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Notation and Symbols

R the set of real numbers
R+ the set of nonnegative real numbers
I a nonempty open interval
`(I) the length of the interval I
E(I) the class of error functions on I
E0(I) the class of functions Φ ∈ E(I) with Φ(0) = 0
EΓ(I) the class of error functions with the Γ-property
EΓ

0 (I) the class of functions Φ ∈ EΓ(I) with Φ(0) = 0
Φ, Ψ symbols for error functions
Φσ the subadditive envelope of Φ
Φα the absolutely subadditive envelope of Φ
MΦ(I) class of Φ-monotone functions
M(I) class of all approximatly monotone functions
MΦ(f) the upper Φ-monotone envelop for f
MΦ(f) the lower Φ-monotone envelope for f
Φσ
f the individual error function for Φ-monotone function f

HΦ(I) class of Φ-Hölder functions
H(I) class of all approximately Hölder functions
HΦ(f) the upper Φ-Hölder envelope for f
HΦ(f) the lower Φ-Hölder envelope for f
Φα
f the individual error function for Φ-Hölder function f

CΦ(I) class of Φ-convex functions
CΦ(f) the lower Φ-convex envelope for f
AΦ(I) class of Φ-affine functions
V Φ(f ; τ) the Φ-variation of f w.r.t. the partition τ
V Φ

[a,b]f the total Φ-variation of f on [a, b]





Introduction

In this thesis we summarize the most important results of our PhD dissertation.
We mention some of the interesting lemmas, propositions, theorems, and corollaries
based on our research which can be found in full details in the papers [13–15].

We start with the definition of the four approximate classes of functions (mono-
tone, Hölder, convex and affine). Next we will go through some of the basic structural
and inclusion properties of these function classes. Then we will obtain precise for-
mulas for the optimal error functions for each of the pre-mentioned function classes.
We also give formulas for the minorants and majorants. Besides, a few sandwich type
theorems are also presented. Towards the end, we characterize these approximate
function classes and also we are able to find the building blocks for some of them. In
the application part we primarily focus on associating our results with Jordan-type de-
compositions, Hermite–Hadamard-type inequalities and Ostrowski-type inequalities.

Introduction

Let I be a nonempty open real interval throughout this thesis and let `(I) ∈ ]0,∞]
denote its length. The symbols R and R+ denote the sets of real and nonnegative real
numbers, respectively.

The class of all functions Φ : [0, `(I)[→ R+, called error functions, will be de-
noted by E(I). Obviously, E(I) is a convex cone, i.e., it is closed with respect to
addition and multiplication by nonnegative scalars. The subset of E(I) whose ele-
ments also satisfy Φ(0) = 0 will be denoted by E0(I). In what follows, we are going
to define four concepts related to an error function Φ ∈ E(I).

A function f : I → R will be called Φ-monotone if, for all x, y ∈ I with x ≤ y,

f(x) ≤ f(y) + Φ(y − x).

If this inequality is satisfied with the identically zero error function Φ, then we say that
f is monotone (increasing). The class of Φ-monotone functions on I will be denoted
by MΦ(I).

A function f : I → R will be called Φ-Hölder if, for all x, y ∈ I ,

|f(x)− f(y)| ≤ Φ(|x− y|).

The class of Φ-Hölder functions on I will be denoted by HΦ(I).
We say that a function f : I → R is Φ-convex if, for all x, y ∈ I and t ∈ [0, 1],

f(tx+ (1− t)y) ≤tf(x) + (1− t)f(y)

+ tΦ
(
(1− t)|x− y|

)
+ (1− t)Φ

(
t|x− y|

)
.

If the above inequality is satisfied with the identically zero error function Φ, then we
say that f is convex. The class of Φ-convex functions on I will be denoted by CΦ(I).

A function f : I → R is said to be Φ-affine if, for all x, y ∈ I and t ∈ [0, 1],

|f(tx+ (1− t)y)− tf(x)− (1− t)f(y)|
≤ tΦ

(
(1− t)|x− y|

)
+ (1− t)Φ

(
t|x− y|

)
.
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If, in particular, the above inequality is satisfied with the identically zero error function
Φ, then we say that f is affine. The class of Φ-affine functions on I will be denoted
by AΦ(I).

Structural and Inclusion Properties

Below we describe some of the basic structural properties by dealing with various
operations such as sup, limsup, inf, liminf etc.

PROPOSITION. Let Φ1, . . . ,Φn ∈ E(I) and α1, . . . , αn ∈ R+. Then

α1MΦ1(I) + · · ·+ αnMΦn(I) ⊆Mα1Φ1+···+αnΦn(I),

α1CΦ1(I) + · · ·+ αnCΦn(I) ⊆ Cα1Φ1+···+αnΦn(I).

In particular, for all functions Φ ∈ E(I), the classes MΦ(I) and CΦ(I) are convex.

PROPOSITION. Let Φ1, . . . ,Φn ∈ E(I) and α1, . . . , αn ∈ R. Then

α1HΦ1(I) + · · ·+ αnHΦn(I) ⊆ H|α1|Φ1+···+|αn|Φn(I),

α1AΦ1(I) + · · ·+ αnAΦn(I) ⊆ A|α1|Φ1+···+|αn|Φn(I).

In particular, for all functions Φ ∈ E(I), the classes HΦ(I) and AΦ(I) are convex and
central symmetric, i.e., HΦ(I) and AΦ(I) are closed with respect to multiplication by
(−1).

We say that a family F of real valued functions is closed with respect to the point-
wise supremum if {fγ : I → R | γ ∈ Γ} is a subfamily of F with a pointwise
supremum f : I → R, i.e.,

f(x) = sup
γ∈Γ

fγ(x) (x ∈ I),

then f ∈ F. Similarly, we can define that a family F of real valued functions is closed
with respect to the pointwise infimum.

A family {fγ : I → R | γ ∈ Γ} is called a chain if, for all α, β ∈ Γ, either
fα ≤ fβ or fβ ≤ fα holds on I . We say that a family F of real valued functions is
closed with respect to the pointwise chain supremum (chain infimum) if {fγ : I →
R | γ ∈ Γ} ⊆ F is a chain with a pointwise supremum (infimum) f : I → R, then
f ∈ F.

PROPOSITION. Let Φ ∈ E(I). Then the class MΦ(I) is closed under pointwise infi-
mum and supremum and the class CΦ(I) is closed under pointwise supremmum and
pointwise chain infimum. Furthermore, MΦ(I) is closed with respect to the point-
wise liminf and limsup operations, and CΦ(I) is closed with respect to the limsup
operation.

PROPOSITION. Let Φ ∈ E(I). Then the class HΦ(I) is closed under pointwise infi-
mum and pointwise supremum, furthermore the class AΦ(I) is closed under pointwise
chain infimum and pointwise chain supremum. Consequently, HΦ(I) is closed with
respect to the pointwise liminf and limsup operations, and AΦ(I) is closed with re-
spect to the pointwise limit operation.
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The upcoming proposition indicates the relations and inclusions among these
classes of functions.

PROPOSITION. Let Φ ∈ E(I). Then

HΦ(I) = MΦ(I) ∩ (−MΦ(I)) and AΦ(I) = CΦ(I) ∩ (−CΦ(I)).

Furthermore,
HΦ(I) ⊆ AΦ(I).

A Short Study of Error Functions

Now we are going to briefly study the class E(I) of error functions. We begin with
subadditivity and describe the optimal subadditive minorant for a given error function.
Next, we introduce a new class of error function, termed as absolute subadditive func-
tions. A similar type of study is conducted on it as well. Finally, we also define a new
type of functional property called the Γ-property. We will also look at some of the
basic behavioral properties for this subclass of error function.

In what follows, a function Φ ∈ E(I) will be called subadditive if, for all u, v ∈
R+ with u+ v < `(I), the inequality

Φ(u+ v) ≤ Φ(u) + Φ(v)

holds. It is easy to see that a decreasing function Φ ∈ E(I) is automatically subaddi-
tive.

The simplest but important error functions are of the form

(1) Φp(0) := 0, Φp(u) := up (u > 0),

where p ∈ R. Their subadditivity is characterized by the following statement.

PROPOSITION. Let p ∈ R. Then Φp is subadditive on R+ if and only if p ∈ ]−∞, 1].

PROPOSITION. Let Φ ∈ E(I) be an arbitrary function. Define the function Φσ :
[0, `(I)[→ R+ by

Φσ(u) := inf
{

Φ(u1) + · · ·+Φ(un) |
n ∈ N, u1, . . . , un ∈ R+ : u1 + · · ·+ un = u

}
.

Then Φσ is the largest subadditive function which satisfies the inequality Φσ ≤ Φ on
[0, `(I)[ . Furthermore, Φσ(0) = Φ(0) and, additionally, if Φ is increasing, then Φσ

is also increasing.

A stronger property of a function Φ ∈ E(I) is its absolute subadditivity, which is
defined as follows: for all u, v ∈ R with |u|, |v|, |u+ v| < `(I), the inequality

Φ(|u+ v|) ≤ Φ(|u|) + Φ(|v|)

is satisfied. It is clear that absolutely subadditive functions are automatically subaddi-
tive. For a reversed implication we have the following

LEMMA. If Φ ∈ E(I) is increasing and subadditive, then it is absolutely subadditive.
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PROPOSITION. Let Φ ∈ E(I) be an arbitrary function. Define the function Φα :
[0, `(I)[→ R+ by

Φα(u) := inf
{

Φ(|u1|) + · · ·+ Φ(|un|) | n ∈ N,
|u1|, . . . , |un| < `(I), u1 + · · ·+ un = u

}
.

Then Φα is the largest absolutely subadditive function which satisfies the inequality
Φα ≤ Φ and hence Φα ≤ Φσ on [0, `(I)[ .

We say that an error function Φ ∈ E(I) possesses the property Γ if it satisfies the
inequality

Φ(x+ y) ≤ Φ(x) +
2x+ y

y
Φ(y) (x ≥ 0, y > 0, x+ y < `(I)).

The subclass of error functions in E(I) with the property Γ will be denoted by EΓ(I).
The subset of EΓ(I) whose elements also satisfy Φ(0) = 0 will be denoted by EΓ

0 (I).
One can easily see that any subadditive error function possesses property Γ, how-

ever, as we will see later, the reversed implication is not true.
The next result establishes some necessary and some sufficient conditions for the

Γ property.

THEOREM. Let Φ ∈ EΓ(I). Then
√

Φ and the map t 7→ t−1Φ(t) is subadditive
on ]0, `(I)[ . If, in addition, ϕ : [0, `(I)[→ R+ is decreasing on ]0, `(I)[ , then
ϕ · Φ ∈ EΓ(I). In particular, if Ψ ∈ E(I) and t 7→ t−2Ψ(t) is decreasing on
]0, `(I)[ , then Ψ ∈ EΓ(I).

COROLLARY. Let p ∈ R. Then Φp ∈ EΓ(R+) if and only if p ≤ 2.

PROPOSITION. Let Φ ∈ EΓ(I). Then, for all n ∈ N and for all u1 ≥ 0, u2, . . . , un >
0 with u1 + · · ·+ un < `(I), the following inequality holds

Φ(u1 + · · ·+ un) ≤ Φ(u1) +
2u1 + u2

u2
Φ(u2) + . . .

· · ·+ 2(u1 + · · ·+ un−1) + un
un

Φ(un).

PROPOSITION. The classes EΓ(I) and EΓ
0 (I) are closed with respect to addition,

multiplication by nonnegative scalars, pointwise maximum, pointwise chain infimum
and the limsup operation.

In view of this proposition, for every error function Φ ∈ E(I) there exists a largest
error function below Φ which possesses the Γ property. This will be denoted by ΦΓ.
To give a formula for this function, for any error function Φ ∈ E0(I), we define its
γ-transform Φγ : [0, `(I)[→ R+ of Φ by

Φγ(0) := 0,

and

Φγ(u) := inf

{
Φ(x) +

2x+ y

y
Φ(y)

∣∣∣∣x ≥ 0, y > 0: x+ y = u

}
(u > 0).
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It follows from Φ(0) = 0 that Φγ ≤ Φ on [0, `(I)[.

THEOREM. Let Φ ∈ E0(I) and define the sequence (Φn)∞n=0 by

Φ1 := Φ, Φn+1 := Φγ
n (n ∈ N).

Then (Φn) is a pointwise decreasing sequence on [0, `(I)[ whose pointwise limit func-
tion equals ΦΓ on [0, `(I)[.

Effect of Lowering Error Functions

We are now ready to present the optimal error functions for our approximate
classes of functions.

THEOREM. Let Φ ∈ E(I). Then

MΦ(I) = MΦσ(I) and HΦ(I) = HΦσ(I)

Additionally if I is unbounded, then

HΦ(I) = HΦα(I)

THEOREM. Let Φ ∈ E0(I). Then

CΦ(I) = CΦΓ(I) and AΦ(I) = AΦΓ(I).

COROLLARY. Let p > 2 and define Φp as in (1). Then

CΦp(I) = C0(I) and AΦp(I) = A0(I).

Majorants, Minorants, Sandwich-type Theorems

Now, in this part of thesis, for a given function we focus on the construction of
the best minorants and majorants with respect to the one of the approximate classes of
functions. Moreover, a few interesting sandwich types theorems are also presented.

PROPOSITION. Let Φ ∈ E0(I) and let f : I → R be a function which admits a
Φ-monotone minorant. Then the function MΦ(f) defined by

MΦ(f)(x) := inf
x≤y

(
f(y) + Φσ(y − x)

)
(x ∈ I)

is real-valued and is the largest Φ-monotone function which is smaller than or equal
to f . Analogously, if f admits a Φ-monotone majorant, then the function MΦ(f)
defined by

MΦ(f)(x) := sup
y≤x

(
f(y)− Φσ(x− y)

)
(x ∈ I)

is real-valued and is the smallest Φ-monotone function which is bigger than or equal
to f .
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COROLLARY. Let Φ ∈ E0(I) and let g, h : I → R. Then in order that there exist a
Φ-monotone function f : I → R between g and h it is necessary and sufficient that,
for all x, y ∈ I with x ≤ y, the inequality

g(x) ≤ h(y) + Φσ(y − x)

be valid.

PROPOSITION. Let I be an unbounded interval, Φ ∈ E0(I) and let f : I → R be a
function which admits a Φ-Hölder minorant. Then the function HΦ(f) defined by

HΦ(f)(x) := inf
y∈I

(
f(y) + Φα(|y − x|)

)
(x ∈ I)

is real-valued and is the largest Φ-Hölder function which is smaller than or equal to
f . Analogously, if f admits a Φ-Hölder majorant, then the function HΦ(f) defined
by

HΦ(f)(x) := sup
y∈I

(
f(y)− Φα(|x− y|)

)
(x ∈ I)

is real-valued and is the smallest Φ-Hölder function which is bigger than or equal to
f .

COROLLARY. Let I be an unbounded interval, let Φ ∈ E0(I) and let g, h : I → R.
Then in order that there exist a Φ-Hölder function f : I → R between g and h it is
necessary and sufficient that, for all x, y ∈ I , the inequality

g(x) ≤ h(y) + Φα(|y − x|)

be valid.

For Φ ∈ E0(I) and f : I → R, define CΦ(f) : I → [−∞,∞) by

CΦ(f)(u) := inf
x, y ∈ I, t ∈ [0, 1]

u = tx+ (1− t)y

t
(
f(x) + Φ((1− t)|y − x|)

)
+(1− t)

(
f(y) + Φ(t|y − x|)

)
.

THEOREM. Let Φ ∈ E0(I). Then the operator CΦ is monotone and concave in the
pointwise sense, i.e., for f, g : I → R and λ ∈ [0, 1], we have

λCΦ(f) + (1− λ)CΦ(g) ≤ CΦ(λf + (1− λ)g).

Furthermore, for all f : I → R, the inequality CΦ(f) ≤ f holds and here equality is
valid if and only if f is Φ-convex. In other words, the fixed points of CΦ are exactly
the Φ-convex functions.

LEMMA. Let Φ ∈ E0(I) be increasing and subadditive. Then Ψ(u) := −Φ(|u|) is Φ-
convex on J := I − I . In particular, for p ∈ [0, 1], Ψp(u) := −Φp(|u|) is Φp-convex
on R.

THEOREM. Let Φ ∈ E0(I) such that Ψ(u) := −Φ(|u|) is Φ-convex on J := I − I .
Let f : I → R be a function which admits a Φ-convex minorant. Then the function
CΦ(f) is the largest Φ-convex function which is smaller than or equal to f .
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COROLLARY. Let Φ ∈ E0(I) be nondecreasing and subadditive. Let f : I → R be
a function which admits a Φ-convex minorant. Then the function CΦ(f) is the largest
Φ-convex function which is smaller than or equal to f .

THEOREM. Let Φ ∈ E0(I) and let f, g : I → R such that g ≤ h ≤ f for some
Φ-convex function h : I → R. Then, for all x, y ∈ I and t ∈ [0, 1], the functional
inequality

(2)
g(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

+ t(Φ(1− t)|y − x|) + (1− t)Φ(t|y − x|)
holds. Conversely, if Ψ(u) := −Φ(|u|) is Φ-convex on J := I − I and (2) is valid for
all x, y ∈ I and t ∈ [0, 1], then there exists a Φ-convex function h : I → R such that
g ≤ h ≤ f holds on I .

COROLLARY. Let Φ ∈ E0(I) be nondecreasing, subadditive and let f, g : I → R.
Then the inequalities g ≤ h ≤ f hold for some Φ-convex function h : I → R if and
only if, for all x, y ∈ I and t ∈ [0, 1], the functional inequality (2) is satisfied.

The net result establishes a formula for the Φ-convex envelope of real function.

THEOREM. Let Φ ∈ E0(I). Let f : I → R be a function which admits a Φ-convex
minorant and define the sequence fn : I → R by

f1 := f, fn+1 := CΦ(fn) (n ∈ N).

Then the sequence (fn) is pointwise decreasing and its limit function is the largest
Φ-convex function which is smaller than or equal to f .

Characterization of Φ-Monotone and Φ-Hölder Functions

In this part, we describe how using the notions of upper and lower interpolations,
we can establish a characterization for approximately monotone and Hölder functions.
We also see the construction of Φ-monotone and Φ-Hölder functions from elementary
ones, which could be termed the building blocks for this class.

If Φ ∈ E(I), f : I → R and p ∈ I , then define the three functions h, hp, hp : I →
[−∞,∞] as follows:

h(x) :=


inf
[x,p]

f if x < p,

f(p) if x = p,

sup
[p,x]

f if p < x.

hp(x) :=

{
h(x) if x ≤ p,
h(p)− Φ(x− p) if p < x,

and

hp(x) :=

{
h(p) + Φ(p− x) if x < p,

h(x) if p ≤ x.
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PROPOSITION. Let Φ ∈ E(I) be subadditive and nondecreasing and h : I →
[−∞,∞] be nondecreasing. Then, for all p ∈ I , the functions hp and hp defined
above are Φ-monotone.

If Φ ∈ E(I), f : I → R and p ∈ I , then we say that f can be interpolated at p by
a Φ-monotone function from below [resp. from above] if there exists a Φ-monotone
function h : I → R such that h(p) = f(p) and h ≤ f [resp. f ≤ h].

PROPOSITION. Let Φ ∈ E(I) be a subadditive and nondecreasing function, let f :
I → R and p ∈ I be fixed. Then f can be interpolated at p by a Φ-monotone function
from below if and only if, for all x ∈ I ,

−∞ < inf
[x,p]

f if x ≤ p and f(p) ≤ f(x) + Φ(x− p) if p < x.

Analogously, f can be interpolated at p by a Φ-monotone function from above if and
only if, for all x ∈ I ,

f(x) ≤ f(p) + Φ(p− x) if x < p and sup
[p,x]

f < +∞ if p ≤ x.

THEOREM. Let Φ ∈ E(I) be a subadditive and nondecreasing function and f : I →
R. Then the following assertions are equivalent.

(i) f is Φ-monotone.
(ii) There exists a function H : I × I → R such that H satisfies the functional

equations
min(H(x, y), H(y, z)) = H(x, z) and

max(H(z, y), H(y, x)) = H(z, x)

for all x, y, z ∈ I with x ≤ y ≤ z and, for all p ∈ I , the function h := H(·, p)
is nondecreasing and hp and hp are Φ-monotone interpolations for f at p from
below and from above, respectively.

(iii) For every p ∈ I , there exists a nondecreasing function h : I → R such that hp
is a Φ-monotone interpolation of f at p from below.

(iv) For every p ∈ I , there exists a nondecreasing function h : I → R such that hp

is a Φ-monotone interpolation of f at p from above.

If Φ ∈ E(I), f : I → R and p ∈ I , then we say that f can be interpolated at
p by a Φ-Hölder function from below [resp. from above] if there exists a Φ-Hölder
function h : I → R such that h(p) = f(p) and h ≤ f [resp. f ≤ h].

In what follows, given an error function Φ ∈ E(I) and p ∈ I , we define the
function Φp : I → R by

Φp(x) := Φ(|x− p|) (x ∈ I).

PROPOSITION. Let Φ ∈ E0(I) be an absolutely subadditive function. Then, for all
p ∈ I , the function Φp is Φ-Hölder on I .
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PROPOSITION. Let Φ ∈ E0(I) be an absolutely subadditive function and let f : I →
R and p ∈ I be fixed. Then f can be interpolated at p by a Φ-Hölder function from
below if and only if, for all x ∈ I ,

f(p) ≤ f(x) + Φ(|x− p|).

Analogously, f can be interpolated at p by a Φ-Hölder function from above if and
only if, for all x ∈ I ,

f(x) ≤ f(p) + Φ(|x− p|).

THEOREM. Let Φ ∈ E0(I) be absolutely subadditive function and f : I → R. Then
the following assertions are equivalent to each other:

(i) f is Φ-Hölder.
(ii) For every p ∈ I , the functions f(p)− Φp and f(p) + Φp are Φ-Hölder interpo-

lations of f at p from below and above, respectively.
(iii) For every p ∈ I , f possesses a Φ-Hölder interpolation from below.
(iv) For every p ∈ I , f possesses a Φ-Hölder interpolation from above.

Characterization of Φ-Convex and Φ-Affine Functions

The theorems mentioned below characterize the Φ-convex and Φ-affine functions,
respectively. The first one was partly establised in the paper [34].

THEOREM. Let Φ ∈ E(I) and f : I → R. Then the following conditions are equiva-
lent to each other:

(i) f is Φ-convex;
(ii) For all x, u, y ∈ I with x < u < y,

f(u)− f(x)− Φ(u− x)

u− x
≤ f(y)− f(u) + Φ(y − u)

y − u
;

(iii) There exists a function ϕ : I → R such that, for all x, u ∈ I ,

(3) f(u) + (x− u)ϕ(u) ≤ f(x) + Φ(|u− x|);

(iv) For all n ∈ N, x1, . . . , xn ∈ I, t1, . . . , tn ≥ 0 with t1 + · · ·+ tn = 1,

f(t1x1 + · · ·+ tnxn) ≤
n∑
i=1

ti
(
f(xi) + Φ(|(t1x1 + · · ·+ tnxn)− xi|)

)
.

THEOREM. Let Φ ∈ E(I) and f : I → R. Then the following conditions are equiva-
lent to each other:

(i) f is Φ-affine;
(ii) For all x, u, y ∈ I with x < u < y,∣∣∣∣f(u)− f(x)

u− x
− f(y)− f(u)

y − u

∣∣∣∣ ≤ Φ(u− x)

u− x
+

Φ(y − u)

y − u
;
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(iii) For all n ∈ N, x1, . . . , xn ∈ I, t1, . . . , tn ≥ 0 with t1 + · · ·+ tn = 1,∣∣∣f(t1x1 + · · ·+ tnxn)−
n∑
i=1

ti
(
f(xi)

)∣∣∣
≤

n∑
i=1

tiΦ(|(t1x1 + · · ·+ tnxn)− xi|
)
.

Provided that Φ is increasing, each of the properties (i), (ii) and (iii) is also equivalent
to the following condition:

(iv) There exists a function ϕ : I → R such that, for all x, u ∈ I ,

(4) |f(u)− f(x)− (u− x)ϕ(u)| ≤ Φ(|u− x|).

The following results of slope functions tell us about the connections of Φ-
convexity with Φ-monotone function and Φ-affinity with Φ-Hölder function.

PROPOSITION. Let Φ ∈ E(I), f : I → R be a Φ-convex function and ϕ : I → R be
a Φ-slope function for f , i.e., it satisfies (3) Then ϕ is Φ∗-monotone, where

Φ∗(t) :=

2
Φ(t)

t
if 0 < t < `(I),

0 if t = 0.

PROPOSITION. Let Φ ∈ E(I) be increasing, f : I → R be a Φ-affine function and
ϕ : I → R be a Φ-slope function for f , i.e., it satisfies (4) Then ϕ is Φ∗-Hölder, where

Φ∗(t) :=

2
Φ(t)

t
if 0 < t < `(I),

0 if t = 0.

Application of Φ-Monotone and Φ-Hölder Functions

Now we can discuss about some of the application of these approximate monotone
classes.

Let Φ ∈ E(I). Then a function f : I → R is called delta-Φ-monotone if it is
the difference of two Φ-monotone functions. In what follows, we shall extend the
celebrated Jordan Decomposition Theorem for delta-Φ-monotone functions. For this
purpose, we extend the notion of total variation to this more general setting.

Let [a, b] ⊆ I and let τ = (t0, . . . , tn) be a partition of the interval [a, b] (i.e.,
a = t0 < t1 < · · · < tn = b). Then the Φ-variation of f with respect to τ is defined
by

V Φ(f ; τ) :=

n∑
i=1

(
|f(ti)− f(ti−1)| − Φ(ti − ti−1)

)
.

Finally, the total Φ-variation of f on the interval [a, b] is defined by

V Φ
[a,b]f := sup{V Φ(f ; τ) | τ is a partition of [a, b]}.



Application of Φ-Monotone and Φ-Hölder Functions

LEMMA. Let Φ ∈ E(I). Then, for all f : I → R and a < b < c in I , we have

V Φ
[a,b]f + V Φ

[b,c]f ≤ V
Φ

[a,c]f.

THEOREM. Let Φ ∈ E(I). Then V Φ
[a,b]f ≤ 0 holds for all a < b in I if and only if f

is a Φ-Hölder function.

THEOREM. Let Φ,Ψ ∈ E(I). If f : I → R is the difference of a Φ-monotone and
a Ψ-monotone functions, then the total 2 max(Φ,Ψ)-variation of f is finite on every
compact subinterval of I .

The particular case Φ = Ψ of the above result yields the following statement.

COROLLARY. Let Φ ∈ E(I). If f : I → R is a delta-Φ-monotone function, then the
total 2Φ-variation of f is finite on every compact subinterval of I .

THEOREM. Let Φ ∈ E(I) let f : I → R such that the total 2Φ-variation of f on is
finite on every compact subinterval of I . Then, for all a ∈ I , f is a delta-Φ-monotone
function on I∩ ]a,∞[.

The classical Hermite–Hadamard inequality states that "The integral mean of a
convex function in any subinterval of its domain is sandwich between the functional
value of the midpoint and the average of the two functional values at the extreme
points." Likewise, we can deal with locally integrable Φ-monotone functions and give
a proper bound to their integral mean.

In the sequel, a function defined on an interval will be called locally integrable if
it has a finite Lebesgue integral over every compact subinterval of its domain.

For the description of our subsequent results, we now introduce the following
notation and terminology: If a, b ∈ I then the convex hull of {a, b}, i.e., the smallest
interval containing a and b, will denoted by 〈a, b〉. If, additionally, f : 〈a, b〉 → R is
Lebesgue integrable, then the integral average of f over 〈a, b〉 is defined by

A(f, 〈a, b〉) :=

∫ 1

0
f(ta+ (1− t)b)dt.

One can easily see that the following equality holds:

〈a, b〉 :=


[a, b] if a < b,

{a} if a = b,

[b, a] if a > b,

and A(f, 〈a, b〉) =



1

b− a

∫ b

a
f if a < b,

f(a) if a = b,

1

a− b

∫ a

b
f if a > b.

The inequalities stated in the following results summarize both Hermite–
Hadamard and Ostrowski-type inequalities for the Φ-monotone as well as for the
Φ-Hölder settings.



Application of Φ-Monotone and Φ-Hölder Functions

THEOREM. Let Φ ∈ E(I) and f : I → R be locally Lebesgue integrable functions.
If f is Φ-monotone, then, for all u, v, w, z ∈ I with u ≤ w and v ≤ z,

A(f, 〈u, v〉) ≤ A(f, 〈w, z〉) + A(Φ, 〈w − u, z − v〉).

If f is Φ-Hölder, then, for all u, v, w, z ∈ I ,∣∣A(f, 〈u, v〉)−A(f, 〈w, z〉)
∣∣ ≤ A(Φ ◦ | · |, 〈w − u, z − v〉).

Assuming Φ-monotonicity, we deduce a monotonicity type integral inequality
which we will call the lower and upper Hermite–Hadamard inequalities for Φ-
monotone functions.

THEOREM. Let Φ ∈ E(I) and f : I → R be a Φ-monotone. Assume that both
functions are locally Lebesgue integrable. Then, for every x < y in I , the following
two inequalities hold:

f(x)− 1

y − x

∫ y−x

0
Φ ≤ 1

y − x

∫ y

x
f ≤ f(y) +

1

y − x

∫ y−x

0
Φ.

Furthermore, if Φ is subadditive and nondecreasing, then, for all x < y in I ,

sup
f∈MΦ(I)

(
f(x)− 1

y − x

∫ y

x
f

)
= sup

f∈MΦ(I)

(
1

y − x

∫ y

x
f − f(y)

)
=

1

y − x

∫ y−x

0
Φ.

COROLLARY. Let p ∈ [0, 1], c ∈ [0,∞[ and f : I → R be a c(·)p-monotone
locally Lebesgue integrable function. Then, for every x < y in I , the following two
inequalities hold:

f(x)− c

p+ 1
(y − x)p ≤ 1

y − x

∫ y

x
f ≤ f(y) +

c

p+ 1
(y − x)p.

Furthermore, for all x < y in I ,

sup
f∈MΦ(I)

(
f(x)− 1

y − x

∫ y

x
f

)
= sup

f∈MΦ(I)

(
1

y − x

∫ y

x
f − f(y)

)
=

c

p+ 1
(y − x)p.

LEMMA. Let Ψ ∈ E(I) and assume that the map t 7→ Ψ(t)/t is locally integrable on
[0, `(I)[ and define Φ ∈ E(I) by

(5) Φ(u) = Ψ(u) +

∫ u

0

Ψ(t)

t
dt (u ∈ ]0, `(I)[).

Then Φ is locally integrable and satisfies the following equation:

Ψ(u) +
1

u

∫ u

0
Φ = Φ(u) (u ∈ ]0, `(I)[).



Application of Φ-Monotone and Φ-Hölder Functions

THEOREM. Let Ψ ∈ E(I) and assume that the map t 7→ Ψ(t)/t is locally integrable
on [0, `(I)[ and define Φ ∈ E(I) by (5). If f : I → R is an upper semicontinuous
solution of

f(u) ≤ 1

v − u

∫ v

u
f + Ψ(v − u) (u, v ∈ I, u < v),

then f is Φ-monotone on I .

The following result is a counterpart of previous theorem. It can be proved directly
in an analogous way, however, in our dissertation we deduce it from this theorem using
a sign transformation.

THEOREM. Let Ψ ∈ E(I) and assume that the map t 7→ Ψ(t)/t is locally integrable
on [0, `(I)[ and define Φ ∈ E(I) by (5). If f : I → R is a lower semicontinuous
solution of

1

v − u

∫ v

u
f ≤ f(v) + Ψ(v − u) (u, v ∈ I, u < v),

then f is Φ-monotone on I .

COROLLARY. Let p ∈ ]0, 1], c ∈ [0,∞[ . If f : I → R is an upper semicontinuous
solution of

f(u) ≤ 1

v − u

∫ v

u
f + c(v − u)p (u, v ∈ I, u < v),

then f is c(p+1)
p (·)p-monotone on I . In particular, f is increasing if p > 1.

COROLLARY. Let p ∈ ]0, 1], c ∈ [0,∞[ . If f : I → R is a lower semicontinuous
solution of

1

v − u

∫ v

u
f ≤ f(v) + c(v − u)p (u, v ∈ I, u < v),

then f is c(p+1)
p (·)p-monotone on I . In particular, f is increasing if p > 1

The result in the next theorem will be called an Ostrowski-type inequality for Φ-
Hölder functions. The Ostrowski’s inequality provides a sharp upper bound between
the difference of integral mean of a bounded differentiable function and functional
value at any point in that interval.

THEOREM. Let Φ ∈ E(I) and f : I → R be a Φ-Hölder. Assume that both functions
are locally Lebesgue integrable. Then, for every x < y in I , the following inequality
hold: ∣∣∣∣f(p)− 1

y − x

∫ y

x
f

∣∣∣∣ ≤ 1

y − x

(∫ p−x

0
Φ +

∫ y−p

0
Φ

)
(p ∈ [x, y]).



Application of Φ-Monotone and Φ-Hölder Functions

Furthermore, if Φ is subadditive and nondecreasing with Φ(0) = 0, then, for all
x < y in I ,

sup
f∈HΦ(I)

∣∣∣∣f(p)− 1

y − x

∫ y

x
f

∣∣∣∣ =
1

y − x

(∫ p−x

0
Φ +

∫ y−p

0
Φ

)
(u ∈ [x, y]).

The inequalities obtained in the particular cases p = x and p = y will be called
the lower and upper Hermite–Hadamard-type inequalities for Φ-Hölder functions.

COROLLARY. Let q ∈ [0, 1], c ∈ [0,∞[ and f : I → R be a c(·)q-Hölder locally
Lebesgue integrable function. Then, for every x < y in I ,∣∣∣∣f(p)− 1

y − x

∫ y

x
f

∣∣∣∣ ≤ c

q + 1
((p− x)q + (y − p)q) (p ∈ [x, y]).

Furthermore, for all x < y in I ,

sup
f∈HΦ(I)

∣∣∣∣f(p)− 1

y − x

∫ y

x
f

∣∣∣∣ =
c

q + 1
((p− x)q + (y − p)q) (p ∈ [x, y]).

THEOREM. Let Ψ ∈ E(I) and assume that the map t 7→ Ψ(t)/t is locally integrable
on [0, `(I)[ and define Φ ∈ E(I) by (5). If f : I → R is a continuous solution of∣∣∣∣f(u)− 1

v − u

∫ v

u
f

∣∣∣∣ ≤ Ψ(v − u) (u, v ∈ I, u < v),

then f is Φ-Hölder on I .

THEOREM. Let Ψ ∈ E(I) and assume that the map t 7→ Ψ(t)/t is locally integrable
on [0, `(I)[ and define Φ ∈ E(I) by (5). If f : I → R is a continuous solution of∣∣∣∣f(v)− 1

v − u

∫ v

u
f

∣∣∣∣ ≤ Ψ(v − u) (u, v ∈ I, u < v),

then f is Φ-Hölder on I .

COROLLARY. Let p ∈ ]0, 1], c ∈ [0,∞[ . If f : I → R is a continuous solution of∣∣∣∣f(u)− 1

v − u

∫ v

u
f

∣∣∣∣ ≤ c(v − u)p (u, v ∈ I, u < v),

then f is c(p+1)
p (·)p-Hölder on I . In particular, f is constant if p > 1.

COROLLARY. Let p ∈ ]0, 1], c ∈ [0,∞[ . If f : I → R is a continuous solution of∣∣∣∣f(v)− 1

v − u

∫ v

u
f

∣∣∣∣ ≤ c(v − u)p (u, v ∈ I, u < v),

then f is c(p+1)
p (·)p-Hölder on I . In particular, f is constant if p > 1.
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