bounded, and (M, F) is forward complete.
Then X is a Killing vector field.
As a simple corollary we have

Theorem 3.4.7 (J.-1. Hano). Let (M, g) be a complete Riemannian manifold, and
X an affine vector field on M such that the function g(X, X) is bounded. Then X
is a Killing vector field.

The proof is immediate if we apply Theorem 3.4.6 to the Finsler function given

by F(v) := 4/g(v,v), v € TM. Since compact Finsler manifolds are complete, we
also have
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Theorem 3.4.8 ([23]). An affine vector field on a compact Finsler manifold is a
Killing vector field.

The Riemannian version of the last theorem is due to K. Yano [52].

We propose a possible generalization of Theorem 3.4.3 to Finsler manifolds, by
replacing irreducibility with affine rigidity, defined as follows. We say that a spray
S for M is uniquely metrizable, if it is the canonical spray of a Finsler function F
for M, and if F is another Finsler function whose canonical spray is also S, then on
each component of M, F is a scalar multiple of F (in other words, d(F/F) = 0).
We say that a Finsler manifold (M, F) is affinely rigid, if its canonical spray S
is uniquely metrizable. The following result is a direct Finslerian analogue of [25,
p. 242, Lemma 1].

Lemma 3.4.9. An affinity of a connected affinely rigid Finsler manifold is a ho-
mothety.

Here by a homothety we mean a diffeomorphism ¢ satisfying F' o ¢, = cF' for
some constant c. Since the only forward complete Finsler manifold admitting ho-
motheties that are not isometries are the Finsler vector spaces [29], we have:

Corollary 3.4.10. The affinities and isometries of a connected forward complete
affinely rigid Finsler manifold coincide.

This generalization of Theorem 3.4.3 is not very efficient, as little is known
about affinely rigid Finsler manifolds. We continue with exploring some sufficient
conditions.

Affinely rigid Finsler manifolds

Assume that (M, F) is connected Finsler manifold.

We may construct the holonomy group of a Finsler manifold, analogously to
that of a Riemannian manifold, using the parallel translation with respect to the
canonical connection (see 1.2.4). In this way, for a fixed p € M, we obtain a subgroup
Hol,, of the group of diffeomorphisms of T M.

A simple sufficient condition for affine rigidity of a Finsler manifold is given by
the following

Proposition 3.5.1. If Hol, acts transitively on the unit sphere
U(T,M) = F7({1}) N T,M,

then (M, F) is affinely rigid.
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It is well-known that irreducible Riemannian manifolds are affinely rigid. By
Berger’s holonomy theorem [7, 36] there are irreducible Riemannian manifolds whose
holonomy groups are not transitive on the unit sphere. This implies that the converse
of Proposition 3.5.1 is not true, and the transitivity of Hol, should be replaced by a
weaker condition.

To prepare the formulation of our results, we have to recall a few concepts and
results about singular distributions from [32]. Given a manifold M, we denote by
Xioc(M) the set of vector fields that are defined only on an open subset of M.
Suppose that for each p € M we have selected a subspace &, of T,M. Then the
disjoint union & = |l,cp &y is a singular distribution on M. We denote by Xe¢
the set of (smooth) local vector fields in X,.(M), that take values only in €. We
say that a subset V of X¢ spans &, if at each p € M, &, is the linear span of
{X(p) € T,M | X € V}. (We agree that the linear span of the empty set is {0}.)
We say that & is smooth if it is spanned by X¢.

An integral manifold of a smooth singular distribution £ on M is an immersed
submanifold 7: N — M such that i,(T,N) = &y for all p € N. It turns out that
these integral manifolds are actually initial submanifolds [32, 2.13], so we need not
to specify the immersion .

For a set W C X5.(M), S(WW) denotes the set of local vector fields of the form

(FI o0 Flfgk)#Y,

where Xy,..., X, Y e W, ke N.
Let D" be the smooth singular distribution spanned by S(X;4,,), where HT M
is the horizontal subbundle corresponding to the canonical connection of (M, F').

Lemma 3.5.2. With the introduced notation, D" C ker(dF).

Corollary 3.5.3. The Finsler function F' is constant on the connected integral man-

ifolds of D".

Proposition 3.5.5. If D" has dimension 2n — 1 over a dense subset of TM, then
(M, F) is affinely rigid.

Proposition 3.5.6. If U(TM) := F~*({1}) contains countably many mazimal in-
tegral manifolds of D", then (M, F) is affinely rigid.

To summarize, from the results of this section, Lemma 3.4.9 and Corollary 3.4.10
we obtain:

Theorem 3.5.7. Let (M, F) be a connected Finsler manifold satisfying any of the
following conditions:
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(1) Hol, acts transitively on the unit sphere U(T,M) := F~*({1}) N T,M;
(2) D" has dimension 2n — 1 over a dense subset of TM ;

(3) U(TM) = F~Y({1}) contains countably many mazximal integral manifolds of
D",

Then any affine transformation of (M, F) is a homothety. If, in addition, (M, F)
is forward complete, then any affine transformation of it is an isometry.

Remark 3.5.8. Some special cases of these results have been appeared in the lit-
erature. J. Szenthe in [43] considered (in our terminology) the singular distribution
spanned by the vector fields v[{,n] where &, € X,+,,- He proved that if it is a
distribution and its rank is n — 1, then any affine transformation is a homothety.
This is a special case of our result, because S(X,+,,) is closed under Lie brackets
by [32, 3.27 Lemma], and the dimension of D" is 2n — 1 if and only if the dimension
of vD" is n — 1. In [17], the authors considered the singular distribution spanned
by all the successive Lie brackets of the vector fields in X,;,,, and assumed that
it is a distribution. They have found a connection between the codimension of this
distribution and the maximal number of functionally independent Finsler functions
that have the same canonical spray as F. As a special case, they obtained that if
the codimension is 1, then the canonical spray is uniquely metrizable. Our Pro-
position 3.5.5 is a generalization of this result, because we allow the distribution to
be singular, and it is also larger, thus it has a better chance to have the maximal
dimension 2n — 1 (almost) everywhere.

The following converse of Proposition 3.5.5 is quite tempting:

If the dimension of D" is less than 2n — 1 on an open subset of fM,
then (M, F) is not affinely rigid.

If D" has a nonmaximal dimension on an open subset, it can have (uncountably)
many integral manifolds, which forces less rigidity on the Finsler functions that
metrize the canonical spray. However, even if a smooth singular distribution has
nonmaximal dimension on an open subset, it can still uniquely determine the con-
tinuous functions that are constant on the integral manifolds. For example, there is
a smooth singular distribution on R? (endowed with the canonical coordinate system
(x,y)) whose maximal integral manifolds are

(a) the half-planes given by the inequalities y < 0 and y > 1;
(b) the ‘vertical’ line segment {(zg,y) € R* | 0 < y < 1}, for each zy € R;
(

¢) each point of the straight lines given by y = 0 and y = 1.
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It is easy to see that the only continuous functions that are constant on each of these
integral manifolds are the constant functions. However, we do not know whether a
similar configuration can occur or not in the case of D".

Finsler manifolds with many Killing vector fields

Let (M, F') be a Finsler manifold. A local parallelization P over an open subset of
M (see section 4) is called a Killing parallelization if it is the R-linear span of Killing
vector fields.

We say that a Finsler manifold (M, F') has the Killing property (cf. [51]), if each
point in M has an open neighbourhood that admits a Killing parallelization. We
say that (M, F') has the constant Killing property if it has the Killing property, and
the Killing parallelizations are also compatible with F'.

These concepts were motivated by the paper [12] where the authors examined
Riemannian manifolds which admit local orthonormal frame fields consisting of
Killing vector fields. Finsler manifolds with constant Killing property are direct
generalizations of these Riemannian manifolds. We give simple proofs for the fol-
lowing two theorems.

Theorem 3.6.1. A Finsler manifold with Killing property is a generalized Berwald
manifold.

Theorem 3.6.2. A Finsler manifold with constant Killing property is a Berwald
manifold.

We note that the last result is a generalization of a corollary of Theorems 3.21
and 3.22 in [1].






5. fejezet

Magyar nyelvi osszefoglald
(Summary in Hungarian)

Ebben az 6sszefoglaloban ismertetjiik az értekezés fontosabb tételeit és a kimonda-
sukhoz sziikséges fogalmakat. Valamennyi eredmény azzal a sorszimmal szerepel,
mint a disszertacioban. Ha egy tétel, lemma, kovetkezmény vagy allitas nem 1j, az
eredeti szerz6 nevét zardjelben jelezziik a tétel legelején. A publikalt 1Gj eredményeink
kimondasakor szintén zardjelben jelezziik a follelhetoségiiket.

1. fejezet: Fogalmi hattér és eszkozok

Kanonikus objektumok az érintonyalabon

A disszertacioban megszamlalhaté bazist, sima Hausdorff-sokasdgokon dolgozunk,
ezeket az egyszerliség kedvéért sokasagoknak hivjuk. Ha mast nem mondunk, egy
sokasagok kozotti leképezést simanak (végtelen sokszor differencidlhatonak) tétele-
ziink fel. Tetszoleges M sokasag esetén hasznéljuk az alabbi jeloléseket:

(1) C°°(M) az M-en értelmezett valds értékdi sima fiiggvények gytiriije;

(2) 7: TM — M az M sokasag érintényalabja;

(3) TM C TM a nemnulla érint6vektorok részsokasiga, + := 7 | TM a hasitott
érintényalab;

(4) mrar: TTM — TM a TM érintésokasag érintényalabja.
Tovabbi jelolések:

(5) FI* az X vektormezd folyama, FIX (t € R) a t-edik stadiuma.

67
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(6) I'(m) vagy I'(B) jeloli egy m: E — M vektornyalab (sima) szeléseinek C'*°(M)-
modulusét. Specidlisan X(M) := I'(T'M) az M sokasag vektormez6inek C'*° (M )-
modulusa.

(7) pu: TM — TN egy sokasagok kozotti ¢: M — N leképezés derivaltja .

Tetsz6leges X € X(M) vektormezonek értelmezziik a vertikdlis liftjét, a
(t,v) eERXTM — v+ tX(1(v)) € TM.

folyam sebesség-vektormezdjeként. Ez egy vektormez6 a T'M érintGsokasagon, ame-
lyet XV-vel jeloliink. Szintén alkalmazzuk X teljes liftjét, a

(t,v) € Dx —> (FIX),(v) € TM

folyam sebesség-vektormezéjét. Itt FI¥: Dy € R x M — M az X vektormezd
folyama és N
Dx :={(t,v) e RxTM | (t,7(v)) € Dx}.

A teljes lift szintén egy vektormezo6 az érintosokasagon, jelolése X°©.
A TM érintésokasig

(t,v) ERXTM — e'v € TM

pozitiv nyujtésai altal generalt vektormezot Liouville-vektormezének hivjuk és C-vel
jeloljuk.

A TTM érintényaldb vertikdlis résznyaldbja VT M := ker(r,), ennck T M-re valé
természetes leszitkitését VT M-mel jeloljiik.

A 7*7 pull-back nyalabot Finsler-nyaldbnak nevezziik. Ennek alapsokasaga T™ ,
teljes sokasaga

TM x 3 TM = {(u,v) € TM x TM | #(u) = 7(v)},

fibruma egy u € TM pont f5l6tt az {u} x TryM vektortér. Az M sokasig egy X
vektormez6jébol természetes modon szarmaztathatd a Finsler-nyalab

X:TM —TM %,y TM, X(u):= (u, X (#(u)))

szelése. Ezt az X vektormez6 bdzikus liftjének nevezziik. Hasonlé moédon az M so-
kasag minden tenzora felemelhet6 a Finsler-nyalabra.

A Finsler-nyalab és VT M nyalab szeléseinek modulusai természetes modon izo-
morfak. FEzt az i-vel jelolt izomorfizmust egyértelmiien meghatarozza az ixX = XV
osszefiiggés. Hallgatolagosan minden ilyen tipust modulus-homomorfizmust nyalab-
leképezésnek tekintiink, ha sziikséges. Ily modon i felfoghaté egy fibrumonként line-
4ris leképezésnek is TM x yy TM-bSl VT M-be.
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A Finsler-nyalab kanonikus szelése
0: TM —TM xp TM,  6(u) = (u,u),

erre teljesiil, hogy id = C.

A Finsler-nyalab ellathato egy természetes derivacidval, amely lényegében a fibru-
mokon adott természetes derivaldsbdl szdrmazik. A preciz megaddsahoz a Finsler-
nyalab minden X szelés¢hez tekintjik ennek X: TM — TM 8 részét, amelyet az
X(u) = (u, X(u)) eléirds ad meg. Ezutan definidlunk egy

VY T(7'71) x T'(7771) — T(777)

VY (u) o= (u, (Y [ T,M) (u)(X (u)))
leképezést. Ez a klasszikus tenzorderivaciokhoz hasonlé médon kiterjeszthetd a Fins-
ler-tenzorok nyaldbjéra, ha megallapodunk abban, hogy tetszdleges f € C>(T'M)
fliggvény esetén V;? f:=1iXf. Ezt a derivaciét kanonikus vertikdlis derivaltnak ne-

vezziik. A lokélis szamolasokban VY egyszertien ‘y’-szerinti derivaldsként’ jelentkezik.
Példaul: adva egy f € C>*(T'M) fiiggvényt,
of

\" :767\1/ \" \"
V' o g VS

2f — o
= du' @ dul, stb. 5.1
@) Oy'oyi (5:1)

Ehresmann-konnexidok és sprayk

Legyen M egy sokasag. Egy
H:TM xpy TM — TTM, (u,v) — H(u,v),
leképezést TM-en adott Ehresmann-konneziénak neveziink, ha
(E1) H(u,v) € T,TM minden (u,v) € TM x,; TM esctén;
(E2) a v H(u,v) leképezés R-lineéris minden u € TM esetén;
(E3) 7.H(u,v) = v minden (u,v) € TM x5y TM esetén.
A HTM :=ImH képhalmaz a TTM egy n = dim M-rangu résznyaldbja, melyre
TTM =VTM & HTM
teljesiil. Ezt a H-hoz tartozo horizontalis résznyaldbnak nevezzik.

Ertelmezziik a h: TT'M — HTM és v: TTM — VIT'M projekcidkat oly médon,
hogy Kerv = HT'M, Kerh = VT M. Szintén definidljuk a V := i~! o v vertikdlis
leképezést, amely az i egy balinverze. Egy X € X (M) vektormezd, horizontdlis liftje
az X" := HX € %(TM ) vektormez6. Az Ehresmann-konnexié pozitiv-homogén, ha

a hor1zontahs liftek 1*-homogének, azaz [C, X"] = 0 minden X € X(M) esetén.
Azt mondjuk, hogy S € X(T'M) sprayje M-nek, ha
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(S1) 7.0 S =idsy,;
(S2) [C,S] =S, azaz S 2"-homogén.
Ekkor az (M,S) péart spray-sokasdgnak nevezziik. Ha H pozitiv-homogén Ehres-

mann-konnexié, akkor S := Hé spray. Megforditva, ha S egy spray, akkor 1étezik
olyan ‘H Ehresmann-konnexio, hogy

—

H(X) = X" = J(X° +[X",5))

minden X € X(M) esetén. Ezt az Ehresmann-konnexiét a spray-sokasag Berwald-
konneridjanak nevezziik. Ekkor Ho = S teljestl. A részleteket illetéen 1d. [45, 7.3.3].

Egy Ehresmann-konnexi6 torzidjinak nevezzik azt az (1,2)-tipusi T Finsler-
tenzormezot, amelyre

iT(X,Y)=[X"Y"]—[v"X]-[X, Y] X, YX(M)

teljestil. Konnyen lathato, hogy egy spray-sokasag Berwald-konnexiéjanak a torzidja
eltiinik. Megmutathatd, hogy minden torziémentes Ehresmann-konnexio egy spray-
nek a Berwald-konnexiéja.

Egy (M, S) spray-sokasdg Jacobi-endomorfizmusa a

K(X):=V[S,HX], X €T (#7)
el6irassal definidlt (1, 1)-tipust Finsler-tenzormez6. Ha n = dim M > 2, akkor a

1
n—1

K =

trK (5.2)

fliggvény a spray-sokasag gorbiileti fiigguénye.

Legyen H egy TM-en adott pozitiv-homogén Ehresmann-konnexié, I C R egy
nyilt intervallum, és v: I — M egy sima gorbe. Egy v-menti X: I — TM vektor-
mez6 parhuzamos H szerint (roviden H-pdrhuzamos vagy pdrhuzamos), ha

X(t) =H(X(),5(1)  (tel).

Minden ty € I és v € TW(tO)M esetén létezik egy és csak egy X parhuzamos vektor-
mez6 v mentén gy, hogy X (ty) = v. Ekkor X (¢) a v pdrhuzamos eltoltja v mentén
T, M-be. Igy értelmezhetiink egy

o

P()i,: T

7(to

)M — fv(t)M

leképezést, amely minden v € Ty(tO)M vektort a parhuzamos eltoltjaba visz at. Ekkor
P(7);, sima és 17-homogén minden ¢ € I esetén [45, 7.6]. A P(v);, leképezés ter-
mészetes modon kiterjeszthet6 az egész T’ M érintotérre, ha a zérus vektormezot
parhuzamosnak tekintjitk. Igy P(v): (0) = 0 adédik.
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Egy ‘H Ehresmann-konnexié birtokdban bevezetiink egy
VI D(#*7) x T(#*1) — D(#*7)
operatort, a Vg}«f/ = V[H)A(/ , 137] eléirassal. Bazikus liftekre ekkor azt kapjuk, hogy

VEY =i X" YY) (5.3)

h
X
A VM és V¥ operétorokbol elallithaté egy V: X(TM) x ['(#*7) — T'(#*7) kovarians
derivalas a Finsler-nyalabon. Ezt jellemzik a

Y =VLY

iX X

e
VsV =ViV, Vv

Osszefliggések. A V kovarians derivalast a H éltal indukalt Berwald-derivdlds-nak
nevezzik. Az Ehresmann-konnexié Berwald-tenzorat a

B(X,Y)Z:=VEVEZ — VIVYZ ~ Vg i Z-
képlet definidlja. A bézikus lifteken ez az iB(X,Y)Z = [[XY,Y"], 2"] alakra redu-
kalodik [45, 7.13].

Legyen (M, S) egy spray-sokasag. Ha o: I — TM S-nek integrélgorbéje, ak-
kor az (S1) feltétel alapjan a v := 7 o o gorbe sebességvektormezbje éppen o. Az
ilyen v gorbéket nevezziik S geodetikusainak. Egy v: I — M gorbe pontosan ak-
kor geodetikusa S-nek, ha S o4 = 4. A konstans gorbéket szintén geodetikusoknak
tekintjik.

Linearis konnexidk és affin sprayk

Egy TM-en adott Ehresmann-konnexiét linedrisnak mondjuk, ha az alabbi ekviva-
lens feltételek valamelyike (és ezért mindegyike) teljesiil.

(L1) H pozitiv-homogén és létezik sima kiterjesztése T'M-re.
(L2) #H Christoffel-szimbélumai linedris fiiggvények a fibrumokon.

(L3) A H &ltal indukélt Berwald-derivalds Christoffel-szimb6lumai konstans figg-
vények a fibrumokon.

(L4) H Berwald-tenzora eltiinik.

(L5) Béarmely X,Y € X(M) esetén [X", V"] € X(T'M) megkaphaté vertikalis lift-
ként.
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(L6) Egyértelmiien létezik olyan D kovaridns derivalas M-en, amelyre
(DxY) = [X" V] 2 iv.¥: XY e X(M).

(L7) A H-parhuzamos eltolasok linearisak.

Mivel az Ehresmann-konnexitkat csak 7' M-en értelmeztiik, a fenti feltételekben tobb
objektumot is ki kell terjeszteni a zérus vektorokra, ez azonban mindig természetes
modon lehetséges.

A tovabbiakban linearis Ehresmann-konnexié helyett egyszertien linedris konne-
xiordl szolunk.

Egy S sprayt affinnak hivunk ha az alabbi ekvivalens feltételek valamelyike tel-
jestl.
(A1) S-nek van sima kiterjesztése T'M-re.
(A2) S egytutthatdi kvadratikus formék a fibrumokon.
(A3) Az S-bdl szarmazd Berwald-konnexi6 linedris.

(A3) alapjan az affin sprayk a Berwald-konnexidjuk segitségével is jellemezhetéek,
z (L1)—(L7) feltételek barmelyikével.

Finsler-sokasagok

Legyen M sokasig. Egy F': TM — R fuggvényt Finsler-figguénynek nevezzik (M
folott) ha:

F1
F2
F3
F4

F folytonos T'M-en, és sima TM- en,
1*-homogén,
F(v) >0 hav#0,
ag:i= IV"V"F 2 fundamentdlis tenzor (fibrumonként) pozitiv definit.

(F1)
(F2) F
(F3)
(F4)

Ekkor az (M, F) part Finsler-sokasdgnak hivjuk. E := %F 2 az F-hez csatolt energia-
fiiggvény. Azt mondjuk, hogy egy Finsler-sokasag Riemann-sokasdgra redukalodik,
ha energia-fliggvénye minden érintétéren kvadratikus forma.

Egy ~v: I — M sima gorbe a Finsler-sokasag geodetikusa, ha teljesiti a

0E \' 0E :
<ayi0fy> —axioy—(), ie{l,...,n} (5.4)
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Euler-Lagrange egyenletet minden, a v képét metsz6 térkép esetén. Az (M, F') geo-
detikusai szintén a geodetikusai egy egyértelmiien meghatarozott spraynek, ezt ne-
vezzilk az Finsler-sokasag kanonikus sprayjének. S-sel jelolve a kanonikus sprayt,
(5.4) az
SX'E — X°E =0, X e X(M) (5.5)
alakba frhat6. Az Euler-Lagrange egyenletnek ezt a formdjat M. Crampin talalta
[11, 348. oldal].
A kanonikus spray Berwald-konnexidjat a Finsler-sokasag kanonikus konnexioja-

nak nevezziik. Egy TM-en adott H Ehresmann-konnexié pontosan akkor a kanoni-
kus konnexi6ja (M, F')-nek, ha

(CC1) H pozitiv-homogén,

(CC2) H torzidja eltiinik,

(CC3) HTM :=Im(H) C kerdF.

(részletekért lasd [45, Theorem 9.3.5]). A (CC3) feltétel garantélja, hogy F' kons-
tans a parhuzamos vektormezok mentén, és igy a H-parhuzamos eltolasok megdr-

zik a Finsler-fiiggvényt (ldsd Lemma 2.3.1). Tehat a kanonikus konnexié analdg a
Riemann-sokasagok Levi-Civita konnexi6javal.

Az exponencialis leképezés

Legyen (M, S) spray-sokasdg. Tetszdleges v € T'M esetén jellje v, azt a maximélis
geodetikust, amely kezdOsebessége v. Legyen TM azon v € TM érintévektorok
halmaza, amelyekre v, értelmezve van az 1-ben. Ekkor

exp: TM — M, v exp(v) := 7,(1)

az S altal generalt exponencidlis leképezés.

Projektiven affin sprayk

Legyenek S és S sprayk egy M sokasdgon. S és S projektiven csatolt, ha S = S—2PC,
ahol P egy fiiggvény T'M-en. Ekkor azt is mondjuk, hogy S az S spray egy projektiv
valtoztatdsa, P faktorral.

Egyszerii szamoléssal igazolhatd, hogy ha egy spray projektiven csatolt egy affin
sprayhez, akkor a

1
n—+1

D=B-

((V'trB) @0 + (tr B) ® idp(s-) )
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képlettel definidlt Douglas-tenzor eltiinik. Megmutattuk, hogy a megforditas is igaz.
Ehhez sziikségiink volt a vertikalisan invaridns térfogati formak bevezetésére. Ezek
olyan térfogati formak az M érintosokasagan, amelyeknek a vertikalis liftek szerinti
Lie-derivaltjai eltiinnek.

2.1.8. Tétel ([45]). Ha (M, S) eltiné Douglas-tenzori spray-sokasdg, és w egy ver-
tikalisan invaridns térfogati forma T M -en, akkor

_ 1
=S5 —-2P hol P := ——di
S:=8 C aho 3n+1) iv, S

affin spray.

2.1.9. Allitas ([45]). Bdrmely sokasdg érintésokasdgdn étezik vertikdlisan invaridns
térfogati forma.

Ezekbdl adddik:

2.1.10. Kovetkezmény ([45]). Ha egy spray-sokasdg Douglas-tenzora eltinik, ak-
kor a spray projektiven csatolt eqy affin sprayhez.

Ezt az allitast lokalisan J. Douglas igazolta [15]. Globélisan Z. Shen [40, 5.2]
tovabba Szilasi Jézsef és Vattamany Szabolcs adtak bizonyitast [46], de feltételezték
a sokasag iranyithatosagat. A mi valtozatunk er6sebb annyiban, hogy ez a feltétel
nem szerepel.

Nem léteznek val6édi Einstein—Berwald-sokasagok

Egy Berwald-sokasdg olyan Finsler-sokasag, amelynek a kanonikus sprayje affin,
vagy — ekvivalens médon — a kanonikus konnexidja linearis.

Egy (M, F) Finsler-sokasag Einstein—Finsler-sokasdg, ha az (5.2) gorbiileti fiigg-
vény és a Finsler-fiiggvény kozott fennall a K = (A o 7)F? 6sszefiiggés, ahol \ si-
ma fliggvény M-en. Megmutattuk, Berwald-sokasiagok kozott csak nagyon specialis
Einstein—Finsler sokasagok léteznek.

2.2.1. Lemma ([14]). Egy Berwald-sokasdg gorbileti figguénye kvadratikus forma
minden érintotéren.

2.2.2. Tétel ([14]). Ha egy osszefiiggd Einstein—Finsler-sokasdg egyben Berwald-
sokasag is, akkor vagy Riemann-sokasdgra redukdlodik, vagy pedig a gorbileti fiigg-
vénye eltinik.
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Monokromatikus Finsler-sokasagok

Legyen M sokasdg, U pedig az M-nek nyilt részsokasiga. Tekintsiink egy (X;)™,
n-élmez6t U-n. Ekkor az (X;)! ; R-linearis burkat M U folotti lokdlis pdrhuzamosi-
tasanak nevezzilk. Egy U folotti P lokalis parhuzamositas elemei a P-szerinti pdr-
huzamos vektormezdk. Minden v € 771 (U) esetén egyértelmiien 1étezik olyan vp € P
vektormezd, melyre vp(7(v)) = v. Ha p és ¢ U-nak pontjai, akkor a Py,(v) := vp(q)
eldirdssal adott Py,: T,M — T,M leképezés linedris. Az igy definidlt parhuzamo-
sitds-fogalom ekvivalens a [18] konyvben taldlhatéval. Egy nem feltétleniil sima
f: TM — R figgvény kompatibilis P-vel, ha fo Py, = f | TpM minden p,q € U
esetén. Ezzel ekvivalens, hogy f o X konstans, ha X € P.

Egy nem feltétleniil sima f: T™ — R fuggvény monokromatikus, ha minden
p,q € M esetén létezik egy Lg,: T,M — T,M linedris izomorfizmus ugy, hogy
foLy=1f1 T »M. Az f figgvény simdn monokromatikus, ha minden p € M pont-
nak van olyan kornyezte, amely folott 1étezik f-fel kompatibilis lokalis parhuzamo-
sitas. Konnyen lathato, hogy egy siman monokromatikus fiiggvény monokromatikus
is, ha M is Osszefiiggo.

Hasonléan, egy nem feltétleniil sima f: TM =R figgvény is kompatibilis eqy H
homogén Ehresmann-konnexioval, ha a H szerinti parhuzamos eltolasok megorzik
f-et. Ezzel ekvivalens, hogy f konstans a H-parhuzamos vektormezok mentén.

2.3.1. Lemma. Eqy C'-osztdlyi f: T™M =R fligguény pontosan akkor kompatibilis
eqy homogén Ehresmann-konnexioval, ha ker df tartalmazza a konnexiohoz tartozo
horizontdlis résznyalabbot.

A fenti lemma szerint minden Finsler-fiiggvény kompatibilis a kanonikus konne-
xiojaval.
2.3.3. Tétel. Ha eqy C'-osztdalyi f: T™ — R fiigguény siman monokromatikus,
akkor kompatibilis eqy linedris konnexioval.

A megforditas teljesiil anélkiil, hogy barmit feltennénk a fliggvényrol.

2.3.6. Allitas. Ha egy nem feltétlenil sima f: TM - R figguény kompatibilis eqy
linedris konnexioval, akkor f simdn monokromatikus.

Egy (M, F) Finsler-sokasdg dltaldnositott Berwald-sokasdg, ha F kompatibilis
egy T'M-en adott linearis konnexiéval. A fenti két eredménybdl azonnal adodik az
altalanositott Berwald-sokasagok alabbi jellemzése.

2.3.7. Tétel (Y. Ichijyo [21]). Egy Finsler-sokasig pontosan akkor dltaldnositott
Berwald-sokasdg, ha simdn monokromatikus.
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Y. Ichijyo bizonyitasa a G-strukturakkal kompatibilis konnexiokra tamaszkodott.
A mi bizonyitasunkban csak az Ehresmann-konnexiok egyszerii tulajdonsigaira, és
a Finsler-fiiggvény differencidlhatosagara van sziikség.

E szakasz zar6 eredménye H. Weyl egy fontos, de kissé elfeledett tételének modern
atfogalmazasa.

2.3.9. Tétel (Weyl). Legyen M sokasdg, [ pedig egy Finsler-norma egy T,,M érintd-
téren (azaz f folytonos, 17 -homogén, a T,M \ {0} halmazon sima és pozitiv, tovdbbd
f"(v) pozitiv definit barmely v € T,M \ {0} esetén). Minden U C M feletti P pdr-
huzamositds esetén (ahol p € U), definidljunk egy Fp: TU — R Finsler-figguényt
az

Fp(v) :== f(vp(p))

eldirassal. Ha minden ilyen P pdrhuzamositas esetén (U, Fp) Berwald-sokasdg, akkor
f euklideszi norma.

3. fejezet: Spray- és Finsler-sokasagok affinitasai és
izometriai

Legyen adva egy (M, F') Finsler-sokasag vagy egy (M, S) spray sokasag. Egy (nem
feltétlentil sima) bijektiv o: M — M leképezést affinitdsnak neveziink, ha megorzi
a geodetikusokat. Pontosabban: ¢ affinitas, ha minden v geodetikus esetén ¢ o~y
is geodetikus. Hasonlbéan, ha (M, F) Finsler-sokasdg, egy (nem feltétlentl sima)
©: M — M leképezés izometria, ha o(p(p), v(q)) = o(p,q) minden p,q € M esetén.
Itt o az (&ltaldban nem szimmetrikus) Finsler-tavolsdg M-en, amelyet a p-bol ¢-ba
futé szakaszonként sima gorbék ivhosszai halmazanak infimumaként definialunk.

Az affinitasok és az izometriak simak

F. Brickell megmutatta [8], hogy egy spray-sokasdg affin homeomorfizmusa sziikség-
képpen sima. Megmutattuk, hogy bizonyitdsa egyszertisitheté az aldbbi (6nmagéban
is érdekes) lemma segitségével.

3.1.1. Lemma. Legyen (M,S) spray-sokasdig, p € M. Legyenek (a,) és (b,) a p
ponthoz konvergdlo sorozatok, és definidljuk a

Ly i=expy!(bn),  Ani=exp,(an),  Bui=exp,'(ba),  neN

sorozatokat. Ekkor
im =0,
n—300 | L]
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és igy Lol — 1. Tovdbbd, ha a

“Bn_AnH 7 ”LnH
sorozatok egyike konvergens, akkor a mdsik is az, és a hatarértékik megegyezik.

Ttt || -

| a norma fiiggvény egy M-en adott tetsz6leges Riemann-metrikara nézve.

3.1.3. Tétel (F. Brickell [8]). Egy spray-sokasdg affin homeomorfizmusa sima dif-
feomorfizmus.

A ‘rovid geodetikusok’ minimalizalé tulajdonsaga segitségével [4, Theorem 6.3.1]
konnyen lathato, hogy egy Finsler-sokasag izometriai affinitasok. Az izometriak foly-

metria homeomorfizmus. Emiatt a 3.1.3 Tételbol azonnal adddik:

3.2.2. Tétel (F. Brickell [8]). A Finsler-sokasdgok izometridi simdk.

Tavolsag-koordinatarendszerek

Legyen (M, F') Finsler-sokasag, és (p;)"_, az M pontjainak egy olyan sorozata amely-
re teljesiil, hogy az wu,: ¢ — (o(p1,9),-..,0(pn,q)) leképezés diffeomorfizmus M
egy U nyilt részhalmazabdél R™ egy nyilt részhalmazaba. Ekkor (U, u,)-t tdvolsdg-
koordinatarendszernek nevezziik. Megmutattuk:

3.3.1. Lemma ([3]). Egy Finsler-sokasig minden pontja koril létezik tdvolsdg-
koordinatarendszer.

Téavolsagkoordinatdk segitségével 1j, egyszerii bizonyitast adtunk az izometriak
simasagara, nem hasznalva fel az affinitdsok simasagat. A bizonyitas otlete P. Pe-
tersen Riemann-esetre valé bizonyitasabol szarmazik [38, Ch. 5.10].

A tavolsdg-koordinatarendszereknek egy tovabbi alkalmazasaként igazoltuk, hogy
reverzibilis Finsler-sokasagok kézotti requldris szubmetridk differencidlhatoak (3.3.3
Tétel). Ez az allitas kovetkezik egy metrikus terekben ismert tételbdl is (lasd [30]),
de az altalunk talalt bizonyitas kézvetlenebb és differencidlgeometriai szemléletii.
El6szor tisztaznunk kell egyes elnevezéseket.

Legyenek M, és My metrikus terek. Mindkettoben B-vel jeloljiik a metrikus gom-
boket. Egy : My — M leképezést szubmetrianak hivunk, ha M; minden p pontja
esetén létezik olyan 0 pozitiv szdm, melyre p(B.(p)) = B.(¢(p)), ha ¢ € ]0,0[. Az
ilyen 0 szamok szupremumat jelolje d, (ez lehet végtelen is). A szubmetria reguldris,
ha minden K C M; kompakt halmaz esetén 0 := inf, e 6, > 0.

Egy Finsler-sokasdg reverzibilis, ha F(—v) = F(v) barmely v € TM vektor
esetén. Ebben az esetben ¢ szimmetrikus, és igy (M, o) metrikus tér.
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3.3.2. Lemma ([3]). Legyen (M, F') reverzibilis Finsler-sokasdg, p M -nek egy pont-
ja, és U a p-nek egy normdlkornyezete. Ekkor a o, tdvolsdgfiggvény leszikitése az
U\ {p} halmazra requldris szubmetria az R kanonikus tdvolsdgdra nézve.

3.3.3. Tétel (A. Lytchak [30],[3]). Egy reverzibilis Finsler-sokasdgok kozétti regu-
laris szubmetria differencidlhato.

A bizonyitas {6 lépéseiben a [6] dolgozatot koveti, amelyben az analdg allitas a
Riemann-esetben lett igazolva.

Kapcsolatok affinitasok és izometriak kozott

A korabbiakban lattuk, hogy egy (M, S) spray-sokasig egy ¢ affin homeomorfizmusa
sima. Kénnyen adodik, hogy ekkor ¢ automorfizmusa S-nek, azaz diffeomorfizmus,
amelyre ¢,, 0 S = S o @, teljesiil. A megforditas nyilvanval6: egy spray automor-
fizmusai affin transzforméciok. Hasonléan, tudjuk, hogy egy (M, F') Finsler-sokasig
v izometridja sima. Ebbdl konnyen adodik, hogy ¢ Finsler-izometria, azaz o dif-
feomorfizmus és F o p, = F. A Riemann-esetben ezt S.B. Myers és N. Steenrod
igazolta [35], a Finsler-esetben pedig eldszor F. Brickell [8]. S. Deng és Z. Hou négy
évtizeddel késébb tjra felfedezte ezt az eredményt [13]. Mindkét bizonyitdsban a
kritikus 1épés a ¢ simasdganak igazoldsa. Ezt mar tisztaztuk, igy a Myers—Steenrod
tétel Finsler-valtozata konnyen adodik:

3.4.1. Tétel (F. Brickell [8]). Egy Finsler-sokasag izometridi Finsler-izometridk.

A megforditds nyilvan igaz. Osszefoglalva: eqy Finsler-sokasdg Finsler-izometridi
éppen az izometridk, és eqy spray-sokasdg automorfizmusai éppen az affin homeo-
morfizmusok. Mostantdl egyszertien gy hivatkozunk rajuk, mint ,izometridk” és
yaffinitasok”.

A tovabbiakban Finsler-sokasagok izometriai és affinitasai kozotti kapcsolattal
foglalkozunk. Nyilvanvalonak tiinik, hogy az izometridk affinitasok, mivel ha egy
transzforméacié megorzi a Finsler-fiiggvényt, akkor minden beldle szarmazé objektu-
mot is meg kell ériznie. Ez az érvelés azonban nem helyettesitheti a preciz bizonyi-
tast.

3.4.2. Allitas ([3]). Egy Finsler-sokasdg minden izometridja affinitds.

A megforditas altaldban nyilvan nem igaz. Létezek affinitasok amelyek nem izo-
metridk, példaul az euklideszi terekben. A Riemann-geometridban tobb nevezetes
tétel ad elégséges feltételt arra, hogy az affinitdsok és az izometridk egybeessenek
(lasd példaul [25, 242-244. oldal]). Két ilyen tétel Finsler-geometriai dltalanositasat
adjuk meg az alabbiakban.



79

Az els6 tételink infinitezimalis affinitasokrdl és izometridkrél szél. Ezek olyan
vektormezok az alapsokasagon, melyek stadiumai a megfelel6 tipust leképezések.
Az infinitezimalis affinitdsokat affin vektormezdknek, az infinitezimalis izometridkat
Killing-vektormezdknek hivjuk. Mindkét tulajdonsag kifejezheto a vektormezo teljes
liftjével: ha (M, F') egy Finsler-sokasdg és S a kanonikus spray, akkor X € X(M)
pontosan akkor affin, ha LxcS := [X¢, S] = 0, és pontosan akkor Killing-vektormezé,
ha LxcF := X°F = 0.

Altaldnositasat adtuk J.-I. Hano tételének, amely szerint egy teljes Riemann-
sokasag minden korlatos affin-vektormezéje Killing-vektormezd. Ennek olyan bizo-
nyitasa szerepel a [25] konyvben, amely a de Rham-felbontéson [25, Theorem 6.2],
és az alabbi fontos tételen alapszik:

3.4.3. Tény (S. Kobayashi, [24]). Egy teljes és irreducibilis Riemann-sokasdg affi-
nitdsai és izometridk egybeesnek, kivéve az 1-dimenzios euklideszi teret.

Hano bizonyitdsa [19] nem hasznalja ez ut6bbi tételt, de a bizonyitdsdban sze-
replokhoz hasonld elgondolasokat kovet.

Hano tétele Finsler-sokasagokra is atvihetd, s meglepd médon egészen elemi esz-
kozokkel, a de Rham-felbontas és az irreducibilitasnak megfelel6 fogalom bevezetése
nélkiil. Kulcsfontossagi a kovetkezo észrevétel:

3.4.5. Lemma ([23]). Legyen (M, F) Finsler-sokasdg, X egy affin vektormezd és y
eqy geodetikus. Ekkor

XYE(¥(t)) = X E(¥(to)) + (t — to) X“E((to))
teljesiil a v gorbe értelmezési tartomanyanak minden t és tg pontjara.

Bar nem nyilvanvald, ez a lemma valgjaban egy specidlis esete az 5.4.3(c) fel-
adatnak a [4] konyvbél. Ez a kovetkezot allitja: ha J Jacobi-mezé egy v geodetikus
mentén, akkor

95 (L, 3)(t) = g5(J(to), ¥(to)) + (t — to)gs (' (ta), ¥(t0)),

ahol J' a J a 7-menti kovaridns derivaltja a Berwald- vagy a Chern-derivalasra
nézve. Azonban a lemménkat egyszeriibb kézvetlentil igazolni, mint levezetni idézett
feladatbol.

3.4.6. Tétel ([23]). Legyen (M, F) Finsler-sokasig, X egy affin vektormezd, és
tegyiik fel, hogy az alabbi két feltétel valamelyike teljesiil.

(1) FoX korldtos és (M, F) teljes;
(2) FoX és Fo(—X) korldtos, tovabbd (M, F) ‘forward’ teljes.



80 Osszefoglalé

Ekkor X Killing-vektormezo.
Ebbdl kovetkezik:

3.4.7. Tétel (J.-I. Hano). Legyen (M,g) egy teljes Riemann-sokasig és X eqy
olyan affin vektormezé M-en, hogy a g(X, X) figgvény korldtos. Ekkor X Killing-
vektormezo.

Val6ban, elegendd a 3.4.6 Tételt az F'(v) := y/g(v,v), v € TM Finsler-fiiggvényre
alkalmazni. Mivel a kompakt Finsler-sokasdgok teljesek, szintén azonnal adodik a
kovetkezo:

3.4.8. Tétel ([23]). Egy kompakt Finsler-sokasag affin vektormezdi Killing-vektor-
mezok.

Az utébbi tételt a Riemann-esetben elészor K. Yano igazolta [52].

A kovetkezOkben a 3.4.3 Tétel Finsler-altalanositasait targyaljuk. Ennek az al-
litasnak mar a megfogalmazéasa is problémat okoz a Finsler-esetben, mert az ir-
reducibilitasnak nincs egyértelmii megfelel6je. Egy lehetséges 1t az irreducibilitasi
feltétel kicserélése az affin merevség feltételére. Ennek definiciéja a kovetkezd. Egy
M sokasag S sprayje egyértelmiien metrizalhato, ha S kanonikus sprayje egy F
Finsler-fiiggvénynek, és ha F olyan tovabbi Finsler-fiiggvény, amelynek szintén S a
kanonikus sprayje, akkor M minden komponensén F az F-nek skaldrszorosa (mas
széval, d(F/F) = 0). Egy Finsler-sokasag affin merev, ha a kanonikus sprayje egy-
értelmtien metrizalhaté. A kovetkez6 eredmény a [25, p. 242, Lemma 1] kozvetlen
megfelelGje.

3.4.9. Lemma. Egy dsszefiiggo affin merev Finsler-sokasdg minden affinitisa ho-
motécia.

Itt a homotécia olyan ¢ diffeomorfizmust jelent, melyre F o ¢, = cF teljesiil,
ahol ¢ konstans. Mivel a ‘forward’ teljes Finsler-sokasag kozott egyediil a Finsler-
vektortereken léteznek olyan homotécidk amelyek nem izometridk [29], adédik a
kovetkezo:

3.4.10. Kovetkezmény. Eqy dsszefiiggo ‘forward’ teljes affin merev Finsler-sokasdg
affinitasai és izometridk egybeesnek.

Sajnos a 3.4.3 Tételnek ez az altaldnositasa nem til hasznos, mert kevés elég-
séges feltétel ismert a Finsler-sokasagok affin merevségére. A folytatasban ezzel a
problémaval foglalkozunk.
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Affin merev Finsler-sokasagok

Ebben a szakaszban (M, F') végig egy Osszefiiggd Finsler-sokasag.

A kanonikus konnexié parhuzamos eltolasait felhasznalva egy Finsler-sokasag-
nak is értelmezhetjiik a holonémia-csoportjat, ugyanigy, mint a Riemann-esetben.
Rogzitve egy p € M pontot, Hol, a YO}JM sima 17-homogén diffeomorfizmusainak
egy részcsoportja.

3.5.1. Allitas. Ha Hol, tranzitiven hat az U(T,M) := F~'({1}) N T,M egységgom-
bon, akkor (M, F) affin merev.

Jol ismert, hogy az irreducibilis Riemann-sokasagok affin merevek. Berger holo-
némia-tétele [7, 36] szerint léteznek olyan irreducibilis Riemann-sokasagok, melyek
holonémia-csoportja nem hat tranzitiven az egységgémbon. Ebbdl kovetkezik, hogy
a 3.5.1 Allitas megforditdsa nem igaz, tehét Hol, tranzitivitdsa gyengithetd.

A tovabbi eredményeink ismertetéséhez fel kell idézniink néhany szingularis diszt-
ribiciokkal kapcsolatos fogalmat [32]. Régzitve egy M sokasagot, rendeljiink hozza
minden p € M ponthoz egy &, C T,M alteret. Ekkor az £ = |,cp &, diszjunkt
uniét szinguldris disztribicionak nevezzik M-en. Jelolje X,.(M) azon vektormezék
halmazat, amelyek csak M egy nyilt részhalmazan vannak értelmezve, X¢ pedig azon
vektormezéket X,.(M)-ben melyek csak £-ben vesznek fel értékeket. A X¢ egy V
részhalmaza kifesziti £-t, ha minden p € M esetén &, az {X(p) € T,M | X € V} li-
nedris burka. (Megallapodunk abban, hogy az tires halmaz linearis burka a vektortér
zérus eleme.) Azt mondjuk hogy &€ sima, ha X¢ kifesziti.

Egy & sima szingularis disztribtcié integralsokasdga olyan i: N — M immergalt
részsokasag, amelyre i, (T,N) = &) minden p € N esetén. Valdjaban az ilyen
részsokasagok sziikkségképpen gyengén beagyazottak, és igy nem kell megadni az ¢
immerziot.

Rogzitve Xj.(M) egy W részhalmazat, jelolje S(W) a

(Flt)f1 o---0 Flik)#y

alaku lokalis vektormezok halmazat, ahol X4,..., X, Y € W, k € N.
Legyen D" az a sima szinguldris disztribici6, amelyet S(X,4,,) feszit fel, ahol
HTM az (M, F) kanonikus konnexi¢jahoz tartozé horizontalis disztribucio.

3.5.2. Lemma. A bevezetett jeldlésekkel D' C ker(dF) teljesiil.

3.5.3. Kovetkezmény. Az F Finsler-fiigguény konstans a D" szinguldris disztribi-
cio 0sszefiiggd integralsokasdgain.

3.5.5. Allitas. Ha D" dimenzidja 2n — 1 ™ eqy stri részhalmaza felett, akkor
(M, F) affin merev.
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3.5.6. Allitas. Ha U(TM) := F~'({1}) D"-nak megszimldlhaté részsokasdgdt tar-
talmazza, akkor (M, F) affin merev.

A szakasz eredményeit, a korabbi 3.4.9 Lemmat és 3.4.10 Kovetkezményt Gssze-
foglalva kapjuk az alabbi tételt.

3.5.7. Tétel. Legyen (M, F) dsszefiiggé Finsler-sokasdg amelyre a kévetkezdk vala-
melyike teljesiil.

(1) Hol, tranzitiven hat a U(T,M) := F~({1}) N T,M egységgombin;
(2) D" dimenzidja 2n — 1 TM egy siirii részhalmaza felett;
(3) U(TM) := F~Y({1}) D"-nak megszdmldlhaté részsokasdgdt tartalmazza.

Ekkor (M, F) minden affinitdsa homotécia. Ha rdadasul (M, F') ‘forward’ teljes is,
akkor minden affinitds izometria.

3.5.8. Megjegyzés. Egyes fenti eredmények specialis esetei mar el6fordultak az iro-
dalomban. Szenthe Janos a [43] dolgozatban a v[{, 7] vektormezék dltal felfeszitett
disztribucioét vizsgélta, ahol {,n € X 4,,- Megmutatta, hogy ha ennek a disztribu-
cibnak a rangja mindeniitt n — 1, akkor minden affin transzformacié homotécia. Ez
kovetkezik a 3.5.7 Tétel (2) esetébdl, mert S(X,+,,) zart a Lie-zardjel miiveletére
nézve (lasd [32, 3.27 Lemmal), és a D" dimenziéja pontosan akkor 2n — 1, ha vD"
dimenzidja n — 1. A [17] dolgozatban a szerz6k a X,.+,, altal generalt Lie-algebrat
vizsgaltak, pontosabban az altala kifeszitett disztribuiciot. Kapcsolatot talaltak en-
nek a disztribuiciéonak a dimenzidja és a kanonikus sprayt metrizalé funkcionédlisan
fiiggetlen Finsler-fiiggvények maximalis szama kozott. Specialisan igazoltak, hogy ha
a disztribucié kodimenzidja 1, akkor a kanonikus spray egyértelmiien metrizalhato.
A 3.5.5 Allitds ennek kozvetlen 4ltalanositdsa, egyrészt mert bévebb disztribtciot
tekintiink, mésrészt mert nem tessziik fel, hogy a dimenzié mindeniitt 2n — 1.

A 3.5.5 Allit4s aldbbi megforditdsa igaznak tfinik:

Ha D" dimenzidja TM eqy nyilt részhalmazan kisebb mint 2n — 1, akkor
(M, F) nem affin merev.

Indoklas: ha D" dimenzidja a maximalisnal kisebb egy nyilt részhalmazon, akkor
megszamlalhatonal tobb integralsokasaga létezhet, és ez kisebb merevséget kénysze-
rit a kanonikus sprayt metrizdlé a Finsler-fiiggvényekre. Azonban nem ez a hely-
zet: egy sima szingularis disztribuicié, amelynek dimenzidja maximélisnal kisebb egy
nyilt halmazon, még egyértelmiien meghatarozhatja azokat a folytonos fliggvénye-
ket, amelyek konstansok az integralsokasagain. Példaul 1étezik olyan sima szingularis
disztribiicié a kanonikus (z,y) koordinata-rendszerrel ellatott R? sokasagon, mely-
nek maximaélis integralsokasagai az alabbiak:
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(a) az y < 0 és y > 1 egyenl6tlenségekkel megadott félsikok;
(b) az {(zo,y) € R* | 0 < y < 1} ‘vertikdlis’ szakaszok, ahol x5 € R tetszdleges;

(c) az y =0 és y = 1 egyenletii egyenesek pontjai, mint nulla dimenziés sokasagok.

Koénnyen lathatd, hogy a folytonos fiiggvények kozott csak a mindeniitt konstans
figgvények konstansok az Osszes integralsokasagon. Az nyitott kérdés, hogy ilyen
konfiguricié eléfordulhat-e D" esetében.

Finsler-sokasagok sok Killing-vektormezovel

Legyen (M, F') Finsler-sokasag. Egy M egy nyilt halmaza folotti P parhuzamositédst
Killing-parhuzamositasnak neveziink, ha Killing-vektormezék R-linearis burkaként
all elo.

Egy (M, F) Finsler-sokasag Killing-tulajdonsdgi (v.6. [51]), ha M minden pontja
koril van Killing-parhuzamosithaté nyilt kornyezet. Tovabba egy (M, F') Finsler-
sokasag konstans Killing-tulajdonsdgi, ha M minden pontja koriil van olyan Killing-
parhuzamosithaté nyilt kornyezet, amely kompatibilis F'-fel.

A fenti fogalmakat a [12] dolgozat motivélta, ahol a szerzék olyan Riemann-
sokasagokat vizsgaltak, melyekben minden pont koriil van Killing-vektormezékbdl
all6 orthonormalt n-élmezd. A konstans Killing-tulajdonsagu Finsler-sokasagok ezek
kozvetlen altalanositasai.

3.6.1. Tétel. Eqgy Killing-tulajdonsdgu Finsler-sokasdg dltaldnositott Berwald-soka-
sdg.

3.6.2. Tétel. Eqy konstans Killing-tulajdonsdgu Finsler-sokasdg Berwald-sokasdg.

Megjegyezziik, hogy az utobbi tétel [1, Theorem 3.21 és 3.22] egy kozos kovet-
kezményének egy altalanositasa.
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TM x TM , total manifold of a Finsler bundle, 8

v, vertical projection, 10
V'T'M, vertical subbundle, 7

X(M), module of vector fields on M, 5
X¢, vector fields taking value in singular distribution &, 49
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