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A disszertacio magyar tézisei

Geodetikus loopok 3-dimenziés nem feloldhato
reduktiv homogén tereken

Ebben a disszertaciéban 3-dimenziés majdnem differencialhaté bal A-
loopokat vizsgalunk. Egy G kommutativ csoport fontos jellemvonéasa, hogy
az Osszes kommutdtora [a, b] = (ba)'ab; (a,b € G) a csoport egységelemével
egyezik meg. Ez a tulajdonsag erdsen tamaszkodik az asszociativitds torvé-
nyére. fgy loopokra ez a tény radikalisan valtozik. Ez az észrevétel vezette
Bruckot, Paiget, Belousovot azon L loopok kutatasahoz, melyekben az

v+ [(ba) " (a(bx))]

leképezések minden a,b € L esetén automorfizmusai L-nek ([4], [2]). Az ilyen
tulajdonsagu loopokat bal A-loopoknak nevezték el utalva a balrdl torténo
szorzasra és az automorfizmus kifejezésre. A majdnem differencialhaté bal
A-loopok differencidlgeometriai szempontbdl is nagyon jelentések.

Kikkawa [19]-ben megmutatta, hogy osztalyuk szoros kapcsolatban &ll a
reduktiv terek osztalydval, melyek a differencidlgeometria lényeges objektu-
mai ([23], [12]). Tovébbd minden majdnem differencidlhaté erdésen bal al-
ternativ lokdalis L bal A-loop egy lokalis geodetikus loop az L-hez tartozé
reduktiv tér kanonikus konnexidjara vonatkozoan ([29]), azaz az L diffe-
rencialhaté sokasidgon a loopszorzéas a kovetkezoképpen értelmezhetd

T Y = exp, OTey O expgl(y),

ahol e jeloli az L loop egységelemét, exp az exponencidlis leképezést és 7,
pedig érint6 vektoroknak a parhuzamos eltoldsat az e és x pontokat 0sszekoto
geodetikus mentén.

A legkisebb Gsszefliggé majdnem differencialhaté nem-asszociativ bal A-
loopok 2-dimenzids sokasagokon realizdlhatok. A 2-dimenzids globalis bal A-
loopoknak pontosan két izotopia osztalya létezik. Az egyik osztalyba egyediil
egy valodi Bruck loop tartozik, mely a hiperbolikus sik geodetikus loopja
([29], 22. fejezet). A mésik izotépia osztély egy reprezentdldja az a két di-
menzios Bruck loop mely az F pszeudo-euklideszi affin sikon van értelmezve.
A bal transzlacioi altal topologikusan generdlt csoportja az Osszefiiggé kom-
ponense a pszeudo-euklideszi mozgasok csoportjanak, a loop elemei pedig a
pozitiv meredekségli egyenesek E-ben ([29], 25. fejezet).

Ebben a dolgozatban osztdlyozzuk az 6sszes olyan 3-dimenzids osszefiiggd
majdnem differencidlhaté globalis bal A-loopokat, melyek bal transzlaciéi
altal topologikusan generalt csoportja nem feloldhaté Lie csoport.



A disszertacié elso fejezete Osszefoglalja azokat a fogalmakat, Osszefiiggé-
seket és eszkozoket, melyeket az osztalyozas soran hasznalunk. Ebben a dol-
gozatban a loopok elméletét a csoportelmélet keretében targyaljuk kovetve
Nagy és Strambach altal [29]-ban kidolgozott terminolégiat. 1.1-ben bemu-
tatjuk a loopok és a csoportok erésen tranzitiv szelései kozotti kapcsolatokat.
Minden L loop tekintheté egy olyan o : G/H — G szelés képeként egy GG
csoportban, mely a kovetkezé tulajdonsdgokat teljesiti: a o(G/H) képhalmaz
er6sen tranzitivan hat a G/H faktortéren, azaz minden xH és yH bal oldali
mellékosztalyhoz 1étezik pontosan egy z eleme o(G/H)-nak melyre teljesiil
zeH = yH, 0(G/H) generdlja a G csoportot és o(H) = 1 € G. Ha H
olyan részcsoportja G-nek, mely nem tartalmazza G trivialistél kiilonb6z6
normalosztéjat, akkor a G csoport az L loop bal transzlacioi altal topologiku-
san generalt csoportja és a H részcsoport az L loop egységelemének a sta-
bilizatora. Egy ilyen loop bal A-loop, ha a ¢(G/H) részhalmaz invarians
marad a H elemeivel valé konjugaléssal szemben.

Egy 6sszefiiggé majdnem differencialhaté L bal A-loopnak a bal transz-
lacioi altal topologikusan generalt G csoport egy Osszefiiggé Lie csoport
(cf. [26]; [29], Proposition 5.20. p. 75) és L el6allithaté a G csoportnak
és a H részcsoportnak egy differencidlhaté o : G/H — G szelése altal.
gy ebben a disszertdcidban Lie csoportok erésen tranzitiv differencidlhaté
szeléseit vizsgaljuk differencialgeometriai és Lie elméleti modszerekkel. Jelol-
je gilletve h a G csoportnak illetve a H részcsoportjanak a Lie algebrajat. Az
L-hez tartoz6 o szelés képének az 1 € G pontbeli m = Tyo(G/H) érintStere
generalja a g Lie algebrat, komplementer a h Lie algebrahoz és rendelkezik
a [h,m] C m tulajdonsdggal. Ennélfogva a G/H homogén tér reduktiv az
m résztérre vonatkozdan (cf. [30] Chapter II, p. 41; [23] Vol II, p. 190).
A m résztér ellitva az (X,Y) € m x m — [X,Y], € m bindris és az
(X,Y,Z) € m xm xm — [[X,Y],,Z] € m ternaris miiveletekkel egy
Lie harmas algebrat alkot és a g Lie algebra izomorf ennek a Lie harmas al-
gebranak a sztandard burkol6 Lie algebrajahoz. Konnyt belatni, hogy ha egy

Lie harmas algebra n-dimenzids akkor a sztandard burkolé Lie algebrajanak
a dimenzidja legfeljebb n + M

A 3-dimenziés bal A-loopokat a kovetkez6 eljaras szerint osztélyozzuk:
Tekintjik az oOsszes 4, 5 vagy 6-dimenziés nem feloldhaté Lie csoportot.
Ezen G csoportoknak meghatarozzuk az 6sszes olyan H részcsoportjat, mely
nem tartalmazza G trivialistol kiillonboz6 normalosztojat és amelyre teljestil
dim G — dim H = 3. El6szor meghatdrozzuk a G/H hérom dimenziés
reduktiv tereket, azaz minden rogzitett (g, h) par esetén megkeressiik a g
Lie algebra 0Osszes olyan 3-dimenzids m részterét, mely komplementer a h
részalgebrahoz, generdlja a g Lie algebrat és teljesiti a [h, m] C m reldciét.



Egy ilyen m komplementert reduktivnak hivunk és az exponencidlis képe
definidl egy differencidlhato lokdlis o szelést a G egységelemének egy U
kornyezetében ugy, hogy expm = o(G/H).

Az m reduktiv részterek exponencialis képeinek meghatarozasahoz sziik-
ségiink van az sly(R), sla(C), suz(C) Lie algebrék exponencidlis leképezései-
nek ismeretére. 1.2-ben ezekkel a leképezésekkel foglalkozunk. Hilgert és
Hofmann [13]-ben az exp : slo(R) — SLo(R) exponenciélis leképezésre a
kovetkezo explicit formulat talaltak:

exp X =C(k(X)) I+ S(k(X)) X,
ahol
sinh \/z
< .
Cla) = { coshyz 0<ux esete,n, (z) = . vV b
cosy/—x 0>z esetén, siny/—x ,
———— 0>z esetén,
V=

0 <x esetén,

k(X) a Cartan-Killing forma értéke X-en.
Altalanositva ezt a formuldt azt kapjuk, hogy az
X1 = )\1K + )\QT —I— )\3U —|— /\41K + )\51T —|— /\61U - 8l2(C)
valamint az
Xg = )\1 U+)\2 1K+ )\3 iT € SUQ(C)
elemek exponencialis leképezés altali képe
exp X; = Clkc(Xy)) I+ S(ke(Xi) Xi 1=1,2,
ahol
ke(X1) = A2+ 224+ 02— 22— 22— X240 (2 M+ 2 Xads — 2 A3)),
mely a komplex Cartan-Killing forma értéke az X; € sly(C) elemen és
ke(Xa) = —A1 — A — A3,

_ sinh /2
valamint C'(z) = cosh /z, S(z) = 7z
A globalis majdnem differencialhaté bal A-loopok osztalyozasa lényegesen
kiilonbozik a lokalis bal A-loopok osztalyozasatol, melyek Lie csoportok loké-
lis szeléseiként allithatok el6. A kérdés, hogy egy lokalis loop milyen feltételek
mellett agyazhatd be egy globalisba, egy nehéz probléma. Kuzmin, Kerdman
és Nagy bebizonyitottak, hogy minden lokalis differencialhaté Moufang loop
egyértelmiien bedgyazhat6 egy egyszeriien osszefiiggd globélisba ([24], [17],
[28]). De bal A-loopokra ez mér nem igaz. Ezért az osztélyozds kovetkezo
lépéseként meg kell vizsgalni, hogy a kapott lokélis szelések koziil melyik ter-
jeszthet6 ki differencidlhatéan az egész G/ H faktortéren értelmezett globdlis
szeléssé. Ha az expm sokasdg képe egy o : G/H — G globélis szelésnek
ekkor a G csoport minden g eleme egyértelmiien el6éllithaté egy g = mh
szorzatként, ahol m € expm és h € H. Tovabba m nem tartalmaz olyan
elemet, mely eleme Ady h-nak valamely g € G-re.

minden z komplex szamra.
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1.3-ban felsoroljuk az Gsszes 4, 5 és 6-dimenzids nem feloldhaté Lie cso-
portokat. Allftasokat fogalmazunk meg arra vonatkozoan, hogy ezen Lie cso-
portok kozil melyik fordulhat elé egy 3-dimenziés majdnem differencidlhaté
L bal A-loop bal transzliciéi altal topologikusan generdlt csoportjaként.
Megadjuk a lehetséges G csoportok olyan H részcsoportjait, mely az L loop
egységeleme stabilizatordnak vélaszthatd. Eredményeinket a disszertacio 3.
4. 5. 6. és 7. allitasaiban fogalmaztuk meg.

3. Allitas Legyen L egy loop, G az L loop bal transzldcios altal topologikusan
generalt csoport és H az L loop egqységelemének a stabilizdtora G-ben. Ha a G
és a H csoportok a G = Gy X Gy és H = Hy x Hy direkt szorzatok és H; C Gj
1 =1,2, akkor az L loop elddll két loop Ly és Ly direkt szorzataként, ahol az
L; i = 1,2 részloop izomorf egy olyan L} loophoz, melynek a bal transzlicioi
daltal topologikusan generdlt csoportja éppen G; €s aze € L} elem stabilizatora
a H; részcsoport.

Nem létezik olyan 3-dimenzios L bal A-loop, amely eqy 1-dimenzids és eqy
2-dimenzios bal A-loopnak a direkt szorzata és az L bal transzldcioi dltal
topologikusan generdlt csoportja eqy 5 vagy 6-dimenzids Lie csoport.

Topolégiai okokbdl a kovetkezd (G, H) parok nem fordulhatnak el egy majd-
nem differencidlhaté 3-dimenzids L bal A-loop bal transzlaciéi altal generalt
G csoportjaként és az e € L egységelem H stabilizatoraként.

4. Allitds Ha L eqy 0sszefuggo majdnem differencialhato 3-dimenzids bal
A-loop, ekkor a (G, H) pdrok nem lehetnek a kovetkezdk:
a) G = SLy(C) és H € {Uy, Uy} illetve G = PSLy(C) és H az Uy/Zy vagy
az Uy /Zs részcsoport, ahol

U, = {( —(TJZrl)zT) (r gl)w ) 22+ (P2 = Dw|? = 1}.
b) G lokdlisan izomorf az SO3(R) xR csoporthoz és H tetszéleges 1-dimenzids
részcsoportja G-nek.
c) G az SO3(R) x R3 csoport, mely az dsszefiiggd komponense a 3-dimenzids
euklideszi tér mozgdscsoportjidnak és H elédll az R eqy 2-dimenzids transz-
lacio csoportjanak SO3(R) egy 1-dimenzids rotacid csoportjdval vald félig-
direkt szorzataként.
d) G = SO3(R) x SO3(R), és H tetszdleges 3-dimenzios részcsoportja G-nek.
e) G = SLy(C) és H =W, valamint G = PSLy(C) és H = W,Zy/Zs, ahol

W, = {( eXp((ri_ b)z) exp(—(fi ) > R,z € C}, reR.

A kovetkez6 megéllapitasok olyan G Lie csoportokra vonatkoznak, melyek di-
rekt szorzatai 2 részcsoportnak gy, hogy az egyik faktoruk lokélisan izomorf

4



az. SO3(R) vagy a PSLy(R) Lie csoporthoz. Csoportelméleti eszkozokkel a
kovetkezo eredményeket kapjuk:

5. Allitds Legyen G = Gy x Go egy 3-dimenzids dsszefiiqgé majdnem diffe-
rencidlhato L bal A-loopnak a bal transzldacidi dltal topologikusan generdlt cso-
portja ugy, hogy a G; 1 = 1,2 faktorok kvdzi-eqyszeri Lie csoportok. Ekkor a
kévetkezd esetek lehetségesek: a Gy és a Gy csoport is izomorf PSLqy(R)-hez
és az e € L elemnek a H stabilizdtora vagy a

(i) Hy ={(z,x) | z € PSLy(R)}
vagy a
.. a b1 a b2
(ZZ) Hy = 0 a! s 0 a-l sa > 0, bi,b € R
részcsoport.

6. Allitds Legyen G = Gy x Gs egy 3-dimenzids dsszefiqgé majdnem diffe-
rencidlhato L bal A-loopnak a bal transzldacidi dltal topologikusan generdlt cso-
portja ugy, hogy a Gy csoport lokdlisan izomorf PSLs(R)-hez vagy SO3(R)-
hez és Gy egy nem trivialis kommutativ Lie csoport. Ekkor a kovetkezo esetek
fordulhatnak eld:

1) L a hiperbolikus sikloopnak egy 1-dimenzids Lie csoporttal valo direkt
szorzata.

2) G izomorf a PSLy(R) x R csoporthoz és H az {(x,p(x))} részcsoport,

b

ahol ¢ egy monomorfizmusa PSLy(R)-nek az { ( (1) 1

,b e R} vagy az

0 at
3) G = PSLy(R) x SO5(R) gy, hogy H = {(x,p(x))}, ahol ¢ egy monomor-
fizmus PSLy(R) egy kompakt részesoportjabol SOy (R)-be.
4) G lokdlisan izomorf a PSLy(R) x R? csoporthoz és

a={((§ 1)) avexl

7. Allitas Legyen G = G1 x Gy egy 3-dimenzios osszefiiggd majdnem
differencidlhato L bal A-loopnak a bal transzldcioi dltal topologikusan generdlt
csoportja ugy, hogy a Gy csoport lokdlisan izomorf egqy 3-dimenzids egqyszeri
Lie csoporthoz és Gy eqy feloldhato nem kommutativ Lie csoport. Ekkor a
kovetkezo esetek fordulhatnak eld:

1) G izomorf a PSLy(R) x Ly csoporthoz, ahol Lo = {ax+b|a>0,b € R}
€s az e € L elem stabilizatora a kovetkezd részcsoportok egyike

(RO ErN) PR

{( a 0 ) ,a > O} 1-dimenzios részcsoportjabol R-be.



(503 ) o)

c) H={(¢(x),x) | x € L3}, ahol ¢ egy monomorfizmus,
2 A) G lokdlisan izomorf a PSLy(R) x Gy csoporthoz, ahol Gy a 3-dimenzids
nem kommutativ nilpotens Lie csoport és az e € L elem stabilizdtora a

H = {((8 Z*“ ) ,g(c+k a,0,1 a)) ,a,b,ceR},

részcesoport, ahol k € R, I € R\{0} adott paraméterek.
2 B) G lokdlisan izomorf a PSLy(R) x Gy csoporthoz, ahol Gy az Lo X R
3-dimenzids Lie csoport és az L loop e egységelemének a stabilizdtora

b 1 0 la
Hl = ( 0 6_0’ ) s O ec'HW 0 ,a,b,CGR s
0 0 1

ahol k.1 adott valos szamok, gy hogy | # 0, vagy

e’ b
Hy = (0 e ¢

a k,l adott valos szamokkal.

2 C) G lokdlisan izomorf a PSLy(R) x Gy direkt szorzathoz, ahol Gy az
a 3-dimenzios feloldhato Lie csoport, melynek pontosan kettéo 1-dimenzios
normdlosztoja van €s

ap 1 c+la c+ka
o= (8 ea)’ 0 1 0 a,bceR Y,
0 0 1

0 1 0 ,a,b,c e R 3,

) 1 c+la c+ka
0 0 1

ahol k,l adott valos szamok.

2 D) G lokdlisan izomorf PSLy(R) x Gy-hdz, ahol Gy az a 3-dimenzids felold-
hato Lie csoport, melynek pontosan eqy 1-dimenzios normadlosztoja van €s az
L loop egységelemének a H stabilizatora a

a 1 c+ka la
<e _a), 0 1 0 |].abecerY kerieRr\{0}
0 e
0 0 1
részcsoport.

2 F) G lokdlisan izomorf a PSLy(R) x Go csoporthoz, ahol Gy lokdlisan



izomorf az euklideszi sik irdnyitdstarto mozgdsainak a csoportjihoz és a H
stabilizdator a kovetkezo alaki:

1 ¢c+ka la O
e b 0 1 00

= (0 e‘“)’ 0 0 1 0 || ®heERy
0o 0 0 1

ahol k € R, | € R\{0}.

Az 1. fejezet egy fontos eredménye:

8. Kovetkezmény Nem létezik az S® vagy a P? kompakt terekhez homeo-
morf globdlis bal A-loop.

A 2. 3. 4. és 5. fejezetekben rendre megvizsgéaljuk az elozo allitasok altal
megengedett G Lie csoportokat és az eddig nem vizsgalt félig-direkt szorza-
tokat. Alkalmazva az osztalyozasi eljarasunkat megmutatjuk, hogy pon-
tosan b osztalya létezik a 3-dimenzids Osszefiiggé majdnem differencidlhatéd
globalis bal A-loopoknak, melyeknek a bal transzlaciéi altal topolégikusan
generalt csoportja nem feloldhaté és jellemezziik a hozzajuk kapcsolodd dif-
ferencidlgeometriai struktirdkat. Az sszes tobbi (G, H) par esetén rendre
bebizonyitjuk, hogy az exponencidlis leképezés altali képe a lehetséges m
reduktiv résztereknek nem terjeszthet6 ki differencidlhatéan az egész G/H
faktortérre. Ugyanis az m reduktiv komplementer vagy tartalmaz olyan e-
lemet, mely konjugalt a h Lie algebra egy eleméhez, vagy létezik olyan g € GG
elem, mely nem egyértelmiien all el6 egy m € expm elem és egy h € H elem
szorzataként.

A 2. fejezetben osztalyozzuk az Gsszes olyan 3-dimenziés majdnem diffe-
rencialhat6 bal A-loopokat, melyeknek a bal transzlacidik altal topologikusan
generalt csoportja egy egyszerti vagy féligegyszerti Lie csoport. A fejezet
legfontosabb eredményeit a kovetkezo tétel foglalja Ossze:

9. Tétel Pontosan eqy C osztdlya létezik a 3-dimenzids dsszefliggd majdnem
differencidlhato bal A-loopoknak gy, hogy a bal transzldciok dltal topologiku-
san generdlt csoportjuk eqy egyszeri wvagy féligeqyszerti Lie csoport. FEzen
osztaly loopjainak bal transzldacior dltal topologikusan generdlt csoportja izo-
morf a PSLy(C) egyszeri Lie csoporthoz és a loopok egységelemének a sta-
bilizatora izomorf SO3(R)-hez. Ennek az osztdlynak minden loopja egy a
valds paraméterrel jellemezhetd. Az L, és L_, (a € R) loopok egy teljes
izomorfia osztdlyt alkotnak, sot ez eqy teljes izotopia osztdly is, mivel ezen



loopok izomorfia osztdlyai megegyeznek az izotopia osztdlyokkal. Jelolje V, a
G/H reduktiv homogén térnek az m, = Th0,(G/H) reduktiv komplementerre
vonatkozo kanonikus konnexicjit. Az L, loop izomorf a V, kanonikus kon-
nexiohoz tartozo geodetikus looppal. A C osztdly egyetlen Bruck loopja a 0
paraméterhez tartozo hiperbolikus térloop Lo. Az Lo differencidlhato sokasdg
1 € G pontbeli my = T1Lg érintdtere merdleges a H = SO3(R) stabilizator
h Lie algebrdjihoz a g Lie algebra Cartan-Killing formdjara vonatkozdéan.
Az Lo loop elemei a hiperbolikus szimmetrikus tér pontjai és a loopszorzds a
kivetkezdképpen adhatd meg x -y = 7. .(y), ahol 7., az e pontot az x-be vivd
hiperbolikus eltolds.

A 3. fejezetben olyan 3-dimenzids Osszefiiggé majdnem differencialhaté bal
A-loopokat vizsgalunk, melyek egy 4-dimenziés nem feloldhaté Lie csoport
differencialhaté szeléseiként allnak el6. Eredményeink a kovetkezok:

10. Tétel Pontosan hdrom Ci, Cy és C3-mal jelolt izotopia osztdlya létezik
az olyan 3-dimenzios sszefliggd majdnem differencidlhato bal A-loopoknak,
melyeknek a bal transzlacioik altal generdlt csoport eqy 4-dimenzios Lie cso-
port. A Cy illetve a Cy osztdly minden loopja elédll eqy a hiperbolikus sikloop-
hoz izomorf loopnak a valos szamok additiv csoportjaval illetve az 1-dimenzios
ortogonalis csoporttal valo direkt szorzataként. Ezek a loopok differencidlhato
Bruck loopok. A Cy osztdly loopjainak a bal transzldcioi dltal topologikusan
generdlt csoportja izomorf a PSLy(R) x R Lie csoporthoz, mig a Cy osztdly
loopjainak a bal transzldcioi dltal topologikusan generdlt csoportja izomorf
a PSLy(R) x SO9(R) Lie csoporthoz. Ezen loopok egységelemének a stabi-
lizatora izomorf SOz (R)-hez. A C3 osztdlyba izomorfia erejéig csak az SOo(R)
ortogondlis csoportnak a hiperbolikus sikloop dltali L Scheerer kiterjesztése
tartozik. Ez a loop eqy 3-dimenzics differencidlhato Bol loop. Az L loop bal
transzlacioi dltal topologikusan generdlt csoportja a PSLy(R) x SO9(R) Lie
csoport €s az egységelemének a stabilizatora a H = {(x, p(z)) | z € SO5(R)}
csoport, ahol ¢ eqy monomorfizmus.

A 4. fejezetben keresve az 0Osszes olyan 3-dimenzids bal A-loopokat,
melyeknek a bal transzlaciéi altal topologikusan generalt csoport egy 5-
dimenziés nem feloldhaté Lie csoport a kovetkezo tételt bizonyitjuk be:

11. Tétel Nem létezik olyan 3-dimenzios majdnem differencidalhato globalis
bal A-loop, melynek a bal transzlacioi dltal topologikusan generdlt csoportja
5-dimenzios nem feloldhato Lie csoport.

Végezetiil az 5. fejezetben meghatarozzuk az Osszes olyan 3-dimenzids
osszefiiggd majdnem differencialhato bal A-loopokat, melyeknek a bal transz-
laciéi altal topologikusan generalt csoport egy 6-dimenzids nem féligegyszert



és nem feloldhato Lie csoport. A lehetséges m reduktiv komplementerek ex-
ponencidlis képének globdlis bedgyazhatosagat vizsgdlva kapjuk a kovetkezo
osztéalyozasi tételt:

12. Tétel: Pontosan két izomorfia osztalya létezik a 3-dimenzids 6sszefiggo
magjdnem differencidlhato bal A-loopoknak 6-dimenzids nem féligegyszeri €s
nem feloldhato bal transzldacio csoporttal és ezek az izomorfia osztdlyok meg-
egyeznek az izotopia osztdlyokkal.

Tovabbd ezen loopok bal transzldcior daltal topologikusan generalt csoportja
a G = PSLy(R) x R® Lie csoport, ahol a PSLy(R) csoport hatdsa R*-on
éppen PSLs(R) adjugdlt hatdsa az sla(R) Lie algebrdn és a loopok egységele-
mének a H stabilizdtora a

cost sint —r vy '
{(i<—sint cost)’( y x)>’t€[0’2ﬂ)=$7y€R}

részcsoport. Ezen loopok mindegyike két valos (a,b) paraméterrel jellemezhe-
téek. Az egyik izomorfia osztdalyba a (b1,0), by € R paraméterekhez tar-
tozo Ly, o Bruck loopok tartoznak és az Loo = ﬁo pszeudo-euklideszi térloop
valaszthato ezen osztdlyok reprezentdlojaként. A mdasik izomorfia osztdly az
Ly, by, ba # 0 bal A-loopokbdl dall és reprezentaldjaként az Lo; = ﬁl loop
vdlaszthaté. A Lo és az Ly loopok az E(2,1) pszeudo-euklideszi affin téren
realizalhatok, hiszen a bal transzlacioik dltal topologikusan generdlt csoport
az 0sszefiiggd komponense a pseudo-euklideszi mozgasok csoportjanak. FEzen
loopok elemei a pszeudo-euklideszi tér azon sikjai, melyeken az euklideszi
norma van bevezetve, viszont a bal transzlaciojuk halmazai kilonbozdek. Az
Lo illetve az Ly loop izomorf az E(2,1) pszeudo-euklideszi térbeli myo =
Ti[60(G/H)] illetve my; = T1[61(G/H)| reduktiv komplementerre és a Vg
illetve a V1 kanonikus konnexiora vonatkozo geodetikus loophoz.



Introduction

An impotant characteristic of commutative groups G is the fact that their
commutators (ba) 'ab for all a,b € G are the identity of G. But this fact
depends strongly on the associative law. For loops which are structures with a
binary multiplication having up to associativity the same properties as groups
this behaviour changes radically. This observation leat to a broader research
of loops L in which the mapping x — [(ba)~*(a(bz))] is an automorphism of
L (cf. [4], [2]). These loops have been called left A-loops.

According to [29] we treat the almost differentiable left A-loops as images
of global differentiable sharply transitive sections ¢ : G/H — G for a Lie
group G such that the subset o(G/H) is invariant under the conjugation
with the elements of H. Here GG denote the group topologically generated by
the left translations {\,,z € L} of L and H is the stabilizer of the identity
of L in G.

In case of a left A-loop L the tangential space m = Tyo(G/H) of the
image of the section o at 1 € GG can be provided with a binary and a ternary
multiplication and yields a Lie triple algebra (cf. [36], [19], Definition 7.1,
p. 173). Since the Lie triple algebras correspond to affine reductive spaces,
which are essential objects in the main stream of differential geometry (cf.
[23], [12]), there is a strong connection between the theory of differential left
A-loops and the theory of affine reductive homogeneous spaces (cf. [20]). In
particular the theory of connected differentiable Bruck loops ( which form a
subclass of the class of left A-loops) is essentially the theory of affine symmet-
ric spaces (cf. [29], Section 11). Moreover every almost differentiable strongly
left alternative local left A-loop L is a geodesic local loop of the canonical
connection V of the reductive homogeneous space G/H corresponding to L
(cf. [29], Proposition 5.21, p. 76).

The smallest connected almost differentiable non-associative left A-loops
are realized on 2-dimensional manifolds. There exist precisely two isotopism
classes of 2-dimensional global left A-loops. In the one class lies only the
hyperbolic plane loop which is related to the hyperbolic symmetric plane (cf.
[29], Section 22). As a representative L of the other isotopism class may
be chosen the 2-dimensional Bruck loop which is realized on the pseudo-
euclidean affine plane E such that the group topologically generated by its
left translations is the connected component of the group of pseudo-euclidean
motions and the elements of L are the lines of positive slope in E (cf. [29],
Section 25).

Our aim in this paper is to classify the 3-dimensional connected almost
differentiable global left A-loops, which have a non-solvable Lie group as the
group topologically generated by their left translations.
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In contrast to local almost differentiable left A-loop, which can be repre-
sented as local sections in non-solvable Lie groups G we will show that there
are only five classes of global almost differentiable left A-loops with G as the
group topologically generated by the left translations. These left A-loops are
in strong relation to geometries on 3-dimensional manifolds.

Using the present theory of almost differentiable left A-loops it is not
difficult to prove that G is four, five or six dimensional. First we classify
the 3-dimensional reductive spaces G/H, this means we determine all com-
plements m of the Lie algebra h of H in the Lie algebra g of G such that
m generates g and satisfies the relation [h,m] C m. Such a complement is
called reductive. For every strongly left alternative left A-loop the exponen-
tial image of the tangential space m = Tyo(G/H) is contained in o(G/H).
Hence the exponential image of a reductive complement m defines a local
differentiable section o : G/H — G. Then we investigate which of these
local sections can be extended to a global one. The submanifold exp m can
be extended to a global section if and only if exp m forms a system of repre-
sentatives for the cosets {zH| z € G} in G and expm does not contain any
element conjugate to an element of H.

1 Left A-loops and geodesic loops

In this section we collect notions, tools and results, which we use in the later
investigation.

1.1 A set L with a binary operation (z,y) — z -y is called a loop if there
exists an element e € L such that z = e-2 = x-e holds for all z € L and the
equations a -y = b and x - a = b have precisely one solution which we denote
by y = a\b and x = b/a. The left translation A\, : y — a-y: L — Lis a
bijection of L for any a € L.

A loop is called a left A-loop if each mapping A, , = )\;yl)\x)\y : L — L is an
automorphism of L.

The connection among loops and sharply transitive sections in groups is
decribed as follows: Let G be the group generated by the left translations
of a loop L and let H be the stabilizer of e € L in the group G. The left
translations of L form a subset of G acting on the cosets {x H;x € G} such
that for any given cosets aH,bH there exists precisely one left translation A\,
with \,aH = bH.

Conversely let G be a group, H be a subgroup containing no normal non-
trivial subgroup of G and ¢ : G/H — G be a section such that o satisfies
the following conditions:

1. The image o(G/H) forms a subset of G with o(H) =1 € G.

11



2. 0(G/H) generates G.
3. o(G/H) acts sharply transitively on the space G/H of the left cosets
{zH,z € G}, i.e. toany xH,yH there exists precisely one z € o(G/H) with
zeH = yH (cf. [29], p. 18).
Then the multiplication on the factor space G/H defined by zH x yH =
o(xH)yH yields a loop L(c). This loop is a left A-loop if and only if the
subset o(G/H) is invariant under the conjugation with the elements of H.
If L is a connected almost differentiable left A-loop, then the group G
topologically generated by the left translations of L is a connected Lie group
(cf. [26]; [29], Proposition 5.20. p. 75), the stabilizer H of e € L is a
connected subgroup of G containing no non-trivial normal subgroup of G
and we may describe L by a differentiable section o. Hence in this work
we investigate sharply transitive differentiable sections in Lie groups using
methods of differential geometry and Lie theory. Let (g,[.,.]) be the Lie
algebra of (G. Denote by h the Lie algebra of the stabilizer H of e € L
in G and by m = Ty0(G/H) the tangent space at 1 € G of the image of
the section o : G/H — G corresponding to the left A-loop L. Then the
tangential object m of L is a complement to h, generates g and satisfies
the relation ad(h)m C m (cf. [29], Proposition 5.20. p. 75). This means
the homogeneous space GG/H is reductive with respect to the subspace m
(cf. [30] Chapter II, p. 41; [23] Vol II, p. 190). The subspace m with the
binary operation (X,Y) € m xm — [X,Y],, € m and the ternary operation
(X,Y,Z) e mxmxm — [[X,Y]n, Z] € myields a Lie triple algebra and the
Lie algebra g is isomorphic to its standard enveloping Lie algebra. If a Lie

triple algebra is n-dimensional then the dimension of its standard enveloping
: : n(n —1)
Lie algebra is at most n + ——=.

We want to classify all 3-dimensional connected left A-loops, which are
given as differentiable sharply transitive sections ¢ in a non-solvable Lie group
G such that expTio(G/H) C o(G/H). For the classification we proceed in
the following way:

1) We consider all non-solvable Lie groups G with 4 < dim G' < 6 and every
subgroup H of G with dim H = dim G — 3.

2) We determine all complements m to h in g with the properties m generates
g, g=m®h, and [h,m|] C m. Such a complement is called reductive.

3) We compute the exponential image of these complements m. Every exp m
is the image of a local section ¢ : G/H — G and yields a local loop L.

To do it we have to determine the fundamental formula for the exponential
function of the Lie algebras sl3(R), slo(C), sus(C). The fundamental formula
of exp : sla(R) — SLy(R) is given in [13]. In 1.2 we generalize this result
and we give the explicite form for the exponential function of sl3(C) as well

12



as of suy(C). The fundamental formula of exp : sl3(C) — SLy(C) is:
exp X =C(k(X)) I +S(k(X)) X,

where k(X)) denotes the complex Cartan-Killing form of the element X €
inh
sla(C), C(z) = cosh y/z, S(z) = s1n\/_\/5 for all z € C.

z
4) Finally we investigate which of the local sections can be extended to a

global one.
If expm is the image of a global section o : G/H — G then every element
g € G can be uniquely represented as a product ¢ = mh with m € expm
and h € H and m does not contain any element of Ad,h for some g € G.
In 1.3 we list all 4, 5 and 6-dimensional non-solvable Lie groups. Using
topological and group theoretical tools we discuss which of these Lie groups
can be occur as the group G topologically generated by the left translations
of a 3-dimensional almost differentiable left A-loop L. We give also the
corresponding subgroup H, which can be chosen as the stabilizer of e € L
in G. Our results are summarized in Propositions 3. 4. 5. 6. and 7. of the
dissertation.
An impotant result of this section is

Corollary 1. There is no global left A-loop L homeomorphic to the compact
space S® or P3.

In the sections 2, 3,4, 5 using our classification process we prove that there
are only 5 classes of 3-dimensional connected almost differentiable global
left A-loops with non-solvable left translation groups and we describe the
differential geometric structures associated naturally with them.

2 Left A-loops as sections in semisimple Lie
groups

In this section we classify all 3-dimensional connected strongly left alternative
almost differentiable left A-loops having semisimple Lie groups as their left
translation groups.

If G is a direct product of quasi-simple Lie groups according to Proposition
5 it is sufficient to consider the following two cases:

1) G= PSLy(R) x PSLy(R) and Hy = {(x,x) | * € PSLy(R)}.

2) G= PSLy(R) x PSLy(R) and Hs has the form

a b a b
HQZ{((O all)’(() a21>>;a>0,b1,b2eR}.
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Now let G be locally isomorphic to the group PSLy(C). According to ( [1],
pp. 273-278) there are 4 conjugacy classes of the 3-dimensional subgroups of
G = SLy(C), which we denote by W,, Uy, U; and SUy(C). We know from
Proposition 4 that there is no 3-dimensional almost differentiable left A-loop
L such that the group G topologically generated by the left translations of L
is the group S Ly(C) and the stabilizer H of e € L in G is one of the subgroups
Uo, Ul, W,« or GG is the group PSLQ(C) and H is Uo/ZQ, Ul/ZQ, W,«ZQ/ZQ.
Since SU,(C) contains central elements # 1 of SLy(C) we have to discuss
the following case

3) G is isomorphic to PSLy(C) and H is isomorphic to SO3(R).

Now we deal with the case 1). Any reductive complement m to the Lie
algebra hy of H; in g = sl3(R) & slo(R) has the form
m = {(X,\X); X € sl5(R)},
where A € R\{0, 1}. We prove that the section ¢ : G/H — G such that
expm = {(exp X, (exp X)*); X € sly(R)}
is contained in o(G/H) is not sharply transitive. Therefore there is no left
A-loop corresponding to this section o.

Considering the case 2) we verify that there is no reductive complement m
to the Lie algebra hy in g = sl3(R) @ slo(R). This means there is no left
A-loop belonging to the pair (G, Hs).

In the third case the coset space G/H is a Riemannian manifold homeo-
morphic to R®. According to 1.2 let {K,T,U,iK,iT,iU} be a real basis of
g = slo(C). The Lie algebra of the stabilizer H is h = (U,iT,iK), and for
all @ € R we obtain a 3-dimensional complement

m=m, = (T + aiT,iU — aU, K + aiK),

with the properties g = m @ h, [h, m| C m and m generates g.

Our investigation shows that the loops L, such that T} L, = m, are global
left A-loops, and there is a strong connection between these global left A-
loops L,, a € R and the hyperbolic geometry. The group topologically
generated by the left translations of every loop L, is the connected component
of the group of the hyperbolic motions. These loops are realized on the 3-
dimensional hyperbolic space Hs, such that the elements of L, are the points
of Hs. Denote by V, the canonical connection of the reductive homogeneous
space G/H belonging to the subspace m,. The geodesics through e € L,
with respect to V,, a € R are independ from the parameter a and there
are unique geodesics joining e with any other points x € L,. Therefore the
multiplication of L, is given by

THxY = €XPy Tex expe_l(y),
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where 7., is the parallel translation, which depends from the parameter a.
Main results of this section are summarized as follows:

Theorem 9.  There is a class C of the 3-dimensional connected almost
differentiable left A-loops L such that the group G generated by the left trans-
lations {\;;x € L} is a semisimple Lie group. The group G is isomorphic to
PSLy(C) and the stabilizer H of e € L in G is isomorphic to SO3(R).

Any loop in this class C can be represented by a real parameter a. The loops
Ly and L_, form a full isomorphism class, which is even a full isotopism
class too. In C only the hyperbolic space loop Lo is a Bruck loop. This
loop Lg s realized on the hyperbolic symmetric space by the multiplication
Ty = Teu(y), where 7., is the hyperbolic translation moving e onto x. The
tangent space T1A of the set A of the left translations of the loop Ly at the
identity 1 € G is the plane mq through 0 in the Lie algebra g of G such
that mg is orthogonal to the 3-dimensional Lie algebra h of H with respect
to the Cartan-Killing form of g. Any loop L, with a > 0 is isomorphic to
the geodesic loop of the reductive homogeneous space G /H with respect to the
reductive complement m, = Ti[o,(G/H)| and the corresponding canonical
variant connection V.

3 3-dimensional left A-loops corresponding
to 4-dimensional non-solvable Lie groups

In this section we deal with 3-dimensional connected almost differentiable
global left A-loops L having a 4-dimensional non-solvable Lie group G as the
group topologically generated by their left translations.

According to Proposition 6 we have to investigate the cases
(i) G is isomorphic to PSLy(R) x R and H = {(z,¢(x))}, where ¢ is

)
a monomorphism from the 1-dimensional subgroup {( (1) ll) ) b e R} or

from {( 8 271 ) La > O} of PSLy(R) onto R.
(i) G = PSL2(R) x SO2(R) such that H = {(z,¢(x))}, where ¢ is a

monomorphism from a maximal compact subgroup of PSLy(R) onto SO5(R).

We prove that the Lie algebra g = a @ b, where a is isomorphic to sla(R)
and b is the 1-dimensional Lie algebra, is reductive with a subalgebra h not
contained in a and a 3-dimensional complementary subspace m generating
g if one of the following cases occurs:
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(i) h = ((K,e4)) and m, = ((U,0), (T,0), (aK, (1+a)es)), where a € R\{—1}
(ii) h = ((U 4+ T,2¢4)) and m, = ((U 4+ T,0), (K,0), (U, 2bey)), where

b e R\{0}

(i) h = (U, e4)) and m, = ((K,0),(T,0), (cU, (1 + ¢)ey)), where

ce R\{-1}.

Here is K = ((1) _?),Uz(_? é),T: <(1) (1)) is a real basis of
slo(R) and ey is the basis element of b.

We verify that in the case (i), moreover for all b > 0 in the case (ii) and
for all ¢ < —1 in the case (iii) the subspaces m contain elements, which are
conjugate to elements of the corresponding Lie algebra h. Our computation
shows that for all b < 0 the element g = (£I,67b) of G = PSLy(R) X
R can be represented in two different way as the product ¢ = mh with
m € expm, and h € H, and for all ¢ > —1, ¢ # 0 the element g =

k k
cos — sin —
+7, f f of G = PSLy(R) x SO3(R), where k € Z such
—sin— cos—
& &

that k& > \/47%(1 + ¢)? can be written in two different way as the product
g=m h with m € expm, and h € H.

Only for the parameter ¢ = 0 we obtain a global left A-loop Ly which is also
a global Bol loop. This loop Lg is the unique Scheerer extension of the Lie
group SO5(R) by the hyperbolic plane loop (cf. [29], Section 2).
Summarizing our discussion we have:

Theorem 10. There are precisely three isotopism classes Cy, Co, C3 of
connected almost differentiable left A-loops with dimension 3 such that the
group G topologically generated by their left translations is a 4-dimensional
non-solvable Lie group.

FEvery loop in the class Cy, respectively Cy 1s the direct product of a 2-dimensio-
nal loop isomorphic to the hyperbolic plane loop with the Lie group R, respec-
tively SO2(R). These loops are differentiable Bruck loops. In the first class
the group G is isomorphic to PSLy(R) x R, in the second class the group G
is isomorphic to PSLy(R) x SOy(R) and in both classes the stabilizer of the
identity of these loops is isomorphic to SO(R).

In the class C3 is contained up to isomorphisms only the Scheerer exten-
sion L of the Lie group SO5(R) by the hyperbolic plane loop. The group
G topologically generated by the left translations of L is the direct prod-
uct PSLy(R) x SOy(R) and the stabilizer H of e € L in G is the group
H={(z,0(x)) | z € SO3(R)}, where ¢ is a monomorphism from a compact
subgroup of PSLy(R) onto SO(R).
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4 3-dimensional left A-loops belonging to
5-dimensional non-solvable Lie groups

In this section we determine the 3-dimensional connected almost differen-
tiable global left A-loops having a 5-dimensional non-solvable Lie group G
as the group topologically generated by the left translations of L.

According to Propositions 6 and 7 we have to investigate the following cases:
1) G is locally isomorphic to PSLy(R) x R? and H is locally isomorphic to

{(5 2)e)arerl

2) G = PSLy(R) x Ly and

a)H§{((gz afjl),(g a(_)1>>,a>0,bE]R}
wars{((5 2).(1 5 ))eses)

c) H = {(p(x),x)|r € Lo}, where ¢ is a monomorphism from L, onto a
2-dimensional subgroup of PSLy(R),

3) G is locally isomorphic to the semidirect product PSLy(R) x R?, which is
the connected component of the group for area preserving affinities of R2.

In the cases 1, 2 we prove that there is no proper subspaces m such that
m generates the Lie algebra g and for m the relations g = m @ h, and
[h, m| C m holds.

In the third case we show that there are 3 conjugacy classes of 2-dimensional
subgroups H of G containing no non-trivial normal subgroup of G. Moreover,
we prove that only in the case

1 w 0

H = 0 a 0 ;a € R\{0},ueR

0 0 at
exists a unique reductive complement m to the Lie algebra h of H in g.
Since this 2-dimensional connected subgroup H contains a 1-dimensional
translation group and m contains elements corresponding to translations the
submanifold exp m contains elements conjugate to elements of H.
This consideration yields the following

Theorem 11. There is no 3-dimensional connected almost differentiable
global left A-loop L having a 5-dimensional non-solvable Lie group as the
group topologically generated by its left translations.
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5 3-dimensional left A-loops with
6-dimensional non-solvable Lie groups

This section is devoted to study of the non-solvable and non-semisimple Lie
groups with dimensional 6 and to seek for all 3-dimensional connected almost
differentiable left A-loops such that the group topologically generated by their
left translations is one of these Lie groups.

According to the Propositions 6 and 7 we have to discuss the cases 2 A, 2 B,
2 C, 2D, 2F in the Proposition 7 and the cases that

a) G is locally isomorphic to PSLy(R) x R?,

) G is the group PG Lo (R)x R?, which is the group for orientation preserving
affinities of R2,

7v) G is locally isomorphic to SO3(R) x R?, which is the connected component
of the euclidean motion group of R3.

We consider the Lie algebras g of G and the corresponding Lie algebras h of
H in the cases 2A, 2B, 2C, 2D and 2F. We verify that there are no reductive
complements m to h in g in these cases. Hence there is no 3-dimensional
almost differentiable left A-loop such that the group topologically generated
by its left translations is the direct product G = G; x G5, where G; =
PSLy(R) and G is one of the 3-dimensional solvable non-abelian Lie groups.

Now we deal with the case that G = PSLy(R) x R3. We verify that there are
6 conjugacy classes of 3-dimensional subgroups H of G containing no normal
non-trivial subgroup of G. We prove that only in the case

_ cost sint -z Yy )
p={( () (7 ) )irepaner)

we obtain global almost differentiable left A-loops.
For all by,b; € R we obtain a reductive complement m to h in g which
has the following shape

m = my, 5, = (€1, €2 + bieg + baes, €3 — baeg + bres),

where {e;,7 = 1,...,6} is a real basis of the Lie algebra g = sly(R) x R3.
We prove that the loops Ly, 4, corresponding to the complements my, ;, form
two isomorphism classes which are also the isotopism classes of these loops.
Since the loop f/o belonging to the complement mgo can be chosen as a
representative of the one isomorphism class and the loop Ly belonging to
the complement mg; as a representative of the other isomorphism class we
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compute the exponential image of the subspaces mg o and mg ;. We show that
each element g € GG can be uniquely represented as a product g = mh with
m € expmyy respectively m € expmg; and h € H and the submanifolds
expmy and exp my; operate sharply transitively on G/H. Therefore we see
that exp mg and expmy; are images of global sharply transitive sections oy
and o1 such that UO(G/H) = expmy and 01(G/H) = expmg ;. Hence the
loops Lo and L; are 3-dimensional global almost differentiable left A-loops.

In the case (3) we can identify the group G as the group of matrices

1
g(u,v,a,b,c,d)=| 0 su,v,a,b,c,d € R, ad — be > 0
0

o 9 =
Qo

First we determine the conjugacy classes of the 3-dimensional subgroups H of

G, such that H does not contain any non-trivial normal subgroup of G. We

prove that there are precisely 6 conjugacy classes with the above conditions.

Looking for reductive subspaces in these cases we obtain that only in the
case

1 u

H= 0 a

0 0

there is a unique proper subspace such that [h, m| C m. But this complement

contains an element which is conjugate to an element of h. Therefore there is

no 3-dimensional almost differentiable left A-loop corresponding to the group
PGL,y(R) x R?,

0
0],a>0,¢>0, ueR
c

Now we consider the case that G is locally isomorphic to SO3(R) x R?. Since
there exist precisely two conjugacy classes of the 3-dimensional subgroups H
of G containing no non-trivial normal subgroup of GG according to Proposition
4 ¢) in section 1 we have to discuss only the case that

H ={(a,0),a € SO3(R)}.

In this case we verify that there is precisely one class of the reductive com-
plements m to h in g, which depends on a parameter a € R\{0}. Moreover
we prove that every loop L, belonging to the complement m, is isomorphic
to the loop L; corresponding to the complement m;. Since we find elements
of the Lie group G, which cannot be uniquely represented as a product of
m € expm; and h € H, the loop L; is not global 3-dimensional left A-loop.
Hence there is no global 3-dimensional left A-loop as section in the group
SOg(R) x R3.

The main results we formulate in the following theorem:
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Theorem 12.  There is only one class C of the 3-dimensional connected
almost differentiable left A-loops L such that the group G topologically gen-
erated by the left translations {\;;x € L} is a 6-dimensional non-semisimple
and non-solvable Lie group. The group G is isomorphic to the semidirect
product PSLy(R) x R3, where the action of PSLy(R) on R3 is the adjoint
action of PSLy(R) on its Lie algebra, and the stabilizer of the identity of the
loops in C is the 3-dimensional subgroup of G

cost sint —-r Yy '
{(i<—sint cost)’( y x)>’te[0>2ﬂ)a$;y€R}.

Any loop in the class C can be characterized by two real parameters a,b and
form precisely two isomorphism classes which are the isotopism classes too.
In the one isomorphism class are the Bruck loops Ly, o, by € R and the
pseudo-euclidean space loop Loy = Lo may be chosen as a representative of
this isomorphism class. The other isomorphism class consists of left A-loops
Ly, », with by # 0 has as a representative the loop Lo, = I:l. The loops io
and Ly are realized on the pseudo-euclidean affine space E(2,1) such that
the group topologically generated by their left translations is the connected
component of the group of pseudo-euclidean motions. The elements of these
loops are the planes on which the euclidean metric is induced, but the sets
of left translations differ. Both loops are isomorphic to the geodesic loops
of the pseudo-euclidean space G/H = FE(2,1) with respect to the reductive
complements my; = T1[6;(G/H)] and the corresponding canonical invariant
connection V; fori=10,1.

20



References

1]

2]

3]

T. Asoh, On smooth SL(2, C) actions on 3-manifolds, Osaka J. Math.
24 (1987), 271-298.

V. D. Belousov, Foundations of the Theory of Quasigroups and Loops,
(Russian), Izdat. Nauka, Moscow, 1976.

W. Benz, Geometrische transformationen unter besonderer Bertucksich-
tigung der Lorenztransformationen, BI Wissenschaftverlag Mannheim,
Leipzig, Wien, Ziirich 1992.

R. H. Bruck and Lowell J. Paige, Loops whose inner mappings are au-
tomorphisms, Annals of Math. 63, Nr 2. (1956), 308-323.

W. Fenchel, FElementary geometry in hyperbolic space, Walter de
Gruyter, Berlin, New York 1989.

A. Figula, Geodesic loops, Journal of Lie Theory, 10 (2000), 455-461.

A. Figula, 3-dimensional Bol loops as sections in mon-solvable Lie
groups, accepted for publication in Forum Math.

A. Figula, 3-dimensional loops on non-solvable reductive spaces, ac-
cepted for publication in Advances in Geometry.

H. Freudenthal and H. de Vries, Linear Lie Groups, Academic Press,
New York 1970.

O. Giering, Vorlesungen uber hohere Geometrie, Friedr. Vieweg, Braun-
schweig, Wiesbaden 1982.

M. Hausner and J.T. Schwarz, Lie Groups Lie Algebras, Notes on Math-
ematics and Its Applications, Gordon and Breach Science Publishers,
New York 1968.

S. Helgason, Differential Geometry and Symmetric Spaces, Academic
Press, New York 1962.

J. Hilgert and K. H. Hofmann, Old and new on SL(2), Manuscr. Math.
54 (1985), 17-52.

J. Hilgert and K. H. Neeb, Lie-Gruppen und Lie-algebren, Friedr.
Vieweg, Braunschweig, Wiesbaden 1991.

21



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

K. Iwasawa, On some types of topological groups, Ann. Math. 50 (1949),
507-558.

N. Jacobson, Lie algebras, Wiley Interscience Publishers, New York
1962.

F.S. Kerdman, Moufang loops in the large (Russian). Algebra i Logika
18 (1979), 523-555.

H. Kiechle, Theory of K-Loops, Lecture Notes in Mathematics. 1778.
Springer-Verlag, Berlin, 2002.

M. Kikkawa, Geometry of homogeneus Lie loops, Hiroshima Math. J. 5
(1975) no. 2, 141-179.

M. Kikkawa, On locally reductive spaces and tangent algebras, Mem. Fac.
Lit. Sci. Shiname Univ. Nat. Sci. 5 (1972), 1-13.

M. Kikkawa, Geometry of homogeneous left Lie loops and tangent Lie
triple algebras, Mem. Fac. Sci. Engr. Shiname Univ. 32, (1999), 57-68.

F. Klein, Vorlesungen dber nicht-euklidische Geometrie, Die
Grundlehren der mathematischen Wissenschaften, Verlag von Julius
Springer, 1928.

S. Kobayashi and K. Nomizu, Foundations of differential geometry, Vol
I and Vol II, Wiley Interscience Publishers, New York, London, Sydney
1963, 1969.

E.N. Kuz’'min, The connection between Malcev algebras and analytic Mo-
ufang loops (Russian). Algebra i Logika 10 (1971), no.1, 3-22.

O. Loos, Symmetric Spaces, Vol I and Vol II. Benjamin, New York 1969,
1970.

P. O. Mikheev and L. V. Sabinin, Quasigroups and Differential Geom-
etry, Chapter XII in Quasigroups and Loops:Theory and Applications
(O. Chein, H.O. Pflugfelder and J.D.H. Smith), Sigma Series in Pure
Math. 8, Heldermann-Verlag, Berlin, 1990, 357-430.

D. Montgomery and L. Zippin, Topological Transformation Groups, Wi-
ley Interscience Publishers, New York 1955

P.T. Nagy, Fxtension of local loop isomorphism, Monatsh. Math. 112
(1991), 221-225.

22



[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

P.T. Nagy and K. Strambach, Loops in groups theory and Lie theory, de
Gruyter Expositions in Mathematics. 35. Berlin, New York, 2002.

K. Nomizu, Invariant affine connections on homogeneous spaces, Amer.
J. Math. 76 (1954), 33-65.

L.V. Sabinin, Smooth quasigroups and loops, Math. Appl. 492, Kluwer
Academic Publishers, Dordrecht 1999.

H. Salzmann, Zur Klassifikation topologischer Ebenen, 11I. Abh. Math.
Sem. Univ. Hamburg. 28 (1965), 250-261.

H. Salzmann, Kompakte Ebenen mit einfacher Kollineationsgruppe,
Arch. Math. 13, (1962), 98-1009.

H. Salzmann, D. Betten, T. Grundhofer, H. Hahl, R. Lowen, and M.
Stroppel, Compact projective planes, Walter de Gruyter, Berlin, New
York 1995.

J. Tits, Liesche Gruppen und Algebren, Hochschultext, Springer-Verlag,
Berlin, Heidelberg, New York, Tokyo 1983.

K. Yamaguti, On the Lie triple systems and its generalization, J. Sci.
Hiroshima Univ. A, 21 (1958), 155-160.

J.A. Wolf, Spaces of constant curvature, McGraw-Hill, New York 1967.

23



List of papers of the author
A. Figula, Geodesic loops, Journal of Lie Theory, 10 (2000), 455-461.

A. Figula, 3-dimensional Bol loops corresponding to non-solvable Lie groups,
Ph.D. thesis, University of Erlangen-Niirnberg, (2003), 1-62.

A. Figula, 3-dimensional Bol loops as sections in non-solvable Lie groups,
accepted for publication in Forum Math.

A. Figula, 3-dimensional loops on non-solvable reductive spaces, accepted for
publication in Advances in Geometry.

A. Figula and K. Strambach, Affine extensions of loops, submitted for pub-
lication in Abh. Math. Sem. Univ. Hamburg.
List of conference talks of the author

1. A, Figula, 3-dimensionale links A-Loops, Seminar of Sophus Lie,
Greifswald, 2001. janius 15-16.

2. A. Figula, Dreidimensionale links A-Loops, deren Linkstranslationen eine
halbeinfache Liegruppe erzeugen, Gruppen und topologischen Gruppen,
Wien, 2001. szeptember 20-22.

3. A. Figula, 3-dimensionale Bol Loops, 29. Arbeitstagung iiber Algebra und
Geometrie, Berlin, 2002. februar 17-22.

4. A. Figula, 3-dimenzios Bol loopok osztdlyozdsa, Debrecen-Szeged Geomet-
riai Hétvége, Szeged, 2002. marcius 22-24.

5. A. Figula, Geodesic Bol loops on non-euclidean spaces, Janos Bolyai Con-
ference on Hyperbolic Geometry, Budapest, 2002. jilius 8-12.

24



