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a b s t r a c t

Disk B-spline curve provides an alternative shape modeling tool to standard control point based mod-
eling techniques by extending control points to control disks, resulting in an easy and straightforward
way of modeling regions or shapes with adjustable thickness. Due to this feature, disk B-spline curves
are frequently applied in artistic shape modeling applications, such as brushstroke representation,
calligraphy, and animation, but they are also suitable for engineering purposes. However, the boundary
curves of the described shapes tend to have unintentional self-intersections or cusps, negatively
affecting the usability and artistic value of the resulting shape and texture. In this paper, we introduce
an iterative algorithm to give a solution to this problematic issue with the help of an approximating
circle skinning method, while preserving the advantageous properties of the disk B-spline curves. Our
method also results in smoother texturing of the shape around the more sharply curved sections.

© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

In the last couple of decades, in addition to the industry
tandard free-form curves defined by control points, several al-
ernative curve representation and shape control methods have
een developed in computer graphics for specific tasks.
One of these methods is the disk-type generalization of clas-

ical representation tools, such as disk Bézier curve [1] and its
atural extension, the disk B-spline curve (sometimes referred to
s DBSC) [2], and disk Wang–Ball curve [3]. For these curves, a
raditional control point is replaced by a disk, i.e., a combination
f a control point and a radius. These shape modeling tools
reserve many of the good properties of the original control point
ased representation methods, including standard algorithms for
djusting the shape [4], or calculating intersections [5], merg-
ng [6] and degree reduction of these curves [7]. Various further
eneralizations of these methods, such as dynamic DBSC [8],
xpressive DBSC [9], or disk ball curve with shape parameters [10]
ave been recently developed to further enhance the flexibility of
hese shape modeling tools.

In fact, instead of a simple 1D curve, planar disk Bézier curves
nd DBSC represent a 2D region, practically a band with ad-
ustable ‘‘thickness’’. This feature makes these shape modeling
ools ideal for artistic applications such as brushstroke repre-
entation [2,11], calligraphy [12–14], animation [15], and mod-
ling [16,17], but also for engineering purposes [3].
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E-mail address: kruppa.kinga@inf.unideb.hu (K. Kruppa).
ttps://doi.org/10.1016/j.cag.2023.06.030
097-8493/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access a
However, these disk-defined shapes tend to have uninten-
tional self-intersections or cusps on their boundary curves at
the sharper bends of the shape. These artefacts may negatively
affect the usability of these shape modeling tools in the artistic
applications. The aim of this paper is to present a robust tech-
nique that can be used to detect and overcome these problems,
meanwhile reproducing the original shape as much as possible
without self-intersections and cusps.

Our solution is based on a circle skinning technique developed
in [18], and further improved in [19,20]. The fundamental idea
is to pick circles from the disk B-spline shape at the knots and
compute a skin of them, that is compute a pair of curves touching
each circle. Of course it is possible that this preliminary skin does
not closely follow the original shape in some places. Therefore,
applying an iterative approach, further knots are inserted to the
original disk B-spline shape, and the circles at these knots are
included in the skinning method. This way the skins will better
and better approximate the boundary curves of the original shape
(in terms of Hausdorff distance), meanwhile—due to the specific
approach of the skinning technique—keeping the boundary free
of cusps and self-intersections.

Our skinning curves, like the disk B-spline shape itself, are
locally defined, therefore the elimination of one cusp does not
affect the shape of the model in farther parts of the curve. Our
method also does not affect the interactive design of the shape.
Altering the control disks of the original model, the skinning
algorithm will recompute the approximating curves, still auto-
matically detecting and eliminating the artefacts.

The main contribution of our work can be summarized as

follows. We provide
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• a computational approach to detect the self-intersections of
the boundary curve of a disk B-spline shape;

• an iterative method for approximating a disk B-spline shape
with a pair of intersection-free skinning curves by appropri-
ately selecting circles from the shape;

• an application of the new method to improve the quality
of artistic textured or contoured shapes designed by disk
B-spline curves.

The structure of the paper is as follows. After providing the
asic definitions and notions in Section 2, we present the com-
utation of potential self-intersections of envelope curves in Sec-
ion 3. In Section 4 the method of computing the approximating
kinning curves is discussed. Results are presented in Section 5,
hile usability, limitations, and potential extension to 3D are
onsidered in Section 6.

. Related work and basic definitions

Disk Bézier and disk B-spline curves have been introduced in
hape modeling by Lin and Rokne [1]. The basic idea is to extend
he role of the usual control point in free-form shape design by
dding a thickness parameter (i.e., a positive real number) to each
ontrol point, creating together a control disk with the control
oint as the center, and the radius as the parameter. With these
ata, the shape can be defined and adjusted as a normal free-
orm curve, but the shape will also have a variable thickness,
epending on the radii of the disks.
This tool is not the only approach of extending the usual one-

imensional free-form curve in shape design by adding some
hickness of the shape. The idea of using curved regions, that is,
urves with nonzero width in geometric shape modeling is orig-
nated in the notion of fat curves (for a good overview see [21]),
hich also had artistic applications [16,22]. The notion fat Bézier
urve and wide Bézier curve [23] also appears in the literature.
he idea has been further developed to spatial curves under the
ame of three-dimensional wide curves by Zhou and Ting [24],
aturally replacing the control disks by control spheres.
The boundary curves of these disk-based splines are essen-

ially the envelope curves of a family of circles. That way, these
plines can be regarded as curves in the Minkowski space R2,1,
owever, the envelope curves are usually not rational. In the case
f Minkowski Pythagorean hodograph (MPH) curves [25–27], the
nvelopes are not only rational, but also Pythagorean hodograph
urves, providing many advantageous properties in computer-
ided geometric design. In addition, the possibility of the use of
PH curves for modeling purposes has also recently been the
ubject of discussion in the literature [28,29].
One common crucial issue of these shape modeling tools is the

nintentional self-intersections of the boundary curves. Mean-
hile these shapes preserve many important properties of the
riginal free-form curves, these artefacts deeply affect the us-
bility of them, especially in artistic applications, where these
elf-intersections may destroy the smoothness of the texture or
he homogeneity of the coloring. Zhou and Ting also studied
he unintentional cusps and self-intersections of the boundary
urves of the disk Bézier shapes, but with limited success and
alidity [23].
Creating artistic shapes, brushstroke representations, and font

esign are among the most important applications of these shape
odeling tools from the very beginning. Several authors have
pplied or studied these shapes [2,11,12,30], but the existence of
usps and self-intersections has always been an issue in this field.
The aim of this paper is to overcome this problem by provid-

ng a mechanism to eliminate intersections. The core idea is to
pproximate the disk-based shape by a circle skinning algorithm

hich was introduced in [18]. In this approach the input data
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consist of a series of circles, and the algorithm computes a ‘‘skin’’,
that is a pair of envelope curves touching each circle. The touch-
ing points and tangent vectors of the skin curves are computed
from circle to circle by using the solution of the Apollonian
problem of computing the touching circle to three given circles
(for the details of the method see [18]). The method of skinning
has been further developed by several authors [19,29], and it has
also been extended to 3D by skinning of spheres [20,31].

For the sake of clarity, we briefly describe the basic definitions
and notations of disk B-spline curves based on the work of Lin and
Rokne [1].

Definition 2.1 (Disk). A disk with center c and radius r is defined
and denoted as

⟨c; r⟩ =
{
x ∈ R2

⏐⏐ ∥x − c∥ ≤ r, c ∈ R2, r ∈ R+
}
. (1)

For a given disk ⟨c, r⟩, let us define addition and multiplication
as follows:

• a⟨c; r⟩ = ⟨ac; |a|r⟩, where a ∈ R;
• ⟨c1; r1⟩ + ⟨c2; r2⟩ = ⟨c1 + c2; r1 + r2⟩.

A disk B-spline curve of degree p can be defined in the follow-
ng way.

efinition 2.2 (Disk B-Spline Curve). Given n+1 points p0, p1, . . . ,

n and radii r0, r1, . . . , rn, a disk B-spline curve (DBSC) of degree
with knot vector U = {u0, u1, . . . , um}, m = n+p+1, is defined
nd denoted as follows:

D⟩(t) =

n∑
i=0

Ni,p(t) ⟨pi; ri⟩

=

⟨
n∑

i=0

Ni,p(t)pi;

n∑
i=0

Ni,p(t)ri

⟩
,

(2)

where Ni,p(t) is the ith B-spline basis function of degree p.

Hereafter, we denote the spine curve of a DBSC by q(t) =∑n
i=0 Ni,p(t)pi and the radius function by r(t) =

∑n
i=0 Ni,p(t)ri.

It follows from Definition 2.2 that a DBSC describes a family of
circles for which the boundary curves can be determined and
computed. If the family of circles is written in an implicit form
of F (x, y, t) with family parameter t , one can obtain the envelope
by solving the usual system of equations⎧⎨⎩

F (x, y, t) = 0,
∂F
∂t

(x, y, t) = 0.
(3)

This envelope is the boundary of the region represented by the
DBSC. Also, ⟨D⟩(t) can be regarded as a medial axis transform as

q : [a, b] → R2,1, q(t) = (q(t), r(t)) = (x(t), y(t), r(t)). (4)

Then, by applying the envelope formula given by Choi et al.
26], we can acquire the envelope curves q±

: [a, b] → R2 as:

±(t) = q(t) − r(t)
r ′(t) q′(t) ± q′⊥(t)

√
∥q′(t)∥2

− r ′(t)2

∥q′(t)∥2 , (5)

where q′⊥(t) denotes the vector which is obtained by rotating
q′(t) counter-clockwise. Eq. (5) can be rewritten in the form

q±
= p(t) + r(t)

q′⊥(t)q′⊥(t)
 , (6)

here

(t) = q(t) ±
q′(t) r(t)r ′(t)

. (7)

∥q′(t)∥ ∥q′(t)∥



K. Kruppa, R. Kunkli and M. Hoffmann Computers & Graphics 115 (2023) 96–106

A
f
i

3

w
v
a
s
b
c
t

o
a
t
t
w
a
f

h
i

w

ζ

E

e
q

w

Γ

t
r
(
t
s

w
c

p
c
p
T
s
i
o
B
l
c
m
t

f
c
t
e
t

t
w
t
w
d
t
b
w
t
s

Fig. 1. A clamped disk B-spline curve of degree 3 with its boundary curves.

s a consequence, we can regard the envelope curves as special
unctional offsets of the spine curve q(t). Fig. 1 shows a DBSC with
ts envelope curves.

. Self-intersections of the DBSC

Disk B-spline curves together with their boundary curves are
idely used for modeling purposes as they have several ad-
antageous properties. As we have shown in Section 1, they
re particularly suitable for representing regions in an artistic
ense, as well as for displaying textured shapes or, for example,
rushstrokes. However, after creating the DBSC and its envelope
urves, unintentional self-intersections or cusps might appear at
he sharper bends of the shape.

In this section, we show how one can detect self-intersections
f the disk B-spline curves, specifically, cusps on the curve. Cusps
ppear on the envelope curves when there is a discontinuity in
he tangent vector [32], which results in a sudden reverse of the
angent vector along the curve. Fig. 2 shows such an example
hen the tangent vector of the envelope curve flips its direction,
nd two cusps are formed. These cusps can either be located by
inding the roots of q±′(t) = 0 or by using a more robust method
introduced by Elber and Cohen [33], who described such cusps
(with regard to offsets) as local loops. We will use this method
to detect these self-intersections. Let T(t) and T ±(t) denote the
tangent vectors at q(t) and at q±(t), respectively. One can locate
the cusps on the envelope by finding the zero set of

τ±(t) = T ±(t) · T(t). (8)

Then the local loop is bounded by two cusps, for which region
the condition

τ±(t) < 0 (9)

holds. For further details and proofs, see [33]. Using this idea, if
we would like to ensure that no cusps appear on the envelope
curves,

q±′(t) · q′(t) > 0, ∀t ∈ [a, b] (10)

as to be satisfied. If we evaluate Eq. (10), we can further reduce
t toq′(t)

2
M +

r(t) ζ (t)
∥q′(t)∥2 > 0, ∀t ∈ [a, b] , (11)

here

(t) = q′(t) · q′′(t) r ′(t) −
q′(t)

2 r ′′(t) ′
 (

′ ′′
) (12)
± q (t) M q (t) × q (t) z ,
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andq′(t)

M =

√
∥q′(t)∥2

− r ′(t)2 (13)

is the Minkowski norm of q, and az denotes the third coordinate
of an arbitrary vector a ∈ R3. Since

q′(t)
2

> 0, ∀t ∈ [a, b],
q. (11) can be written in the formq′(t)

2 q′(t)
2
M + r(t) ζ (t) > 0. (14)

In Eq. (14), both
q′(t)

2
> 0 and

q′(t)

M > 0 holds if real

envelopes exist, thus, Lemma 1 shows a general condition on the
cusps of envelope curves.

Lemma 1. Given the medial axis transform q : [a, b] → R2,1,
q(t) = (q(t), r(t)), let us suppose that q(t) is regular and real
nvelope curves exist. Then its associated envelope curves q+(t) and
−(t) do not contain cusps ifq′(t)


M + r(t) Γ (t) > 0, ∀t ∈ [a, b] , (15)

here

(t) =
q′(t) · q′′(t)

∥q′(t)∥2
q′(t)


M

r ′(t) − r ′′(t) ±
(
q′(t) × q′′(t)

)
z . (16)

A special case arises if the radius function of the medial axis
ransform is constant, i.e., r(t) = r . In this case, the derivatives of
(t) disappear, thus, the envelope curves q±(t) in forms (6) and
7) will be offsets of q(t) with distance r . This greatly simplifies
he detection of cusps [33]. These points of singularities, therefore
elf-intersecting loops, can be detected when

1
κ±(t)

< r , (17)

here 1/κ±(t) denotes the radius of curvature of the envelope
urves q+(t) and q−(t), respectively.
If we strive for a shape without self-intersections, a trimming

rocess can be applied after detecting these loops: the part of the
urve between the cusps should be removed, and the intersection
oint of the remaining two parts of the curve has to be calculated.
o find the intersection point, numerical methods can be used,
uch as general curve–curve intersection techniques based on
mplicitization or clipping (however, clipping methods are most
ften applied after approximating the envelopes in Bernstein–
ézier form) [34–36]. After trimming, the envelope curves no
onger contain intersecting loops, but this process can be quite
ostly. Also, it would result in sharp turnarounds, so the results
ay differ from what the modeler envisioned, both in terms of

he final shape and in the textured result.
In the case of DBSCs, another solution to obtain an intersection-

ree result would be restricting the position or the radii of the
ontrol circles. However, this would result in a different shape
han the intended one, as we can see in Fig. 3. Furthermore, the
xact calculations of how one could modify the positions and/or
he radii would be a difficult question of numerical optimization.

As we have discussed, such intersecting loops can occur during
he modeling process with a DBSC, even though the modeler
ould not expect cusps and self-intersections. We may attempt
o construct envelope curves without such singularities, but it
ould be exceedingly difficult to always guarantee that the con-
itions (15) and (16) are satisfied for all parameter values. In
his sense, the modeling process with disk B-spline curves can
e troublesome. As a solution, instead of using envelope curves,
e suggest computing skinning curves for well-chosen circles of
he DBSC, which will approximate the desired shape well without
elf-intersections.
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Fig. 2. Two cusps and a loop appear on the envelope curve when its tangent vector flips its direction.
Fig. 3. DBSC shapes with inadvertent self-intersections or cusps on their bound-
ary curves will also yield intersections in the tessellated region (see (a) and (b)).
Although we can get rid of the intersections by modifying the positions and/or
radii of the control circles, the resulting shape may significantly differ from the
intended one (as shown in (c) and (d)).

4. Approximation of DBSC with skinning curves

Although DBSCs have proven to be an efficient modeling tech-
nique, they also suffer from some drawbacks as we showed in
Section 3. The appearance of cusps and self-intersecting loops
on the boundary curves is not only visually disturbing but can
cause further problems if the created model as a region is to be
textured. Fig. 3(b) shows an example of this problem.

In this section, we present a solution that accurately approxi-
mates the desired shape described by a DBSC—but without cusps
and self-intersecting loops. The idea is simple, yet effective: we
select appropriate circles from the family of circles defined by
the DBSC, on which we apply a modified skinning technique to
obtain two splines that bound the sequence of circles. Each of
these splines will approximate the left and right envelope curves
with a given precision. The method that we present consists of
the following parts:

• Initialization: defining circles based on the knot values of
DBSC.
99
• Phase 1: an iterative process of skinning the circles and in-
serting new ones, ensuring a balanced shape. If the resulting
shape does not approximate well the original shape and no
more insertion is possible, then we proceed to the second
phase.

• Phase 2: if the approximation is not good enough, we it-
eratively insert knot values, but without checking for any
further symmetry. When no more insertion is possible, we
proceed to the third phase.

• Phase 3: if there are skinning segments where the approxi-
mation error is large for both the left and the right sides, we
use ‘‘two-sided skinning’’ for a final refinement of the shape.

Throughout the rest of this study, the control disks and poly-
lines will be omitted from some of the figures to give a better
view of the actual shapes.

4.1. Defining circles on the DBSC

Let us consider a disk B-spline curve ⟨D⟩(t) of degree p with
n + 1 control points pi and radii ri. Let m + 1 be the size of knot
vector U where m = n + p + 1, i.e., U = {u0, u1, . . . , um}. By
control disks, we refer to the disks

⟨pi; ri⟩ , i = 0, 1, . . . , n. (18)

In what follows, we denote circle c with center p and radius
r as c = ⟨p; r⟩C by directly applying Definition 2.1. For our
approximation algorithm, the aim is to define the sequence of
circles C = {c0, c1, . . . , cn} which is an admissible input for
skinning.

Definition 4.1 (Admissible Configuration). Let us consider a se-
quence of circles C = {c0, c1, . . . , cn} and their corresponding
disks D = {d0, d1, . . . , dn}. We call C an admissible input, if the
following criteria are satisfied:

1. di ̸⊂
⋃n

j=0,j̸=i dj, i = 0, 1, . . . , n;
2. if di−1∩di+1 ̸= ∅, then di−1∩di+1 ⊂ di, i = 2, 3, . . . , n−1;
3. if si denotes the radical point of circles ci−1, ci, and ci+1,

then si /∈
⋃i+1

j=i−1 dj, i = 1, 2, . . . , n − 1.

We have modified the admission criteria defined by Kunkli
and Hoffmann [18] as we did not include the condition di ∩

dj = ∅ (i, j = 1, 2, . . . , n, j /∈ {i − 2, i − 1, i, i + 1, i + 2}) in Def-
inition 4.1. In order to obtain an accurate approximation, it is
sometimes necessary to use many more circles than it is usual
in traditional skinning approaches, and some of these circles may
overlap, causing this condition to fail. Therefore, we have chosen
only those criteria that are indeed necessary to find touching
points on the given circles.
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The initialization step of the method is selecting those circles
hat correspond to the knots in the knot vector U . That is, we
opulate C as follows:

=
{
⟨q(ui); r(ui)⟩C

⏐⏐ ui ∈ U ,
i = p, p + 1, . . . ,m − p}

(19)

For this initial step, C is required to be an admissible config-
ration. In the following, we refer to the resulting circles in C as
not circles.

.2. Approximation and iterative error measurement

Once the initial configuration is obtained, we choose a skin-
ing technique [18–20] with which we compute the splines s+(t)
nd s−(t) as the so-called left and right skins. In the present work,
he figures were created by applying the method of Kunkli and
offmann [18] to C. In this way, we acquired the left and right
ouching points on each knot circle ci, and constructed the curves
s G1 continuous cubic Bézier splines.
After we have skinned the circles of C, we need to measure

he accuracy of the approximation by calculating the Hausdorff
istance on both the left and right envelope and skinning curve
airs, respectively. After the initial selection of the circles in C,
he skins will evidently differ from the envelope curves. However,
epending on the shape being defined, some parts would differ
ore than others. Since the left and right skinning curves are
oth splines constructed from Bézier curves between the two
not circles ci and ci+1 (i = 0, 1, . . . , n − 1), we compare them
o their corresponding parts of the envelope curves. Thus, we
ivide the envelope curves into segments at their knot values.
he envelope curves q± are then considered as splines of q±

i (u),
∈

[
up+i, up+i+1

]
, i = {0, 1, . . . , n − p} segments. To measure the

rror of the approximating skinning curves, we need to evaluate
±

Hi
= DHi

(
q±

i (u), s
±

i (t)
)

u ∈
[
up+i, up+i+1

]
, t ∈ [0, 1] ,

i = {0, 1, . . . , n − p} ,
(20)

here DH (C1, C2) denotes the Hausdorff distance between two
iven curves C1 and C2 defined as

H (C1, C2) = max
{
max
p∈C1

min
q∈C2

∥p − q∥,

max
q∈C2

min
p∈C1

∥p − q∥

}
.

(21)

The computation of the Hausdorff distance between two para-
etric curves is not a straightforward problem and has been

he subject of several papers. There are existing methods for
stimation and exact calculation of the distance as well [37–40].
fter obtaining the D±

Hi
values, we decide whether the error of

he ith skinning segment is within a tolerance ϵ. If not, we need
o refine the approximation to follow the shape of the envelope
urves more closely. As it was proved by Kruppa et al. [20], the
kinning curves locally converge to the envelope curves. There-
ore, if we choose more circles while keeping the admissibility
riteria intact, then we can get the shape approximated within
he chosen tolerance.

The idea is to check all the curve segments s±

i , and if they do
ot approximate q±

i (u) well, i.e., Hi
± > ϵ, then we need to choose

new circle from the family of circles described by the DBSC
o reduce the error. For this purpose, we use knot insertion on
he DBSC to easily keep track of the envelope and skin segments
nd the approximation error. The most crucial question is which
arameter value should be chosen as a new knot. When choosing
he new knot circle, we have to keep in mind that C should
emain an admissible configuration according to Definition 4.1.

et us assume that the ith segment of the left skin is not yet
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pproximating the ith segment of the left envelope well, so that
+

Hi
> ϵ holds. An obvious choice is to insert a new knot at the

iddle of the ith knot span, that is, at

∗
=

up+i + up+i+1

2
. (22)

This results in splitting the segment in two and in inserting
a new knot circle into C. If the modified sequence of circles is
still admissible, then the resulting skinning curve would have less
error than before. This approach behaves very well in general
scenarios, but it can cause problems when the envelope curves
have cusps and self-intersecting loops. Since obtaining shapes
without these singularities is the main reason why we would like
to use skinning curves instead of the actual envelope, we need to
find a solution to these issues.

For a given DBSC with knot circles C already determined, let us
consider the following example. Looking at the error estimates,
we would like to insert a knot at the ith curve segment, i.e., at
the (p+ i)th knot span between circles ci and ci+1. Let us assume
that the insertion can be completed successfully because the knot
circles form an admissible input, which we now denote as Ĉ.
fter the insertion, one of the skins may become distorted and
uite asymmetric, since the touching point at ci+1 = ĉi+2 would

move closer to ci+2 = ĉi+3. To ensure a more symmetrical shape,
we would like to insert a new knot circle between ĉi+2 and ĉi+3,
but we are unable to do so because this would result in a non-
admissible configuration: the radical point of the circle to be
inserted and its left and right neighbors would be inside the
circles. Subsequently, it is not possible to complete the insertion,
and the result obtained so far is still asymmetric, which is usually
not a desirable outcome. Fig. 4 shows an example of this scenario,
where the insertion of the knot circle is not possible, yielding an
unsatisfactory result seen in Figs. 4(c) and 4(d). We can overcome
these problems by requiring a condition to be fulfilled upon
insertion regarding the neighboring circles.

Specifically, if we would like to insert knot u∗ into the (p+ i)th
knot span, that is, between ci and ci+1, we will not only check
the admissibility of circle ⟨q (u∗) ; r (u∗)⟩C , but also its symmetric
pair ⟨q (u∗∗) ; r (u∗∗)⟩C as follows. For this purpose, we create the
modified knot vector Û as

Û =
{
u0, u1, . . . , up+i, u∗, up+i+1, u∗∗, up+i+2, . . . , um

}
, (23)

where

u∗
=

up+i + up+i+1

2
and u∗∗

=
up+i+1 + up+i+2

2
. (24)

Consequently, we create Ĉ =
{
c0, c1, . . . , ci, c∗, ci+1, c∗∗, ci+2,

ci+3, . . . , cm−p
}
where c∗ and c∗∗ are the knot circles correspond-

ing to u∗ and u∗∗, respectively. If Ĉ is an admissible configuration,
then we can proceed with the insertion. If not, we need to modify
the values of u∗ and u∗∗ appropriately. For the sake of a more
symmetrical shape, we modify them in pair as follows. Because
we wish to push c∗ and c∗∗ towards ci and ci+1, respectively,
we introduce weights W = {w0, w1, . . . , wm−1} so that the knot
values u∗ and u∗∗ are chosen as:
u∗

= (1 − wp+i) up+i + wp+i up+i+1,
u∗∗

= wp+i+1 up+i+1 + (1 − wp+i+1) up+i+2.
(25)

The values of wi and wi+1 would be iteratively modified to
wj = wi/2 (j = p + i, p + i + 1), if the insertion is still not
possible. This modification of the weights can be done until a
solution is found or until u∗ or u∗∗ is in a too close proximity
to up+i or up+i+1, respectively. In this latter case, the process is
aborted with no possible insertion.

We can take a look at our previous example of Fig. 4, starting
with the initial shape in Fig. 4(b). Before inserting a circle at knot
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Fig. 4. The first phase of our DBSC shape approximation algorithm. (a) The shape created with an open disk B-spline curve with a visible cusp and self-intersection.
(b) Initial configuration of the knot circles for our DBSC-based skinning method. (c) The first iteration of the insertions results in an asymmetric shape. (d) Insertion
at the last segment is not possible due to the position of the radical point. (e) The result of the insertion after introducing weights.
span p+ i, we check whether it would be also possible to insert a
knot circle at the next span too. In this example, it is not possible
(shown with red in Fig. 4(d)), so we fine-tune the weights of the
insertion. Fig. 4(e) shows the result, where we can see that we
had to modify the weights of the insertion to obtain proper knot
circles.

It is also important to note that the knot does not necessarily
have to be inserted at the (i + 1)th span, we are only checking
the possibility of the insertion. If the (i+1)th segment also needs
efinement, then evidently the modified value will be used to
nsert the knot circle.

While we iterate through the curve segments to reduce the
pproximation error, as we discussed earlier, we do not have
o insert a knot exactly at the middle of the knot span, but at
different ratio. For example, it is possible that we modified

he weights of wp+i and wp+i+1 so that we could insert a knot
ircle at the ith curve segment. Let us assume that the next curve
segment also needs refinement. So we need to check knot circles
with weights wp+i+1 and wp+i+2 and their respective u∗ and u∗∗

alues. If the resulting circle sequence is not admissible, we have
o modify these weights. However, if we changed wp+i+1 and
onsequently pushed the knot circle closer to ci, then it would be
ossible to break the admissibility of the previous insertion. So
e need to push wp+i backwards as well to obtain an admissible
equence, if it is possible. Therefore modifying a weight in an
nsertion can affect previously selected weights and knot circles
s well.
If inserting a new knot circle is not possible for a given curve

egment because it would result in a non-admissible sequence of
not circles, then we mark this segment so as not to try to insert
n it again. After we checked all curve segments s±

i whether the
pproximation is good enough, i.e., Hi

± < ϵ, and if needed, we
nserted new knot circles, we can start a new iteration of the
not insertion method. This iterative process will halt if one of
he following conditions is true for all curve segments s±

i , i =

0, 1, . . . , n − p}:

• D±

Hi
< ϵ;

• new knot value u∗ cannot be inserted.

The following steps summarize the first phase of our method:

1. Initialize C with knot circles created for each knot value of

the DBSC.

101
2. Compute the skinning curves for C.
3. For each segment:

• If D±

H < ϵ, mark the segment as finished.
• Otherwise, try to insert a new knot value:

– Determine values for u∗ and u∗∗ to ensure a
balanced shape.

– If the input is admissible, insert the new knot
value u∗ and store u∗∗. Otherwise, the segment
is marked as stopped.

4. Loop through these steps up until all segments are finished
or stopped.

After the possible iterations of the insertions, we reach the
second phase of our algorithm, where we solve a problematic
issue that might arise. An example is shown in Fig. 5. Starting
from the initial shape (see Fig. 5(b)), the insertion algorithm halts
in the state shown in Fig. 5(c). We can see that the shape is
not approximating the envelope well enough, but no more knot
circles can be inserted. In this example, the first curve segment is
problematic: we cannot insert a circle because of its neighboring
segment, regardless of the weights used. This happens simply
because the next segment is not the region where the symmetry
should be checked, and actually, in this phase of the algorithm the
asymmetric shape of turnarounds are already taken care of. Thus,
after the first phase of insertions, if there are still problematic
segments, we insert the knot value u∗ if the resulting circle
sequence would be an admissible configuration—without any
further examination of the neighboring circles. This second phase
of the algorithm is being iterated until the halting conditions are
satisfied. The result of the above example can be seen in Fig. 5(d).

This second phase of the method can be very similarly sum-
marized in steps as the first phase has been. The main difference
between them would be omitting the usage of u∗∗ in the insertion
procedure.

If the envelopes of the DBSC do not have cusps, then eventu-
ally the method will achieve that D±

Hi
< ϵ, i = {0, 1, . . . , n − p}

because the skinning curves locally converge to the envelope.
However, if there are self-intersections, then depending on ϵ, we
might not reach this state. Since our aim is to provide skinning
curves without intersections, it is quite natural that the difference

between the envelope curves and the skins will be relatively large
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Fig. 5. (a) A shape created with an open DBSC. (b) Initial configuration of knot circles with our method. (c) Starting position of the second phase of our insertion
lgorithm. Insertion to the first segment is not possible if we consider the neighboring segment. (d) As the asymmetric shape is already avoided and the insertion
t the first segment would not directly lead to a non-admissible configuration, there is no need to check the neighboring segment anymore. Thus, the insertion can
e completed and iterated. (e) Starting position of the third, refinement step of the algorithm. The shape is not approximating the envelope well, but insertion is
ot possible. (f) By introducing two-sided skinning, we can insert the necessary knot circles to obtain the shape.
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u
s
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t the affected segments. In such cases, knot circles are inserted
p until no more new knot values can be inserted, namely, up
ntil C is admissible. As a result, the skinning curve will closely
ollow that segments which do not have intersections, and more
oosely at that parts where there are cusps on the envelope.

In a sense, our approximation method is capable of detect-
ng whether the envelope curves have self-intersecting loops: if
hey do not have, then our approximation will terminate with
ondition D±

Hi
< ϵ, i = {0, 1, . . . , n − p}. If there are self-

ntersections, then after halting the algorithm, the corresponding
nvelope curve intersects itself at those segments where D±

Hi
> ϵ

tands.

.3. Final refinement of the skinning curves

We can extend the algorithm with a third phase by provid-
ng a further possibility to reduce the error of the approxima-
ion at those segments where the envelope curves have self-
ntersecting loops. When an envelope segment q±

i has cusps, the
elf-intersecting loop is only on one side of the envelope, for
nstance on q+

i , while the other side q−

i has no singularities. This
eans that after the second phase of our algorithm, usually only
ne of the error estimates (e.g., D+

Hi
) is larger than the tolerance.

hus, such a scenario where neither the left, nor the right side of
skinning segment approximate the envelope well, suggests that
e face a special case where a new knot circle has to be inserted—
ven though the second phase has already stopped, meaning that
t is not possible to insert knots anymore.

Let us continue the examination of the input in Fig. 5. The
econd phase of the algorithm ends at Fig. 5(d), where the knot
nsertion halted. However, we can see that not only D+

Hi
> ϵ, but

lso D−

Hi
> ϵ stands for a specific curve segment. In this situation,

new knot circle should be inserted at the problematic segment,
ut this is not possible because of the position of the radical point
see Fig. 5(e)).

To solve this situation, we can use the idea originally shown
y Bastl et al. [19]. They introduced the idea of skinning branched

ystems of circles by separating which circles should be included
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n the left skin and which ones in the right skin. Even though the
se case is different, the construction can work very well in our
ituation. We will refer to this technique as two-sided skinning.
e separate the knot circles whether they are included in the

onstruction of the left or right skins, respectively. Let us denote
he new knot circle as c∗ that we would like to insert, so we have
ircles cp+i−1, cp+i, c∗, cp+i+1, cp+i+2 from C. We compute the left
and right touching points on c∗, and we denote them as t+ and t−.
When the radical point s∗ of circles cp+i, c∗, cp+i+1 is inside c∗, one
of the touching points t± lies inside c∗ as well. However, the other
touching point is usable, therefore we can include c∗ to create
that side of the skin, but not the other side. Consequently, one of
the skins will be constructed by skinning the original sequence
. . . , cp+i−1, cp+i, cp+i+1, cp+i+2, . . ., and the other skinning curve
is obtained by skinning . . . , cp+i−1, cp+i, c∗, cp+i+1, cp+i+2, . . .. In
the example of Fig. 5(e), the right touching point is inside circle
c∗, so c∗ is used for the creation of the left skin, but not in the
right one’s. It is an interesting property of the approach that the
middle red circle in Fig. 5(f) is an obstacle in the second phase
of the insertion but then part of the solution in the last step of
the approximation process. The result of the two-sided skinning
solution can be seen in Fig. 5(f), where we inserted two more knot
circles to the left skin. Another example is shown in Fig. 6 where
we compare our method with the original DBSC shape.

The third phase of our method can be formalized as follows:

1. Mark all circles in C as both.
2. For each segment where D+

H > ϵ and D−

H > ϵ both hold:

• Determine the value for u∗ and then circle c∗.
• If the radical point of cp+i, c∗, and cp+i+1 is inside c∗:

– Insert the new knot value.
– Calculate t+ and t−, the left and right touching

points on c∗.
– If t+ is inside c∗, then mark c∗ as right.
– If t− is inside c∗, then mark c∗ as left.

3. Compute the left skinning curve for circles marked as left
and both.
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Fig. 6. For the same DBSC shape as in Fig. 3, we can see that (a) the shape
created with the DBSC has cusps, but (b) the skinning shape that we provide
does not have such self-intersections.

Fig. 7. Obtaining the inner points of the skinned region yields the tessellation
f the model.

4. Compute the right skinning curve for circles marked as
right and both.

5. If needed, more ‘‘two-sided’’ knot circles can be inserted to
reduce the approximation error.

This refinement phase has to be done after all iterations of
he knot insertion are finished, as introducing two-sided skinning
ight at the beginning of the method would add unnecessary
omplexity to the approximation task. We discuss this issue in
ore detail in Section 6.

. Results

As we previously mentioned in Section 3, if the envelope
urves of the DBSC have self-intersections or cusps, then we also
et intersections in the tessellated region as well. This causes a
roblem when we intend to apply texture to the region. By using
ur proposed method, we get shapes without such problems, so
he textured region is flawless. In the literature, tessellation has
ot yet been performed on regions defined by skinning curves.
or this purpose, we can parametrize the interior of the skinned
egion using linear interpolation, similarly as Wu et al. defined
he inside of the DBSC [4]. Between circles ci and ci+1, the inner
oints of the region can be parametrized as

i(t, v) = (1 − v) s−

i (t) + v s+

i (t), t, v ∈ [0, 1] . (26)

If we would like to directly assign the skinning curve to the
DBSC, i.e., for a given parameter value u ∈ [uk, uk+1[ on the DBSC,
the inner points of the corresponding skinning segment can be
calculated as

sk−p(u, v) = (1 − v) s−

k−p

(
u − uk

uk+1 − uk

)
+ v s+

k−p

(
u − uk

uk+1 − uk

)
.

(27)

Fig. 7 shows a tessellated region bounded by skinning curves.
Fig. 8 shows a comparison between the textured DBSC and

kinning shape. We can clearly see the distortion when the in-
ersection happens at the model created with the DBSC. On the
 D

103
contrary, there are no such cusps on the shape constructed with
our proposed approach. Two other examples can be seen in Figs. 9
and 10.

6. Discussion and conclusion

In this section we briefly discuss the usability of our method.
As one can see, the proposed method provides a solution to avoid
the self-intersections of the boundary curves of DBSCs. As we
discussed, our technique will closely follow the shape described
by the DBSC because the skinning curves locally converge to
the envelope curves (as described in [20]). When there are self-
intersecting loops and cusps on the envelope, we do not want
to generate the same intersections but follow the shape in a
slightly looser way. This will certainly result in a greater error
in the approximation of the cusps, but this is in fact our in-
tention. Therefore, our new technique is capable of generating
an intersection-free boundary while still following the intended
shape.

Moreover, since the chosen circles are from the family of
circles described by the DBSC, the advantageous properties of the
original shape hold as well, such as convex hull property, affine
invariancy, and local modification. As a plus, the skinning curves
are made of Bézier curves, thus several calculations get simplified,
e.g., obtaining derivatives or intersection detection.

The new method combines the advantageous properties of
DBSC-based design and skinning techniques. Compared to tra-
ditional skinning, this combination with DBSCs not only offers
the above-mentioned inherited advantages, but our method can
provide more flexibility in the modeling process with the use of
control disks. Traditional skinning methods work very well with
a relatively small number of circles, and the user can easily create
a model and modify the resulting shape. In the case of more
complex models, it is only possible to create the desired shape
with many more circles. However, once the shape is created,
modifying it would require changing the positions or radii of
a larger number of circles that are likely to be very close to
each other. Therefore it can be a challenging task to precisely
control the shape. On the other hand, when we use our DBSC-
based skinning technique, the user does not directly see the large
number of knot circles, but they can simply modify the positions
and radii of the control disks. This results in a much simpler and
carefree user experience in the modeling process.

The proposed DBSC-based skinning technique can be used
in those scenarios where our goal is to obtain intersection-free
shapes. This includes tessellated and textured shapes, but also
when the outline, i.e., the contour of the shape is important. This
can be the case in the modeling and manufacturing process of, for
example, carvings, engravings or LED signs. Figs. 11 and 12 show
further examples of shapes created with our DBSC-based skinning
technique.

6.1. Limitations of our method

Our proposed method has its limitations when it comes to the
shape required by the user. As we mentioned in Section 4, the
initial step of setting the knot circles requires that C must be an
dmissible configuration of our skinning procedure in terms of
efinition 4.1. In those cases where this condition is not met, our
lgorithm would halt. This can be regarded as validated because
ven if we chose other circles as starting knot circles, after a
ew iterations we would indeed get a non-admissible sequence of
ircles. Then the algorithm would stop, and we would not be able
o have proper skinning curves on such a shape. Fig. 13 shows an
xample where the second admissibility condition is violated of
efinition 4.1, resulting in intersecting skinning curves. If the first
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Fig. 8. Comparison of (a) the tessellated and textured open DBSC shape and (b) the results of our proposed method. The cusps on the boundary of the DBSC cause
unintended intersection on the texture, while our DBSC-based skinning solution has no such artefacts.

Fig. 9. Comparing the textured seahorse model generated by (a) a disk B-spline curve and (b) our proposed, DBSC-based skinning method.

Fig. 10. A snake model created by using (a) the envelope curves of the DBSC, (b) the skinning curves constructed with our technique. As we can see in the zoomed
part, the envelope has a self-intersecting loop, while our solution does not have any.
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Fig. 11. The seahorse model created with the proposed DBSC-based skinning
technique. The resulting model is tessellated and textured.

Fig. 12. Artistic shapes created with our proposed DBSC-based skinning method.
(a) Design for manufacturing a neon sign, (b) remodeled version of Wu et al.’s [4]
running human, (c) G-clef model, (d) Chinese character remodeled by our
method, inspired by the Qi Gong calligraphy displayed in [12].

or third condition is not met, then it is not possible to create skins
at all. We therefore restrict the method to admissible sequences
of circles.

If we insist on using skinning curves in these cases (because
he envelopes have intersections), then we could apply two-sided
kinning or let the error tolerance be much higher for a more
oosened approximation.

As we mentioned in Section 4, introducing two-sided skinning
ith separation of the left and right circle sequences gives a
remendous amount of freedom in creating a shape. However, it
ould become overwhelmingly complex to control this approach
lgorithmically. Therefore, we use this tool only to fine-tune the
inal iteration of the approximation.

.2. Extension to 3D

A natural extension of disk B-spline curves to 3D is ball B-
pline curves (BBSC), where instead of control disks, we have
105
Fig. 13. Limitations of our method. (a) The control circles define such a shape
that the envelope curves have extremely deep self-intersecting loops. (b) In this
case, we obtain a non-admissible configuration of input circles of our method,
resulting in a skinning curve that has self-intersection.

control balls. The idea was introduced by Wu et al. [41], after
which several papers have been published on both the theory
of BBSCs and their possible applications [42–44]. The boundary
of a BBSC is a canal surface, on which—in a similar way as in
2D—self-intersections can occur. Since skinning of spheres is also
developed (see [18–20]), extending our method to 3D can also
be done in an analogous way to the algorithm in Section 4. We
intend to further investigate this possible extension as future
work.
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