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Chapter 1

Introduction

The present dissertation is devoted to the study of positive operator valued mea-
sures (POVMs) which were introduced in the 40’s [73, 74, 71] in order to study
self-adjoint extensions of symmetric operators.

A POVM is a o-additive map F' : B(X) — F(#) from the Borel o-algebra of a
topological space X to the space F(H) of positive operators less than the identity
(effects). This generalizes the concept of spectral resolution of the identity, which
is a o-additive map F : B(R) — £(H) from the Borel o-algebra of the reals to the
space of orthogonal projections £(#). It is then apparent that the generalization
from spectral measures to POVMs is based on the replacement of R and £(H)
by a topological space X and the space of effects F(H) respectively.

In the 70’s several scholars [32, 45, 48, 50, 49, 66, 2, 78, 27] used POVMs
as the main tool in the description of the quantum measurement process and to
formulate a general theory of statistical decision. Moreover POVMs suggested
an extension of the concept of quantum observable which was previously en-
coded in the mathematical structure of a spectral measure or, equivalently, of
a self-adjoint operator. Such an extension turned out to be very fruitful since
it permitted a mathematical representation of the time observable, the photon
localization observable and the phase observable which resulted to be impossi-
ble in the old framework (spectral measures). Another improvement allowed by
POVMs consists in the possibility of building a representation of standard quan-
tum mechanics in a phase space by mapping density operators to positive definite
density distribution functions on a symplectic space [78, 83, 27, 85]. Nowdays,
POVMs are a standard tool in quantum information theory and quantum optics
[50, 87, 90].

It was then natural both from the mathematical and the physical viewpoint
to ask what are the relationships between POVMs and spectral measures. Four



possible answers have been given each one corresponding to a different char-
acterizations of POVMs [73, 48, 2, 31, 10, 11, 22, 53]. Although the answer
given by Naimark [73, 71, 1, 83] is the most powerful since it refers to gen-
eral POVMs and is not limited to the commutative case, it is to be confronted
with the problem of the physical interpretation of the extended Hilbert space
it introduces. As we shall see, if one avoids the commitment with an extended
Hilbert space, a clear answer to our question can be given in the commutative
case [48, 2, 31, 10, 11, 12, 53], the commutative POVMs being the most similar
to the spectral measures.

The present dissertation is based on the author’s contribution to the formula-
tion of one of the possible characterizations of commutative POVMs (chapter 2).
The analysis of the relationships between such characterization and Naimark’s
theorem is the topic of chapter 3. Chapter 4 is devoted to the analysis of its
relevance to the concept of “informational content” of an observable. The last
chapter is devoted to the characterization of the uniform continuity of a gen-
eral POVM (not necessarily commutative), to the analysis of the POVMs with
the norm-1 property and to the analysis of the relevance of norm-1 property and
uniform continuity to the localization problem in relativistic quantum mechanics.

Next we outline the main properties of POVMs, then we show how they
emerge in the quantum context and briefly outline the main objectives and results
of the present work.

1.1 Main properties of POVMs

In the present section we recall the main properties of POVMs. We restrict
ourselves to the case of POVMs defined on the Borel o-algebra of a topological set
X. For a more general exposition we refer to the book by Berberian [24]. There
are other concepts and properties concerning POVMs that, when necessary, will
be introduced in each single chapter.

Definition 1.1.1. Let X be a topological space and B(X) the Borel o-algebra on
X. A POVM is a map F : B(X) — F(H) such that:

F(JAan) =) F(an.

where, {A,} is a countable family of disjoint sets in B(X) and the series con-
verges in the weak operator topology. It is said to be normalized if

F(X)=1.



Definition 1.1.2. A POVM is said to be commutative if

(1.1) [F(A1), F(A2)] =0 VAL, Ay € B(X).
Definition 1.1.3. A POVM is said to be orthogonal if

(1.2) F(A))F(A3) =0 if Ay N Ay =1.
Definition 1.1.4. A PVM is an orthogonal, normalized POVM.

In the case of a PVM E we have 0 = E(A)[1 — E(A)] = E(A) — E%(A).
Therefore, E(A) is a projection operator for every A € B(X). We have proved
the following proposition.

Proposition 1.1.5. A PVM E on X is a map E : B(X) — E(H) from the Borel
o-algebra of B(X) to the space of projection operators on H.

Definition 1.1.6. A real PVM E : B(R) — F(H) is said to be a spectral mea-
sure.

Definition 1.1.7. The spectrum o(F) of a POVM F is the set of points x € X
such that F(A) # 0, for any open set A containing x.

The spectrum o (F') of a POVM F is a closed set since its complement X — o (F)
is the union of all the open sets A C X such that F(A) = 0.

Definition 1.1.8. The von Neumann algebra AW (F) generated by the POVM
F is the von Neumann algebra generated by the set {F(A)}aep(x)-

In the following we use the symbols w — lim and u — lim to denote the limit
in the weak operator topology and the limit in the uniform operator topology
respectively.

Definition 1.1.9. A POVM is regular if for any Borel set A,

w— lim F(G;) = F(A) =w— lim F(O;)
11— 00 1— 00
where, {G;}jen, A C Gy, is a decreasing family of open sets and {O;}jen, O; C
A, is a increasing family of compact sets and the convergence is in the weak
operator topology.

We recall [64] that a topological space (X, 7) is second countable if it has a
countable basis for its topology T; i.e., if there is a countable subset B of 7 such
that each member of 7 is the union of members of B.



Proposition 1.1.10. A POVM defined on a Hausdorff locally compact, second
countable space X is regular.

Proof. A locally compact Hausdorff space is regular. (See Ref. [69], page 205).
By the Urysohn’s theorem, a second countable regular space is metrizable (see
[69], page 215). Moreover, the second countability implies the o-compactness
([69], page 289). In a metrizable o-compact space the ring of Borel sets coincides
with the ring of Baire sets (see page 25 in [24]) and the thesis comes from the
fact that each Baire POVM is regular (see Theorem 18 in [24]). O

We can introduce integration with respect to a POVM. Indeed, for any v € H, the
expression (F'(-)1, 1) defines a probability measure and we will use the symbol
d(F\v, ) to mean integration with respect to the measure (F(-)1, ). We shall
say that a measurable function f: N € X — f(NN) C R is almost everywhere
(a.e.) one-to-one with respect to a POVM F if it is one-to-one on a subset
N’ C N such that N — N’ is a null set with respect to F'. We shall say that
a function f : X — R is bounded with respect to a POVM F if it is equal
almost everywhere to a bounded function g with respect to F, that is, if f = ¢
a.e. with respect to the measure (F(-)¥, ), Vv € H. For any real, bounded
and measurable function f and for any POVM F, there is a unique [24] bounded
self-adjoint operator B € L;(H) such that

(1.3) (B, ) = /f(/\)d<Fw,w>, for each ¢ € H.

If equation (1.3) is satisfied, we write B = [ f(A\)dFx or B = [ f(A\)F(d\)
equivalently.

By the spectral theorem [35, 79], real PVMs E (spectral measures) are in
a one-to-one correspondence with self-adjoint operators A, the correspondence
being given by

A= //\dE,\.

Moreover in this case, a functional calculus can be developed. Indeed, if f : R —

R is a measurable real-valued function, we can define the self-adjoint operator
[79]

(1.4) f(4) = / F(\dE;,

where F is the PVM corresponding to A. If f is bounded, then f(A) is bounded
[79]. In particular,

(1.5) Eli] == /ti dE, = (/tdEt)i = A

4



and A = [tdE, is the generator of the von Neumann algebra generated by E.

We point out that if F is not projection valued, equations (1.5) and (1.4) do
not hold [59] and, in order to recover the generator of the von Neumann algebra
generated by F', we need all the moments of F'. In particular, in the case of a real
commutative POVM F' with bounded spectrum and such that F'(A) is discrete
for any A (see chapter 3 for the details), we have

A:iaiF[i], a; >0, iai < 0o
i=0 i=0

where, A is a generator of the von Neumann algebra AW (F).

The following result due to Naimark shows that a POVM F' in a Hilbert
space H can always be interpreted as the restriction to H of a PVM E defined
in an extended Hilbert space H™T.

Theorem 1.1.11. (Naimark [72, 1, 50, 71]) Let F be a POVM of the Hilbert
space H. Then, there exist a Hilbert space HT D H and a PVM ET of the space
HT such that

F(A) = PYE*(A)

where Pt is the operator of projection onto H.

Naimark’s theorem is a powerful result on the relationships between PVMs and
POVMs but from the physical viewpoint its interpretation is not clear. That is
due to the difficulties in interpreting the Hilbert space H. As we shall see in
chapter 3, a relationships between the Naimark’s extension of I’ and the sharp
version A of F' can be established in the commutative case. That could provide
new insights in the problem of the interpretation of the Naimark’s extension.

1.2 Positive operator valued measures in the quan-
tum mechanical framework

As we have already seen the set of PVMs is a subset of the set of POVMs.
Moreover, real PVMs (spectral measures) are in one-to-one correspondence with
self-adjoint operators (spectral theorem) [79] and are used in standard quantum
mechanics to represent quantum observables. It was pointed out [2, 27, 32, 50,
78, 82] that POVMSs are more suitable than spectral measures in representing
quantum observables.

From a general theoretical viewpoint, the introduction of POVMs can be
justified by analyzing the statistical description of a measurement. Indeed, a
measurement procedure can be described as an affine map from the set of states



S into the set of probability measures on B(X). The set of states represents the
set of possible preparation procedures of the system while the set of probability
measures represents the statistical distribution of the results of the possible mea-
surements. It was shown [50, 51] that there exists a one-to-one correspondence
between POVMs F : B(X) — F(H) and affine maps S — p£(-) from the set of
states S into the set of probability measures on B(X). Moreover, this correspon-
dence is determined by the relation p5(A) = Tr[SF(A)]. That allows one to
interpret the number
s (A) = Tr[SF(A)]

as the probability that the outcomes of a measurement of the observable F (cor-
responding to a POVM F)) is in A when the physical system is prepared in the
state S € §. We recall that an analogous relation holds for standard observables
which are represented by real PVMs E : B(R) — £(H), that is:

15 (A) = Tr[SE(A)).

That shows again why the quantum observables described by POVMs are a gen-
eralization of the standard quantum observables. They are called generalized
observables or unsharp observables and, as we already pointed out, play a key
role in quantum information theory, quantum optics, quantum estimation theory
[45, 50, 66, 27, 83, 90], quantum measurement theory, and in the phase space
formulation of quantum mechanics [83, 19, 20].

1.3 Objectives and results of the present work

The brief outline we made above raises the problem of giving a clear physical
meaning to the POVMs as well as to study the relationships between POVMs
and PVMs. As we shall see the answer to the second problem shed light also on
the first problem.

The main aim of the present thesis is to answer the following questions:

1) What are the relationships between POVMs and spectral measures? As we
shall see a commutative POVM F' is the smearing of a spectral measure E (called
the sharp version of F). Then, the following question raises. What are the
physical meaning and the mathematical structure of the smearing which connects
F to E? (Chapter 2).

2) In chapter 2 we characterize a commutative POVM as the smearing of its
sharp version. What are the relationships between this characterization and
Naimark’s dilation theorem? Is there a universal one-to-one function f such that
the sharp version A of any commutative POVM F can be written in the form

AF = [ f(t)dF;? (Chapter 3).



3) Is there any loss of “information” during the smearing from the sharp version
A of F to F? (Chapter 4).

4) Can we give conditions for a POVM to have the norm-1 property? Is the
norm-1 property relevant to localization observables? (Chapter 5).

Here is a brief list of the results we get. A more detailed overview can be found
in the summary at the end of the thesis.

1. Characterization of commutative POVMs [22, 11]: We generalize
the results I got in Ref.s [22, 11]. In particular, we prove that each com-
mutative POVM F is the smearing of a spectral measure E realized by
a Feller Markov Kernel. That suggests an interpretation of commutative
POVMs as the randomization of real PVMs. Moreover, we characterize the
POVMs whose smearing can be realized by strong Feller Markov kernels.

2. Analysis of the relationships between the results in iteml and
Naimark’s dilation theorem [16, 17, 18]. We prove that the self-
adjoint operator corresponding to the spectral measure F, of which F is
the smearing, is the projection of a Naimark’s operator [12, 13, 14, 15,
16, 17, 18]. That suggests an interpretation of the Naimark’s dilation of a
commutative POVM.

3. Analysis of the informational content of a POVM [15]. We intro-
duce an equivalence relation on the set of observables which we compare
with other well known equivalence relations and prove that it is the only
one for which E is always equivalent to F' [15].

4. The study of the uniform continuity and norm-1 property of a
POVM [21, 23]. We characterize the uniform continuity of a POVM,
give a necessary condition for the norm-1 property (||F'(A)|| = 1, whenever
F(A) # 0) and explain its physical meaning and its relevance to the lo-
calization problem [21]. Then, we prove that several relevant localization
observables cannot have such a property [23].






Chapter 2

Characterization of
commutative POV Ms

The present chapter focuses on the analysis of commutative POVMs. We recall
that the set of PVMs is a subset of the set of commutative POVMs. That suggests
to start our analysis of the mathematical structure of POVMs by studying the
relationships between commutative POVMs and PVMs.

We prove a strong connection between POVMs and spectral measures, i.e.,
each commutative POVM F is the smearing (realized by a Feller Markov kernel)
of a spectral measure E. In particular we generalize the results I proved in Ref.s
[22, 11] to the case of a POVM F' : B(X) — F(H) defined on a Hausdorff, locally
compact, second countable space X. Some previous results on commutative
POVMs of which the ones we present here are a strengthening are contained in
Ref.s [10, 11, 12, 13, 14, 15, 16, 17, 18, 53, 54]. Other important characterizations
of POVMs and some analysis of their relationships can be found in Ref.s [2, 48,
6, 55].

First we introduce the concepts of weak Markov kernel, Markov kernel and
smearing. In the following the symbols (A, B(A)) and (X, B(X)) denote mea-
surable spaces where A and X are topological spaces and B(A) and B(X) the
corresponding Borel o-algebras.

Definition 2.0.1. A Markov kernel is a map p: A x B(X) — [0,1] such that,
1. ua(’) is a measurable function for each A € B(X),
2. pey(A) is a probability measure for each A € A.

Definition 2.0.2. Let v be a measure on A. A map p: Ax B(X) — R is a weak
Markov kernel with respect to v if:



1. ua(+) is a measurable function for each A € B(X),
2. for each A € B(X), 0 <pua(AN) <1, v—ae.,

3 uxN) =1, uyg(A\) =0, v—ae.,

4. for any sequence {A;}ien, A NA; =10,

> nanN) = poanN), v-ae.

Definition 2.0.3. The map p: A x B(X) — [0, 1] is a weak Markov kernel with
respect to a PVM E : B(A) — E(H) if it is a weak Markov kernel with respect to
each measure vy (+) == (E(-) ¥, ¢), ¥ € H.

In the following, by a weak Markov kernel p we mean a weak Markov kernel
with respect to a PVM E. Moreover the function A — pa(A) will be denoted
indifferently by pa or pa(:).

Definition 2.0.4. A POVM F : B(X) — F(H) is said to be a smearing of a
POVM E : B(A) — E(H) if there exists a weak Markov kernel p: A x B(X) —
[0,1] such that,

F(8) = [ naVdEs, A€ BX).
A
Example 2.0.5. In the standard formulation of quantum mechanics, the operator
Q: L*(R) — L*(R)
() € L*(R) = QY := a1)(x)

1s used to represent the position observable. A more realistic description of the
position observable of a quantum particle is given by a smearing of Q as, for
example, the optimal position POVM

o0

1 ° (2=y)2
QIAY — -y Q _ Q

where,
_(—y)?

1
= — 22 dy, AeB(R
pa () ] Tw/Ae Y (R)

defines a Markov kernel and E® is the spectral measure corresponding to the
position operator Q.

In the following, the symbol u is used to denote both Markov kernels and weak
Markov kernels. The symbols A and B are used to denote self-adjoint operators.
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Definition 2.0.6. Whenever F, A, and p are such that F(A) = ua(A), A €
B(X), we say that (F, A, u) is a von Neumann triplet.

Definition 2.0.7. The von Neumann algebra AW (F) generated by the POVM
F is the von Neumann algebra generated by the set {F(A)}aep(x)-

Definition 2.0.8. If (F, A, u) is a von Neumann triplet and A and F generate
the same von Neumann algebra then A is named the sharp version of F.

2.1 On the separation properties of p

In the following, we assume X to be a Hausdorff, locally compact, second count-
able topological space. The symbol & denotes a countable basis for the topology
of X. The symbol R(S) denotes the ring generated by S. Notice that by theorem
¢, page 24, in Ref. [44], R(S) is countable too. Moreover, R(S) generates the
Borel o-algebra B(X).

A weak Markov kernel p such that (F, A, i) is a von Neumann triplet, sepa-
rates the point of I' C o(A) if the family of functions {ua }aep(r) separates the
points of I' or, in other words, if the set functions {s(.)(A)}rer are distinct. It
is then natural to ask if in general p has that property. The following theorem
answers in the positive.

Theorem 2.1.1. Let (F, A, u) be a von Neumann triplet and suppose that A is
a sharp version of F. Then, there exists a set T C o(A), EA(T) = 1, such that
the family of functions {ua(-)}acB(x) separates the points of T.

Proof. In the following, A" (F') denotes the von Neumann algebra generated by
{F(A)}aes(x)s O2 = {F(A)}acr(s) and A°(0,) is the C*-algebra generated
by O,. The von Neumann algebra generated by A (Oz) coincides with AW (F)
(see appendix A). Moreover, AW (F) = AW (A) since A is the sharp version of
F and generates A" (F). By the Gelfand-Naimark theorem [35, 72|, there is a *
isomorphism ¢ between A”(O,) and the algebra of continuous functions C(As)
where A is the spectrum of A (Oz). Moreover,

fec@a)=o(f)= [ FN dE

where, E is the spectral measure from the Borel o algebra B(As) to &(H) whose
existence is assured by theorem 1, page 895, in Ref. [35]. The Gelfand-Naimark
isomorphism ¢ can be extended to a homomorphism between the algebra of the
Borel functions on A, and the von Neumann algebra AW (F) = A" (A) generated

11



by A%(O,) (see Ref. [34], page 360, section 3). Therefore, there is a Borel
function h such that

(2.1) A= [ h())dE,\
As

Let S be a countable basis for the topology of X. Let {A;};en denote an enu-
meration of the set R(S). Since A®(Os) is the smallest uniform closed algebra
containing {F(A;) }ien, C(A2) is the smallest uniform closed algebra of functions
containing {va, := ¢ 1(F(A;))}ien. In other words {va, }ien generates C(Az).
The Stone-Weierstrass theorem [35] assures that {va, };en separates the points
in A2.

On the other hand, the fact that (F, A, u) is a von Neumann triplet, implies that,
for each A; € R(S), there is a Borel function pa, such that

/ va, (V) dBy = F(A;) = pa, (A) = / s, (h(N)) dBy.
Ao Ao

Then, for each A; € R(S), there is a set M; C Ay, E(M;) = 1, such that
(2.2) i, (V) = va, (N, A€ My,

Let M :=nN$2; M;. Then,

E(M) = lim E(N}_,M;) = lim [[EM:) =1
=1

n— oo

and, for each i € N,
(2.3) (a, o h)(N) =va,(N), e M CA,.

Since {va, }ien separates the points in A, it separates the points in M. Then,

equation (2.3) implies that {ua, }ien separates the points in I' := h(M). More-
1

over?,

EAT) = EAW(M)) = Elh = (h(M))] = 1

!'Notice that h(M) is a Borel set. In order to prove that, we first recall that As
is a Polish space (that is, a complete, separable, space [63]). Indeed, by theorem 11,
page 871, in Ref. [35], it is homeomorphic to a closed subspace of the Cartesian product
[12, o(F(As)), where o(F(A)) is a complete separable metric space, and by theorem 2,
page 406, and theorem 6, page 156, in Ref. [64], it is complete and separable. Moreover,
h is measurable and injective on M. Therefore, Soulsin’s theorem (see theorem 9 page
440 and Corollary 1 page 442 in Ref. [63]) assures that h(M) is a Borel set.

12



where, E4 is the spectral measure defined by the relation

and such that,
A= / zdEX

while, h=1(h(M)) is a Borel set containing M.
We have proved that the set of functions {ua, }ien separates the points of I' and
that E4(I") = 1. In other words,

peyA) # pey(X), AFEN, AN ET

O

2.2 Characterization by means of Feller Markov
kernels

In the present section we give a characterization of the commutative POVMs.
First we introduce the concept of strong Markov kernel, i.e., a weak Markov
kernel pu()(-) : A x B(X) — [0, 1] with respect to a PVM E : B(A) — £(H) such
that ju(.)(A) is a probability measure for each A € I' C A, E(I') = 1. Then, we
prove (theorem 2.2.3) that a POVM F' is commutative if and only if there are
a self-adjoint operator A and a strong Markov kernel p such that (F, A, ) is a
von Neumann triplet, A is the sharp version of F, and ua is continuous for each
A € R, where R is a ring which generates B(X). It is worth remarking that
py () : T'x B(X) — [0,1] is a Feller Markov kernel. Therefore, F' is commutative
if and only if there exists a bounded self-adjoint operator A and a Feller Markov
kernel i such that

F(&) = [ padbs.

Moreover, the family of functions {ua}acr separates the points in T' (see theo-
rems 2.1.1 and 2.2.3).
In order to prove the main theorem we need the following definitions.

Definition 2.2.1. Let E : B(A) — E(H) be a PVM. The map py(-) : A X
B(X) — [0,1] is a strong Markov kernel with respect to E if it is a weak Markov
kernel and there exists a setI' C A, E(I") = 1, such that py(-) : T'xB(X) — [0, 1]
is a Markov kernel with respect to E. A strong Markov kernel is denoted by the
symbol (u, E, T C A).
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Definition 2.2.2. A Feller Markov kernel is a Markov kernel py(-) : A x
B(X) — [0,1] such that the function

A)=/Xf(x)dux(>\), AeA

is continuous and bounded whenever f is continuous and bounded.

Theorem 2.2.3. A POVM F : B(X) — F(H) is commutative if and only if,
there exists a bounded self-adjoint operator A = [ NdEy with spectrum o(A) C
[0,1] and a strong Markov Kernel (u, E,I' C 0(A)) such that:

1) MA(') :0(A) = [0,1] is continuous for each A € R(S),
2) F(A) = [rpa(N)dEx, AeB(X).
3) AW( ) = AV (A).
4) p separates the points in T
Moreover, p: T'x B(X) — [0,1] is a Feller Markov kernel.

Proof. Let AW (F) be the von Neumann algebra generated by F. AW (F) coin-
cides with the von Neumann algebra generated by the set {F/(A)}aer(s) where,
R(S) C B(X) is the ring generated by S, the countable sub-basis for the topol-
ogy of X (see appendix A for the proof). We recall that both & and R(S) are
countable (see theorem c, page 24, in Ref. [44]).

Now, we proceed to the proof of the existence of A. Let {Ai}ieN be an
enumeration of the set R(S) and Oz = {F(A)}aer(s) - Let E® denote the

spectral measure corresponding to F(A;) € Oy. We have F(A; fxdE

Therefore, for each i, k € N there exists a division {Aj k)}jzl’wmi}k of [0, 1] such
that
mik

(2.4) I Z 2P EOASRY — p(A)|| <

=

By the spectral theorem [35] the von Neumann algebra A% (F) contains all the
projection operators in the spectral resolution of F(A), A € B( ). Therefore

the von Neumann algebra A" (D) generated by the set D := {EC )(Az N
m; , i, k € N} is contained in AW (F) and then
(2.5) AY(D) c AV (F) = AV (0Oy).

Moreover, the C*-algebra A® (D) generated by D contains the C*-algebra A (O>)
generated by Oz (see equation (2.4)). Summing up the preceding observations,
we have

AC(0,) € AC(D) ¢ AV (F).
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By the double commutant theorem [56],

AV(F) = [A9(02)]" C [A9(D)]" = AV(D)
so that (see equation 2.5),
(2.6) AY(D) = AV (F).

By theorem 11, page 871 in Ref. [35], the spectrum A of A (D) is homeomorphic
to a closed subset of []72,{0,1}. Let m: A — [];2,{0, 1} denote the homeomor-
phism between the two spaces.

Now, if we identify A with a closed subset of [[~,{0,1}, we can prove the
existence of a continuous function distinguishing the points of A. Indeed, let
T(A) =Z:= (z1,...,Tp,...) € [[;12,{0,1}. The function

oo

=35
i=1 3

is continuous and injective and then it distinguishes the points of A. Moreover,
since A and [0, 1] are Hausdorff, the map f : A — f(A) is a homeomorphism.
By theorem 1, page 895, in Ref. [35], there exists a spectral measure E: B(A) —
F(H) such that the map

(2.7) T:C(A) — B(H)

g+ T(g) = /A 9(N)dE,

defines an isometric *-isomorphism between A (D) and C(A).
The fact that f distinguishes the points of A, implies that the self-adjoint operator

A= /A F\) dEy

is a generator of the von Neumann algebra A" (D) = AW (F). Indeed, by the
Stone-Weierstrass theorem, C(A) is singly generated, in particular f is a gen-
erator. Then, the isomorphism between A®(D) and C(A) assures that A (D)
is singly generated and that A is a generator. Hence, AW (F) = AY(D) =
[AC(D)]" is singly generated. In particular, A generates AW (F), i.e., AW (F) =
AV (A).

Now, we proceed to the proof of the existence of the weak Markov kernel v
such that (F, A,7) is a von Neumann triplet.
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By (2.7), for each A € R(S), there exists a continuous function ya € C(A)
such that

F(8) = [ a3 dBs.

Now, we show that, for each A € R(S), there is a continuous function va :
o(A) — [0,1] from the spectrum of A to the interval [0, 1] such that va(f(X)) =
va(N), A € A, and F(A) = va(A4).

To prove this, let us consider the function

va(t) == (vao f7H(), A eR(S).

It is continuous since it is the composition of continuous functions. Moreover,
since

va(f(N) =7a(f7H(FN)) = 7).

we have,
va(A) = F(A), VA eR(S).

Indeed, by the change of measure principle (page 894, ref. [35]),
F(&) = [ 1a0dBs = [ 2l (700) By
o BRNECICEY BERCIEEANG
o(A)

o(A)

where 0(A) = f(A) is the spectrum of A and F is the spectral measure corre-
sponding to A defined by the relation E(A) = E(f~1(A)), A € B(o(A)) (see
corollary 10, page 902, in Ref. [35]).

For each A € o(A), the map v (\) : R(S) — [0,1] defines an additive set
function. Indeed, let A € R(S) be the disjoint union of the sets Ay, Ay € R(S).
Then,

/V(AluAg)()\) dEy = F(Al U AQ) = F(Al) + F(Al)
:/VAl()\)dEA+/VA2()\) dE)
= / [VAl (A\) +va, ()\)} dFE)y

so that, by the continuity of the functions v(a,)(A) and v(a,)(A), we get (see
theorem 1, page 895, in Ref. [35])

V(Al)()‘) =+ V(A2)(/\) = V(Alqu)()‘)a Ve O'(A)
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Now, we extend v to all B(X).
Since A is the generator of AW (F), for each A € B(X), there exists a Borel
function wa such that.

F(A) = / N wa(t) dE, = /A (wa o F)(\) dEs

Then, we can consider the map v : 0(A4) x B(X) — [0, 1] defined as follows

va(\) if AeR(S)

(28) ”A(A):{%w if AgR(S).

Since v coincides with v on R(S) it is additive on R(S).
In order to prove that v is a weak Markov kernel, let us consider a set A € B(X)
which is the disjoint union of the sets {A;}ien, A; € B(X). Then,

/ Vs, a0 (1) dE, = / va(z)dE, = F(A) = ZF(Ai)

oo

- ij: / U, (x)dE, = / ;mi (z) dE,

so that, by Corollary 9, page 900, in Ref. [35],
> Ua,(x) =va(z), E-—ae,
i=1

which implies that 7 : 0(A)xB(X) — [0, 1] is a weak Markov kernel. In particular
(F,A,7) is a von Neumann triplet.

Now, we proceed to prove the existence of the Markov kernel p : T' x B(X) —
[0, 1] such that items 1, 2, and 3 of the theorem are satisfied.

Since X is Hausdorff locally compact second countable, it is a Polish space
(theorem 5.3 in [62]). Then, to each weak Markov kernel v : o(A) x B(X) — [0,1]
such that (F, A,7) is a von Neumann triplet, there corresponds a Markov kernel
¢ :0(A)xB(X) — [0,1] such that (F, A, ¢) is a von Neumann triplet [53, 54, 11].
Then, for each A € B(X),

/ AN dEy = F(A) = / oa(N) dEy
hence,

(2.9) da(\) =a(N), E—ae.
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Now, let {A;}ien be an enumeration of R(S). By equation (2.9), for each i € N,
there is a set N; C 0(A), E(N;) = 0, such that

(2.10) on,(N) =va,(N), A€o(A)—N;.
Then, for each i € N,
(2.11) on,(N) =va,(A), A€o(A)—N

where,
N :=UX,N;, E(N)=0.

Therefore, for almost all A € o(A), ¥()(A) is o-additive on R(S).
Now, we can define the map

_ 7o) AeN
#OWY) = {¢><-><A> Nea(d) - N

If we put I' = 0(A) — N, we have that py(-) : I' x B(X) — [0,1] is a Markov
kernel. Therefore, p.)(-) : 0(A) x B(X) — [0,1] is a strong Markov kernel.
Notice that, for each A € R(S) and X € g(A),

pa(A) =va(A)

so that, pa is continuous for each A € R(S) and additive on R(S). We also
have,

na(d) = ga(4) = F(A), AeR(S).

We have proved items 1, 2, and 3. Item 4 comes from theorem 2.1.1.

It remains to prove that p is a Feller Markov kernel. By item 1, ua is
continuous for each A € R(S). Notice that for each open set O € B(X), there
is a countable family of sets A; € R(S) such that O = U2, A;. Therefore,
by theorem 2.2 in Ref. [25], and the continuity of ua for each A € R(S),
lim, 00 A, = A implies,

n—oQ

im [ f(t) /f VN, f € Co(X)

where, Cy(X) is the space of bounded, continuous real functions. Than, G(\) :=
J f(t) pe(X) is continuous whenever f is continuous and p is a Feller Markov
kernel.

Finally, we note that F(A) = pua(A) implies the commutativity of F' and
that ends the proof. O

In the proof of theorem 2.2.3 we have also proved the following theorem.
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Theorem 2.2.4. A POVM F : B(X) — F(H) is commutative if and only if,
there exists a bounded self-adjoint operator A = f)\dE)\ with spectrum o(A) C
[0,1] and a Markov Kernel v : B(X) x o(A) — [0,1] such that

F(A) = / L FaN B e BX)

Proof. We have already shown the existence of a weak Markov kernel 7 : o(A) x
B(X) — [0,1] which is additive on the the ring R(S) and such that F(A) =
fU(A) ua(A) dEy, for each A € B(X) (see equation 2.8). Moreover, since X is
a Polish space, to each weak Markov kernel ¥ : o(A) x B(X) — [0,1] there
corresponds a Markov kernel p : 0(A) x B(X) — [0, 1] such that (F, A, pu) is a
von Neumann triplet [53, 54, 11]. O

Finally, we note that the sharp version A of F' is unique up to almost everywhere
bijections.

Theorem 2.2.5. [14] Let (F, A;u) be a von Neumann triplet such that A is
the sharp version of F. Than, i) for any for von Neumann triplet (F,B, ),
there exists a real function g such that A = g(B), i) for any von Neumann

triplet (F, A',v) satisfying item i) there exists an almost everywhere one-to-one
function h such that A" = h(A).

2.3 Characterization of POV Ms admitting strong
Feller Markov Kernels

In the last section we proved that each commutative POVM admits a strong
Markov kernel p such that pa is a continuous function for each A € R(S) where,
R(S) is a ring which generates the Borel o-algebra B(X).

In the present section we characterize the commutative POVMSs for which the
Markov kernel u, whose existence was proved in theorem 2.2.4, is such that ua
is continuous for each A € B(X). Whenever such a Markov kernel exists, we say
that the POVM admits a strong Feller Markov kernel. In particular, we prove
that a commutative POVM F admits a strong Feller Markov kernel if and only
if F' is uniformly continuous.

Definition 2.3.1. Let F : B(X) — F(H). Let A = U2 A, AynA; =0. If

Tim Xn: F(A;) = F(A)
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in the uniform operator topology then we say that F is uniformly continuous.

Notice that the term uniformly continuous derives from the fact that the o-
additivity of F in the uniform operator topology is equivalent to the continuity
in the uniform operator topology. Analogously, the o-additivity of F' in the
weak operator topology is equivalent to the continuity of F' in the weak operator
topology [24].

Definition 2.3.2. A Markov kernel pu(y(-) : [0,1] x B(X) — [0,1] is said to be
strong Feller if pa is a continuous function for each A € B(X).

Definition 2.3.3. We say that a commutative POVM admits a strong Feller
Markov kernel if there exists a strong Feller Markov kernel i such that F(A) =
J ua(X) dEy, where E is the sharp version of F.

In order to prove the main theorem of the section we need the following lemma.

Lemma 2.3.4. Let F' be uniformly continuous. Let u be a weak Markov kernel
and (F, A, 1) a von Neumann triplet. Suppose that ua is continuous for each
A € R(S). Then, for each A € 0(A), py(A) is o-additive on R(S).

Proof. Let A, A; € R(S), AiNA; =0, U2, A; = A. Then,

0=u-— nlgrolo (F(A) = F(ULA)))

=u— lim [ (pa(N) =Y pa,(N)dE.

n—o00 e
i=1

By the uniform continuity of F' and theorem 1, page 895, in Ref. [35], it follows
that, Ve > 0, there exists a number n € N, such that n > n implies,

@12 a0 =Y ea Wl = 1| [ (1) = 3 s, ) dEx |
i=1 i=1
A) — F(U?

= [IF( (U A9 < e

By equation (2.12),

20



Theorem 2.3.5. A commutative POVM F : B(X) — F(H) admits a strong
Feller Markov kernel if and only if it is uniformly continuous.

Proof. Suppose F' is uniformly continuous. By theorem 2.2.3, there is a weak
Markov kernel p : 0(A) x B(X) — [0,1] such that pa(-) is continuous for every
A € R(S) and a self-adjoint operator A such that (F, A, u) is a von Neumann
triplet. By lemma 2.3.4, u is o-additive on R(S). Therefore Charateodory the-
orem [65] assures that the map p : 0(A4) x R(S) — [0,1] can be extended to a
map /i : 0(A) x B(X) — [0,1] whose restriction to R(S) coincides with p. Now
we prove that o is a Markov kernel such that F(A) = ua(A4) and that ga is
continuous for each A € B(X). We proceed by steps.

1) Open sets. Each open set G is the union of a countable family of sets
in S, e, G=UZX;A;, A; € S. Let us define the set G,, := U* ;A;. Therefore,
G, 1T G. Moreover, ug, is continuous for each n € N, and

u— lim F(G,) = F(G).

n—oo
Then,
F(G)=u—- lim F(G;) =u— lim | fig,(\)dEj.

By the uniform continuity of F, it follows that, Ve > 0, there exists a number
n € N, such that n,m > n implies,

(2.13) IFiG, (A) = Hig,, (Ml = |l /[ﬁcn(/\) — G, (V)] dEA||
= |F(Gn) = F(Gn)l| < e
By equation (2.13),
(2.14) lhG,(A) =BG, (A)| <€, VA€ a(A).
Since i(()) is a probability measure,

lim fig,(A) = pa(A), VA€ a(A).

11— 00
By equation (2.14), the convergence is uniform and this proves the continuity of
1ig- Moreover,

F(G) = lim P(G) = lin [ fic, (V) dEx = [ e dEy = ()

2) Gy sets. For each G set there exists [24] a family of open sets {G; }ien,
G5 C Gy, such that N$2, G; = Gs. Then, by the uniform continuity of F,

F(Gs) = F(N2,G;) =u— lim F(N_,G;) =u— lim F(G,)

n—oo n—oo
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where, én =N, G; and én 1 Gs.
By theorem 1, page 895, in Ref. [35], it follows that, Ve > 0, there exists a number
n € N, such that n, m > n implies,

@) g, ()= s, Wl = 1| [, 00 = g, D aBs ] <
Since fi(.y()) is a probability measure for each A € o(A),

lim g (A) = e, (A).
71— 00

By equation (2.15) the convergence is uniform and then fig, is continuous. More-

over,

F(Gs) = Zlg& F(G;) = Zlggo hg, (A) dEN = /ﬁgé()\) dEy = g, (4).

3) Borel sets. We use transfinite induction [63, 33]. Let Go be the family
of open sets in X, w; the first uncountable ordinal and G,, @ < w; the Borel
hierarchy (see page 236 in Ref. [63]). In particular, G; = G5, G2 = Gs,, G5 =
Gsosy--. and Go = (Ug<aGp)y for each limit ordinal . By means of the same
reasoning that we used in items 1 and 2, one can prove the continuity of zia as well
as that pa(A) = F(A) whenever A is of the kind Gs 5, G555 - - .. Analogously, if
LA is continuous for each A € G, then, pia is continuous for each A in G 41 and
ga(A) = F(A). Indeed, each set in G441 is either the countable union or the
countable intersection of sets in G, and the reasoning in items 1 and 2 can be
used. If « is a limit ordinal and pia is continuous for each A € Gg, 8 < «, then,
I is continuous for each A € G, = (Ug<aGg)o and pia(A) = F(A). Indeed,
each set in G, is the countable union of sets in Ug<oGp and the reasoning used

in item 1 can be used. Therefore, by transfinite induction, i is continuous for
each A € Uycyw, Go = B(X) [63] and ia(A) = F(A).

In order to prove the second part of the theorem we show that the existence
of a strong Feller Markov kernel implies the uniform continuity of F. Suppose
that there exists a strong Feller Markov kernel p such that F(A) = ua(X). Since
w is a Markov kernel it is o-additive. Then,

lim (ua(X) - ;m (V) =0, Aeo(A).
where, A;A; € B(X), U2 A; = A,
By hypothesis,

n

pa(d) =D na (V) €C(a(4)), VneN.

i=1

22



Then, by theorem 2.6.1 in appendix B,

u— lim (pa(A) - Z fa; (A)

By theorem 1, page 895, in Ref. [35], [|[F(A)| = ||pa|loo, hence

lim [[F(A) ~ F(UL,A) | = T lna -

n—oo
which proves that F' is uniformly continuous. O

Example 2.3.6. Let us consider the following unsharp position observable

(2.16) Q'(A) = /[ #a@)dQr, A cB®)

pa(z) = / xale —9) fw)dy, ze0,1]

where, f is a bounded, continuous function such that f(y) =0, y ¢ [0,1] and

/ fly)dy =1,
[0,1]

and Q, 1is the spectral measure corresponding to the position operator
Q: L*([0,1]) — L*([0,1])
Y(z) = (QY)(2) == 2¢(x)

Notice that, for each A € B(R), ua :[0,1] — [0,1] is continuous. Indeed, by the
uniform continuity of f, for each € > 0, there is a § > 0 such that |z — 2’| < §
implies | f(x —y) — f(a' —y)| < e, for each y. Therefore,

lua(z) — pa(x |_‘/XA x—y) [(y)dy — /XA(m’—y)f(y)dy

—‘/ (x —y) — f(a' —y)] dy’

/ dy < 2e
AN[-1,1]

By theorem 2.3.5 and the continuity of ua, A € B(R), Qf is uniformly contin-
uwous. That can be proved as follows. Suppose A; L A and f(y) < M, y € R.
Since, for each x € [0,1],

pa;—a(x) = / flz—y)dy <M dx
Ai—A (Ai—A)N[-1,1]
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we have that, for each ¥ € H, |y|* =1,
6.Q (A = 8)0) = [ paala) 0 () do < M dr
(0,1]

(A;—A)N[—1,1]

which proves the uniform continuity of Q7.

2.4 Absolutely continuous POV Ms

In the present section, we prove that absolutely continuous commutative POVMs
admit a strong Feller Markov kernel. Then, we apply the result to the case of
the unsharp position observable.

Definition 2.4.1. [82, 83] A POVM F : B(X) — F(H) is absolutely continuous
with respect to a measure v : B(X) — [0,1] if there exists a positive number ¢
such that ||F(A)]] < cv(A), for each A € B(X).

Theorem 2.4.2. Let F' be absolutely continuous with respect to a finite measure
v. Then, F is uniformly continuous.

Proof. Suppose A; T A. We have
lim [[F(A) ~ F(A)] = lm [F(A - A

1—>00
<clim v(A—A;) =0.
1— 00

which proves that F' is uniformly continuous. O

Corollary 2.4.3. Let F : B(X) — F(H) be absolutely continuous with respect
to a finite measure v. Then, F is commutative if and only if there exist a self-
adjoint operator A and a strong Feller Markov kernel p : o(A) x B(X) — [0,1]
such that:

(2.17) F(A) = pa(A), A e B(X).

Proof. By theorem 2.4.2; F' is uniformly continuous. Then, theorem 2.3.5 implies
the thesis. O

Example 2.4.4. Let us consider the unsharp position operator defined as follows.
(2.15) Q'(A) = /[ (@) Q. A€ B(E)
0,1

ja(x) = /R xale —y) fy)dy, = e0,1]
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where, [ is a positive, bounded, Borel function such that f(x) =0, z ¢ [0,1],

| rwda =1,
[0,1]

and Q, 1is the spectral measure corresponding to the position operator
Q= L*([0,1]) — L*([0,1])
Y(x) = QY = zy(z)

Q7 is absolutely continuous with respect to the measure

v(A)=M dz.
AN[=1,1]

Indeed, for each 1 € H, |1|?> =1,

0.Q7(A)) = [ pala) vPe)do < M ax
(0,1] AN[-1,1]
where, the inequality
pata) = [ fo—y)dy <1 2
A AN[—1,1]

has been used.
Therefore, by theorem 2.4.2, Q7 (A) is uniformly continuous. Moreover, the con-
tinuity of f assures the continuity of ua for each A € B(R) so that p is a Feller
Markov kernel.

2.4.1 Unsharp Position Observable

In the present subsection, we study an important kind of absolutely continu-
ous POVMs, the unsharp position observables obtained as the marginals of a
covariant phase space observable.

In the following H = L?(R), @ and P denote position and momentum observables
respectively and x denotes convolution, i.e. (f *g)(z) = [ f(y)g(z — y)dy.

Let us consider the joint position-momentum POVM [2, 27, 32, 41, 50, 78, 83, 85]

F(Ax A= / Ugp Uy, dgdp
AXA! '

where, U, , = e~"7eQ and v = |f)(f|, f € L*(R), | f||2 = 1. The marginal

oo

(219)  Q(A):= F(AxR) = / (1a |f?)(2)dQu, A € B(R),

—0o0
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is an unsharp position observable. Notice that the map pa(z) := 1a * |f(z)]?
defines a Markov kernel.

Moreover, Q7 is absolutely continuous with respect to the Lebesgue measure.
Indeed,

Q7 (A)=F(AxR) = / UgpyUs, dgdp
AxXR

z/Adq/RUq,va
=/A@(Q)dq§/A1dq

@(Q)—/RUq,ﬂ » dp-

where,

Although @/ is absolutely continuous with respect to the Lebesgue measure on
R, it is not uniformly continuous. That does not contradict theorem 2.4.2 since
the Lebesgue measure on R is not finite. Anyway, @/ is uniformly continuous on
each Borel set A with finite Lebesgue measure.

Now, we show that Q7 is not in general uniformly continuous. We give the details
of the following particular case.

Example 2.4.5 (Optimal Phase Space Representation). If we choose
Pa) = —— 5D 1eR— (o).
V2w

in (2.19), we get an optimal phase space representation of quantum mechanics
[78]. In this case,

@@= [ ([ 1= nPray) i,

l\/ﬂ/ / e dy) dQs = /O; pa(z) dQ,

where,

(2.20) pa(x) = l\/ﬂ/e e dy

defines a Markov kernel.
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In order to prove that Q7 is not uniformly continuous we consider the family
of sets A; = (—00,a;), lim;_yooa; = —o0 such that A; | 0, and prove that
lim; o0 |QF(AS)|| = 1. For eachi € N,

] =

1
= lim e Td / 212 =
=00 [ \/2T J(Zoo,a;—z) v l\/27r d

Now, we prove that ||QF(A)|| =1, i € N. Indeed, if

n = X[—n,—n+1] (1‘),

(221)  lim (06 Q (A)w) = T [ s (o) in(e) de
(2.22) = lim pna,(z)dx = 1.
=00 JI_p _nt1)

Since, for each A € B(R), ||Qf(A)|| < 1, equation (2.21) implies that || Q7 (A;)|| =
1, for each i € N. Hence, lim; s |Qf(A)|| = 1 and Q7 cannot be uniformly
continuous.

It is worth noticing that although Q7 is not uniformly continuous, pa is
continuous for each interval A € B(R). Indeed,

, 1 _(@=p? _ @ —y?
i) = (@)l = =] [ e T dy — | e dy|
™ A A
1 / ,% / y); d ‘
= e 212 — 21
V27l /A, ” Y
1

IvV2r

IN

w\
@..
=

where,
A, ={z€R|z=y—x,ye A}, Ay ={zeR|z=y—12',yeA}

and,

A= (Az — Az/) U (AT/ - A@)

Therefore, |z — x'| < e implies,

juae) ~ @)1 < =] [ < e [a= 2
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2.5 Interpretation of the smearing

In order to discuss a possible interpretations of the results of the chapter we
go back to the example of the unsharp position observable. Let A € B(R),
¢ € L*([0,1]) and

(2.23) (W, Q7 (A)) = / () A, Qub),

[0,1]

i (x) = / xale—y) f@)dy, = €0,1]

where, f is a positive, bounded, Borel function such that f(y) =0, y ¢ [0, 1], and
f[o 1 fly)dy = 1, while @, is the spectral measure corresponding to the position
operator

Q : L*([0,1]) — L*([0,1])
P(z) = QY = z¢(x)

We recall that (¢, Q(A)1) is interpreted as the probability that a perfectly accu-
rate measurement (sharp measurement) of the position gives a result in A. Then,
a possible interpretation of equation (2.23) is that Q' is a randomization of Q.
Indeed [78], the outcomes of the measurement of the position of a particle depend
on the measurement imprecision? so that, if the sharp value of the outcome of
the measurement of @ is  then the apparatus produces with probability pa ()
a reading in A.
It is worth noting that (see example 2.3.6) the Markov kernel

paz) = /R xale —y) fw)dy, =€ 0,1]

in equation (2.23) above is such that the function z — pa(x) is continuous for
each A € B(R). The continuity of pua means that if two sharp values x and z’
are very close to each other then, the corresponding random diffusions are very
similar, i.e., the probability to get a result in A if the sharp value is x is very
close to the probability to get a result in A if the sharp value is z’. That is quite
common in important physical applications and seems to be reasonable from the
physical viewpoint. It is then natural to look for general conditions which ensure
the continuity of A — pa. We have proved that it is always possible to choose
the Markov kernel p to be continuous on a ring which generates the Borel o-
algebra B(X). Anyway, that is the most we can do in the general case. Indeed,

2There are other possible interpretations of the randomization. For example, it could
be due to the existence of a no-detection probability depending on hidden variables [39].
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we proved (see theorem 2.3.5) that the continuity for each Borel set is equivalent
to the uniform continuity of F' which in its turn is equivalent to require that the
smearing F(A) = [ ua(X) dE) can be realized by a strong Feller Markov kernel.
It is worth remarking that although in the general case the continuity holds only
for a ring of subsets which generates B(X), that is sufficient to prove the weak
convergence of ju..)(z) to pue)(z’).

2.6 Appendix

2.6.1 On the von Neumann algebra generated by F

We recall that S C B(X) is a countable basis for the topology of X and R(S) is
the ring generated by S. Theorem c, page 24, in Ref. [65] ensures the countability
of R(S).

Proof. Let M := {F(A)}aen(x), and AV (F) = AY(M) the von Neumann
algebra generated by F. Let G denote the family of open subsets of X and
O :={F(A), A € G}. Since the POVM F is regular, for each Borel set A, there
exists a decreasing family of open sets G; such that F(G;) — F(A) strongly.
Then, O is dense in M and the von Neumann algebra generated by M coincides
with the von Neumann algebra generated by O. Hence,

(2.24) AV (F) = AV (M) = AV (0).

Now, we prove that the von Neumann algebra AW (0;) generated by O; =
{F(A)}acr(s) coincides with AW (O).

For each open set G, there exists a family of sets {A;};eny C S, such that G =
UZ,A;. Let G, = U, A;. Then, G,, T G and

F(G) = lim F(Gy) = lim F(U",A;).

n—o0 n—oo

Since the von Neumann algebra generated by O; contains F'(UI; A;) for each n €
N, it must contain F(G) = lim,,_ F(U"4A;). Therefore, A" (0) = A" (0,)
and, by equations (2.24),

(2.25) AV (01) = AV (0) = AV (F)
which proves that A" (F) coincides with the von Neumann algebra generated by

the set {F(A)}acr(s)-
O

29



2.6.2 Sequences of continuous functions

The following theorem is due to Dini. We give a proof based on the use of
sequences.

Theorem 2.6.1. Let {f,(N\)}nen be a non increasing sequence of continuous
functions defined on a compact set B C [0,1] with values in [0,1] and such that
fn(X) = 0 point-wise. Then, fr,(A) — 0 uniformly.

Proof. Since fn11(A\) < fn(X) for each A € B, we have ||fni1lloo < [fnlloo. If
I fnlloo = O clearly f,(A) — 0 uniformly.

Then, suppose || fnllooc = @ > 0. Since ||fnt1lloo < ||fnlloos we have ||fnlloo > a,
for each n € N.

Let A, be such that f, (M) = ||fnlloo- Since {A,} is a bounded sequence of real
numbers, there exists a convergent subsequence {\,, }ren. Let 8 be its limit,
ie., B := limg_00 Ap,.- The compactness of B assures that 3 € B. Moreover,
limy o0 frs (Ank) = a.

Let us consider the sequence of numbers f,, (5). We prove that f,, (8) > a for
each k € N. We proceed by contradiction. Suppose that there exists & € N
such that f,, (8) < a. Then, there exists a neighborhood I(5) of 8 such that
fnz(A) < a for each A € I(/3). Moreover, since \,, — f3, there exists [ € N such
that & > [ implies \,, € I(B8). Take k > max{k,l}. Then, \,, € I(8) and
Jnw(A) < fu(A), for each A € B. Therefore,

Jr(Any) < fn;()‘nk) <a

which contradicts the fact that f,,, (An,) = || fa,llec > a, for each k € N.
We have proved that f,, (8) > a, for each k € N. This implies that limy_, o fr, (8) >

a and contradicts one of the hypothesis of the lemma, i.e., lim;,, o fn(A) =0 for
each \ € B. 0
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Chapter 3

POVMs and Naimark’s
dilation

As we have seen in the introduction, an important characterization of general
POVMs, not necessarily commutative, has been given by Naimark.

Theorem 3.0.2. (Naimark [72, 1, 50, 71]) Let F' be a POVM of the Hilbert space
H. Then, there exist a Hilbert space HT D H and a PVM ET of the space HT
such that

F(A) = P+E+(A)|H
where Pt is the operator of projection onto H.

Naimark’s theorem assures that to each POVM F there corresponds a PVM E
acting on an extended Hilbert space H™ D H while, Theorem 2.2.3 in section 2
assures that for any commutative POVM F there exists a PVM E (the sharp
version of F') acting on H. It is worth remarking that both theorems 3.2 and
2.2.3 establish a relationship between a POVM and a PVM. In theorem 3.2, the
PVM corresponding to the POVM F' acts on an extended Hilbert space while,
in theorem 2.2.3, the PVM corresponding to F' acts on the same Hilbert space
on which F' acts. Moreover, Theorem 2.2.3 allows us to interpret a commutative
POVM as a randomization of a spectral measure. All that raises the question of
what are the relationships between the PVM introduced by the Naimark’s theo-
rem and the one introduced by theorem 2.2.3. An answer to that question can be
given by using the main results of the present chapter. In particular, we establish
a connection between the sharp version A of a commutative POVM F and the
Naimark’s operator AT = [ AdE} corresponding to E*. As a consequence, we
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show that the Naimark’s extension theorem can be used in order to character-
ize the generator of the von Neumann algebra generated by F. The results we
present here are published in Ref.s [16, 17, 18].

First, we need to introduce some definitions and to prove some preliminary
results. In the following, we restrict ourselves to the case X = R.

Definition 3.0.3. Fach opemtorff()\)dE:\", where f is a real, one-to-one, mea-
surable, function, is said to be a Naimark operator corresponding to F. The
Naimark operator f)\dEj is denoted by AT .

Theorem 3.0.4. Let E* be a Naimark’s extension of F and At = [ AdEY . Let
f be a measurable function which is bounded with respect to ET. Then

PHF(AT ) = / FOAE,

and P f(A%) 1y is a bounded self-adjoint operator.

Proof.
ity = [ (B e, Pry) = / T fNd(Fary)

for every =,y € H.

The boundedness and the self-adjointness of P+ f (A+)|H come, respectively, from
the boundedness and the real-valuedness of f with respect to ET (see Theorem
10 in Ref. [24)). O

In case f is unbounded, the domain of definitions of the operators must be taken
into account [59].

Definition 3.0.5. Let A be the sharp version of F. Suppose there exist f and
G one-to-one and bounded such that

G(A) = [ £ dF = P* f(A" ).
Then we say that the sharp version A is equivalent to the projection of a Naimark
operator and write

Ao PrAT.

The following theorem is a consequence of definition 4.2.3 and theorem 4.2.5 in
section 4.2, chapter 4.
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Theorem 3.0.6. ([12, 13, 15]) Let F be commutative and (F, A, i) be the von
Neumann triplet whose existence is proved in Theorem 2.2.8. Let AT be as in
theorem 3.0.4. Then, for every real Borel function f,

P (AT )y = F(f) = / £(t) dF, = / G (N dEx = G (A),

where,

Gy = [ ) ().

Theorem 3.0.6 assures that for each operator F(f) = [ f(t) dF; there is a
function G such that F(f) = Gy(A). We want to show that there is a one-to-
one function f such that F(f) is equivalent to the sharp version of F. In other
words, we want to show that there is a one-to-one function f such that G is one-
to-one. That would be an important strengthening of theorem 3.0.6 since it would
assure that the sharp version of F' can be obtained from a Naimark’s extension of
F'. Such a strengthening can be proved in the case of a POVM F : B(R) — F(H)
such that the operators in the range R(F) := {F(A) | A € B(]|0,1])} are discrete
(i.e., they have a complete set of eigenvectors). In this case, the sharp version of
F is discrete (see theorem 3.2.1).

Before we can proceed to the proof of the main theorem of the chapter we need
some preliminary results about sequences of probability measures.

3.1 Sequences of probability measures

In what follows {1(.)(7)}ien denotes a sequence of probability measures on the
Borel o-algebra B([0,1]). In particular, we focus on sequences of probability
measures such that for every non ordered couple of indexes (i,7) = (j,4), i,j €
N, i # j, there exists a Borel set A; ; such that una, ;(j) # pa, ; (7). The symbol
C[0, 1] denotes the space of bounded continuous functions on [0, 1].

Definition 3.1.1. A sequence of probability measures {ju(.y(i)}ien on B([0,1])
such that, for every non ordered couple of indexes (i,j), i,5 € N, i # j, there
exists a Borel set A; ; such that pn, ;(7) # pa, (i) is named a sequence of distinct
probability measures.

The following Theorem is the main result of the present section. It will be
applied to quantum mechanics in subsection 3.2 (see theorem 6). Moreover, it
could conceivably be of interest in other areas of mathematics.

Theorem 3.1.2. [16] Let {1(.y(i)}ien be a sequence of distinct probability mea-
sures on B([0,1]). Let us consider the infinite sequence of linear functionals
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{T;}ien defined as follows

(3.1) Tif i= [ 7€) dunti) = Gyli), e N

where, [ :[0,1] = R, is a bounded Borel function and the integration is in the
sense of Lebesgue-Stieltjes.

There exists a continuous one-to-one function f(t) such that Gy is one-to-one

= [fOdut) # [ 1O dul) = Grli), 1de N

Moreover,

(3.2) ft) = Z o fi

where, a;; > 0, >, a; < 0o and fi =t* fori>0.

Proof. The problem of finding a function f such that [ f(t)du.(i) # [ f(t)dp(j

for any i, j 6 N, is equivalent to the problem of finding a function f such that
[ F@)dp(i,5) # 0, for any i,j € N, where du(i,j) denotes integration with
respect to the signed measure ju(.)(i) — p.y(j). Therefore, our problem can be
restated as follows. We have a family of signed measures {j(.)(i)}ien such that
py(7) # 0 for any i € N and we want find a continuous one-to-one function f such
that f ft)due(i) # 0 for any ¢ € N. We proceed as follows. Let us consider the
space Z = {f € C[0,1]| f = DS gifi, s > 0, >, gy > 1}. Z with the norm
| £ ()] = supsepo,7 | f(£)] is isometric to the metric space C' = {(ao, ..., an,...) €
li,a; > 0,>,a; > 1} which is a closed subset of the complete metric space
l1. Therefore, 7 is a complete metric space. Now, for any functional T;, let us
consider the set A; = {f € Z|T;f # 0}. Since the family of functions {f,}
generates C[0, 1], for any T; there is a function f,, = t" such that T;f,, # 0.
Therefore, A; # ) for any ¢ € N. The sets A; are also open since Z — A; = {f €
Z|T;f =0} is closed. Moreover, A; is dense in Z for any 7 € N. Indeed, for any
function f € 7 — A;, the sequence of functions f,, = % fo+ f with fo € A; is
such that f,, € A; and lim, f, = f. Now, by Baire category theorem [38],
A =52, A; # 0. Therefore, there exists a function f(t) = >°:° ay, fn € A such
that T;f # 0, for any ¢ € N. Moreover, also the function f(¢t) = Y72, anfn
satisfies the thesis of the theorem since T;t° = T;1 = 0, for any i € N) and this
ends the proof. O
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3.2 Sharp versions as projections of Naimark op-
erators

Theorem 3.2.1 ([16]). Let F : B([0,1]) — F(H) be a commutative POVM such
that F(A) is a discrete operator for every A € B([0,1]). Then, the sharp version
A of F is discrete.

Proof. Let us consider the set R(F'). By the Theorem at page 358 in [71], there
exists a countable subset B := {F}};cy C R(F’) such that the closure of B in the
strong operator topology contains R(F'). This implies that the von Neumann
algebra A" (F) generated by R(F) coincides with the von Neumann algebra
AV (B) generated by B := {F;}ien, AV (F) = AW (B). It can be proved (see
theorem 3.5.1 in the appendix for the details) that the generator of the von
Neumann algebra AW (B) = AW (F) is a discrete operator. Moreover, by theorem
2.2.3, the sharp version A of F' coincides with the generator of AW (F). Therefore,
A is a discrete operator. ]

In the following, by A = >">°, N EA and {1(y(Xi) }ien we denote respectively the
sharp version of F' and the sequence of probability measures such that F'(A) =
pa(A), A € B([0,1]). Notice that A\; # Aj, © # j.

The following theorems are the main results of the section and are a direct con-
sequence of Theorem 2.1.1 and Theorem 3.1.2.

Theorem 3.2.2 ([16]). Let F : B([0,1]) = F(H) be a commutative POVM such
that the operators in the range of F are discrete. Then, the sharp version of F
s a linear combination of the moments of F'.

Proof. By Theorem 3.1.2, there is a function f of the form f(t) = > o, a;t’ such
that the function Gy in equation (3.1) is one-to-one. Therefore, (see item d in
Theorem VII.2, Ref. [24])

(3.3) Gt(A) = /f(t) dF, = Zai/tidFt = ZaiF[z'].

Moreover, Gy(A) < A. O

The equivalence between sharp versions and projections of Naimark operators
can be generalized to the case of POVM with spectrum in R.

Theorem 3.2.3 ([16]). Let F' : B(R) — F(H) be a commutative POVM such
that the operators in the range of F are discrete. Let A be the sharp version of

F, Et an estension of F whose existence is asserted by Naimark’s theorem and
A" the Naimark operator [ AdEY. Then, A <> Pr A%,
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Proof. By theorem 10 in [13], we can restrict ourselves, without loss of generality,
to the case of POVMs with spectrum in [0,1]. Therefore, let F' be a POVM
with spectrum in [0,1] and such that F(A) is discrete for every A € B([0,1]).
By Theorem 3.2.1, A is discrete so that we can write A = Y 72, \;E{t. Let
{#¢)(Ai) }ien be the sequence of probability measures such that F'(A) = ua(A).
By Theorem 2.1.1, {1(.)(A;)}ien is a sequence of distinct probability measures.
Theorem 3.1.2 ensures the existence of a measurable, one-to-one function f(¢)
such that the function

Gr(n) = / F()due ()

is one-to-one. Theorem 3.0.6 ends the proof. O

In the language of the theory of operator algebras, we can state the following
corollary of Theorem 3.2.3:

Corollary 3.2.4 ([16]). Let F, A and E* be as in Theorem 3.2.3. Let AV (E™1)
be the von Neumann-algebra of bounded self-adjoint operators generated by ET
and AW (A) the von Neumann algebra generated by A. Then, there exist a gen-
erator Bt of AV (E*) and a generator B of AW (A) such that B = P+B|"7'_[.
Remark 3.2.5. Notice that Pt does not commute with the operators in AW (E7).
In fact, if these operators commuted F would be orthogonal.

3.3 Open problems

In the previous section we characterized the sharp version A of a POVM F as the
projection of a Naimark operator AT. In order for such characterization to be
complete, it is necessary to extend theorem 3.2.3 to the general case. That seems
not to be straitforward. In the present section we introduce [18] two conjectures
(conjecture 3.3.1) which suggest a possible path to such extension and generalize
theorem 3.2.3.

Conjecture 3.3.1 ([18]). For each von Neumann triplet (F, A, ) there exists
a one-to-one, measurable function f : R — [0,1] and a real, E-a.e. one-to-one,
measurable function G(\) such that

(3.4) G(A) = / £(t) dF,

where, E is the spectral measure corresponding to A.
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Notice that, G(A) is a sharp version for F. In order to see that, let us consider
the measurable function

~ G(\), ANeM
) o, A¢ M

where, x is a number such that zo ¢ G(M), E(M) =1 and G is one-to-one on
M.
We have,

/ G(\) dE, = / G(\) dEy = G(A).

Now, we define the measurable function

Hz) = {G‘ (z), zeGM

0, x € G(o(A)) — G(M)
We have,
~ A, AEM
(HeG)A) = {o, Aeo(Ad)— M
so that,

A= (HoG)(A) = H(G(A) = H(G(A)).

Moreover, F(A) = (ua o H)(G(A)) which proves that (F,G(A), (uo H)) is a von
Neumann triplet.

Now, we can prove that the von Neumann algebra A" (G(A)) generated by G(A)
coincides with the von Neumann algebra A" (A) generated by A. Indeed, G(A) €
AW (A) implies AW (G(A)) € AW (A). On the other hand, for each A, F(A) €
AV (G(A)). Then, AW (A) = AV (F) c AW (G(A)).

Now, we give a necessary and sufficient condition for the conjecture to be true.

Theorem 3.3.2 ([18]). Conjecture 3.4 is true if and only if, for any von Neu-
mann triplet (F, A, ), there exists a measurable, one-to-one function f : R —
[0, 1] such that the function

GO%=/f®@MM

is E-a.e. one-to-one on o(A).
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Proof. Let (F, A, 1) be a von Neumann triplet. Suppose that the conjecture is
true. Then, there exists a real, measurable, one-to-one function f and a real,
FE-a.e. one-to-one, measurable function G such that

Then (see theorem 9 in Ref. [15
/G )dEy = /f dF, = /(/f(t)d,ut()\)) dE)

so that,
A) = /f(t) dus(N\), FE —a.e.

Conversely, suppose that, for any von Neumann triplet (F, A, 1), there exists a
real, measurable, one-to-one function f such that the function

) = / F(8) dpie(N)

is E-a.e. one-to-one on o(A). Then,

/ /f ) dpre (A dE,\:/f(t)dFt.

Theorem 3.3.2 shows that conjecture 1 is true if and only theorem 3.1.2 can be
extended to the continuous case (notice that we only require that G is F-a.e.
one-to-one).

It is easy to see that if conjecture 3.3.1 is true, theorem 3.2.3 can be extended to
any commutative POVM.

Now, we introduce a second conjecture which is stronger than conjecture 3.3.1. It
corresponds to an extension of theorem 3.1.2 to the continuous case but, at vari-
ance with conjecture 1, we require that G is one-to-one. Some of its consequences
are analyzed below.

Conjecture 3.3.3 ([18]). For each family of probability measures {ji(.y(A\)}reB,
B C [0,1], pey(N) : B(R) — [0,1], there exists a real, measurable, one-to-one
function f: R — [0,1] such that,

W= [0 # [ 50 du) = 60x)
whenever pu.y(X) # py(N).
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Notice that, both conjecture 1 and conjecture 2 correspond to an extension of
theorem 3.1.2 to the continuous case but, while the former requires that G be
E-a.e one-to-one, the latter requires that G be one-to-one on every set B C [0, 1]
such that p(y(A) # py(N), A, N € B. Indeed, conjecture 3.3.3 is stronger than
conjecture 3.3.1.

Theorem 3.3.4 ([18]). Conjecture 3.3.3 implies conjecture 3.5.1

Proof. Let (F, A, 1) be a von Neumann triplet. By theorem 2.1.1, there exists
a set B € o(A) such that, F(B) = 1 and {u(.)(\)}xep is a family of distinct
probability measures. Suppose that conjecture 3.3.3 is true. Then, there exists a
real, measurable, one-to-one function f such that the function

G() = / £ din(N)

is one-to-one on B. Then, theorem 3.3.2 ends the proof. O

The following theorem shows an important consequence of conjecture 3.3.3. Its
proof requires some results obtained in Ref.s [31, 10] which we briefly recall.
There exists an algorithmic procedure [31] for the construction of a family of
set functions w(.y(A), A € [0, 1], such that, for any commutative POVM F, there
exists a self-adjoint operator AF" such that,

(3.5) F(A) = /wA()\) dEY = wa(AY), A € B(R)

where, E¥ is the spectral resolution corresponding to AF.

Another property of the family of set functions {w.)(A)}ae[o,1] is that there exists
a countable semi-ring S which generates the g-algebra of the reals B(R), such
that, for each A € o(A"), wy () is additive on the ring R(S) generated by S.

Theorem 3.3.5 ([18]). If the conjecture 3.3.3 is true, the functions f and G in
the equation

G = [ f(0)ar,
do not depend on the POVM F.

Proof. Let D be the set of the commutative POVMs with spectrum in [0, 1],
{wa}aenm) the family of functions whose existence is proved in Ref. [31] and
I := Upep o(AF) C [0,1]. What we said above implies that, for each \ € I, the
set function w(.y(A) is additive on R(S).
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Theorem 2 in Ref. [11] assures that, starting from the family of additive (on
R(S)) set functions {w(.)(A)}rer, it is possible to build a family of probability
measures {/i(.)(A)}aer such that, for any pair (F, A"), we have ua(A") = F(A).
In particular, for each pair (F, AT), the triplet (F, A" u) is a von Neumann
triplet and j(.)(-) does not depend on F.

Moreover, by theorem 2.1.1, for any triplet (F, AY, 11), there is a set By C o(AF)
such that E¥ (Bp) = 1 and the probability measures in the family {1()(A)}reB,
are distinct.

In other words, we can define a family of probability measures {z(.)(A)}aer such
that, for every commutative POVM F, there exists a self-adjoint operator AF
such that (F, A", ;1) is a von Neumann triplet. Moreover, for any F, the proba-
bility measures in the subfamily {.)(A)}rep, are distinct.

Now, if conjecture 3.3.3 is true, there exists a one-to-one function f : R — [0, 1]
such that the function

(3.6) GO = [ £®du(

is one-to-one on Br C (AT, for each F' € D. Therefore, by theorem 2.2.3,
(3.7) AF =G(A") = / G(\)dEY

(3.5) = [ ([ rydmv) aef = [ 10y ar.

Since 4 in equation (3.6) does not depend on F' the same will be true for f and
for G in (3.7), i.e., f and G do not depend on F' (notice that the spectrum of A
is contained in I C [0, 1]). O

In other words, f, G and pu are fixed and, for any F, there is a self-adjoint operator
Ap such that (F, A", u) is a von Neumann triplet and G(AY) = [ f(t)dF;.
Therefore, AT is the only object which changes when F changes.

3.4 Construction of the universal antismearing
function

Theorem 3.1.2 can be proved by construction. In particular, one can prove the
following theorem.

Theorem 3.4.1 ([17]). Let F : B([0,1]) — F(H) be a commutative POVM such
that the operators in the range of F are discrete. Then, one can build a real,
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one-to-one, continuous from the left function f such that the function

G(i) = f (@) dpe(i).

[0,1]

is injective, i.e., G(i) # G(j), i £ j, and

(3.9) GA) = [ ft)dF.
[0,1]

Proof. Let F be a POVM with spectrum in [0, 1] such that F(A) is discrete for
every A € B([0,1]). By Theorem 3.2.1, the sharp version A is discrete so that we
can write A = Y22, A\; B, Let {11()(\;), i € N} be the sequence of probability
measures such that F(A) = pa(A). By Theorem 2.1.1, {puy(Ni), @ € N} is
a sequence of distinct probability measures. Theorem 3.4.5 below ensures the
existence of a measurable one—to -one, continuous from the left function f(¢)
such that the function G¢(\;) = [ f(¢) dpe(Xi) is one-to-one. Theorem 2.2.3 ends
the proof. O

Theorem 3.4.1 suggests a procedure for extending theorem 3.1.2 to the general
case as well as to prove conjecture 3.3.3 constructively. It is worth remarking
that it would be very helpful to have a procedure for the construction of f in the
general case. Indeed, as we explained in the preceding section, if conjecture 3.3.3
is true, the function f is universal, i.e., it does not depend on F'. Therefore, once
f is constructed, it can be used to recover the sharp version of any commutative
POVM. That is why f was called the universal antismearing function.

On a property of stochastic matrices

The following theorem on stochastic matrices is the starting point in the con-
structive proof of Theorem 3.4.1.

Theorem 3.4.2 ([17]). A matriz of real numbers:

0
(3.10) AT A A2
R
NG \(m)

such that:

i) for every couple of indexes (i,7), i,j = 1,...,N, there exists an index
Le{1,...,m} such that AV # A ;
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i) the matriz is stochastic, i.e., > .-, )\gi) =1, Vje{l,...,N},

defines an operator T : C™ — CN

ay PYRAIDNS AN [

a2 )\(1) )\(2) )\(m) L)
(3.11) Tk=|  |:=|"2 "2 - "™ .

an AW AR A ) \ ke

with the property that there exists a real vector k = (ki,ko,... . kyn) € R™; k;

Proof. We proceed by steps.

Step 1: An arbitrary vector k(") = (k&l), .. .,]{7(%)), 0< kgl) <1, kgl) + k§1), is

chosen as the first vector of the sequence.

Step 2: if (Tk(M)y # (TkM); we set k® = k() and proceed to the next step.

If instead, (Tk™M)y = (T k(M)); then, by item i), there exists an index gy such that

/\qu) + /\qu). We define k(?) = (k?) = k%”,...,kg),kﬁrl = ké?—&-la kD) =
%)), where kéi) € R is such that

(3.12) ki £k 1<j<m
' 0<k? <1

We have (Tk®))y # (Tk®);. Indeed,

(TK®)z = (Tk®)y = (TKD), — (TKO)y + (B — KOG = N*)) =

q2
— (@ _ pWy\(a2) _ y(a2) 0
( q2 q2 )( 2 1 ) 7é .

Step n (n < N): if (Tk V), # (Tk™Y), for every | < n, we set k(") =
k(=1 and proceed to the next step. If instead, there exists an index [ < n such
that (Tk™Y), = (Tk(™ 1), then, by item i), there exists an index g, such
that, A" £ )\l(q"). Therefore, we define k(™ = (k™ = &=V &, ké:l_l =
ké:;}% e ky(,?) = 5:_1)), where kgf) € R is such that, for any 4,5 € {1,...,m},
10 < k™ <1
DK £ K

n n— (=D, — (n-1) n . n n . .
3 k) # ki - G N N £ L G <n
J n
min_ {|(Tk); — (Tk®);]}

n n—1 =7,...,n—1
4) k) — kg~ < P

,1<j3<n

g-2n
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Notice that, by items n.2, n.3 and n.4,

(3.13) (k) — kf,"_l)) 4 (Tk(=D); — (Tk(=D),

an n ()\]Qn )\(Qn )

)

for every i,j = 1,...,n, such that ()\gq") — )\gq")) #0.
Indeed, by items n.2 and n.3, equation (3.13) holds for every j = 1,...,n — 1,
1 =n and, by items n.4, we have:

|(TK"7D); = (TRD)]) (TR 7D); — (Th D)

) Kl < ;
82 Y

for all i, j < m, such that ()\]q" /\(q" ) #0.
By equation (3.13),

(Tk™); #(Tk™M);, d,j=1,...,n.
Indeed,
(3.14) (k™) — (TR, = (kY — k=D)AL
and, by subtracting equation (3.14) from

(Tk(”)) (Tk(” 1)) (kz(”) L (n— 1)))\( )7

dn

we get

(T k(n)). —(T k(n)), -
— (k(g:) _ k((lzfl))()\]qn )\(Qn ) (Tk(n 1)) (Tk n— 1)) 7& 0

for every 4,7 = 1,...,n. Therefore, the vector k(") = (kg"), ce kﬁ,’f)) is such that
(Tk™); — (Tk™); £0, 4,5 € {1,...,n}, i #j.

At step n = N, we get a vector k(N) = (k%N), .. .,k,(nN)) such that 0 < kZ(N) <
L kM 2 KN g =1 m, and (TkM); — (Tk™N); £0, i,j € {1,..., N},
i 7. O

Stochastic Matrices and Infinite Sequences of Probability Mea-
sures

Before we can proceed to the construction of f we need to recall some results in
the theory of family of sets.
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Definition 3.4.3. A nonempty family D of subsets of a set X is said to be
a Dynkin system or a o-class if D is closed under complements and countable
disjoint unions.

It is worth remarking that o-class of sets were introduced by Suppes [86] who
showed that quantum mechanical phenomena are suitably described by them. In
the context of quantum mechanics they are indeed known as quantum probability
spaces. They are an interesting example of a non-classical logic. Later, Gudder
[40] began the study of the mathematical properties of these spaces.

Theorem 3.4.4 ([58, 75, 77, 91]). Let D(R™) and B(R™) be, respectively, the
Dynkin system and the Borel o-algebra generated by the open balls in R™. Then
D(R"™) = B(R"). Let D(P') and B(P') be, respectively, the Dynkin system and
the Borel o-algebra generated by the half-open intervals (a,b] in [0,1]. Then,
D(PY) = B(P!).

The importance of theorem 3.4.4 derives from the fact that two probability mea-
sures 1(.)(1) and p(.y(2) which agree on each open ball must agree on D(R"), so
that if we know that D(R™) = B(R™) then, we can conclude that the two proba-
bility measures are the same. In other words, if p.)(1) # p(.)(2) then, there must
exist an open ball A such that j1(a)(1) # (a)(2). In the case of probability mea-
sures defined on B([0,1]), if p(.)(1) # p(.)(2) then, there must exist a half-open
interval A such that pa)(1) # pea)(2).

Now, let us consider a sequence of distinct probability measures {z(.)(%) }ien
on B([0,1]). By Theorem 3.4.4, for every non ordered couple of indexes (i,7),
there exists a half-open interval A,, = (a,, by] such that ua (i) # pa, (j) where,
n =n(i,j). Let us denote by A the family {A, },en. Notice that such a family
is not generally unique. In the following we assume N to be chosen once and
for all. Moreover, we assume that to a partition o = {71,...,7,} of [0, 1] there
corresponds the family of intervals {[0,v1], (v1,72], - - - (Yn—1,7n]}-

Theorem 3.4.1 is an immediate consequence of the following theorem.

Theorem 3.4.5 ([17]). Let {(.y(@) }ien be a sequence of distinct probability mea-
sures on B([0,1]). Let us consider the infinite system of linear functionals {T; }ien

defined as follows
T.f = /f(t) due(i) =: Gg(i), ieN
where, f:[0,1] = R, is a bounded Borel function and the integration is in the

sense of Lebesque-Stieltjes.
There exists a one-to-one function f(t) such that G is one-to-one

Gy(i) = / F(8) dpe(i) # / FO) dped) = Gs(G), ij €N, i# ]
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Moreover, f is continuous from the left.

Proof. In order to construct the one-to-one function f we proceed as follows.

Step 1. Let us consider the first & (with A > 1) probability measures, {1y (i) }i=1,....n
and the subfamily D := {A,, = A, ;) =: (@5, Bijl}ij<n € N. The family Dy

is such that, for every non ordered couple (i,7), 4,7 < h, there exists an inter-
val A, = Ay ;) € D1 such that pa,y(i) # pa,)(j). Moreover, D; defines

a partition o of [0,1]. Indeed, if we arrange the numbers a;; and f;; in

increasing order we get a sequence vy § ) < ’yél) < e < ’VS),

poses the interval [0,1] into the family of sets A; = {Agl) = [O,’yg)], Agl) =
(%1)’751)}’ ey Ag) = (7&11, 1]} where, s;1 — 1 denotes the number of distinct
elements in the set {c ;, Bi j }i<j<n = {@ij, Bij}ij<n. Notice that, each interval
(a5, Bi,7] € Dy is the union of a finite number of half-open intervals in A;, so

that, we write D1 < A;. Now, let us consider the stochastic matrix

1 which decom-

‘LLAgl)(l) MA;l)(l) H’Agll)(l)
(3.15) M .— pap (@) pam (@) a0 (2)
Ao () pao () tpw ()
Since Dy < Ay, T satisfies item i) in Lemma 3.4.2. Therefore, there exists a

vector kM) € R*1 such that [TWkW]; £ [TWkW]; if i # j. Moreover k(Y can
be chosen such that 0 < k:gl) <1, kgl) # k§1), i=1,...,81, i £ J.

Step 2. Let us set 2, := h+2—1, s9 := $1[2(25,)+1] and consider the probability
measure /i(.y(h+ 1), and the h half-open intervals {(a;?), BJ(-Q)} = Apt1jtj=1,.h
such that pa, , )(h+1) # M(Ah,+1,j))(j>7 j=1,...,h. Now, let us define an ar-
bitrary partition 02 > o) of [0, 1] which is obtained from ¢(!) by dividing each
interval Agl) into 2(2,) + 1 intervals in such a way that {a(2)75§2)}j:1w’h C
o@. Let ¢ = {%2),752),...,752 1} be such a partltlon Then, the fam-

. . . 2 2
ily of intervals correspondlng to 0@ is Ay = {A1 = [0, 5 )],. A§+)1 =
(7](2),%(?1] A, (’yg) 1,1]}. Notice that Ay decomposes [0,1] in such a

way that each half open interval in A4; is decomposed into 2(2;) + 1 half-open
intervals in As, so that, we write A; < As.
Now, let us consider the stochastic matrix

ILLA(12)(1) /LLA;Z)(]') HAg)(l)
(3.16) 7@ . | map@ @@ e @)
/LA(z)(th 1) HA@ (h+1) ,uA<2)(h+ )
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Since A; < As, T? satisfies item i) in Lemma 3.4.2. Therefore, by Lemma 3. 4 2
there is a vector k(2) such that [T k@], # [TAkP]; 4,5 € {1,...,h+1},i
Now, we show a particular construction of k(?):

Step 2.1 We start from the vector k(b1 = (k{l’l),kél’l) kg’l)), where
Y = kD 4ol i 1= 1)[2(20) +1] <@ <12(20)+1], 1 =1,..., 51, and a!") are
real numbers such that (see Lemma 3.5.2 in appendix B), for anyl ge{l,...,s1},

1) oV = 0 r= dl(2)

2) alM (k) — kM) > 0, re(d® D?), 1< s

3)\“\3135;}, 1<i<j<?2

4)aV] < 521

5)af! ’# kY, re(d”, D)

1 ) 2 2
)0 o) % (" V) i< (@ DY)
j € (d?, DY

where,

d? = (- 1)[2(25) +1] + 1
DP = 112(2) +1]
2y N ZE R G 0 D) =p ) ()]
(i,5) — 32.22.27
min{|k§1> kY -k i< < 31}
32-22.27

5(2,r) _

Notice that (see item 2.1.5) k; (1.1) # 0 and (see item 2.1.6) k z(l ) # k(l for every
i,j=1,...,82. Moreover (see items 2.1.2 and 2.1.4), 0 < k‘(l’l) <1l,j=1,...,59
Step 2.2 if (T k(MD), £ (TP KkED); | we set k12 = k(1D and proceed to

the next step. If instead, (T k(1:1)), = (T k(1:1); then, by item i) in Lemma
3.4.2, there exists an index gg 2 such that, yi, 2 (1) # g @ (2). Therefore, we
qa2,2 92,2

define

k(12 — (k§1,2) _ k;gl’l) o) R ) E(1,2) kg,l)),

vV 0 Q22+1 q2,2+17" "2 Wsy
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where, ké; 22) € R is such that, for any 4,5 € {1,...,s2},

1 O<kq22 gl
1)

)
2) ks # ki1
3) (k2 — kD)) < ﬁ@” 1<i<j<s
4) (k2 — k) KD — kD) >0, if  qoz < s2
5) (kin's) — %?x%“> gin<m if gos=ss
6) (k2 — ki)l < l<i<j<?2
7 (k2D %£>|J%%%?7 l<i<j<s
where, .
g =l n
(22) _ ’ ik kY ( NE) (J')*#Alu) (i))‘
Yij 32.22.02.372,2 .

By proceeding as in step 1 of the proof of Lemma 3.4.2, one can prove that
[T(Z)k(lﬂ)]2 £ [T(2)k(172)]1_

Step 2.n (n < 2;). If (T kIn=1), £ (TR kL2=D), for every | < n, we set
k(1) = k(1.n=1) and proceed to the next step. If instead, there exists an index
I < n such that (T® k(=1 = (T2 k(In=1), then, by item i) in Lemma
3.4.2, there exists an index g3, such that, ONCN (1) # ONCE (n). Therefore, we

define

K = (k) = kg R kG = kTR = kY,

where, kg :f) € R is such that, for any 4,5 € {1,...,s2},

1)0< k™ <1
)k((]l ,n) # k(ln 1)
2,n
1 1.n—1 7(2) (1,n—1) T(2) | (1,n—1)
)kt(zz :) # k!(lz ;L ) - { IRe (;) l(t > () I ) MA5122> (4) # uAg)n (n),
a2,n 245 n )
J#ELI<n
4) (k) — k) < al™, 1<i<j<n
5) (k) — k™) < BE™, 1<i<j<s
6) (kin — kiw )k, "5 — ke ™) > 0, if o < 52
) (ki — ki) (ke — kL) <o, if o =2
8) [(ky™ — k™) < @@%) 1<i<j<?
n n— A 7k7.1 . .
9) (kL) — gDy < Bk 1<i<j<s




where,
min_ {(TKO), = (7@K )
(27”) _ p=3,...,n—1
ij = o
_min {|k§17p) _ kEl’p)I}
ﬁ@»m) _ p=1,...n—1
ij

)

8.2m )
s (1) . .
2n) ‘ itk (HA§1)(J)—HA§1)(2))‘
’72'7]’ = 32.2n.22.292,n .

By items 2.n.1 and 2.n.2, it follows that the vector k"™ is such that 0 < kgl’n) <
1, k;gl’n) =+ k‘§1’n), 1,7 =1,...,82, 1 # j. Moreover, by proceeding as in step n of
the proof of Lemma 3.4.2 (see items 2.n.3 and 2.n.4 above), one can prove that
[T £ [TAKOM], 05 e {1,...,n}, i #j.

Step 2.2y. For n = 2, = h+ 1, we get a vector k®) := k(1."+1) guch that 0 <
KO <1, kP £ 5P i =1,... 50, i # j. Moreover, [T@k®)]; # [Tk,
ije{l, . h+1},i#j.

Step n, (n > 1). Let us set n :=h+n—1, s, := 8,,-1(2n, + 1), and consider
the probability measure p(.)(n4), and the nj, — 1 open intervals {(oé-n)7 ﬁj(-n)) =
Anyjti=1,.mp—1 such that pa, ) (nn) # pea,, ) (J), 5 =1,...,nn — 1. Now,
let us define an arbitrary partition o™ > ¢~V of [0, 1] which is obtained from
o™= by dividing each interval Agnfl) into 2ny + 1 intervals in such a way
that {ag-"),ﬂj(vn)}jzlw’nh,l C o™, Let o™ = {ﬂn),'yén), . ,’inL} be such a
partition. Then, the family of intervals corresponding to o(™ is

A ={AM = 0,4™M], . A = (0 AL A = (1 1)

Notice that A,, decomposes [0,1] in such a way that each half-open interval in
A,,_1 is decomposed into 2n;, + 1 half-open intervals.
Now, let us consider the stochastic matrix

MA(ln)(l) MA;n)(l) . “Aé’jj(l)
) Pam(2) A (2) e (2)
IONSICTYRNONGIGTY) ORIy

Since A,_1 < A, T satisfies item i) in Lemma 3.4.2. Therefore, by Lemma
3.4.2, there is a vector k(™ such that [T™k™)]; # [TMWk™]; 4,5 € {1,...,n4},
157,

Now, we show a particular construction of k():
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Step n.1. We start from the vector k(»~11) = (kin_l’l), kén_l’l), . .,kg:_l’l))
where,

KUY = kY 1a"Y i (1-1)@n 1) < <U@2np+1), =1, s,

and aE"il) are real numbers such that (see lemma 3.5.2 in appendix B) for any

q,l (S {1,...,871,1},

1) "M =0 r= dl(")
2)a" (kY —EY) >0, red™, DM, 1< s,y
3)as" V| < b, 1<i<j<n
4)Jai" V| < 5tmn)
5)ai" D £~k Y, re(d”, D)
§)al™) = o™ £ ~(HrD KDY, i (@, D)
j € (g, D{)

where,

d"™ = (1 —-1)2n, +1) + 1
Dl(") =1(2n, + 1)
Sp

=j—1,
pr) _ p=j—1,
2V

32.2m.27

. ® _ 1.0 A IR }
snr) — p:{’{l}{}l_l{V% L=kl i< s s

32.2m.27

Notice that (item n.1.5) k‘gn_l’l) #0,i=1,...,5,, and (item n.1.6) kgn_l’l) #

k§"_1’1), i # j. Moreover, (items n.1.2 and n.1.4) 0 < k§"_1’1) <1,j=1,...,5,.

Step n.2 if (T k(mD), £ (T kD), we set k(™2 = k(™1 and proceed to

the next step. If instead, (T k(®1), = (T k(1)) then, by item i) in Lemma

3.4.2, there exists an index gy, 2 such that, u,m (1) #£ RS (2). Therefore, we
an,2 an,2

define,

k("»Q) k('fh?) _ k(”al) k(n,2) — k(n,l)

YTty gn,2 qn,2+1 Qn,2+1’ Tt sy Sn )7

k("’z) _ (kgn,Z) _ kgn,l)
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where, k2 € R is such that, for any 7,5 € {1,...,s,},

qn,2

(n—1,2)

1)0<kqn2 ) <1

L O

3)|<k§22”) kéﬁle”ﬂ I 1<i<j<s,
n 12 n 11 n— 11 n—1,1 .

4><qn2 Y = RG>0, if s <sa
n 12 n 11 n 11 n—1,1 .

) (R — KOs — B <0, if  gua=sn

6>I<kéif2”) k<“ S <A, 1<i<j<n
n—1,2 n—1,1 n

P IR K0 < 50

where,
(n2) ‘k(n 1,1) k(n 11)|
by =T
(p) )

RN ) ST AR
Vi = 322n 22.97n,2 )
o mlrili {|kjp —kip|, i<j<sp}
o) = 39.97.22 .

By proceeding as in step 1 of the proof of Lemma 3.4.2, one can prove that

[Tkn=12)), £ (P12

Step n.m (m < ny). If (T kC—Lm=1) =L (70 kr=Lm=1)), " for every
[ < m, we set k(»=1m) = k(n=1m=1) 4nq proceed to the next step. If instead,
there exists an index [ < m such that (7 k(»=tm=1) ~— (7@ kr-1m-1)),
then, by item i), there exists an index ¢y, n, such that, Bagm () # ONOR (m).

k%n—l,m—l) k(n 1,m) ;(n—1,m)

Hence, we define k(®—1m) = (kﬁn‘l’m) = ) dnom gl =
g(n—1,m=1) k("_l’m) = k(n_l’m_l))7 with k"™ ¢ R such that, for any

qn,m+1 s Sn Sn dn,m

i,j €{1,. sn}
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1)0 < k™ <

2) kb o )

3) ko™ # ag, pag () # pgn (m)
JAL j<m

4) (kg B — k) <t 1<i<j<m

BY | (k™ — kg b 1))|<B(’““> 1<i<j<sy

6) (Krim) _ im0y gl g g

7) (kG — kg DY q’;tij’1<0 if Qo = sn

8) (kg b — kg ) < A4 1<i<j<n

9) | (kg b — kg )| < Sinm

where,
(n,m) k(ﬂ 1m—1) (T kn—tm-y,_(p() g(n—tm—h)
dnm = Kan,m Halm) (G)— agm (m)

{|( n)(n— 1p)) —(T (n)k(n 14))) I}

(nm) p= _], ,m 1

Qi g2m
min {|k:(n 1,p) kl(nflm)”
(n m) p=1,...,
/8 8 m
Wi — (hs R ”>
R e
77,,]’ 32 on.om.odn,m

; (p) (). .
snm) — p:f,l.l.l.,ri—lﬂkj — k7l i <j < sp}

32.2n.9m

By items n.m.1 and n.m.2, it follows that the vector k(»~1™) is such that
0 < kl(n*l’m) <1, kzgn*l’m) #* kz§n71’m), i,7 =1,...,8,, © # j. Moreover, by
proceeding as in step n of the proof of Lemma 3.4.2 (see items n.m.3 and n.m.4
above), one can prove that [Tk —1m)], £ [TMkM=Lm)], G 5 € {1, m},
i 7.

Step n.ny,. For m = ny, we get a vector k() := k(=171 such that 0 # kfn) <1,
kfn) =+ k;"), i,j = 1,...,8n, i # j. Moreover, [T(")k(”)]j # [TMKkM), i €
{1,...,7’Lh}, 7 75_]

The procedure outlined above defines inductively a sequence of real vectors
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{k(")}neN. Now, let us consider the sequence of uniformly bounded functions
{fn(t)}nen defined as follows

Sn

(317) fn (t) = Z kgn)XAE”) (t)

i=1

where, xa(t) denotes the characteristic function of the Borel set A.
Clearly, ||frllco <1, ¥n € N. Now, we prove that

a) {fu(t)}nen 1is point-wise convergent

In order to prove item a), we prove that, for any ¢ € [0, 1], the sequence f,(¢) is
Cauchy. We proceed as follows. For every ¢t € [0,1] and i € N| let us denote by

A((t) the set in A; such that t € AEEZ) We have (see items n.1.4 and n.m.9),

Si—1

it = fia )] = | IILLWICEDY B0 (8)]

_ O] (l 1) 1) (1-1)
‘Zk k; X(” ‘_’kl(t_k()

(=1i) _ 4 (=11) 4 p0-11) _ F0-1)
|kl(t BT Ky | <

kaét Y =k gy Y = R =

I-1,r) I-1,r— 1) (1-1,1) 7(1-1)
*‘Z’f — ki ’+|kz<t> —ky 'l =

1

(3'18) < Z | kl((lt)l i kl((lt)l Y | + ‘al(t)1)| < 8. 2[

where, for every, ¢ € [dgl),D§l)], j=1,... 1, we have defined
70-1) _ ,(-1)
k; =k,

so that,

S1—1

s1
S
fiea( Zk X qu-n (t Zkl( Y Xao (t
1=1

By equation (3.18) the sequence f,(t) is Cauchy and then convergent for any
t € [0,1]. Indeed, for any € > 0 there exists an index n such that >~ <€ s0

zn2Z
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that, for any couple of indexes n, m with, n > m > f, one has

(3.19) Fa®) — Fa® =] 32 £~ fia (1)
1=m-+1
S Z |f1( fz 1 Z%
i=m+1 i=n

Therefore, there exists a function f(t) such that lim,,_, f,(¢) = f(t). Notice that
f is Borel measurable because it is the limit of a sequence of Borel measurable
functions [79]. We can say more. Indeed, since the inequality in (3.19) does not
depend on t, f,(t) converges uniformly to f(t¢). This implies that f is continuous
from the left since the space of left continuous step functions with the uniform
norm is dense in the space of piecewise continuous functions which are continuous
from the left [79]. It remains to prove that

b) f is one-to-one

c) G5 is one-to-one

In order to prove item b) we proceed as follows. For every ¢, € [0,1], there

exists an index s such that ¢t € A(s) A(%, Ag‘zi) Aiz%) = (. Let j be the
smallest index such that ¢ € Aﬁi A;J(%), A(](Z) N A;j(%) = (). Moreover, let

us suppose, without loss of generality, j(¢) > j(t) (notice that, for every s > j,
s(t) > s(t), s(t) > j(t), s(t) > j(t)).

For every n > j,j(t), j(t),

n

) = FaD] = |55 = LD+ 32 1O = Si®) = fiea (V) = i ()]
l=7+1

= |55 = £@+ Y 1O = fia®] = D) ~ fia (0] =
l=7+1

= [0 — ki) + 3 1k — Ry "1 = iy — iy )|
1=j+1
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Moreover (see items n.1.4 and n.m.9),

|k(l) - 1)|_|k(l L) _ (=11) | p(=11) E(l—1)|<

I(t) l(f) I(t) 1(t) I(t) 1(t)
1-1,1 1-1,1) (11,1 -1
|k71((t " k( \ + |kl(t) ) kl((t )| =
llr I-1,r—1 1-1,1) (-1
_‘Z ky (t) )) ‘Hk( kl((t) )|§
143 |(k(J) _ k(]) )|
(I1—1,r) (I—1,r—1) -1) 3(t) i(®)
< Z| P S [ |al | < — e
By the same reasoning applied to the case t we get
(3 _ 1.0)
R0 _ ey e —Re)l
1(#) 1) 8.9l
Therefore,
) FU=D) [, F0=D
. 1 -1
nhjgo Z [kl(t) - k ] [kl(f) kl({) ]‘ =
:j+1
_ @) _ 70-1) O ()
= lim Z iy = Ry = [kigh — Rigy )| <
_J+1
R — KL 1 — B
(3.20) <n15r;Ol:ZI o < 5
Then,

HILH;O ‘fn(t) - fn({)| ?é 0

which proves that f is one-to-one.
Now, we proceed to prove item c).

First we show that limy, ;e (T(”)k n>) Ty, o0 (T(")k(")>
For every n > j > 1,

[

‘(ka("))j _ (T(n)k(n))i — ‘(T(y‘)k(j))j _ (T(j)k(j))ﬁ
- OROY _ (70O | _ [(70-D1 -1 _ (pa-1)0-1) ‘:
# 20 (), = (o) [ = {(remme) = () ]

o4



= ‘Zkﬁ”[uMﬁ(J — pp0 (i Z (Zk() paw (7) = haw (D) +
r=1

l=7+1 g¢q=1

S1—1

—Zk“- 00 () = 1pu-o @) |

Notice that,

pag-o () = Z paw()s J=1 =1
p€ld,, D]

hence,

’(T(”)k(”)) (1) | =
J [

Sj n Sy
Z‘ D g () = aw ]+ [Z kD a0 (4) = ppw (D)
=1 I=j11 g=1
S1—1
DRI YT (a0 () ,UA(l)())”
q=1 p€[dl,Dl]
—’Zk MAm ,uAm Z (Zk ,UA(Z) MAgw(i)]Jr
=7+
Zk(l Y 1IN <l> ,UAa)( )})‘ =
n sy
—‘Zk( a0 () = iAo D1+ > (DD = R g () = 10 @) |
l=7+1 g¢=1

Moreover (see items n.m.8 and n.1.3),
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0 T(-1) _ (.0—-1, 1-1,1 1-1,1)  7.(1—-1
k(D — kD] = gl R A b B

;
1-1,1 -1,1 T.a=1)) _
. I =

k
< ‘k(lfl,lh,) —k

_‘Z EU=17) _ g l1r1))+|kl11) k(l—1)|§

< Z |k((ll71,r) _ k((llfl,rfl)‘ + |a((1l71)‘ <

r=2

\Z k9 (u Am(j)—MAgj)(i)ﬂ

8.2l
Therefore,
n Sy _
Jim (Z(kg“—kgl-”m 0 () = a0 (0)])]
l=j+1 q=1

< i Z‘Z QA;?U) Lo O _

l=j+1g=1
MAm(J) tipw (4))]
_nlggo Z 4.91 <
l=j+1
|5 kS (500 () = a0 ()]
< - -
2
which implies,
Zk” ()~ g 0] 2 Jim 3 (2O — F g () — g 9]

I=j+1 q=1
and then,

lim (T(")k(")) £ lim (T(")k(")) :

n— 00 n—oo i
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By the dominated convergence theorem [65], we get

[ 0 = [ .0 dut

= lim (TOK™) 2 lim (707K ))

Gy(i)

n—>00 n—00
= lim [ fo(t)dp:(j /f ) (5) = Gr(4)
n— oo

which proves item ¢ and ends the proof of the theorem.

3.5 Appendix

3.5.1 On the discreteness of the sharp version A

Theorem 3.5.1 ([16]). Let B := {F;}ien be a commutative family of bounded
self-adjoint operators such that F; is discrete for every i € N and, 0 < F; < 1.
Let AW (B) be the von Neumann algebra generated by B. Let A be a self-adjoint
operator which generates AW (B). Then, A is discrete.

Proof. Since the operators F;, are discrete, we can write

Fo =Y A"E({A"})

i=1

where, E,, is the spectral measure corresponding to F;, and o (F;,) := {)\En)}ieN C
o(F,) the set of eigenvalues of F,,. Let A(B) denote the C*-algebra generated
by B. Let E(-) be the spectral measure corresponding to A(B) whose existence
is assured by Theorem 1, page 895, in [35]. By the same theorem there exists
a set of continuous functlons { fl}LeN such that 7(f;) :== [, fi(\)E(d)\) = F; for
every ¢ € N, where A is the spectrum of A(B). Moreover, for every wp' €A
such that pu # p/, there exists an index [ such that f;(u) 7£ fi(i). In order to
prove this, we proceed by contradiction. Suppose that there exist u, u’ € A such
that p # p' and f;(u) = fi(p') for every i € N and consider the C*-subalgebra
D = {z(/)| f € Clo(A)), f(u) = F(1)} © A(B). Since {x(fi)}iex C D, the
smallest C*-algebra containing {7 (f;)}ien is D. Therefore, D = A(B) or, in
other words, {7(f)| f € C(o(4)} = {n(f)| f € C(o(A)), F(1) = f(u')}. This
contradicts Theorem 1, page 895, in [35], which asserts that the map 7 : f — 7w(f)
is an isometric —1som0rphlsm Since o(F;) = f;(A), the above reasoning shows
that there is a one-to-one correspondence between A and a subset X of the
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Cartesian product o(Fy) x o(F3) x -+-o(F,) x ---. One has,

1= EGE =TI B ()

i=1j=1

= > EFOIO) BT

(1140l y... JENO®

= 2: EINZ, 7 ()] = 3 By, })

(I1eslpse.. JEN® (,\ﬁ),.“,,\l(:),,,‘)ex

where, N*° = N x --- x N x -+ is the space of infinite sequences of natural
numbers, gy, .1, ... € A is the unique point in A such that f;(w,,..1,,) = /\l(j) for
every ¢ € N, and the continuity from above and below of E is used. Since H is
separable, in the last sum, all the terms but a countable number must be 0. This
implies that E is a discrete spectral measure. Let us denote by u;, ¢ € N, the
points in A such that E{sx;} # 0 and consider the Borel function g(p;) = 1. The
operator A = > 02, g(p;)E(wi) is a generator of AW (B). Indeed, the functions
h; := f; o g~! are such that F; = Y ;o hi(g(wi))E(p:) = hi(A) so that the von
Neumann algebra A" (A) generated by A contains AW (B), AW (B) c AV (A).
Conversely, the family of elementary functions

wwn{ﬁm>ifign

0 if i>n

is such that lim,_ . gn» = ¢g. Therefore, A is contained in the von Neumann
algebra AW (E) generated by {E(p;)}ien. Since E(p;) € AW (B) (see Theorem
5.2.6, page 315 in Ref. [56]), A € AW (E) c AW (B). Then, A" (A) c AV (B).
Moreover, since we have also proved that AW (B) ¢ AW(A), we must have
AW (B) = AW (A). The fact that A is discrete ends the proof. O

3.5.2 A Useful Lemma

Lemma 3.5.2 ([17]). Let us consider step n.1 in the proof of Theorem 3.1.2.

. n—1
There exists a sequence of real numbers al(- )

n.1.1 to n.1.6.

which satisfies the items from
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Proof. We set

_min 1{|Zk (a0 (7) = paw (D)) i <G <n}
() — p=i—1,...,
2.an.27
- =1mm {|k(p p)| |1 -p)|; i <j<sp)
o\ = 32.27.27
B = min{pn), 500}
n (k(ﬂ—l) k("—l))
cml) .— ‘kl(jlll)iki(n,l)l
In order to prove the Lemma, we set, for every I € {1,...,8,-1},
0, r=d"
o= — c@@gww@“”7remmfmez<%4
n,r n—1 n n
BOwn gD, e (d,, D]

Then, items n.1.1, n.1.2, n.1.3, n.1.4, n.1.5 are obviously satisfied. It remains to
prove item n.1.6. We have, for every ¢,l € {1,...,8,-1}, I,q # Sp—1, ¢ #1,
(3.21)

(DR (BN — BOWD)| £ 0, jior e (@, D]
|c(nb) B (=) _ o(na) i) 1) <
<[k = k), re(d”, D"
€ (dy", Dy
jalr=D—af" V| = § |BOIE(ZY — covD v (Y] <
< [k = kY, e (d),,DiM,]

E <d§">,D§">}
|B(n v (’ﬂ 1) B(n j)kgnq)‘ _

n—1

= kﬁttﬁ \B<” ™) — Bmd)| £ 0, rj € (d5,, D]

In order to explain the second and the third inequalities in (3.21), let us assume
r > j. Then (see the definition of B(™")),

|k(n—1) - k((}n—l)| kl(n—l)

(nd) g(nr) (=1 _ (n.a) g(n.g) g(n—1) <n71>)
|Cc'™" B k, C B kq | < 39 97 . 9n T + ky
n—1 n—
< R — g,
An analogous reasoning can be used to prove the third inequality in 3.21. O
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Chapter 4

On the informational
content of a POVM

In this chapter we analyze the concept of informational content of an observable.
The starting point is the fact that, starting from a commutative POVM F'| it is
possible to recover the corresponding sharp version E by means of an algorithmic
procedure. The procedure was developed in Ref. [31]. In Ref. [10, 11, 14] it was
proved that the PVM coming from such a procedure is the sharp version of F
(see chapter 2, theorem 2.2.5). We state this results in the form of a theorem.

Theorem 4.0.3. [31, 10, 11, 14] There exists an algorithmic procedure that start-
ing from a commutative POVM F allows the construction of the corresponding
sharp version E.

As we said above, Theorem 2.2.3 suggests an interpretation of the unsharp observ-
able F' as randomization of the sharp observable E. Therefore, we can interpret
Theorem 4.0.3 as suggesting that there should be a kind of information contained
in E which is not lost during the randomization process. This means that, in
some sense, F' and E should have the same informational content. Therefore,
we look for an equivalence relation between observables which capture this kind
of informational content. The necessary condition which such a relation must
satisfy is that F and F must be equivalent.

In the next section, we recall some well known partial order relations on the
set of observables and show that no one of them satisfies this condition. Therefore,
in section 4.2, we propose a partial ordering for which F and F are always
equivalent and establish some relationships between this one and the others well
known partial order relations. The results we present here have been published
in Ref. [15].
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4.1 Informational content of a quantum observ-
able

Definition 4.1.1 (Smearing). Let Fy and Fy be two observables. If there exists
a Markov kernel p.y(A) such that,

Fi(A) = / jia (V) Fa(d),

we say that Fy is a smearing of Fy and write Fy <y Fy. If Iy <y F» <5 F1, we
say that Fy and Iy are ~5 equivalent and write Fy ~5 Fy.

Theorem 4.1.2 ([53]). A PVM E is a smearing of a POVM F if and only if
the range of E is contained in the range of F, R(E) C R(F).

Theorem 4.1.3 ([36]). Let E and F be respectively a PVM and a POVM.
Then, R(E) C R(F) if and only if there exists a measurable function f such
that E(A) = F(f~Y(A)).

Notice that, if £ and Ey are two PVMs, Fy <f E» if and only if there exists a
measurable function f such that Ej(A) = E>(f~1(A)) (see theorems 4.1.2 and
4.1.3). This is equivalent to the fact that A; = f(A3) where, A; and Ay are the
self-adjoint operators corresponding to F; and Es respectively.

In the following, we denote by 7'1+ (H) the space of trace class operators with
trace one on the Hilbert space H. The states of a system are represented by
operators in 7, (H).

Definition 4.1.4. Let p1 and p2 be two states. Let F' be an observable. If there
exists a set A € B(R) such that Tr[F(A)p1] # Tr[F(A)p2] we say that F can
distinguish between the states p1 and ps.

Definition 4.1.5 (State distinction). If for all p1, po
Tr[Fa(A)pi] = Tr[Fa(A)ps], VA € B(R)
\’
TrlFi(A)p1] = Tr[F1(A)p2], VA € B(R)

we say that the state distinction power of Fy is greater than or equal to Fy and
write F1 =; Fo. If F} =X; Fy =X; Fy, we say that Fy and Fs are ~; equivalent or
that they have the same informational content and write Fy ~; F5.

Definition 4.1.6. The set of the states determined by the observable F is Op :=
{pl Vo' #p, A, Tr[F(A)(p—p')] # 0}
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Definition 4.1.7 (State determination). Let Oy and Oq be the sets of states
determined by Fy and Fy respectively. If O1 C Oy we say that Fy has a state
determination power greater or equal than Fy and write Iy <4 Fy. If F1 =4
Fy <4 F1, we say that Fy and F5 are ~4 equivalent and write Fy ~q Fs.

Theorem 4.1.8 ([43]). Fl jf F2 = Fl jz FQ = F1 jd FQ

4.2 On the informational content of £ and F

Now we prove that all the equivalence relations between observables introduced
above do not ensure that a commutative POVM is equivalent to its sharp version.
We begin with the concept of smearing. The following example shows that the
sharp version E of a commutative POVM F need not be a smearing of F', while
F' is always a smearing of E (see theorem 2.2.3).

Example 4.2.1. Let us consider a physical system with spin J = 1. The corre-
sponding Hilbert space is H = C>. Let E_q, Ey, E1 be the projection operators
1

corresponding to the eigenvectors of the spin observable J3 = Z mE,,. Let us

m=—1
consider the POVM F : {1,2,3} — {Fy, Fs, F3} where,
F = 1/2E,1 + 1/2E0 + 1/4E1, Fy = 1/5E,1 + 1/5E0 + 1/4E1, F3
=3/10E_1 + 3/10Ey + 1/2FE;.
The sharp version of F is the PVM E : {1,2} = [(E-1 + Ey), E1]. Since

Ey, (E_1 + Ey) ¢ R(F), the range of E is not contained in the range of F.
Therefore, by theorem 4.1.2, E =y F.

Now, we proceed analogously for the concepts of state distinction and state de-
termination.

Example 4.2.2. Let {|1;) }ien be a basis of H. Let E; = |1);)(1;| be the projector
corresponding to |¢;). Let us consider the POVM

o ifleAand0gA
=I-® iflgA A
F(A) = C ’Lf Z A and 0 €
I if1,0€ A
0 ifl1eg A and 0 ¢ A.

where,

® = NE;=1/2E1 +1/3B, + 2/3E5 + »_ 1/iE;.

i=1 i=4

63



The sharp version of F is (see [12]) E(A) = >\ ca Ei. Let us consider the
states p1 = F1 and py = 1/2(Ey + E3). We have,

Trlp F(A)] =Tr[p:F(A)], VACR

while,
Trip B((1/3,1/2)] = 1, TrlpaE((1/3,1/2)) = 0
so that, E <; F is false.
Notice that, p € O if and only if p is a one dimensional spectral projection of
E (see [29]) so that p1 € O, while p1 ¢ Op. Therefore, E =<4 F is false.

Now, we introduce an equivalence relation between observables which should
capture the meaning of equivalence between a commutative POVM and its sharp
version outlined above. Moreover, the relation we are going to introduce is not
restricted to commutative POVMs. The analysis of its meaning in the general
case will be the aim of a future work.

Definition 4.2.3. Let Fy and Fs be two POVMs. We say that Fy =, Fs if, for

each real, bounded, measurable function f there exists a real, bounded, measurable
function gy such that

Bl = /de1 jf /gf ng = Bg.

If Iy <, Fy <, Fy we say that Fy and Fy are ~, equivalent and write Fy ~, F5.

Notice that, B; and B; are self-adjoint operators, so that B; <¢ By means that
there exists a measurable function h such that B; = h(Bz) (see the comment
to theorems 4.1.2 and 4.1.3). The following theorem shows that, at least in
the hypothesis of Theorem 3.2.3 in section 3.2, a commutative POVM is always
equivalent to its sharp version in the sense of Definition 3.0.5.

Theorem 4.2.4 ([15]). Let F be a commutative POVM with discrete spectrum
such that the operators in the range of F' are discrete. Let E be its sharp version.
Then, E ~, F.

Proof. Let A = f/\dEA be the self-adjoint operator corresponding to E. By
Theorem 2.2.3, AV(E) = AW (A) = AW (F), where A" (A) and AV (F) are
the von Neumann algebras generated by A and F' respectively. Notice that, for
each real bounded (with respect to F') measurable function f, the self-adjoint
operator [ h(t)F(dt) is contained in AW (F). Therefore, for each real, bounded
and measurable function h, there exists a function G}, such that [ h(t)F(dt) =
Gr(A). This means that F' <, E. Moreover, by Theorem 3.2.3, there exist two
one-to-one functions f and Gy such that G¢(A) = [ fF(dt). Since G¢(A) is
a generator of AW (A), one has, [hdE <; [ f(t)F(dt), for each real bounded,
measurable function hA. That implies F <, F' and ends the proof. O
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Now, we point out some relationships between Definition 4.2.3 and the other
partial order relations on the space of observables introduced above.

Theorem 4.2.5 ([15]). Let Fy and Fy be two POVMs. If Fy <y F,, then
Iy =4 Fo.

Proof. Since F| =y F3, there exists a Markov kernel fu(.y()) such that
+oo
Filltt +d) = [ peran (VF()

—0o0

Then, for each z € H,

+o00 +oo +oo
/ O F ([t + di)), z) =/ f(t)/ fit ety (A) (F2(dA)z, )

(4.1) — 00 — 00 — 00
+o00 +oo +00
- / (Fa(dN)z, z) / ) ey (V) = / 05 (V) Fa(dN)z, 2)

where, f is a real bounded and measurable function whose infimum and supre-
mum are denoted by m and M respectively and g¢(A) := [ f(t) prie,eqar)(A) < M.
Therefore, by the polarization identity, [ f dFy = [ gy dF5 so that, Fy <, Fb.
In order to justify the change in the order of integration in equation (4.1) we
proceed as follows. First, we notice that

+oo
w() = / iy O (Fa(dN)z, ) = (Fy (), )

is, for every x € H, a Lebesgue-Stieltjes measure. Therefore, by the definition of
Lebesgue-Stieltjes integral [47],

/mf() (df) = lim Zf(")lw{teR:f() € U ,5’“]}

—o0 |6 \—>Ok 1

= lim Z £ [ M M(Fa(dN)e, )

|65 |—=0 k=1

- '!Lh—>ngo/ ka 1ILL(E(TL)) )<F2(dA)I7I>

[0n| =070 k=1
where it was introduced a sequence of subdivisions §,, = {[fo, fl(")], ( 1("), fQ(")],

(f 17fn]},m = fo < f1 <+ < fn = M, of the interval [m, M], such that
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|6n] = maxi<g<n {( () _ 122)} — 0, when n — oo, and it was set B\, =

{t ER : f(t) e (f7,, é”)]}

Now let us consider the sequence of functions
n
k=1

One has H,(A\) < sup{|f[}umr) (A) = M < oo, for each A € R and n € N.
Moreover, by the integrability of f with respect to the measure p(.y(X),

+oo
lim H,(\) = / F@) bt ran (N) = gr(A).

n—00 o

By theorem 11 in Ref. [24],

n—oo n—oo
T k=1 o

+oo M +o00
Jim S 1, e ) Ba( M)z, 2) = / im Ho (\)(Fy(d\)z, 2)

= F@O)dipe(A) | (Fa(dN)z, ) = 9r M) (Fa(dN)z, ).
[ L o) [

O

Up to now, we have proved that Fy; <; F5 implies 1 =<, F5 so that, smearing
is stronger than definition 4.2.3. We end this section by observing that neither
state distinction nor state determination are weaker than definition 4.2.3. This
can be seen by resorting to example 4.2.2 where, F ~, F while, E <X; F and
E =<4 F were proved to be false.
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Chapter 5

Uniform continuity, norm-1
property and localization

5.1 Characterization of uniform continuity

In section 2.3 we have shown that a commutative POVM is uniformly continuous
if and only if it admits a strong Feller Markov kernel. In the present chapter we
study the uniform continuity of a general POVM (not necessarily commutative).
We also analyze the concept of absolute continuity of POVMs and show the
relationships with the concept of uniform continuity. At last we give a necessary
condition for the norm-1 property of a uniformly continuous POVM which we use
in order to get some new results about localization observables. In particular we
analyze the localization of massless relativistic particles in phase space, and the
localization of non-relativistic particles both in phase space and in configuration
space. The results of the present chapter are contained in the papers [21, 23].
First we recall the definition of uniform continuity.

Definition 5.1.1. /21, 23] Let F : B(X) — F(H) be a POVM. F is said to be
uniformly continuous at A if, for any disjoint decomposition A = U2 A,

lim. ; F(A;) = F(A)

in the uniform operator topology. F' is said uniformly continuous if it is uniformly
continuous at each A € B(X).
We recall that a sequence of sets A; is increasing if A; C A; 1. In such a case

A =UZX,A; =lim;, o A; and we write A; T A. Analogously, A; is a decreasing
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family of sets if A;11 C A;. In such a case A = N2 A; = lim;_, A; and we
write A; | A.

Proposition 5.1.2 ([21, 23]). A POVM F is uniformly continuous at A if and
only if, it is uniformly continuous from below at A, i.e., for any increasing se-
quence A; T A,

lim [|[F(A) — F(A;)|| =0.

n—oo

F is uniformly continuous if and only if it is uniformly continuous from below at
each A.

Proof. Suppose that lim,, o ||F(A)—F(A;)|| = 0 whenever A; T A. Let {A; }ien
be a sequence of disjoint sets such that Uf;A; = A. Then, we can define the
family of sets A,, = U_;A,. We have A; T A. Therefore,

lim IIF(A)*ZF(AJII = lim [|[F(A) = F(Ay)| =0

n— oo n—oo

Conversely, suppose that F' is uniformly continuous at A. Let A; be such that
A; T A. We can define the family of sets A; = A; — A;_; with Ag = (). We have,

A;NAj=0,i+# j. Moreover, A, = U | A; and U, A; = A. Therefore,

n

lim [|F(A) = F(A)|| = lim [|F(A) =) F(A)] =0.
i=1

If F is uniformly continuous, the last reasoning is true for any A. O

Proposition 5.1.3 ([21, 23]). F is uniformly continuous if and only if,

lim [[F(A) =0

1—>00
whenever A; | (.

Proof. Suppose that lim;, o [|[F(A;)|| = 0 whenever A; | . Let {A;}ien be
a disjoint sequence of sets such that U2, A; = A. We have A — U A; | 0.
Therefore,

n

lim [|F(A) ~ ;IF(AZ-)H
= lim [|[F(A — U, A)| = 0.

n—r oo
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Conversely, suppose F' is uniformly continuous and A; | (). We can define the
family of sets A; = A; — A;. Clearly, A; 1 A;. Therefore, by proposition 5.1.2,

Zl_lfglo |F(A)| = Zliglo |F(A:) — F(Ar) + F(AL)]
= }i}glo | F(Ar) — F(Zl)” =0.

Now, we introduce the concept of absolute continuity.

Definition 5.1.4. Let F : B(X) — F(H) be a POVM and v : X — R a regular
measure. F is absolutely continuous with respect to v if there exists a number c
such that

[F(A)]| < cv(A), VA€ B(X).

Notice that the absolute continuity with respect to a finite regular measure
implies the uniform continuity.

Theorem 5.1.5 ([21, 23]). Let F be absolutely continuous with respect to a finite
measure v. Then, F is uniformly continuous.

Proof. Suppose A; T A. We have
lim [[F(A) ~ F(A)]| = lim [F(A - A
1—>00 100
<eclim v(A—-A;) =0.

i—>00
Proposition 5.1.2 ends the proof. O
In the case that F' is absolutely continuous with respect to an infinite measure,

we have the following weak version of theorem 5.1.5.

Theorem 5.1.6 ([21, 23]). Suppose F is absolutely continuous with respect to a
reqular measure v. Suppose, A is such that v(A) < co. Then, F is uniformly
continuous at A.

Proof. By proposition 5.1.2, F' is uniformly continuous at A if and only if for any
increasing family of sets {A; }ien, A; T A,

lim [ F(A) - F(A)] = 0.
11— 00
Suppose v(A) < co. Suppose A; T A. Since A; C A, v(4;) < v(A) < oo for

every ¢ € N. By the continuity of v, lim; ,. (A — A;) = 0. Hence, by the
absolute continuity of F,

T [F(A) = FA)]| =l [F(A - A
< clim; oo V(A — A;) = 0.
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Theorem 5.1.7 ([21, 23]). Suppose F absolutely continuous with respect to a
reqular measure v. Suppose, A is such that v(A) < co. Then, for each decreasing
family of sets A; | A such that v(A;) < oo,

lim [[F(A) — F(A)]| = 0.
11— 00

Proof. Suppose v(A) < oo, A; | A and v(4A;) < co. By the continuity of v,
lim; o, ¥(A; — A) = 0. Hence, by the absolute continuity of F',

Tim [F(A) - F(A)| = lim [F(A, - &)
<clim v(A; — A)=0.

1—00

5.1.1 On the meaning of uniform continuity

Before we analyze the concept of norm-1 property, we would like to make some
observations on the meaning of the uniform continuity. Suppose F' is uniformly
continuous and o(F) C [0,1]. Suppose 0 is an accumulation point for the spec-
trum o(F). Then, F[(0,t)] # 0 for any interval (0,t) C [0, 1]. The uniform con-
tinuity of F' implies that, for any € > 0, there is a t; = T such that F[(0,t;)] # 0
and supyjy =1 (¥, F[(0,%:)]9) = [[F[(0,%:)]]] < e. Indeed, (0, 1) 1 0 and proposi-
tion 5.1.3 applies. Next we recall that, for any unit vector ¢ € H, the expression
tiyy(-) = (F(-)1,¢) defines a probability measure. Therefore, the uniform con-
tinuity of F ensures that for any e > 0, there is an interval A = (0,¢;) such
that

py(A) <e, forany ¢ eH, [[g] =1

In other words, the probability uf; (A) that a result of the measure of F' gives a
result in A is less than e for any pure state .

That is not true if F' is a PVM. Indeed, for any A such that F(A) # 0, there
is a unit vector ¢ € H for which (F'(A)y, ) =1 (sharp localization) so that the
inequality ui(A) = (F(A)Y, 1) < e cannot be true for each 1.

A necessary condition for a PVM E to be uniformly continuous is that
E({z}) # 0 for any = € o(F). That is a consequence of theorem 5.2.3 below
since a PVM is a POVM with the norm-1 property.
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On the meaning of uniform continuity in the commutative case

As we have seen in section 2.3 the uniform continuity of a commutative POVM
F is equivalent to the existence of a strong Feller Markov kernel p such that

(5.1) F(8) = [ na)dEy = pa(4)

where, E is the spectral measure corresponding to the sharp version A of F.
Since (1, E(A)y) is interpreted as the probability that a sharp measurement
gives a result in A, F' can be interpreted as a random diffusion of F; the random
diffusion being realized by the transition probability u. In other words, we could
say that if the sharp value of F is A, the apparatus produces a reading in A with
probability pua ().

For instance (see section 2.5), if F' = Q7 is the unsharp position POVM in
example 2.4.4 and E = Q is the position operator, the quantity (¢, Q(A)v) is
the probability that a perfectly accurate measurement of the position gives a
result in A, while pa () is the probability of a reading in A if the sharp value of
Q is z [78].

When F is uniformly continuous and p is a Feller Markov kernel we have that if
two sharp values A and )\ are very close to each other then, the corresponding
random diffusions are very similar, i.e., the probability to get a result in A if the
sharp value is A is very close to the probability to get a result in A if the sharp
value is \'. That is exactly the case of the bounded unsharp position observable
in example 2.4.4.

5.2 Uniform continuity and norm-1 property

In the present section we give a necessary condition for the norm-1 property of
uniformly continuous POVMs. First we recall the definition and the physical
meaning of the norm-1 property.

Definition 5.2.1. A POVM F : B(X) — F(H) has the norm-1-property if
|F(A)|| =1, for each A € B(X) such that F(A) # 0.

The following proposition explains the physical meaning of the norm-1 property.

Proposition 5.2.2 ([46]). A POVM F has the norm-1 property if and only if,
for each A € B(X) such that F(A) # 0, there is a sequence of unit vectors 1y,
such that lim, o (¥n, F(A),) = 1.

Proof. Suppose F' has the norm-1 property and ||F'(A)| # 0. Then,

1= [F(A)[l = sup {(, F(A)i)}.
llll=1
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Hence, there is a sequence ¢, ) such that

(5.2) lim (¢, F(A)gn) = 1.
n— oo
Conversely, since F'(A) <1, equation (5.2) implies ||F(A)] = 1. O

If an observable is described by a PVM FE (sharp observable) then, for
any Borel set A such that F(A) # 0, there exists a unit vector ¢ for which
(1, E(A)y) = 1; i.e., the probability that a measure of the observable E in
the state ¥ gives a result in A is one. That is not true if an observable is de-
scribed by a POVM F' (unsharp observable) since there are Borel sets A such
that 0 < (¢, F(A)y) < 1 for any vector ¢». We have here a relevant difference
between sharp and unsharp observables. For example, suppose that E and F' are
a sharp and an unsharp localization observable respectively (E could refer to a
non-relativistic particle and F' to the photon). Then, in the sharp case, for any
set A there is a state 1 such that the system is surely localizable in A (sharp
localization) while in the unsharp case such a state does not exist in general
(unsharp localization). That raises the problem of looking for conditions to be
satisfied by the unsharp observables in order to ensure a kind of unsharp local-
ization which is as close as possible to the sharp one. The norm-1 property is a
possible answer to such a problem. Indeed, as a consequence of proposition 5.2.2,
if F' has the norm-1 property then, for any € > 0, there is a pure state ¢ such
that (¢, F(A)y) > 1 — €. In other words, the norm-1 property implies that, for
any A, there exists a preparation procedure such that the quantum mechanical
system can be localized within A as accurately as desired although not sharply.

The photon is an example of a not sharply localizable system [76, 88]. In the
next section we prove that the localization in phase space of massless relativistic
particles does not satisfy the norm-1 property.

In the case of uniformly continuous POVMs we have the following necessary
condition for the norm-1 property.

Theorem 5.2.3 ([21]). Let F': X — F(H) be uniformly continuous and let o (F)
be the spectrum of F'. Then, F' has the norm-1-property only if |F({x})|| # 0 for
each x € o(F).

Proof. We proceed by contradiction. Suppose that F' has the norm-1 property
and that there exists © € o(F'), such that F({z}) = 0. Let A; be a decreasing
family of open sets such that, N2, A; = {z}. The existence of such family
is assured by the local compactness of X. (See theorem 29.2 in [69].) Since
x € o(F) and x € A;, we have F(A;) # 0 for any i € N (see Definition 1.1.7)
and, by the norm-1 property, ||[F(A;)|| = 1. By the uniform continuity of F' and
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proposition 5.1.3,
L= Jim [FA)] =l [F(A) ~ F({z}) + F({z})]
<limys o0 [F(A; = {2} || + |1F({z})] = 0.
O

Theorem 5.2.4 ([21]). Let F : B(X) — F(H) be absolutely continuous with re-
spect to a reqular measure v. Then, F' has the norm-1 property only if |F'({z})| #
0 for each x € X such that v({z}) < 0.

Proof. We proceed by contradiction. Suppose that F' has the norm-1 property.
Suppose that z € o(F) is such that v({z}) < oo and F({z}) = 0. Thanks to
the regularity of v, there is a decreasing family of open sets {A;}ien C B(X),
z € A;, Vi € N, such that lim; o v(A;) = v({z}). Notice that v({z}) < o0
implies that there exists an index ngy such that v(A,,) < co for each n > ngy. By
the continuity from above of v [65],

v({z}) = lim v(A;) = lim v(NjL14;) = v(A)

1—00 n— o0

where A = N2, A;. Then, v(A) < co and, by the absolute continuity of F' with
respect to v, F(A) = F({z}). Then, by theorem 5.1.7,

Jim [F(A) ~ F({rh)] = lim [F(A) = F(A)] =0
By the norm-1 property,
L= lim [FA)] = lim [F(A) ~ F({2}) + F({x))]
< limisoo [|[F(A; = {z})|| + [[F({z})] = 0.

O

5.3 Analysis of some relevant physical examples

5.3.1 Bounded position operator

Let us consider the unsharp position operator defined as follows.

(5.3) Q' (A) = /[ #ale)dQs A e BE),

pa(z) = / xale—y) fw)dy, z€0,1]
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where, f is a positive, bounded, continuous function such that f(z) =0, « ¢ [0, 1],

/ fl@)de =1,
[0,1]

and @, is the spectral measure corresponding to the position operator

Q: L*([0,1]) = L*([0,1])
Blx) > Qb = 20(2)
In example 2.4.4, we have already proved that Q7 is absolutely continuous with
respect to the measure

v(A)=M dx.
AN[—1,1]

Therefore, by theorem 5.1.5, Q7 (A) is uniformly continuous. Moreover, the con-
tinuity of f assures the continuity of pua for each A € B(R) so that p is a Feller
Markov kernel. At last, the norm-1 property of Qf is forbidden by theorem 5.2.3.

5.3.2 Phase observable

Following Ref. [46], we use the following representation of the phase observable

E : B[0,21) = F(H),

o0

(54) BA) = 3 (altmge [ da ) m

m,n=1

where [1,,) is a sequence of unit vectors in H.
The POVM F just defined is covariant with respect to the phase shift oper-
ator; i.e.,

eNBE(A)e N = E(A @ 6)

where, the symbol @& denotes addition modulo 27.
1) First, we analyze the case ({0, [tm) = Onm, N, m # 8, t, 5 # €, [(Ys]t)] < 1.
We have

1 1 (st
BA(8) = 5oIAl1+ 5ol [ o7 dalst

1 .
+ gt [ 0 dale s
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where, |A| is the Lebesgue measure of A. We notice that E; is absolutely con-
tinuous with respect to the Lebesgue measure on [0, 27). Indeed,

(55) 1B (A < 1A+ 25 A5} )] < 5 I

Therefore, by theorem 5.1.5, E; is uniformly continuous and, by theorem 5.2.3,
it cannot have the norm-1 property since |[{z}| = 0 for each = € [0, 27).
2) If ¢, = 1, Vn € N, we have the canonical phase observable

1 1 )
_ i(n—m)x
Ecan(A) = QW‘A‘ 1+ 5 E /A e dx |n)(m)|.

n#m

In [46] it is proved that F..,(A) has the norm-1 property. Moreover, we notice
that Feqn({z}) = 0 for each € X. Therefore, by theorem 5.2.3, E.q,(A) cannot
be uniformly continuous.

Finally, we remark that the phase space observables we analyzed in items
1) and 2) are not commutative and therefore there is not a common basis of
eigenvectors for the effects F1(A), A € B([0,27)), in the first case and for the
effects Eean(A), A € B(]0,27)), in the second one. That implies some difficulties
in dealing with such POVMs particularly in the second case since in the first
case we have only to deal with a finite numbers of terms and we can easily prove
the uniform continuity of F;. Concerning F 4, we can apply theorem 5.2.3 only
indirectly (once we know that E.,, satisfy the norm-1 property) in order to prove
that the POVM is not uniformly continuous. On the other hand a direct proof
that F.4, is not uniformly continuous would be unhelpful in the present context
since theorem 5.2.3 holds only for uniformly continuous POVMs. Finally, we note
that one cannot use theorem 2.3.5 since the existence of a Markov kernel would
imply the commutativity of F.q,.

5.3.3 Unsharp number observable

The unsharp number observable describes a photon detector with efficiency e less
than 1, and is represented by the commutative POVM

(5.6) RS = gj () erta= 0=

Notice that [17] FY is an unsharp version of the number operator N. That can
be seen by introducing the functions

0 if n>m

(5.7) Nn(m) = <m> e"(l —e)™m™" if n<m
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which are such that

Fy = NH(N)v
(5.8) Zun(m) =1, VYmeN,
n=0

For each n, F¢ is compact.® Therefore, the unsharp number observable is not
uniformly continuous. Indeed, being the space of compact operators closed with
respect to the uniform operator topology, the uniform continuity would imply that
1=u—lim, Z?:l F¥ which is not possible since 1 is not compact. Moreover,
FE¢ has not the norm-1 property. Indeed, if ||F<| = 1 then (see theorem VI.6
in [79]) supyeq(pe) [Al = 1 and, by the compactness of the spectrum, 1 € o(Fy).
On the other hand, the compactness of F implies that if ||F¢|| = 1 then, 1 is an
eigenvalue of F¢ but that contradicts equation (5.6) where the eigenvalues of Fi
are 0 and

n

(m) e€'(1—€e)™", m>n,

which, by equation (5.8), are strictly less than 1. The only effect with eigenvalue
1is F.

5.3.4 Position and Momentum

In the present subsection, we study an important kind of absolutely continuous
POVM, the unsharp position observables obtained as the marginals of a covariant
phase space observable. Although we already dealt with the unsharp position
observable in example 2.4.4, here we analyze it in the light of the results obtained
in the present chapter. For the reader convenience, we prefer to repeat (when
necessary) some of the reasoning we already presented in example 2.4.4.

In the following H = L*(R), @ and P denote the sharp position and momen-
tum observables respectively. In particular

Q: L*(R) — L*(R)
¥(z) € L*(R) = (QY) () := a3)(x).

1Since

lim (:) €'(1—¢)™ " = lim E—' [m(1— e)m_”/”] o [(m=n)(1 - e)m—"/"] =0,

m— oo

Notice that F; is compact for every n € N (see pages 234-235 in [71]).
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while
P: L*(R) — L*(R)
p(k) € L*(R) > (P) (k) := ky (k).

where {/; is the Fourier transform of ).
In the following, the symbol x denotes convolution, i.e. (f*g)(x) = [ f(y)g(z —
y)dy.

Let us consider the joint position-momentum POVM [2, 27, 32, 48, 78, 82]

F(Ax A" = / Ugp Uy, dgdp
AXA’

where, U, , = e~ 4Fe@ and v = |f)(f|, f € L*(R), ||f||2 = 1. The marginal

oo

(59 Q/(A):= F(AxR) = / (1a % |f)(@) dQs. A € BR),

— 00

is an unsharp position observable while the map pa () := 1a | f(2)|? defines a
Markov kernel.
First we recall that Q7 is absolutely continuous with respect to the Lebesgue

measure (see example 2.4.4 for the details),

Q' (A)=F(AxR) < / 1dgq.
A
Then, by theorem 5.1.6, Qf is uniformly continuous at each Borel set A with finite
Lebesgue measure and, by theorem 5.2.4, @ cannot have the norm-1 property
since [Qf ({z})]| < |{z}] = 0.

Moreover, it is worth remarking that, the uniform continuity does not hold in
general and that there are sets for which the norm-1 property is satisfied. That
can be shown by working out the details of the following particular relevant case.
Let us set

2 _ 1 e

in (5.9). The corresponding unsharp position POVM is

12
=22 1eR-{0},

Q'(a) = /_O; ([ 1 =nP)i) aq.
_ l\/lﬂ/i (/Ae—(”{l?Q dy) dQ, — /O:O jia () dQ.
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where,

0= f
xTr) = e 2
pa IR y

defines a Markov kernel.
Now, we consider the family of sets A; = (—00,a;), lim; o, a; = —00 such that
A; | 0. In example 2.4.4 we proved that

(5.10) 1Q7(A)|| =1, VieN.

Therefore,
Jim [[Qf(A)]| =1

and, by proposition 5.1.3, @/ cannot be uniformly continuous.

On the other hand, equation (5.10) implies that @/ has the norm-1 property
at each set (—o00,a), a € R.

At last, it is worth noting that pa is continuous for each interval A as we
have shown in example 2.4.4.

An analogous reasoning can be made for the momentum observable P.

5.4 Uniform continuity and localization

It is possible to realize quantum experiments where single photons can be de-
tected. For example, a single photon can be detected in a point on a screen
(localization of the photon). This phenomenon does not find a theoretical de-
scription in the standard formulation of quantum mechanics. Indeed, it not pos-
sible to define a PVM which represents the localization observable of the photon
[88].

Other examples of quantum observables which are not representable by PVMs
(and therefore by self-adjoint operators) are the phase observable and the time
observable (but in the latter case there are some exceptions [37]). The problem
can be overcome by using POVMs in order to describe the localization observables.

It is worth remarking that PVMs imply a kind of localization (sharp localiza-
tion) which is stronger than the one implied by POVMs (unsharp localization).
If a localization observable is described by a covariant PVM E (sharp localiza-
tion) then, for any Borel set A such that F(A) # 0, there exists a unit vector
¥ for which (¢, E(A)y) = 1; i.e., the probability that a measure of the position
of the system in the state 1 gives a result in A is one. Conversely, if a local-
ization observable is described by a POVM F', there are Borel sets A such that
0 < (¢, F(A)y) < 1 for any vector ¢ (unsharp localization).

It has been claimed that a POVM F with the norm-1 property; i.e., such that
|F(A)|| =1, for each A, would in some sense reduce the gap between the two
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kinds of localizations. Indeed, if ||F'(A)|| = 1 then, for each e, it is possible to
find a unit vector ¢ such that the probability (1, F(A)y) that a measure gives a
result in A is greater than 1 —e. In other words, if F' has the norm-1 property the
quantum system it describes can be localized as accurately as desired (although
not sharply). That raises the question of establishing if a given POVM has the
norm-1 property.

In the present section we show that the norm-1 property is not satisfied by
several important localization observables [21].

A key element in the definition of localization is the concept of covariance
with respect to a group G describing the kinematics of the system. We start
by considering the general case of localization in an abstract topological space
X. Then, we specialize X to R? in the case of space localization and to the
phase space I' (symplectic space I') in the case of phase space localization. We
have two possible definitions of localization; i.e., sharp localization and unsharp
localization. Sharp localization is defined by requiring covariance of a PVM under
the group G.

Definition 5.4.1. Let G be a locally compact topological group describing the
kinematics of a quantum system. Let x — gx, g € G, be the action of G on a
topological space X. Let U be a strongly continuous unitary representation of G
in Hilbert space H. A PVM E : B(X) — F(H) represents a sharp localization
observable in X (with respect to (G,U)) if

U, E(AU] = E(gA).

The previous definition can be weakened by replacing the PVM by a POVM.
That corresponds to an unsharp localization.

Definition 5.4.2. Let G be a locally compact topological group describing the
kinematics of a quantum system. Let x — gx, g € G, be the action of G on a
topological space X. Let U be a strongly continuous unitary representation of G in
Hilbert space H. A POVM F : B(X) — F(H) represents an unsharp localization
observable in X (with respect to (U,G)) if

Uy F(AU] = F(gA).

Now, we specialize to the case of relativistic localization in R3. In the rel-
ativistic case, the relevant group is the Poincaré group and sharp localization
is defined as follows [30, 51]: Let W be a continuous unitary representation of
the universal covering of the Poincaré group. Let U be the restriction of W to
the universal covering group ISU(2) = {(a,B), |a € R3, B € SU(2)} of the
Euclidean group and A : SU(2) — SO(3) the universal covering homomorphism.
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A quantum system is said to be Wightman localizable if there is a PVM
E : B(R?) — £(H) such that

U(a, B)E(A)U'(a, B) = E(a+ A(B)A) (sharplocalization).

The covariance ensures that the results of a localization measurement do not
depend on the choice of the origin and the orientation of the reference frame. As
we have just remarked, in the case of the photon, sharp localization is impossible
[2, 30, 52, 42]. Conversely, localization of the photon in R3 might be described
by means of POVMs F' : B(R?) — F(H) such that

Ula, B)F(A)U'(a, B) = F(a+ A(B)A) (unsharp localization).

By specializing X to a phase space I' we get the concept of unsharp localiza-
tion in phase space which requires the POVM, F, to be defined on I' = X and
to be covariant with respect to a group G which characterizes the symmetries of
the system [26]. Examples of symmetry groups are the Galilei group in the non
relativistic case and the Poincaré group in the relativistic case. (See section 3
for further details.) For the case of the photons in their phase space the relevant
group is the Poincaré group. [26]

5.4.1 Localization in phase space

In the present section, we show that localization observables in phase space cannot
satisfy the norm-1 property. In the following the phase space is denoted by the
symbol I". First, we recall some key elements of the phase space approach to
quantum mechanics [2, 78, 5, 83]. We follow References [83, 78].

The main idea is that one can represent the state p of a quantum system (i.e.,
a trace class positive operator of trace 1) by means of a distribution function
fo(a,p) on a suitable phase space. At variance with the Wigner approach [89)],
the distribution functions are positive definite. Wigner’s theorem [89] forbids
that the marginals of the distribution functions satisfy the following relations:

(5.11) /A dq / £, p) dp = Tr(pQ(A)),
/ dp / £, p) dq = Te(p P(A)),
A

where Q(A) and P(A) are the spectral measures corresponding to the position
and momentum operators respectively. Relations (5.11) might be replaced by

Jada [ fo(a,p)dp = Tr(pF9(A)),
Jadp [ fo(a,p)dq = Tr(pFF(A)).
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where FQ(A) and FP(A) are POVMs corresponding to @ and P respectively. In
particular, F9(A) and FFP(A) are the smearing of the position and momentum
operators (Q and P

FP(A) = [pwa(z)dQy,
FP(A) = [pva(z)dP,,

and are called unsharp position and momentum observables [32, 10, 11, 12, 13, 14].
The maps w and v are such that wa () and va(-) are measurable functions for
each A and w(.)(z) and v(.)(z) are probability measures for each x. They are
Markov kernels which describe a stochastic diffusion of the standard observables
Q and P [16, 19]. That is why F¥ and F* are usually called the unsharp version
of the sharp observables  and P respectively. All that shows that POVMs
play a key role in the phase space formulation. Moreover, it is worth remarking
that a derivation of classical and quantum mechanics in a unique mathematical
framework is possible [19, 20]. The phase space approach seems to be also fruitful
in the applications to solid state physics [7].

One of the main steps in this approach is the construction of the phase space.
In brief, we can say that there is a procedure that starting from a Lie group G
allows the classification of all the closed subgroups H C G such that G/H is
a simplectic space (i.e, a phase space). For example, in the case of the Galilei
group, a possible choice for H is the group H = SO3. Then, I' = G/H = R3xR3,
which coincides with the phase space of classical mechanics. A different choice
of H generates a different phase space. In other words, the procedure allows the
calculation of all the phase spaces corresponding to a locally compact Lie group,
G, with a finite dimensional Lie algebra. Once we have the phase space, we can
look for a strongly continuous unitary representation of G in a Hilbert space H
and then we can define the localization observable [83].

Definition 5.4.3 (See [83].). Let G be a locally compact topological group, H a
closed subgroup of G, U a strongly continuous unitary irreducible representation of
G in a complex Hilbert space H and p a volume measure on G/H. A localization
observable is represented by a POVM

AN(A) = /A U (o)) (U (o (@) du(z).

where, o0 : G/H — G is a measurable map and n is a unit vector such that

(5.12) /G/H U (o (x))m (U (o(z))n| du(z) = 1.
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As we said above, from an operational viewpoint, the POVM A" : B(G/H) —
F(H) represents a measurement procedure. The novelty of the phase space ap-
proach is that A" is defined on the space of Borel subsets of the phase space
I' = G/H and therefore the measurement procedure it describes is of a quite
general kind. For example, if G is the Galilei group and H = R? x R? x SO(3),
then G/H = R, x R, 11 is the Lebesgue measure, U(o(z)) = U, , = e 4Fe?,
n € L?(R) and the localization observable reads

ABxA) = [ U Ul dadp.
The marginals
FO8) s = AMA xRy = [ (axliP)e) Qs A€ B,
FP)s= ARy x ) = [ (La s [iP)e) Py A€ B®

where, 77 is the Fourier transform of 7, are the unsharp position and momentum
observables respectively [32]. Notice that the map pa(z) := 14 * [n(z)|? defines
a Markov kernel.

Therefore, A"(A, x A,) is a joint measurement for the unsharp position and
momentum observables. In other words, the phase space approach allows the
description of joint measurements of unsharp position and momentum observables
also if they do not commute; i.e., [F?(A,), FP(A,)] # 0. That is one of the
main advantages from the physical viewpoint of using the phase space approach
outlined above. A second relevant aspect we would like to note is that Definition
5.4.3 allows the introduction of a quantization procedure [83, 84]. Indeed, for any
real-valued Borel function f,

A(f) = f(@) |[U(o(2))n) (U (o (x)n] dp(z)

G/H

defines a self-adjoint operator which is positive whenever f is positive. Moreover,
for any pure state p = ) (¢,

Tr(A"(f)p) = (@) fo ) du()

G/H
where f,(z) = |(U(o(z))n,¥)|?. The last relevant aspect on which we would like

to remark is that in the phase space approach a relativistically conserved positive
current can be defined [5, 78, 84].
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Before we proceed with the analysis of the norm-1 property of the phase
space localization observables, it is worth stressing the dependence of the lo-
calization observable A"(:) on the vector 7. The physical relevance of such a
dependence has been analyzed in Ref.s [78, 83, 84]. We limit ourselves to remark
that {|U(c(x))n)(U(co(x))n|, x € G/H?} defines a coherent state basis and that »
can be interpreted as characterizing the measuring device in the sense that the
interaction of the measuring device (described by A"(-)) with the system pre-
pared in the state p = Py, depends on the transition probability |(U (o (x))n,1)[?
and hence on 7.

Theorem 5.4.4. [83] The POVM A" defined in Definition 5.4.8 is covariant
with respect to U.

A general property of the localization observables in Definition 5.4.3 is that
they are absolutely continuous with respect to the measure pu.

Theorem 5.4.5. [83] The POVM in Definition 5.4.3 is absolutely continuous
with respect to p.

Proof. For each ¢ € H,

(W, AN(A)) = [y, U(o(x))n)(U(o(x))n, ) dp(x)
= [ [, Ulo(@)m)? du(z) < [5 dp(x).

O

The localization of the photon in phase space was introduced in Ref. [26]
with the same procedure we just described. Therefore, at variance with the
usual definition of localization (where the covariance under the Euclidean group
is required), localization in phase space requires that F is covariant with respect
to the group which describes the symmetry of the system (the Galilei group in
the non-relativistic case and the Poincaré group in the relativistic case).

Before we prove that the norm-1 property is not possible for localization ob-
servables in phase space, we want to give a physical motivation which is based
on the Uncertainty Relations. Let F' be a phase space localization observable
covariant with respect to the Galilei group. In this case the phase space I' cor-
responding to the system can be chosen to be I' = R3 x R? = R? x R? (See [83],
page 425.) Then, suppose that the norm-1 property holds, i.e., for each Borel set
Ag x Ap € T' with F(Aq x Ap) # 0, there exists a family of unit vectors v, such
that

(5.13) nlgngo<¢,L,F(Aq X Ap)ihp) =1
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where, (¢, F(Aq X Ap)¥y,) is interpreted as the probability that an outcome
of a joint measurement of the unsharp position and momentum observables is
in Aq x Ap when the state is Py, = |¥n)(¢n|. Therefore, the violation of
Uncertainty Relations comes from the fact that (5.13) holds for any Borel set
Ag X Ap.

In the following, we apply Theorem 5.2.3 to the case of the Galilei group
G={(t,q,p,R) |t €R,q,p € R3 R e SO(3)} with H = {(t,0,0,R) [t c R, R €
SO(3)}. Therefore, G/H = R3 x R} = R® x R3. In that case, the invariant
measure is the Lebesgue measure. In the following we set x = (q,p) € R x R3.
Theorem 5.2.3 implies that the POVM A" in Definition 5.4.3 does not have the
norm-1 property.

Theorem 5.4.6 ([21]). The localization observable represented by the POVM
A" with G/H = R3 x R® and pu the Lebesque measure does not have the norm-1

property.

Proof. Let x € G/H. By Theorem 5.4.5,

[AT({x DI < n({x}).

Since p is the Lebesgue measure on G/H,

[A"({xDI < p({x}) = 0.
Theorem 5.2.3 completes the proof. O

An analogous result can be proved in the case of massless relativistic particles.
In the relativistic case G is the double cover P = T% @ SL(2,C) of the Poincaré
group. In particular, 7% is the Minkowski space and SL(2,C) is the double cover
of the Lorentz group. The symbol @ denotes the semidirect product. In the
massless relativistic case ([83], page 454) the relevant subgroup is H = Rpy ©
SL(Qv(C)po = RpO %) (R2 %) 5(2)) Wherev Po = (1’0707 1); RpO = {)‘p()a A€ R}7
O(2) is the double cover of the group of rotations in R2, and SL(2, C)p, is the set
of matrices A € SL(2,C) such that A[pg] = po- The phase space for the photon
is then P/H which is the space of cosets

(a7 A)(Rpo © SL(27(C)130) = (a+ RA[po], ASL(27(C)IJO)
where, (a,A) € P, SL(2,C)p, is isomorphic to R? © O(2) and the quotient
SL(2,C)/SL(2,C)p, is homeomorphic to R* x S%. The invariant measure on
P/H is (see equation (344), page 463, in Ref.[83])

(5.14) dp = d(a)d()d(8) x (p° + p*) " d(p® + p*) A dp" A dp?
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where o = a,(A[po])*, v = au(A[ug))#, 6 = a,(Alvo])#, with ug = (0,1,0,0),
Vo = (0, 0, 1, O)

Thus «, 7, § are in R. Hence, we have a representation of the zero mass particles.
Moreover, p is zero in each single point subset of the phase space so that the
reasoning in the proof of theorem 5.4.6 can be used.

Theorem 5.4.7 ([21]). If G/H = T* @ SL(2,C)/Rpo @ (R2 @ O(2)) with the
measure (i in equation (5.14), the POVM A" in Definition 5.4.3 does not have
the norm-1 property.

Proof. Let x € G/H. By Theorem 3.13,

[AT({xDI < n({x})-

Since p({x}) =0,
[A"({x}) < p({x}) = 0.

Theorem 5.2.3 completes the proof. O

Remark 5.4.8. [t is worth remarking that in using the measure (5.14) one must
necessarily integrate with respect to the position coordinates «, 7y, and § first.
(See Ref. [83], page 464 and Ref. [26].) That is due to the fact that P/H is
diffeomorphic to the bundle Upey+R*/Rp (where VY = {p € R*; pt'p, = 0} =
{A[po], A € SL(2,C)}) which is not homeomorphic to R™ x R™ for any integer
n. (See [26], page 5961, item c)
The measure dp(a+Rp, p) = dAp(a)dv(p) on Upey+R*/Rp is such that d\p(a)
depends on p = A[po] € V' and has the form d(a)d(v)d(8) for any fized p. (See
equation (5.14))

We have a different situation if we consider the case of a particle of mass
m and spin s = (0,s1,52,83). In such case, (see [83], pages 454, 455) po =
m(1,0,0,0), H =Rpo @ O(2) and P/H = R? x R3 x §2.

5.4.2 Localization in Configuration Space

Now, we study the marginals of A" in the non-relativistic case and prove that they
cannot have the norm-1 property. We limit ourselves to the marginal F,? (Aq) ==
A"(Aq x Rp) which represents the unsharp position observable. Clearly what we
prove applies also to the marginal Ff(Ap) = A"(Rq x Ap) which represents the
unsharp momentum observable.

Theorem 5.4.9 ([21]). The POVM F,?(Aq) is absolutely continuous with respect
to the Lebesgue measure on Ry.
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Proof.
F2(Aq) = AMAXRp) =[5,z Ulo(a,p)) [n)(n| U (o(q, p)) dadp
=[x da [z U(o(a,p)) [n)(n|U'(o(q, ) dp
= fA @7]((1) dq < fA 1dq7

where

() = / Ulo(a, p)) [n)(n] U (o (a, p)) dp

Rp

and equation (5.12) in definition 5.4.3 has been used.
Theorems 5.2.3 implies the following corollary.

Corollary 5.4.10 ([21]). F,? cannot have the norm-1 property

Remark 5.4.11. Remark 5.4.8 implies that the reasoning in Theorem 5.4.9 and
Corollary 5.4.10 cannot be applied in the massless relativistic case where, there

18 mo hope of even defining localization in configuration space at all.

In Ref. [28] it is shown that in order for a localization observable to satisfy
Einstein causality, the localization observable must be commutative. It is worth
remarking that, although A" is not commutative, FnQ is commutative and can
be characterized as the smearing of the position operator [10]-[19], [17, 15, 18].
Unfortunately, as we have just proved, F,? does not satisfy the norm-1 property.
It would be interesting to analyze in general the relationships between causality

and norm-1 property. That will be the topic of a future work.
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Summary

The aim of the present thesis is the analysis of the mathematical structure and
physical meaning of POVMs. In particular we answered the following questions:

1) What are the relationships between POVMs and spectral measures? What is
the physical meaning of the smearing which connects a commutative POVM to
its sharp version? (Chapter 2).

2) A commutative POVM is the smearing of its sharp version. What are the re-
lationships between this characterization of commutative POVMs and Naimark’s
dilation theorem? Is there a universal one-to-one function f such that the
sharp version AY of any commutative POVM F can be written in the form
AF = [ f(t)dF;? (Chapter 3).

3) Is there any loss of “information” during the smearing from the sharp version
A of F to F? (Chapter 4).

4) Can we give conditions for a POVM to have the norm-1 property? Is the
norm-1 property relevant to localization observables? (Chapter 5).

It follows a summary of the results I got for each of the questions above.

1) Characterization of commutative POVMs. (See Ref. [22,
11])

The problem of the relationships between POVMs and PVMs can be answered in
the commutative case [11, 22]. Indeed, in chapter 2, we prove that a POVM F is
commutative (see theorem 2.2.3) if and only if there exist a spectral measure F
and a Markov kernel (transition probability) p.y(-) : IxB(X) — [0,1], ' C o(A),
E(T") = 1, such that

(5.15) F(A) = / pa(N) dEx

and pa(+) is continuous for each A € R where, R C B(X) is a ring which generates
the Borel o-algebra B(X). It turns out that s )(-) : T' x B(X) — [0, 1] is a Feller
Markov kernel [67, 80]. Therefore, F' is commutative if and only if there exists a
Feller Markov kernel p such that equation (5.15) is satisfied.

We also prove that the family of functions {ua}acn(x) separates the points of
o(A) up to a null set (see theorem 2.1.1) so that the probability measures zi(.y())
and gy (\') corresponding to A and X" are different.
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As an example we consider the unsharp position observable defined as follows.
For any A € B(R) and v € L%([0,1]), we set

(5.16) wwmw:/umww@w

)

pa () :=/RXA(x—y)f(y)dy, z € [0,1]

where, f is a positive, bounded, Borel function such that f(y) = 0, y ¢ [0, 1], and
f[o 1 fy)dy = 1, while @, is the spectral measure corresponding to the position
operator

Q : L2([0,1]) — L*([0,1])
P(z) = Qi = zy(x)

We recall that (¢, Q(A)v) is interpreted as the probability that a perfectly accu-
rate measurement (sharp measurement) of the position gives a result in A. Then,
a possible interpretation of equation (5.16) is that Q/ is a randomization of Q.
Indeed [78], the outcomes of the measurement of the position of a particle depend
on the measurement imprecision so that, if the sharp value of the outcome of the
measurement of @) is x then the apparatus produces with probability ua(x) a
reading in A.
It is worth noting that (see example 2.3.6) the Markov kernel

M@:Ammﬂw@w:mwu

in equation (5.16) above is such that the function z — pa(x) is continuous for
each A € B(R). The continuity of ua means that if two sharp values = and z’
are very close to each other then, the corresponding random diffusions are very
similar, i.e., the probability to get a result in A if the sharp value is x is very
close to the probability to get a result in A if the sharp value is z’.

As a consequence of theorem 2.2.3, it is always possible to choose the Markov
kernel p in equation (5.15) to be continuous on a ring which generates the Borel
o-algebra B(X). Anyway, that is the most we can do in the general case. Indeed,
we prove (see theorem 2.3.5) that the continuity for each Borel set is equivalent
to the uniform continuity of F' which in its turn is equivalent to require that the
smearing in equation (5.16) can be realized by a strong Feller Markov kernel. Tt
is worth remarking that although in the general case the continuity holds only
for a ring of subsets which generates B(X), that is sufficient to prove the weak
convergence of u(.y(x) to p.)(z’).

Finally, we prove (see section 2.4) that a POVM F which is absolutely contin-
uous with respect to a regular finite measure v is uniformly continuous (theorem
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2.4.2). We give some examples of absolutely continuous POVMs (see exam-
ple 2.4.4) and analyze the unsharp position observable which is obtained as the
marginal of a phase space observable (see subsection 2.4.1).

Naimark’s dilation and sharp version of a POVM F. (See
Ref.s [16, 17, 18]

Let F : B(R) — F(#) be a real commutative POVM. In section 2.2, we pointed
out that there exist a spectral measure F and a Feller Markov kernel j1(.y()) such
that

(5.17) F(A) = / ja(N) dE,

Since by the spectral theorem there is a one-to-one correspondence between spec-
tral measures and self-adjoint operators, equation (5.17) can equivalently be writ-
ten as follows

F(A) = pa(4), A€ B(R)

where, A := [AdE), is the self adjoint operator corresponding to the spectral
measure F. It is worth remarking that A is a generator of the von Neumann
algebra generated by F'; i.e., the von Neumann algebra generated by the set
{F(A)}aeBm), and is called the sharp version of F.

On the other hand, Naimark’s dilation theorem [73, 71] ensures us that each
POVM F in a Hilbert space H can be extended to a PVM E* in an extended
Hilbert space HT in such a way that F' is the projection of ET. That raises the
following question: what are the relationships between the self adjoint operators
At = [AdEY and A?

In order to answer such question, we prove [16, 17] (section 3.2) that, if F
is a POVM with spectrum in [0, 1] such that, for any A € B([0,1]), F(A) is a
discrete operator then, A is a linear combination of the moments of F, i.e.,

(5.18) A= f: @ Fli]
=1

where, a; >0, Y% o < 00, and

F[i] = / t' dF;
[0,1]

This result can be used to characterize the relationships between A and AT for
each F : B(R) — F(H) such that F(A) is a discrete operator. In particular, we
prove [16, 17] that A coincides with Pf(A") where the symbol P denotes the
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projection from H* to H and f is a one-to-one measurable function. Moreover,
we use this last result [15, 16, 17] in order to show that

A= [ s,

with f one-to-one. In other words, the sharp version A of F' can be recovered from
F by means of f. At the same time, F' is the smearing of A. In section 4.1 we
explain how all that suggests the equivalence of A and F' from the informational
point of view [15].

It is worth remarking that in order to prove the result in equation (5.18) we
prove the following properties of the sequences of linear functionals [16]. Con-
sider an infinite sequence of linear functionals {T;};en, T;f = [ f(t) dpe(i), cor-
responding to an infinite sequence of probability measures {1 (.y(i)}ien, on the
Borel g-algebra B([0, 1]) such that, pu(.y(i) # p)(5), i,5 € N, i # j. There exists
a real, bounded, one-to-one function f such that

Tf = / F(8) dpue(3) # / fO dum() =Tif, ijEN,i# ]

In section 3.4 a constructive proof of the existence of f is given [17].
At last, in section 3.3 we show [18] how an extension of the last result to
the case of an uncountable family of measures {1(.y())}xejo,1) would imply the

existence of a universal one-to-one function f such that, for any commutative
POVM F,

A" = [ fyar,

where A¥ is the sharp version of F. Anyway, that is an open problem.

Informational content of POVMs. (See Ref. [15])

As we have seen in chapter 2, for any commutative POVM F' there exists a PVM
FE such that F' can be interpreted as a random diffusion of E. In its turn, the
self-adjoint operator A = [ AdE) corresponding to E, can be interpreted [13, 14]
as the projection of a Naimark operator corresponding to the Naimark dilation
E* of F. Moreover E can be algorithmically reconstructed by F' [31, 10]. All
that suggests that, in some sense, the observables represented by E and F' should
have the same informational content. We introduce an equivalence relation on the
set of observables which we compare with other well known equivalence relations
and prove that it is the only one for which E is always equivalent to F' [15].
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Uniformly continuous POVMs, norm-1 property and local-
ization. (See Ref. [21, 23])

It is possible to realize quantum experiments where single photons can be de-
tected. For example, a single photon can be detected in a point on a screen
(localization of the photon). This phenomenon does not find a theoretical de-
scription in the standard formulation of quantum mechanics. Indeed, it not pos-
sible to define a PVM which represents the localization observable of the photon
[88].

Other examples of quantum observables which are not representable by PVMs
(and therefore by self-adjoint operators) are the phase observable and the time
observable (but in the latter case there are some exceptions). The problem can
be overcome by using POVMs in order to describe the localization observables.

It is worth remarking that PVMs imply a kind of localization (sharp localiza-
tion) which is stronger than the one implied by POVMs (unsharp localization).
If a localization observable is described by a covariant PVM E (sharp localiza-
tion) then, for any Borel set A such that E(A) # 0, there exists a unit vector
¢ for which (¢, E(A)y) = 1; i.e., the probability that a measure of the position
of the system in the state 1 gives a result in A is one. Conversely, if a local-
ization observable is described by a POVM F', there are Borel sets A such that
0 < (¢, F(A)y) < 1 for any vector ¢ (unsharp localization).

It has been claimed that a POVM F' with the norm-1 property; i.e., such
that ||F(A)|| = 1 whenever F(A) # 0, would in some sense reduce the gap
between the two kinds of localizations. Indeed, if ||F(A)|| = 1 then, for each e,
it is possible to find a unit vector ¢ such that the probability (¢, F(A)y) that a
measure gives a result in A is greater than 1 — e. In other words, if F' has the
norm-1 property the quantum system it describes can be localized as accurately
as desired (although not sharply). That raises the question of establishing if a
given POVM has the norm-1 property. In order to answer such question it is
helpful [21, 23] to introduce the concept of uniform continuity for POVMs.

A POVM F : B(X) — F(H) defined on a topological space X is said to
be uniformly continuous if, for any A and for any disjoint decomposition A =
UfilAiv

Tim. Z F(A;) = F(A)

in the uniform operator topology. I proved [23] that a uniformly continuous
POVM F : B(X) — F(#) has the norm-1 property only if F/({z}) # 0 for each
x € X. Then, I used this last result in order to prove that there is a wide class
of POVMs which describe localization observables that cannot have the norm-1
property [23]. That is the case for example of the localization in phase space of
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massless relativistic particles. That seems to suggest that the concept of unsharp
localizability is not generally compatible with the possibility of a localization as
accurate as desired (although not sharp).
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