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ARTICLE INFO ABSTRACT

Keywords: This study aims to investigate a numerical scheme based on etics, Riphah Internatxtended cubic B-spline
Nonlinear gas dynamics equation functions for solving the nonlinear gas dynamics equation, which plays a crucial role in the study of physical
Finite difference formulation phenomena such as explosions, combustion, detonation and condensation within moving flows. The standard

Extended cubic B-spline functions
Stability
Convergence analysis

finite difference formulation has been employed to approximate the time derivative, while the solution curve
in spatial direction is interpolated using extended cubic B-spline functions. A comprehensive stability analysis
of the scheme is provided to ensure that errors do not propagate over time. Additionally, a convergence
analysis for cubic B-spline interpolation is conducted to assess the accuracy of the solution. The effectiveness
and efficiency of the proposed method are tested through numerical simulations. The findings indicate that
the proposed technique provides better error estimates compared to other methods discussed in the literature.
The straightforward algorithm, high accuracy and minimal computational efforts are the major advantages
of this approach. Therefore, the proposed method may serve as a promising and efficient alternative for the
numerical solution of nonlinear partial differential equations.

1. Introduction and reductions in drag. It also supports the development of efficient
jet engines, rockets and other propulsion technologies.

The study of motion and energy transfer in compressible media Understanding combustion dynamics is critical for efficient energy
has a rich history and is fundamental to numerous scientific and en- conversion and environmental sustainability. Principles of gas dynam-
gineering applications, ranging from aerospace to energy systems. This ics are applied to investigate combustion phenomena, including flame
discipline explores the fundamental principles that laid the groundwork propagation, d.etonations and fuel injection dynamics in engines and
for understanding the behavior of gases, including the equations of power generation systems.

Moreover, gas dynamics provides valuable insights into atmospheric
motions, weather phenomena and climate modeling. It helps to analyze
the behavior of air masses, the formation of clouds, the development of
storms and the study of atmospheric waves and their effects on weather
patterns.

Additionally, gas dynamics principles are employed in environmen-
tal engineering, pollution dispersion modeling and various industrial

state, conservation laws and the concept of compressible flow. Gas
dynamics, a crucial branch of fluid mechanics, plays a pivotal role in
numerous scientific, engineering and technological domains.

Gas dynamics serves as the foundation for aerospace engineering,
facilitating the design, analysis and optimization of aircraft and space-
craft propulsion systems. By examining the aerodynamics of airfoils,
wings and bodies, gas dynamics contributes to improvements in lift
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processes. It aids in analyzing pollutant transport, designing ventilation
systems, optimizing gas pipeline design and enhancing fluid flow in
industrial applications.

The equations of gas dynamics [1] represent mathematical repre-
sentations rooted in the governing principles of conservation laws, such
as the conservation of mass, momentum and energy. Within the realm
of ideal gas dynamics, nonlinear equations facilitate the modeling of
three distinct types of waves: shock fronts, rarefactions and contact
discontinuities.

This work deals with the following class of nonlinear gas dynamics
equations as

ou(C*, 1) RN L. (S0 NP,
o +av(§*, 1) o pu(C*, )1 —v(™, 1))
= f(¢* 1), a<{*<bh 1 e[0,T], 1.1

supplemented with the following stipulations

v(£",0) = $(C), 1.2

v(@,1*) =y (1), v(b,1*) = (1), 1.3)

where v({*,1*) typically represents the velocity of the gas at position
¢* and time #*, « and p are the coefficients of convection and reaction,
respectively, and f(¢*,1*) represents the source term. For « = 1 and
f =1, Eq. (1.1) reduces to the classical non-homogeneous nonlinear
gas dynamics equation.

The quest for exact, analytical and numerical solutions to gas dy-
namics equations has long attracted significant attention in mathemat-
ical physics, fluid motion and in modeling nonlinear wave phenomena.
Golubyatnikov and Ukrainskii [2] investigated an exact solution using
power series expansions depending on a special time variable, the
form of which characterizes the particular class of motion within
one-dimensional time-dependent gas dynamics. Another exact solution
addressing gas flow in a tube with a piston, governed by the equa-
tions of time-dependent, one-dimensional gas dynamics with plane
waves, was provided by Ukrainskii [3]. A series solution for the non-
linear gas dynamic equation has also been presented using the Aboodh
transform and modified homotopy perturbation method, as reported
in [4]. A semi-analytical implicit direct time integration technique
for addressing a one-dimensional gas dynamic problem formulated in
Lagrangian coordinates was developed in [5]. Meanwhile, the authors
in [6] examined the solution of the model problem employing a semi-
analytical approach known as the homotopy analysis method. Yindoula
et al. [7] employed the Laplace variational iteration method to derive
the analytical solution for the nonlinear equation of gas dynamics. This
method was based on the determination of the Lagrange multiplier.
Edeki et al. [8] investigated an analytical solution to the nonhomoge-
neous gas dynamic model using the successive approximation method.
Kasumo [9] examined the classical gas dynamics equation through a
semi-analytical iterative approach.

Numerical solutions are preferred over analytical ones because they
offer greater flexibility in handling complicated geometries, variable
coefficients and diverse boundary conditions that analytical methods
cannot easily handle. Moreover, an advancement in computational
power allows these methods to produce highly accurate results, making
them more efficient and favorable for practical applications.

Splines are often preferred over other numerical methods because
they provide a continuous, smooth, piecewise approximation to the
data along with continuous derivatives up to a certain degree. Because
splines work piecewise, adjusting the approximation within any inter-
val does not affect the entire region. This property is highly beneficial
for handling sharp or irregular changes in the data. Additionally, these
functions, characterized by their flexibility, smoothness and compact
support, possess remarkable properties that make them well-suited for a
wide range of applications. One significant application lies in computer-
aided geometric design (CAGD), where B-spline curves and surfaces
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play a pivotal role in representing complex shapes and facilitating
smooth parametrization. B-splines serve as a foundation for construct-
ing efficient and accurate numerical algorithms for solving differential
equations, optimization problems, numerical integration, image recon-
struction, data compression, feature extraction, deep learning, machine
learning and computer vision. The application of B-spline functions
demonstrates the immense potential of these functions in tackling chal-
lenging problems across various disciplines, paving the way for further
advancements in mathematical analysis and computational science.

In recent years, B-splines have found extensive application in tra-
jectory planning and control systems, particularly within the fields of
mechatronics and robotics. For instance, [10,11] employed B-splines to
enhance UAV navigation, improving real-time adaptability in cluttered
environments. Additional studies have highlighted the potential of B-
splines in designing path planners for the safe navigation of mobile
robots [12], as well as in modeling the nonlinear dynamics of flexible
robotic arms to achieve greater precision and control [13,14].

Ali and Senu [15] proposed approximate solutions for third-order
linear Volterra and Fredholm integro-differential equations using cubic
B-spline functions combined with the Gauss-Legendre quadrature for-
mula. In [16], the authors developed a numerical solution for a linear
two-point boundary value problem by employing a modified cubic B-
spline basis with the collocation method. Yousafzai et al. [17] presented
a numerical approach using cubic B-spline functions to approximate
the solution of the nonlinear foam-drainage model. Additionally, Latif
et al. [18] investigated a linear two-point boundary value problem
using a novel cubic B-spline approximation technique.

Numerical techniques employed for solving the nonlinear gas dy-
namics equation encompass the variational iteration method, as demon-
strated by Prakash and Kumar [19], the Laplace-Carson transform
combined with the homotopy perturbation method, as presented by
Nadeem and Ali [20], the fourth-order Runge-Kutta (RK-4) method, ex-
amined in [6], the reproducing kernel Hilbert space method, discussed
by Akgul et al. [21], the modified new iterative method, demonstrated
by Iyanda [22], the collocation method with Muntz-Legendre polyno-
mials, introduced by Jebreen and Cattani [23] and the conformable
finite-difference approach, proposed in [24].

While the latest studies have extended the gas dynamics equa-
tion to fractional time derivatives to account for memory effects [25-
271, the classical integer-order form remains fundamental in modeling
many practical systems. Furthermore, efficient numerical methods for
the nonlinear integer-order case are still an active area of research,
especially for complex boundary or initial conditions.

Recent developments in the study of computational solutions to
the gas dynamics equation have served as the primary motivation for
the current research. This article aims to address the nonlinear gas
dynamics equation by combining the finite difference scheme with
the extended cubic B-spline collocation method. The extended cubic
B-spline functions, which encompass a free parameter enabling fine-
tuning of the solution curve, serve as a generalization of cubic B-spline
functions. To discretize the time derivative, the standard finite differ-
ence scheme is utilized while the extended cubic B-spline functions are
employed to interpolate the solution curve along the spatial grid. The
proposed method is analyzed for stability and uniform convergence.
The approximate solutions and the numerical errors are presented and
compared with analytical solutions and the results available in the
literature.

The manuscript is organized as follows: Section 2 provides a concise
overview of the numerical method employed in the study. In Section 3,
the stability analysis of the proposed algorithm is investigated. Sec-
tion 4 presents a detailed description of the theoretical convergence of
the method. The computational results obtained from the implementa-
tion of the method are presented and analyzed in Section 5. Finally,
in Section 6, concluding remarks summarizing the key findings and
implications of the study are presented.
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2. Description of numerical approach

In this section, the derivation of the numerical scheme is presented.

2.1. Temporal discretization

Consider the temporal domain, denoted as [0,7], which is
partitioned into J subintervals represented by [t;‘,tj*H], where j =
0,1,2,...,J. Here, t;‘ corresponds to t;‘ = t(’; + jAr* where Ar*
L denotes the time step size. Using finite difference formulation
combined with §-weighted scheme, Eq. (1.1) can be discretized as [28]
U(C*J;l) (" T;")

Ar*

+0 | a(v@* Mo (CF 1)

j+1
—BU(C* 1) + BUP(CF ) = F(CF 1) ]

i
+(1-0) [a(v(C*, )wge(E*, 1)) = BuC*, 1) + B(0*(C*, 1)) = f(C*,t*)]
=0, j=0,1,2,...7, 2.1)

where 0 < 6 < 1 and the indices j and (j + 1) are successive time levels.
Now, Rubin and Graves formula is used to linearize the nonlinear terms

(0, )0+, ) ! and (02(*,)""" [29]

S T (S ) A (SR L (SN0 B (i LI (s
(AU ()

()™ = 20", 17, DU(E", 1) = 0 £ 1),
(2.2)
Utilizing Eq. (2.2) into Eq. (2.1) results
D)+ Vo5, ) = D 1) + FEE 1), (2.3)
where
D = + b (F, 1) = 0p + 2p0u(C*, 9%

i = afu(e*, ),
I = w + 2a0v,.(C*, 1) = avg (§*, 1) +2B00(C*, 1)) = fu(C*. 1) + P(1 = 6),

F(C*,t;l) = éf(C*,l;‘H) +1- é)f(C*,ff),
and
1
w=—.
At*
Eq. (2.3) is semi discretized form of the proposed problem.

2.2. Spatial discretization

Now, partition the spatial domain [4, b] into T subintervals denoted
by [{,’i*,g“[’;l], where i =0,1,2,..., 7. Here, { = CO* + ih, where h = ?
represents the size of each subinterval.

Let V(¢*,1*) be the extended cubic B-spline approximation that

satisfies the prescribed conditions such that

I+1

V) = ) 6 DB, D, 2.4
i=—1

where 6,-(ti“+l) are time-dependent parameters, to be determined and
E;(¢*, ) are four-degree basis spline functions [30], 4 is a free pa-
rameter which is used to change the shape of the B-spline curve and
—m(m—1) < A < 1, m is the degree of extended cubic B-spline functions.
For 1 = 0, the extended cubic B-spline functions reduce to ordinary
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cubic B-spline functions. The extended cubic B-spline functions can be
expressed as follows

dn(l =D =&, +3A¢ - ¢ )

(4 - Dn* + 1203 = &7 )+ 6022+ D - ¢ ))?
—12n(¢* - ¢r ) = 34" - ¢ ),

573 1@ - Dbt — 1203 - &7 ) + 6072+ D - ¢)?
+120(8" = ¢ P =34 - ¢ Y,

4n(d - 1)(¢* = &) + 30 - ¢,

i

e, 0]
el .ol
el

& elgi g

0, otherwise.

(2.5)

In terms of approximate solution, Eq. (2.3) can be written as

. I+1 . I+1
@ Y 5@ IEC DY Y 565, (EC D),
i=—1 i=—1
. I+1
=10 ) SGHE D+ FE15, ). (2.6)
i=—1

Discretizing Eq. (2.6) along the spatial grid as follows

I+1 I+1
N S R DAY 65, (B D)
i=—1 i=—1
I+1
=1 Y SR, D+ FE ), =012, 1. 2.7)

i=—1

From Egs. (2.4) and (2.5), we obtain

SELSE R D = (e (1L )s + (SR,
S 6@ (B D) = (585 + ()6l
(2.8)

Substituting Eq. (2.8) into Eq. (2.7), we obtain the following set of
equations

platt +alel +ilsl =5, i=0,1,2,...,T, j=0,1,2,....7, (2.9)
where
Y e AP |
= (5ol - 5
16+27, ;
. 4— 7\ . 1.,
v = (7)o + 57
and
I+1

sl =II) Z SUDEE D+ F& oty

i=—1
The system (2.9) comprises a set of (I + 1) equations involving (T + 3)
parameters of unknown values {51_"11, 52)“, 6{“
,5jltrll} at the time #*!. In order to obtain a unique solution, two
additional equations are required, which can be derived from the end
conditions (1.3).

(2;4_)514;1 +(162J:;2}:)5(j)+1+(42;4_)5]i+1 =1//1j+1, 210
() + (557)8 + ()85, =it
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Partition the temporal
domain into uniformly
spaced intervals

Employ the finite-
difference formulation

to approximate the time
derivative

Use the implicit finite
difference scheme to
discretize the unknown
function and its space
derivatives in the time
direction

Apply Rubin and Graves
formula to linearize the
non- linear terms

Obtain the full
discretized form of
governing equation to
get (1+1) equations
involving (I + 3)
unknowns
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Utilize the given two
boundary conditions to
develop two more
equations

Plug in the unknowns in
the assumed solution to
get the approximate
solution at each time

step

Assemble all the
equations into a matrix
equation.

Assume the required
solution in termsof a
linear combination of
extended cubic B-spline
functions.

Use theinitial condition
to obtain the unknown
control points at the
initial time level

Partition the spatial
domain into uniformly
spaced intervals

Apply loop structure to
compute the control
points at each time step

Fig. 1. Flowchart of numerical algorithm.

Eq. (2.9) combined with Eq. (2.10) can be expressed in a matrix form
as

[4=1 16420 4= Msi+t 1 [y, )y+!]
24 24 24 0 0 0 0 5]_1 (w)*
; ; ; o o
pg) qg) tg) 0 - 0 0 0 5(1) 52)
0 p) @ ¥ 0 0 0 [[&*! _ 5t
0 0 0 0 ph A || 8! Flag
e | i
| 0 0 0 0 4 24 24 JL7T+11] _(Wz) A
The above system is solved for [61?,6(5)“,51“,...,6;:11]? Utilizing

this vector in Eq. (2.4), the approximate solution at (j + 1)th time
level for j = 1,2,...J — 1 can be obtained. However, initial vector

[6°,,60,5),...,69, 1" is needed to start the iterative process. The initial

vector can be derived from the initial condition and boundary values
of the derivatives of the initial condition as follows

Vet = e (),
V) =, i=0,1,2,...1, (2.11)
Vet = e ().

This results the following (T + 3) x (I + 3) matrix system

[ -1 1
w0 x 0 00 0PSO T T
4-d 16427 4-d 0 0
2 24 % 0 0 0 0 % by
Looahoaed a8 0
0 0 0 o 24 24 24 01 1 .
| 0 0 0 0 - F 0 g%l (@

The above matrix equation can be solved by Thomas algorithm. MATH-
EMATICA software has been used for numerical computations (see Fig.

1.

3. Stability

We will analyze the stability of presented scheme using the Von
Neumann approach. We assume the homogeneous case of problem (1.1)
by taking f(¢*,1*) =0.
ou(g*,t* N (eN - -

WD) 4 ey ey (1—vet ) =0, (31)
ot ac*

Employing the method described in previous section for § = 1 and

considering the quantity v a locally constant d in the nonlinear terms,

the fully discretized scheme for Eq. (3.1) becomes

R,57 + R+ Ryo01] :ﬁ,(%)giﬁ_ﬁw(lé;zi)a}
+ w<42;41>5ij+1’ (3.2
where
R, = {w+ﬂ(d—1)}(%)—“%’
9{2:{13+ﬁ(d—1)}(16;121),
R, = {w+ﬂ(d—1>}<%>+a%

Now, Fourier method will be used for stability analysis. The error at jth
time stage is given by

A= -, (3.3)
where Al = [A’,AjZ,A;, ,Ajlfl]T, is error vector, n’ represents the

growth factor and ' be its estimated value.
The Eq. (3.2) can be rewrite as

R AT LR A 4 R AT = w<u)A3_l +w< 16”’1) j

! A
i+l 24 24

i
4=7\ i
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Table 2
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Table 1
A comparison of exact and numerical solutions with absolute errors related to Example 5.1 when * = 1.
&* Exact solutions [20] Proposed method
Numerical solutions Absolute errors Numerical solutions Absolute errors
0.1 2.45960 2.45060 4.64x 1072 2.45960 7.82082 x 107°
0.2 2.22554 2.12740 8.14x 1073 2.22554 5.38226 x 10~°
0.3 2.01375 2.00638 7.37% 1073 2.01375 3.11370 x 10-¢
0.4 1.82212 1.81545 6.67x 1073 1.82212 1.09713 x 10~°
0.5 1.64872 1.64269 6.03x 1073 1.64872 9.12176 x 1077
0.6 1.49182 1.48636 5.46 x 1073 1.49182 4.89462 x 1077
0.7 1.34986 1.34492 4.94 %1073 1.34986 3.95473 x 1077
0.8 1.22140 1.21693 4.47%1073 1.22140 2.97101 x 1077
0.9 1.10517 1.10113 4.04% 1073 1.10517 1.98276 x 1077
e
.
25

Fig. 2. Exact and computational solutions for Example 5.1 when I =100 and 4¢* = 0.01.

Absolute error

7.x10°6

1.x10°8 §

0.4

08 —— ¢

— t'=0.2
— =04
— t'=0.6
— t'=0.8

t=1.0

Fig. 3. A two-dimensional absolute error plot related to Example 5.1 for I =50, 4r* =0.01 and r* = 1.

L., and L, error norms along temporal direction for Example 5.1.

Ar*

1 =100

1 =500

L

)

L,

L

o

L,

0.008
0.004
0.002
0.0005

2.68239 x 107°
1.80687 x 10~°
5.75909 x 1077
4.17536 x 1078

1.42373 x 1076
9.28631 x 1077
2.93380 x 1077
2.47868 x 1078

1.08655 x 107°
2.97536 x 1077
9.94213x 1078
3.73519 x 1078

4.90362 x 1077
1.34334 x 1077
4.54589 x 1078
1.80030 x 1078

The error term are also satisfy the conditions (1.2)—(1.3) as follows

@:Mm,%=%@xprng=Quwm i=12,..,1.

(3.5)

Now introduce mesh function as follows

A=

0, <" <a+ s

(3.6)
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Absolute error

0000014

0000012

000001

Fig. 4. A two-dimensional absolute error plot corresponding to Example 5.1 when I =100, 4¢* =0.01 and * = 1.

Fig. 5. A three-dimensional image showcasing the exact solutions for Example 5.1 when I =100, 4t* =0.01 and * = 1.

Table 3 Table 4
Order of convergence and CPU time for Example 5.1 when r* =1 and Error norms for Example 5.1 at various time knots
Ar* =0.001. when Ar* =0.01 and 7 = 200.
h L EOC CPU time (s) I L L,
= 2.02689 x 107* 0.59375 0.2 1.43846 x 107 8.43859 x 107°
ﬁ] 5.10796 x 1075 1.98845 0.95312 0.4 1.03478 x 1075 6.04358 x 107°
= 1.27208 x 10~ 2.00555 1.90625 0.6 6.82588 x 107 4.02859 x 107°
= 3.06862 x 1076 2.05153 4.21880 0.8 3.86713% 107¢ 2.38254 % 107
_6 —6
= 6.45608 x 1077 2.08886 8.89100 L0 143559 10 107070 x 10
Table 5
Then Al(c* b din the f f Fouri i Comparison of error norms when Ar* =0.0001, Z =40 and * = 0.1 for Example 5.1.
en A({*) can be expressed in the form of Fourier series as Crank-Nicolson [31] Explicit [31] Proposed method
© P— L, 9.56570 x 10~° 4.86090 x 10-° 1.23314 x 10710
A=Y Eme -, j=1,2,....7, (3.7) L, 541720 1076 2.29400 x 1076 785713 % 107!
—00
where From the definition of norm
1 b . —2mime*
£(m) = ~— / A b de”. 3.8)
—als
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Fig. 6. A three-dimensional plot displaying the numerical outcomes for Example 5.1 when I =100, 4r* =0.01 and ¢* = 1.

v(gE)

0.5

— =02
— =04
— =06
— =08

=10

Fig. 7. Exact and numerical outcomes related to Example 5.2 for 7 =100 and 4r* = 0.01 at different time knots.

Absolute error
0.00002

0.000015

0.00001

5.x1078

0.2 0.4 06 0.8 1.0

Fig. 8. A two-dimensional absolute error plot related to Example 5.2 when I =50, 4r* =0.01 and * = 1.
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Absolute error

0.000025

0.00002

0.000015

0.00001

sx108f | | |

0.2 0.4 0.6 0.8 1.0

Fig. 10. A three-dimensional visualization of the exact solutions related to Example 5.2 when I = 100, 4t* =0.01 and * = 1.

Table 6 Table 7

Comparison of absolute errors with other studies for Example 5.2. L, and L, error norms along temporal direction for Example 5.2.
e* t* [0(&*,1*) = Vg _a(C*,19)] |o(&*, 1) = V(™ )| Ar* 1=100 1 =500

[6] Proposed method L L, L L,

0.2 0.6 1.5%x 107! 3.24104 x 10~ 0.008 2.03088 x 10~ 8.10899 x 10~° 2.23629 x 107° 8.99559 x 1077
0.4 0.7 21 % 101 104583 x 10+ 0.004 3.18215% 1076 141284x 1076 4.75725x 1077 221660 x 1077
06 08 2.8 % 101 440620 x 10-5 0.002 8.62342x 107 4.22866 % 1077 1.04776 x 107 5.19355 x 107
0.8 0.9 33 % 10! 254870 x 10-3 0.0005  4.98532x 1077 9.65918 X 107 2.08747x 10 4.95903 x 10~
1 1 3.8x 107! 0

which implies that

ard 5 -1 ppeal 5 b )
[ wrae ey [ e [ wtac,
a i=1 /-3 b=3

Al = Y 1£50m). (3.9)
b —00
=y [ wrae.
@ In the form of Fourier series analysis, the solution of Egs. (3.4) and
With the help of Parseval equality, we have (3.5) can be described as
b 2 L
/ | de = ) 1£;m)P, Al = oo
a “o r
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Fig. 11. A three-dimensional plot representing the numerical outcomes for Example 5.2 when 7 = 100, 4t* =0.01 and 7* = 1.

V(. f)
10
L]
8 L}
L
— t'=0.2
— t'=0.4
— t'=0.6
— t'=0.8
t=1.0

0.2 0.4 0.6 0.8 1.0

Fig. 12. The exact and computational outcomes for Example 5.3 when 7 =100 and 4r* = 0.01 at various time knots.
Absolute error
0.0001
0.00008

0.00006

0.00004

0.00002 A
|

Fig. 13. A two-dimensional absolute error plot for Example 5.3 when I =50, A4r* =0.01 and * = 1.
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Table 8
Order of convergence and CPU time for Example 5.2 when r* =1 and
Ar* = 0.001.
h L EOC CPU time (s)
% 2.63235x 1073 0.07812
% 8.24532 % 10¢ 1.67470 0.20312
% 2.50283 x 10~° 1.72002 0.50000
% 6.52481 x 1077 1.93955 1.04688
= 1.69949 x 10 1.94083 2.09375
Table 9

Error norms at various time knots corresponding to
Example 5.2 when Ar* =0.01 and 7 = 200.

t* L L,

0.2 2.95130 x 107 1.38258 x 1073
0.4 1.08435x 1073 8.97811 x 1076
0.6 6.45132x 107° 5.50688 x 1076
0.8 9.52033 x 1077 6.03900 x 1077
1.0 4.61510x 1077 1.30263 x 1077

Substituting the above expression in Eq. (3.4) and dividing by ¢'#®, we
get

mlﬂj+le—tfﬂh + m2”j+1 + m3ﬂj+]enph
=w(42;41>7rje_'@h+w<%>nj+w(4%4/1>7rje’@h, (3.10)

2zm

where 1 = V-1 and g = 7=
like terms, Eq. (3.10) leads to

After some simplifications and grouping

ot = —,
X

(3.11)

Bd-D)[( 41;21)(:05 g.;h+‘(’+421 J+i % sin goh

4-7\ 16421
w|( EoN ) cos g,;h+TJ
Now, with the aid of mathematical induction, we have to show that

|7| < || for all j. For j = 0, Eq. (3.11) gives

where y =1+

17 = L1209 <20, oL <1 (3.12)
X X

Now, let us assume that |z/| < |z°| for j = 0,1,2,... J — 1. We have to
prove it for j = p+ 1. Again from Eq. (3.11), we have

ot = 1 L),

<110,

x
<120, Lo
x

Hence
|77+ < 120 (3.13)
From (3.9) and (3.13), we have
A, < |A°]|,, for all j, (3.14)

which results that the proposed scheme for nonlinear gas dynamics
equation is unconditionally stable.

4. Convergence analysis

In this section, convergence of the cubic B-spline interpolation is
examined that is based on Kadalbajoo and Arora’s technique [32].

Theorem 4.1. Let v(¢*,t*) belongs to C*[a, b], f is in C*[a, b] and h be the
length of evenly spaced partition of [a, b). Let V((*,t*) be the unique spline

10
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approximation to the current problem at grid points {{], ¢, ..., (7}, then 3
Hg free of b, such that

D7 (0(&*,1%) = V(&*, 1)) | < ug*9, g =0,1,2. 4.1)
Lemma 4.1. The extended cubic B-spline basis functions {E_;,E,,...,
E7,1} presented in Eq. (2.5) hold the relation

I+1 7
Y@ DIy 0s <L

i=—1

(4.2)

Theorem 4.2. Let V(*,t*) be the computational solution to the exact
solution v(¢*,1*) of Egs. (1.1)—(1.3). In addition, if f belongs to C2[0,1],
we gain

@™, 1) = V(¥ 1)l < VB, 1° 20, (4.3)
where R > 0 is a constant not containing h and h is sufficiently small.
Proof. Let V(¢*,1*) = Y14 6K, be the approximated spline solution

to the V(¢*,r*). Assume that the offered method achieve collocation
restrictions

LU(Cf,t*):LV(Ci*,t*):f(Ci*,t*), i=0,1,... 1,
then
LY %) = (&1, i=0,1,... 1.

At time level j, the above problem can be described in terms of
difference equation as

i+l i+l i+l
R ST+ R, + R T

_ 4= 1\ i 16421\ oj
—w<—24 >\Si_]+w< 24 >\Si+

(45 )sh

(B =),
4.4)

gl =6 -6, i=0,1,....I, and boundaries are
4— 71\ aisl 16+ 27\ ait1 4=\ witl _ o .
<—>33_1 + <T>S’: + 7 S;+l =0, i=0,1.

If Q) = n[F) - F)] for i = 0,1,..., 7, then using Theorem 4.1, we can
write

i|=hl|F) — F) 4
|9} =n|F) = F)| < pon.

Let Q@ = max{l.Q[?l;O <i<T}, e}: = |Sf.| and ¢ = max{lSjl;O <i<T}.
The difference Eq. (4.4) for j = 0 gives

| | . (4=%\ o 16+21) o

Rie,_, +Roe; +§R3ei+l_w< o )ei_l+w< 22 e;
4-1\ o 1
+ w( 5 >€i+1 +E_Qi. (4.5)

The initial condition suggests
& =0.
From Eq. (4.5), we get

1_1,1 1 1
Roe;, = E'Qf —Rie_; —Rse ;.
ei1 < /4,-'h2,
We obtain from the end conditions
el <pu'n?, (4.6)

where y!' is constant free of h. Mathematical induction can helps to
easily show that

et < yun?. 4.7

Hence
T+1
V(EC* 1) = V(EF 1) = Z (8:() = 8;(™))Ei(&*, A).

i=—1
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Fig. 14. A two-dimensional absolute error plot for Example 5.3 when I =100, 4t* =0.01 and * = 1.

V(&)

Fig. 15. A three-dimensional visualization of the exact outcomes for Example 5.3 when T = 100, 4r* = 0.01 and * = 1.

We achieve by Lemma 4.1

7

V=Vl < Zﬂh2. (4.8)

Using the triangular inequality, we have
5 = 7
0= Vllg < 1o =PVlloo + 1V = Voo < oh* + Zﬂhz =R’

where R = y;h? + %ﬂ, which presents second order convergence. []

5. Numerical evaluations

In this section, we provide numerical examples to showcase the
application of the extended cubic B-spline approach. The accuracy of
the proposed technique is evaluated by calculating the maximum error
norms L, and the Euclidean error norms L,.

Lo =1lv =Vl =~

max |v; — V|,
0<i<I

Ly=lv=Vl, =

11

The experimental order of convergence (EOC) can be computed as

_ log(L(T)/L(21))
EOC = TR

Example 5.1. Consider the homogeneous nonlinear gas dynamics equa-
tion as follows [1]

o, o0
o ac
subject to initial and boundary conditions

+v

—v(l1-0v)=0, (5.1)

v =e?, 0 <,

00, =e", o(l,f)=e ", >0
The exact solution to the problem is
o 1) ="

Table 1 presents a comparison between exact solutions, numerical
solutions, and absolute errors from the existing and the proposed
method. The results demonstrate the efficiency of the proposed method
compared to the existing approach. Table 2 provides the error norms
computed along the temporal direction for different step sizes. Table
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Fig. 16. A three-dimensional plot representing the numerical outcomes for Example 5.3 when I =100 and 4r* =0.01 and * = 1.

VL)

40

30f.

20

0.4

0.6

0.8

Fig. 17. The influence of « on the computational solution for Example 5.3 when I = 100, 4r* =0.01 and * = 1.

3 reports the numerical order of convergence along the corresponding
calculation time in seconds. Table 4 offers a detailed comparison of
error norms evaluated at various time knots. Table 5 highlights the
improved error norms achieved by the proposed method compared to
the explicit and Crank-Nicolson schemes. Fig. 2 depicts the compu-
tational and exact solutions at distinct time knots. Two-dimensional
absolute error plots for different step sizes are displayed in Figs. 3 and
4. Figs. 5 and 6 present three-dimensional visualizations of the exact
and numerical outcomes.

Example 5.2. Consider the nonhomogeneous nonlinear gas dynamics
equation as follows [1]
Ju

a?+u

Jdu
o¢*

—o(l-v)=—e"¢

(5.2)

subject to initial and boundary conditions

O =1-e¢, 0 <1,

0O, =1-¢", v(l,*)=1-e" >0
The exact solution to the problem is

o(E*, ) =1-¢""%,

12

Table 6 provides a comparison of error norms between the Runge-
Kutta-4 and the proposed method, highlighting the efficiency of the
proposed approach across different time knots. Table 7 reports the error
norms along the temporal direction for different step sizes, while Table
8 presents the numerical convergence order and the corresponding
calculation time in seconds. Table 9 details the error norms computed
at various time knots. Fig. 7 displays the exact and numerical out-
comes at various time knots. Figs. 8 and 9 show two-dimensional
error plots for different step sizes, whereas Figs. 10 and 11 depict
the three-dimensional representations of the exact and numerical out-
comes, respectively.

Example 5.3. Consider the homogeneous nonlinear gas dynamics equa-
tion as follows [9]

v
ar*

Jdv

+
uag*

—uv(l—v)logk =0, x>0 (5.3)

where « is constant.
The initial and boundary conditions are

o(e*,0) =k, 0<¢* <1,

00,7y =", o(l,)=x""", >0
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Table 10

International Journal of Thermofluids 29 (2025) 101331

A comparison of exact and numerical solutions with absolute errors related to Example 5.3 for « = 10 and t* = 1.

¢* Exact solutions [9] Proposed method
Numerical solutions Absolute errors Numerical solutions Absolute errors
0.1 7.94328 7.92257 2.07033 x 1072 7.94327 4.21564 x 1073
0.2 6.30957 6.29312 1.64452 x 1072 6.30955 3.20797 x 1073
0.3 5.01187 4.99880 1.30629 x 102 5.01184 2.04843 x 107>
0.4 3.98107 3.97069 1.03762 x 1072 3.98103 1.03678 x 1073
0.5 3.16227 3.15403 8.24215x 1073 3.16224 9.78270 x 10~°
0.6 2.51188 2.50533 6.54697 x 1073 2.51184 7.35903 x 10~°
0.7 1.99526 1.99006 5.20044 x 1073 1.99522 6.35584 x 10~°
0.8 1.58489 1.58076 4.13086 x 1073 1.58485 4.68335% 107°
0.9 1.25892 1.25564 3.28125x 1073 1.25889 3.59643 x 107°
Table 11 Table 14
L, and L, error norms along temporal direction for Example 5.3. A comparison of absolute errors for Example 5.4 when r* = 1 with other
Arr =100 =500 studies.
L. L L. L &* [33] [21] Present method
0.008 263129x 1070 145363x 10°°  848233x 107 5.92035x 10~/ 0.2 Si68405 X0 et 3.89834 x 1077
0.004 306281 107 137599% 107 147155% 107 7.65537x 107 0.4 Ai6SSTHXI0E SZISTOX10= 233152 x 1077
0.002 763017x 107 372048x 1078 485724x 10 1.01789 x 108 0.6 381013 X102 234109 x 107 154751 x 1077
0.0005  1.68782x 10  684470x10°  5.16215x10° 122011 % 10 0.8 311948 10 241023 x 107 133785 % 1077
1.0 2.52378 x 1073 1.03426 x 10~ 6.06640 x 1078
Table 12
Order of convergence and CPU time for Example 5.3 when * = 1 and Table 15
At* = 0.001. L, and L, error norms along temporal direction for Example 5.4.
h Ly, EOC CPU time (s) Ar =100 1=500
= 8.42146 x 1075 0.40625 L L, L L,
% 2.15667 x 1073 1.96527 0.78125 0.008 2.61150 x 107° 1.13777 x 107° 8.57630 x 1077 6.67595 x 1077
L 542025 x 10-6 1.99237 1.60188 0.004 6.51272 x 10”7 2.83747 % 1077 2.58329 x 10”7 1.80835 x 107
L 135248 X 10-5 2.00274 3.20063 0.002 1.62619x 107 7.08501x 10 6.58680x 108 4.25112x 1078
1(1)70 3.35325 x 10-7 2.01198 6.85940 0.0005 1.01544 x 1078 4.42409 x 1077 2.58942 x 1079 1.2506 x 10~
Table 13 Table 16
Error norms computed at various time knots for Ex- Order of convergence and CPU time for Example 5.4 when * = 1 and
ample 5.3 when A#* = 0.01 and T = 200. Af* =0.001.
e I L h L EOC CPU time (s)
0.2 526574 x 106 2.90892 x 1076 % 333579 x 107 0.17187
0.4 3.77895 X 10-6 2.11518 x 10-6 i 9.08550 x 107> 1.87639 0.29687
0.6 2.46866 x 10-5 1.44369 x 10-6 = 2.34299 x 107 1.95521 0.73437
0.8 8.77895 x 1077 6.11518 x 1077 é 6.02078 x 10~° 1.96033 1.50438
1.0 1.20331 x 1077 9.14315x 1078 L 1.5007395 x 10-° 2.00428 3.05625

The exact solution to the problem is
(¢ ) = k"

Table 10 offers a comparative analysis between exact solutions,
numerical solutions and absolute errors from the existing and the
proposed method. The results highlight the efficiency of the proposed
method compared to the existing approach. In Table 11, the error
norms along the temporal direction computed for different step sizes
are tabulated. Table 12 reports the numerical order of convergence
along with the corresponding calculation time in seconds. Fig. 12
pictures the computational and exact solutions at distinct time knots.
Two-dimensional absolute error plots for different step sizes are ob-
served in Figs. 13 and 14. Figs. 15 and 16 provide three-dimensional
visual representations of the exact and computational results. Addition-
ally, the influence of x on the computational solution is depicted in Fig.
17 (see Table 13).

Example 5.4. Consider the inhomogeneous nonlinear gas dynamics
equation as follows [21]

Jdv Jdu
— +v 3

= + 1+ =2 5.4

13

subject to initial and boundary conditions

v(g*,00=C%, 0<¢ <1,
1
0,t)=0, ov(l,*)= ——, *>0.
v(0,7%) o(1,17) T
The exact solution to the problem is
- ¢
1) = .
u(¢*, 1) T+

Table 14 provides a comprehensive comparison of absolute errors
computed from the existing methods and proposed method. The results
highlight the efficiency of the proposed method compared to the ex-
isting approach. Table 15 reports the error norms along the temporal
direction for different step sizes. Table 16 presents the numerical
convergence order and the corresponding calculation time in seconds.
Table 17 details the error norms computed at various time knots. Fig.
18 displays the exact and numerical outcomes at various time knots.
Figs. 19 and 20 depict the three-dimensional representations of the
exact and numerical outcomes, respectively.
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— t'=0.2
— t'=04
— t'=0.6
— t'=0.8

t=1.0

Fig. 18. The exact and computational solutions for Example 5.4 when 7 = 100 and 4¢* = 0.01 at various time knots.

Fig. 19. A three-dimensional visualization of the exact solutions corresponding to Example 5.4 when T =100, 4r* =0.01 and * = 1.

Table 17 » The extended cubic B-spline functions have been used to interpo-
Em’r rl‘m;“: ath"arzms t(‘]"(l)‘fnkm’ss Ic"rrz‘;sopondmg to late the solution curve along the spatial direction.
xample 5.4 when Ar* = 0. an = . s s .
P » An unconditional bound for stability has been derived and con-

r Ly L, . . L L
vergence analysis for cubic B-spline interpolation is performed.

-5 -5
0.2 906300 10 675824 %10 » To check the efficiency and accuracy of the presented scheme,
0.4 5.32506 x 1075 2.17580 x 107 . . . :

. ) the results of four numerical experiments with varying parameters
0.6 9.61982 x 10 5.59262 x 10 have been examined.

—6 —6 . . . .
0.8 4.38758 % 10 2.85483x 10 » The experimental order of convergence is consistent with the
1.0 9.11979 x 10~ 7.45365 x 1077

theoretical results.
» The proposed method provides a spline function capable of ap-
proximating not only the unknown function but also its deriva-
6. Conclusion tives at any point within the interval, whereas the finite difference
method yields the solution only at specific nodal points.

» The obtained computational results have been compared with
The authors conclude this work as both exact solutions and previously reported approximations in
the literature. It is concluded that the presented approach pro-
vides more efficient results as compared to the existing methods.
» The proposed numerical method is simple, straightforward to
implement, computationally efficient and shows superiority over
traditional numerical approaches, making it a robust solution for

nonlinear partial differential equations.

+ A numerical approach based on extended cubic B-spline functions
has been presented for the numerical simulation of the nonlinear
gas dynamics equation.

+ The typical finite difference formulation has been used to approx-
imate the time derivative.

14
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Fig. 20. A three-dimensional plot depicting the numerical outcomes for Example 5.4 when 7 = 100, 4r* =0.01 and * = 1.
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