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Abstract

While lens flares are often undesired artifacts of the imaging process, they are also essential for increasing the level of realism
in video games and serve as a powerful artistic tool for photography and filmography. For these reasons, computationally
reproducing lens flares has always received special attention. Due to the cost of analytical ray tracing, existing solutions
are unable to simultaneously achieve the performance needed for real-time environments and retain the ability to simulate
arbitrarily complex ghost shapes. Although polynomial optics has been successfully used to increase the efficiency of ray
tracing in multiple rendering areas, no complete and validated solution exists that correctly models all aspects of lens flares.
This paper presents our polynomial optics-based method for efficiently and accurately ray tracing lens flare ghosts. Our
approach successfully models the shape, energy absorption, chromatic effects, and blocking of lens flare rays by partitioning
the input domain into local fitting zones. We demonstrate that our model provides a considerable speedup and high accuracy
compared to the analytical approach and achieves better fitting speed, output quality, and rendering performance than the

naive application of polynomial optics. The source code for our implementation is available on GitHub.

Keywords Lens flare rendering - Polynomial optics - Ray tracing - Camera lens effects - Sparse polynomial regression

1 Introduction

The lens flare phenomenon of an optical system is caused by
the unwanted diffraction and internal reflection of light rays
as they enter and travel through the optical system. Concep-
tually, lens flare can be divided into two main components:
starburst (caused by diffraction) and ghosts (the result of
internal reflection). Although often viewed as an undesired
artifact of the imaging process, they are essential artistic ele-
ments in the field of photography and filmography [1, 2] and
contribute significantly to increasing the level of realism in
video games. Furthermore, they also have several critical sci-
entific applications, such as the ability to study the impact of
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glare on a variety of everyday tasks and provide visual cues
of high-intensity light sources in synthetic imagery [3].

Because of their high relevance, numerous solutions exist
in the scientific literature for computationally simulating lens
flares. However, current methods all make compromises to
achieve their desired goals, be it plausibility (by omitting
physical correctness) or simulation performance (by relying
on ray tracing). Consequently, no existing solution can accu-
rately and efficiently simulate arbitrarily shaped, physically
accurate lens flares while satisfying the performance require-
ments of real-time applications.

Despite the importance of high-performance, physically
plausible lens flare simulation, recent works generally focus
on removing lens flares [4-7] and not their computational
synthesis. Most of these methods rely heavily on the use
of training data comprising images with lens flare [5, 8].
These datasets are typically constructed using digital cam-
eras, making the process difficult, highly error-prone, and
excessively time-consuming [5]. Because of these reasons,
computational synthesis of lens flare training images can be
another potential area for high-performance lens flare simu-
lation techniques.
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Although polynomial optics [9] has been outlined as a
promising tool for solving these problems, previous polyno-
mial optics-based lens flare simulation approaches have all
ignored key aspects of lens flares and omitted the validation
of the resulting simulations, severely limiting the practicality
of these methods.

In this paper, we present our polynomial optics-based ray
transmission model for simulating the lens flares of optical
systems. Our proposed method facilitates the high-quality,
real-time simulation of lens flare ghosts while properly
treating all important characteristics of the phenomenon.
Compared to analytical ray tracing, our solution achieved
a two-to-five-times speedup in all tested scenarios and pro-
vided a considerable increase in performance and accuracy
over the naive application of polynomial optics. Our main
contributions are:

e A polynomial optics-based ray-transfer model tailored to
the simulation of lens flare ghosts.

e A custom scheme built on partial fitting regions and
shared polynomial bases, which greatly improves the fit-
ting speed, reduces the number of polynomial terms, and
increases the polynomial evaluation performance.

e A data filtering and model fitting procedure for our
proposed model, which efficiently constructs small poly-
nomial systems for the input optical system, thereby
facilitating the highly accurate, real-time simulation of the
optical system’s lens flares.

e An evaluation of rendering quality and performance of
polynomial optics-based lens flare rendering with respect
to analytically ray-traced reference simulations. Example
output simulations generated using our proposed method
are shown in Fig. 1 for two different optical systems.

2 Previous work and motivation
2.1 Rendering lens flares

The earliest approaches for rendering lens flares build on the
use of texture sprites. The physical properties of the optical
system are ignored, and the textures are placed empirically
on the image. Kilgard [10] suggested an algorithm that posi-
tions the flare textures on a line that goes through the center of
the image. King [11] then extended this approach by altering
the flare intensities based on their distances from the image
center. Later, Maughan [12] proposed a method for determin-
ing the ghost intensities accounting for the partial occlusion
of the light source in the scene, in which approach was fur-
ther improved by Sekulic [13] with a GPU-based solution
for the calculation. Oat [14] replaced the use of textures with
a postprocessing filter applied to the high-intensity points
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of the image. Finally, Alspach [15] proposed a vector-based
representation for modeling the lens flare ghosts.

The first physically based algorithm for simulating lens
flare ghosts was proposed by Chaumond [16], who used
path tracing with the refracting interfaces of a real opti-
cal system. Keshmirian [17] then applied photon mapping
as an alternative for path tracing, and Steinert et al. [18]
proposed an algorithm considering the material coatings for
producing spectral lens flares. Lendermann et al. [19] then
considered the precise diffraction simulation and utilized
optical systems with arbitrary focal lengths and aperture
sizes. Hanika and Dachsbacher [20] used a Monte Carlo ren-
derer to further improve precision. As an alternative to these
optics-based approaches, Walch et al. [21] processed digi-
tal images, whereby the lens flares in the input images were
located, and a set of Bézier curves were fit to their shapes,
facilitating the synthesis of lens flares with arbitrary light
source positions.

Although the algorithms described above can be used to
generate plausible results, they are computationally demand-
ing. To overcome this issue, Hullin et al. [22] utilized sparse
ray grids and interpolation to significantly reduce the num-
ber of ray-tracing operations. Their algorithm traces a coarse
ray grid through the optical system for all ghosts, the results
of which are interpolated and rasterized on the GPU to pro-
duce the output. While practically usable (as demonstrated
by Pekkarinen and Balzer [2]), a huge disadvantage of this
method is that the ghosts are rendered individually, severely
limiting the rendering throughput for large numbers of lens
flares. Bodonyi and Kunkli [23] solved this problem by using
screen-space tiles and software-based rasterization to effi-
ciently accumulate the contributing quads for each tile and
produce the final result in a single step.

To further improve rendering performance, Lee and Eise-
mann [24] used paraxial ray tracing and transfer matrices to
obtain the lens flare ghost positions, sizes, and intensities.
Hennessy [25] traced a single ray through the optical system
to obtain the color and utilized the effective aperture of the
optical system to calculate the ghost intensity. A significant
drawback of these approaches lies in the inability to handle
complex ghost shapes because each ghost is rendered as a
textured quad.

The creation of the starburst component of the lens flare
phenomenon is similar to the glare effect in the human eye
because they both result from the diffraction and light scat-
tering of the obstacles in the path of light. Kakimoto et al.
[26] applied Fraunhofer diffraction to simulate the glare in
the human eye. Van den Berg et al. [27] then utilized the
Rayleigh—-Debye—Gans approximation for modeling the scat-
tering by the molecules inside the human eye. Ritschel et al.
[3] modeled the glare produced by the human eye using
Fresnel’s diffraction integral and the fast Fourier transform.
Similar to these methods, the starburst component of the lens
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Fig. 1 Examples of lens flare renderings using our proposed polyno-
mial optics-based ray-transfer approach for a Heliar Tronnier (left) and
Angenieux (right) camera system and two light sources. Ray transfer
took, respectively, 0.43 ms (left) and 0.83 ms (right) on an NVIDIA

flare phenomenon was first modeled by Hullin et al. [22]
using the Fourier transform of the aperture image. Joo et al.
[28] improved this method by simulating the lens imperfec-
tions coming from the manufacturing process and extended
the algorithm to handle aspheric lenses. Finally, Scandolo
et al. [29] proposed a hierarchical algorithm for the fast com-
putation of the Fraunhofer diffraction.

2.2 Polynomial optics

Analytical ray tracing produces highly realistic images
but requires high computational expenses. Therefore,
researchers have proposed using polynomial systems to
approximate the result of ray tracing in a much faster manner.

From such methods, Hullin et al. [9] created a construc-
tion kit for obtaining the ray-transfer functions using their
truncated Taylor expansions. They utilized a system of poly-
nomials for all lens surfaces in the optical system, from
which the final transfer function was created by concate-
nating the polynomials. Schrade et al. [30] then extended
the polynomial method for wide-angle lenses and devel-
oped an improved polynomial-fitting method by selecting
the most relevant terms from all the candidates. Later, Zheng
and Zheng [31] utilized adaptive polynomial regression
to construct sparse polynomial lens models, which further
improved the accuracy and speed of the polynomial-fitting
procedure. Goossens et al. [32] suggested a method for fitting
polynomials to existing ray-traced data.

Regarding lens flare rendering with polynomial optics,
Hullin et al. [9] demonstrated that their construction kit
approach can simulate lens flares in offline environments.
However, their approach ignored surface reflectance and ray
blocking by the lens housing, which significantly altered the
resulting flare renderings. Pekkarinen [2] also utilized Taylor
polynomials to render lens flares but extended the method of
Hullin et al. by testing the image sensor for lens house block-
ing and using Shlick’s formula to coarsely approximate the
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TITAN Xp GPU. For reference, the total lens flare simulation took
1.84 ms (left) and 2.01 ms (right) at a display resolution of 1920 x
1080

transmitted energy at the front lens surface. Later, Dilorio
[33] proposed further optimizations to reduce the number of
polynomial terms, but they only evaluated their results using
a very small, synthetic lens setup. Recently, Sabatschus [34]
used sparse polynomial systems for modeling lens flares.
However, the presented results did not indicate real-world
usability because the author could not utilize the resulting
polynomials to produce plausible lens flare renderings.

The existing polynomial optics-based lens flare simulation
approaches outlined above have several significant limita-
tions. Firstly, the correct per-element evaluation of blocking
by the lens housing and the evaluation of the Fresnel equa-
tions for calculating the transmitted and reflected energy
were ignored in all these works. Secondly, results verifi-
cation with ground-truth renderings was not performed in
any of the successful approaches. Thirdly, previous works
did not focus on facilitating high-performance, GPU-based
evaluation, which usually leads to large polynomial systems,
substantially increasing the cost of evaluating the polynomial
system. Finally, relating to the previous problem, the ren-
dering performance was not studied in detail in any related
works.

2.3 Summary and motivation

With recent works mostly focusing on removing lens flare
ghosts rather than their digital synthesis, to our knowledge, no
solution is available in the literature capable of the physically
correct, real-time rendering of lens flare ghosts for arbitrar-
ily complex optical systems. Although recently Bodonyi and
Kunkli [23] provided a solution for the efficient rasteriza-
tion of ghosts, the computational cost of ray tracing remains
a severe bottleneck for the physically accurate, real-time
simulation of ghosts. Direct analytical approaches are only
suitable for real-time applications if the size of the optical
system (and thus the number of simulated flares) is small
and if only simple (planar and spherical) surface elements
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are utilized. Although polynomial regression can be used
to overcome these limitations for many components of the
image-synthesis pipeline, the complexity of lens flare light
paths and resulting flare shapes make it highly nontrivial to
apply such methods to real-time, high-fidelity lens flare ren-
dering, as demonstrated by all relevant prior work in this area
[2,9,33,34]. Additionally, the validity of these models is also
questionable, as no proper validation has been performed on
any of these models. Finally, while transfer matrices [24] can
also be utilized for efficiently performing ray tracing for lens
flare rendering, this approach cannot handle complex ghost
shapes, severely degrading the plausibility of the resulting
simulations. The main motivating factor for this work was
to overcome these limitations; namely, to facilitate the real-
time ray tracing of arbitrarily shaped lens flare ghosts using
polynomial optics, for arbitrary optical system complexity
and with the proper treatment of all aspects of lens flares.

3 Mathematical background
3.1 Structure and properties of an optical system

To perform analytical ray tracing with a real optical system,
knowing its physical properties is necessary. For our goals,
we confine our camera structure to a single aperture and mul-
tiple lens elements, with each lens element comprising two
or more refractive surfaces.

The optical system is represented as a series of planar and
spherical surface elements, which increases the simplicity
of the model and the efficiency of the ray-tracing process.
Each element contains several physical surface properties,
including the refractive index, material, radius of curvature,
thickness, and height. Finally, we utilize a texture mask to
model the shape of the aperture. Table 1 and Fig. 2 demon-
strate an example of such a system description.

Note that real cameras may contain elements that cannot
be described by planar and spherical surfaces. However, our
proposed method can be trivially extended to support such
surfaces if the necessary analytical intersection formulas are
available. Their representations and the corresponding inter-
section tests are harder to obtain and properly implement,
which is the main reason why we ignored these surfaces
in our work. However, the corresponding computations are
often substantially slower, and thus, optical systems with
such elements would benefit even more from the polynomial
approximation strategy outlined in this paper.

3.2 Rendering ghosts with sparse ray tracing
Lens flare ghosts are generated by the light rays that undergo

an even number of reflections, as only such rays can reach the
optical system’s sensor. The energy of the light ray decreases
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with every reflection, and therefore, the visibility of the
resulting ghost becomes significantly lower as the number of
reflections gets higher. Because of this reason, Hullin et al.
[22] considered light paths with only two reflections because
ghosts with more reflections are often nearly invisible. Fur-
thermore, light passing through the aperture multiple times
is likely to be mostly blocked by the aperture. It thus can be
ignored with a negligible impact on the plausibility of the
simulation.

To render lens flare ghosts using coarse ray tracing, Hullin
et al. [22] traced a sparse grid of parallel rays through the
optical system for all simulated ghosts, which yields a pro-
jected ray grid on the sensor. The resulting sparse grid is then
filled using hardware-accelerated interpolation. During light
traversal, the amount of reflected energy and the reflected or
refracted ray directions are calculated using analytical formu-
las as the rays interact with each lens surface of the optical
system. Besides these parameters, their approach keeps track
of several other ray properties necessary for evaluation. These
parameters include the aperture-plane coordinates for sam-
pling the aperture mask texture and the highest distance from
the optical axis (normalized using the height of the optical
system and referred to as relative radius) encountered during
ray tracing, which is used to detect if the aperture or the lens
housing blocks a ray.

3.3 Polynomial optics

Polynomials are a set of functions obtained by summarizing
a set of monomials. Therefore, a polynomial p(x) can be
formulated in the following form:

t
px) =Y m (1
k=0

wherex = (x1, x2, ..., X4)isthe d dimensional input vector
of the polynomial, ¢ is the number of monomials, and my
is the kth monomial. The m; monomial is the product of a
coefficient and each input variable raised to a specific power,
formally written in the following way:

d ji
m,-:c,-~l_[xj’. (2)
Jj=1

Based on the presence of these monomials, a polynomial
is called dense if all monomials for a given degree have a
nonzero coefficient (¢; # 0 for all i) and sparse otherwise.

Polynomials come with a large set of advantages, includ-
ing their smoothness, the ability to easily fit to arbitrary input
data, their comparatively low evaluation costs, and the simple
evaluation of their derivatives. In practice, ray transmission
with polynomials is typically performed by constructing a
distinct polynomial for each output ray parameter, which
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Table 1 Physical structure of an

Angenieux double-Gauss lens Radius Thickness Material Refractive index Height
(USP 2701982A, /11, 100 mm
focal length, 14 refracting 164.13 10.99 SF5 1.6751 27.0
surfaces) 559.20 023 air 27.0
100.12 11.45 BAF10 1.6689 25.5
213.54 0.23 air 25.5
58.04 22.95 LAK9 1.6913 20.5
2551.10 2.58 SF5 1.6751 20.5
32.39 15.66 air 13.5
10,000 15.00 air (iris) 12.75
—40.42 2.74 SF15 1.6992 12.5
192.98 27.92 SK16 1.6204 18.0
—55.53 0.23 air 18.0
192.98 7.98 LAK9 1.6913 17.5
—225.30 0.23 air 17.5
175.08 8.48 LAK9 1.6913 17.5
—203.55 55.742 air 17.5
Qrgl;gznicl&eiig‘;;fcﬁge din Entrance pupil Iris Sensor plane
Table 1 :
| 4_/ W
1
1
directly transforms the input ray from a selected plane related
to the optical system (such as the entrance pupil) to another Tnput/Output
plane of interest (such as the aperture plane or the optical
system’s sensor). This approach facilitates the omission of Outgoing

the underlying optical system structure and treats the system
as a black box once the corresponding polynomial system is
constructed. A schematic of this approach is shown in Fig. 3.

4 Our method

We constructed a polynomial optics-based algorithm for the
real-time, physically accurate simulation of lens flare ghosts
for highly complex optical systems with a large number of
reflective surfaces. Conceptually, our approach consists of
two main phases: precomputation and rendering. During pre-
computation, we perform polynomial fitting for the ghosts

== Polynomial
= = Analytical
, =
N 7’
@ Incoming

Fig.3 Visualization of the difference between traditional ray tracing
and polynomial optics. Given an incoming ray, analytical ray tracing
evaluates each surface of the optical system sequentially to produce the
output (green). With polynomial optics, the incoming ray is directly
transformed into the output ray, disregarding the physical structure of
the optical system (red)
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Fig.4 Overview of the main -
steps of our proposed polynomial
optics-based lens flare ghost
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of the input optical system to obtain the corresponding poly-
nomial systems, using a custom polynomial model that is
subdivided into individual regions and a corresponding fit-
ting process. During the rendering phase, we then utilize
the polynomial systems obtained during precomputation to
perform ray transmission, using GPU-based vectorization to
efficiently evaluate the polynomial systems and coarse ray
tracing with interpolation to achieve real-time performance.
An overview of the main steps of our method is shown in
Fig. 4.

During the description of our algorithm, we only consider
directional light sources (with parallel incoming light rays),
which is commonly done in other relevant works as well. The
size and intensity of the starburst are typically overbearing
and cause the ghost patches to be highly unnoticeable when
the light source is close to the observer. The amount of light
emanated by such sources is also typically small enough that
the corresponding ghosts are mostly invisible. Most practi-
cally relevant sources of lens flare ghosts are distant light
sources, where incoming rays are nearly parallel. Addition-
ally, as outlined in Sect. 3.1, we only considered planar and
spherical lens surface elements, in which case the optical
system exhibits rotational symmetry. Consequently, only one
incidence angle needs to be considered as an input parameter;
therefore, the length of the polynomial-fitting procedure can
be significantly shortened. We note that these simplifications
do not hinder the usability of our method and are only meant
to reduce the length and complexity of the model description;
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our approach can be trivially extended to handle not rotation-
ally symmetrical optical systems with point lights and spot
lights via a small change of the polynomial parametrization.

4.1 Our polynomial model of /ens flares

Previous uses of polynomial optics typically focused on
offline ray-tracing applications. Consequently, these models
did not focus on minimizing the number of input variables
and included several outputs (most notably, the outgo-
ing ray direction) that are unnecessary for simulating lens
flares. Additionally, previous works typically relied on the
straightforward approach of using the 2D ray coordinate
and direction vectors as inputs, which can make the num-
ber of required sparse polynomial terms excessively large.
Correctly modeling per-lens transmittance, reflectance, and
lens house blocking is also difficult with such input variables.

To construct a polynomial model that is better suited for
real-time lens flare ghost rendering, we used the following
input and output variables:

(-xpy ypa rp7 %5 03 )\,) — (xa» ya» xS: yS5 TS’ IOS)v (3)

where (x,, yp) is the ray position on the entrance pupil, rp is
the radius component of the polar coordinates corresponding
to (xp, ¥p) 7p = 1 —1p, 0 is the light incidence angle, and A
is the light wavelength. Regarding outputs, (x,, y,) and (xg,
ys) are the ray positions on the aperture and the sensor, and
T, and pg are the accumulated ray intensity and aggregated
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Optical system

Optical system

Fig.5 Visualization of the main planes and coordinate systems used by our polynomial lens flare transmission model defined in (4)

relative radius on the sensor. Figure 5 visualizes the relevant
planes and variables.

As opposed to previous models, since our algorithm
assumes rotational symmetry, we can simply utilize the inci-
dence angle 6 directly instead of the full 2D input direction
vectors. This approach reduces the dimensionality of the
input vectors and thus increases the performance of poly-
nomial evaluation. Another notable difference between our
model and previous approaches is the use of the radius
and inverted radius components (rp, and 7p) as inputs. By
including these terms in the outputs of our polynomials, they
can describe round shapes more precisely with fewer terms,
directly impacting rendering performance. This property is
critical for correctly modeling the pg relative radius compo-
nent, which will be discussed below.

Similar to previous works [2, 9], our polynomial model
also includes the aperture- and image-space coordinates as
outputs, which is necessary to determine the final ghost
coordinates and to handle blocking by the optical system’s
aperture and sensor. However, previous approaches allowed
ghost paths to cross the aperture multiple times [2, 9], which
requires multiple separate aperture coordinates to be mod-
eled with polynomials. As noted by Hullin et al. [22] and
outlined in Sect. 3.2, such ghosts tend to be mostly blocked
by the aperture, making their contributions largely negligi-
ble. By constraining our model to only include ghost paths
with a single aperture crossing, we can substantially reduce
the number of output variables and simplify and speed up the
ray evaluation process with minimal impact on the resulting
renderings.

As outlined in Sect. 2.2, previous applications of polyno-
mial optics for simulating lens flares ignored the per-element
Fresnel transmittance and reflectance altogether and, at best,
modeled the intensity using a single approximation taken at
the front lens [2]. Lens manufacturers spend considerable
effort on minimizing ghosts by using special, per-element
anti-reflection coatings, which dramatically affect the final
appearance of ghosts. To facilitate the correct simulation
of arbitrary lens and anti-reflection coating materials, we

included the accumulated intensity term (tg) in our model,
which we obtained as a product of the corresponding Fres-
nel transmittance and reflectance terms evaluated at every
interface of the optical system. This term is not only criti-
cal for ensuring that the resulting ghosts look plausible but
also plays a critical role in ensuring that the resulting ghost
intensities are valid and realistic.

For large, high-complexity optical systems, lens house
blocking contributes significantly to the final shape of the
ghost. The relative radius term outlined in Sect. 3.2 is a cru-
cial element of handling per-element lens house blocking.
The relative radius encodes the maximum distance between
the light ray and the optical axis that was encountered on
the ray’s path as it hit each optical element, normalized
by the heights of the corresponding lenses. Unlike previous
approaches where the relative radius and per-element lens
house blocking were fully ignored, the ps output variable in
our model allows our approach to handle lens house blocking
correctly. Note that because we use the aperture-plane coor-
dinates to perform aperture clipping, we ignore the aperture
during the calculation pg, reducing the complexity of the fit-
ting data.

Previous approaches used polygon tests to implement
aperture blocking. To make the process simpler and faster,
we utilized an aperture texture and hardware-accelerated tex-
ture sampling to determine if a ray can pass through the
aperture. Our aperture mask stores the per-pixel signed dis-
tance from the closest aperture edge, which we sample using
the aperture-plane coordinates of the ray. A consequence of
our proposed approach is that it is possible to use the aper-
ture distance directly in place of the aperture coordinates,
which would reduce the number of output variables. Fur-
thermore, the clip factor and the relative radius parameters
could be aggregated in a single scalar clip factor term, reduc-
ing the number of output parameters by two and removing
the need for the texture sampling process during ray trac-
ing. In practice, however, real-world aperture shapes tend to
be much more mathematically complex, and therefore, both
approaches significantly increase the number of polynomial
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terms needed to fit to the input data accurately, leading to
worse performance despite the reduced number of input val-
ues. Finally, the dynamic runtime change of aperture shapes
is also impossible with such approaches. Despite these prob-
lems, depending on the characteristics of the application,
using a single clip factor term can be a viable solution for
a considerable increase in rendering performance.

Because of the reasons outlined above, we used the six
output variables listed in (4) during our tests. However, it
is important to highlight that directly utilizing the aperture
distance or a combined clip factor is a potential alternative
approach that can be evaluated for any given target optical
system used in practice.

4.2 Partial fitting zones

In the polynomial lens flare model described by (4), each
polynomial system describes the properties of a single ghost
over the entire domain of incidence angles and light wave-
lengths. Such an approach is a viable solution for several
applications of polynomial optics (as demonstrated by the
recent works outlined in Sect. 2.2) when real-time perfor-
mance is not important or if the ray paths are coherent
with a much more predictable behavior. However, due to
the complex behavior of the accumulated relative radius and
intensity terms, this representation can often lead to heav-
ily increased numbers of polynomial terms and, in turn,
drastically increases the evaluation time of the resulting poly-
nomial systems, as indicated by recent works [2, 9, 33,
34] and our practical experiments. Furthermore, the relative
radius can exhibit drastic changes near the end of its visible
region (before the ghost gets fully blocked by the lens hous-
ing), which is not only difficult to properly model using a
single polynomial system but also has an adverse effect on
the overall accuracy of the resulting polynomial systems.
To overcome these problems, we handled the distinct
light wavelengths individually and divided the input domain
of incidence angles into partial local zones. A distinct
polynomial system was then constructed and fit for all dis-
crete combinations of incidence angle and wavelength. A
visualization of our proposed, region-based polynomial rep-
resentation is shown in Fig. 6. The number of partial regions
is a user-configurable parameter that we use to sample the
entire range uniformly. During polynomial evaluation, the
in-between ranges are filled by the linear interpolation of
the neighboring polynomial systems. Such an approach pro-
vides much better fitting characteristics in the local regions
and thus reduces the number of polynomial terms needed to
represent the same ghost shape. Furthermore, the incidence
angle and light wavelength parameters are also constant for
each unique combination, eliminating them from the inputs
of the polynomial systems, leading to the following reduced
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Fig.6 Visual comparison of a the full polynomial model, b our pro-
posed partial model, and ¢ the hybrid variation of our partial

formulation:

(xp, Yp> Tp» E) — (Xa, Ya, Xs5 Ys» Tss Ps), 4)

which is significantly faster to evaluate than (4).

To reduce the amount of data needed by the individual
polynomial systems and facilitate the efficient interpolation
of neighboring polynomials during evaluation, we utilized
a uniform system of polynomial bases for each polyno-
mial belonging to the same lens flare ghost. Therefore, only
the monomial coefficients vary with the different incidence
angles and light wavelengths. Formally, each polynomial cor-
responding to the same ghost can be defined as:

t d
S
Pon(¥) = )™ v v = [ [ ©)
k=0 =1

where m and n are the indices of the incidence angle and
light wavelength samples, vy is the shared polynomial basis,
and ¢ is the corresponding expansion coefficient. Conse-
quently, the amount of data is significantly lowered, which
greatly impacts the memory bandwidth needed for poly-
nomial evaluation. Furthermore, this approach substantially
increases the interpolation speed because the same shared
basis can be evaluated only once per ray and only the mono-
mial coefficients must be interpolated.

As a hybrid alternative solution, the local polynomial sys-
tem could be constructed by considering both the current and
the subsequent incidence angles, which would remove the
need for interpolation and reduce the number of operations
required during the evaluation. A comparison between the
different representations is visualized in Fig. 6. The main
drawback of this approach is that it leads to more com-
plex polynomial systems, increasing the number of terms
necessary to obtain an accurate polynomial representation.
Additionally, this setup requires the use of the full polynomial
system outlined in (4), which would have an adverse effect
on the cost of evaluation. Our practical experiments showed
that the combined effect of these factors leads to much higher
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Fig.7 a, b False-color visualization of rays traced through the entire front lens and an example of corresponding output variables, with the bounding
region highlighted in blue. ¢, d Visualization of rays traced through only the bounding region and the corresponding target values

computational costs than our other approach outlined above.
Thus, our interpolation-based approach is ideal for maximiz-
ing the performance of polynomial evaluation.

4.3 Fitting data generation

A significant drawback of the construction kit approach
proposed by Hullin et al. [9] is that the per-element approx-
imation errors are propagated through the entire system,
substantially reducing the accuracy of the resulting polyno-
mials. Additionally, the per-element polynomials can only be
obtained by finding the roots of complex analytical formu-
las using expensive software. More recent approaches [20,
30, 31] overcome these limitations by using training datasets
and devising a suitable fitting procedure to obtain the poly-
nomials corresponding to the entire optical system. As this
approach has been shown to yield better results, we also used
fitting to obtain the desired polynomial systems.

To perform fitting with our proposed partial polynomial
model (outlined in Sect. 4.2), we first need to construct the
fitting data to obtain the exact polynomials and coefficients
that approximate the lens flare ghosts of the optical sys-
tem. Creating a proper data generation approach was crucial
because fitting to inappropriate data can drastically reduce
fitting precision. The quality of the fitting data is critical for
the accuracy of the resulting polynomial system and for the
number of polynomials required to reach the desired preci-
sion. Therefore, special attention is needed to construct the
fitting dataset in a way that satisfies these goals. The main
steps of our proposed fitting data generation approach are
summarized in Algorithm 1. Conceptually, the fitting dataset
generation comprises a series of steps that are performed
for each unique combination of ghost, wavelength, and inci-
dence angle; throughout the description of our method, we
outline the details of generating the dataset for a single given
parameter triplet.

For data generation purposes, we perform analytical ray
tracing with a coarse ray grid against the physical struc-
ture of the optical system. To this end, we first define an
axis-aligned bounding rectangle on the entrance pupil of the
optical system, which tightly bounds the region that is used
as the starting point of the rays. The purpose of this region is

to focus the dataset on rays that contribute to the visible part
of the ghost; that is, a bounding rectangle of the rays that can
reach the sensor without being blocked by any obstacle (lens
housing, aperture), not suffering total internal reflection, and
carrying a sufficient amount of energy.

To identify the bounding region, we trace a dense ray grid
through the optical system in a preliminary step and deter-
mine the axis-aligned bounding rectangle of the region where
such rays are present. The impact of this region on the result-
ing ray-traced fitting data is visualized in Fig. 7. If no valid
rays can be found in the test grid, we check the neighbor-
ing incidence angles; if a valid neighbor is present, we use
their bounding region. Finally, if no incidence angle in the
proximity yields valid rays, we mark the incidence angle as
invalid and output no bounding region. This step is essential
to avoid visible artifacts at incidence angles where the ghost
changes its visibility.

Given the bounding region, we proceed with the ray trac-
ing of the final ray grid (with a user-configurable grid size)
to obtain the initial fitting dataset, which provides the ini-
tial dataset. We then perform a series of postprocessing steps
to obtain the final output fitting dataset. First, we determine
for all rays whether it is an internal, external, or boundary
element of the ray grid, which we define as all neighboring
rays being valid (internal), invalid (external), or a mixture of
both types (boundary). An example of ray categorization is
visualized in Fig. 8. The generated data is then split into a
valid and an invalid subset, with boundary rays assigned to
the corresponding set based on the validity of the ray itself,
disregarding its neighbors. Finally, both valid and invalid
sets are subsampled using a uniform random sampling, from
which the final output fitting data is created by combining
the two subsampled datasets. Due to the nature of uniform
sampling, the subsampled fitting dataset retains the original
characteristics of the original data, ensuring that the sam-
pling process only causes a fitting performance increase
without any significant loss of information. Furthermore,
constructing the fitting dataset from a distinct valid and
invalid subset guarantees that both regions are accurately rep-
resented in the subsampled dataset, which is critical when the
two regions have different distributions (like in the peripheral
areas). Properly representing invalid regions is essential for
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Fig.8 Visualization of internal, external, and bounding rays

achieving adequate fitting quality and avoiding interpolation
artifacts during rendering.

Algorithm 1: Our proposed method for fitting data

Input:  optical system O, light wavelengths A, maximum incidence
angles 8, number of incidence angles ny, number of bound-
ing and sampling rays n, ng, number of valid and invalid
output samples n,, n;
Output: fitting dataset D
D<{}
G « EnumerateGhosts(0)
0 « SampleAngles(ng, [0, 0])
foreach (g,0,1) € G X O X Ado
R, « GenerateRaysOnPupil(O,ny)
R, « TraceRays(O, R, 9, 6,4)
b « CalculateValidRayBounds(R;)
RS « GenerateRaysBounded(b, n)
Rf « TraceRays(0, Rg,g, 6,2)
D « PostProcessRays(RL)
D, D; « SplitByValidity(D)
D; « UniformRandomSamples(D,,, n,)
D{ « UniformRandomSamples(D;, n;)
D «DuUDjuUDf
end

4.4 Polynomial fitting

In possession of the partial polynomial model and the fitting
data, polynomial fitting can be performed, which produces
the exact polynomials describing the ray transmission for the
ghosts of the optical system. Several different methods are
available in the scientific literature for this goal, with sig-
nificantly different computation times and fitting precisions.
From these methods, we used the approach described in [31]
as a starting point due to its ability to produce accurate results
in a low number of steps. We then extended this method to
simultaneously determine the shared polynomial bases of the
partial model and the coefficients belonging to the local zones
and modified it to minimize the number of polynomial terms
after reaching the desired precision.
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We perform fitting for each unique combination of ghost,
wavelength, and output attribute. We start the process with a
polynomial comprising a single term and iteratively apply the
expansion and reduction operators proposed in [31] to refine
the polynomial. An essential aspect of the process is only to
insert a new term into the current polynomial if the resulting
reduction of error is meaningful (above a certain threshold)
and the number of polynomial terms is small enough, which
we both control using user-configurable parameters. The pro-
cess is performed until an absolute error value is reached. Our
experiments show that the impact of the error on the render-
ing quality is negligible under a certain threshold, whereas
the additional polynomial terms increase the cost of evaluat-
ing the polynomial system. Therefore, keeping the number of
polynomial terms minimal is essential for achieving adequate
rendering performance.

To evaluate a possible new state generated by the oper-
ators, we apply a custom error function and an aggregation
operator to determine the overall precision of the polynomial
from the individual local fitting zones. The main purpose of
the aggregation operator is to produce an error value that
properly describes the overall behavior of the polynomials
of the local zones. To this end, we calculate the error of a
given state by using the mean-squared error (MSE) aggrega-
tion operator with the error function of the sub-regions:

Zee(a(w(@))z

QO) =
()] ]

; (6)
where O is the full set of fitting datasets for each incidence
angle, 6 is the fitting dataset corresponding to a given inci-

dence angle, and w is the error function for a single local
fitting zone, which we define as follows:

Yo w(r) - (5(r) — (1)
0]

w(®) = , (N

where r is a single fitting data entry, y(r) and y(r) are the
true (ray traced) and generated (using the polynomial system)
values of the output variable for the entry r, and w(r) is the
weighting term for r, which we defined as follows:

w(r) = Wy, [fYmin < y(r). = Ymax , )
1, otherwise
where w, is a user-configurable parameter that depends on
the validity of r, and y;,,i;, and y;,,4» are the lowest and highest
valid values for the target variable y. During our experiments,
we used the following w, weights: w; = 1 for interior, wy, =
1 for boundary, and w, = 0 for exterior rays.

The main focus of our proposed error function is to
accurately fit the polynomials in the internal and bound-
ing regions, where the results contribute to the visible parts
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of the lens flare ghosts. Furthermore, our weighting scheme
defined in (9) guarantees that invisible entries in the exter-
nal regions only contribute to the fitting error if they would
generate incorrect values during evaluation, increasing the
overall robustness of the fitting process. Since the behavior
of the mathematically continuous values stemming from ana-
lytical ray tracing is unpredictable and highly volatile in these
regions, seeking a fully accurate fit would make the process
much more complex while providing no tangible benefits.
Because the ghost is invisible in these regions, the exact val-
ues of its properties are irrelevant; the only important factor is
to be on the right side of the clipping threshold. Our proposed
error function and weighting scheme satisfies this condition
since invalid entries only contribute to the error if the corre-
sponding generated values are inappropriate for evaluation.

4.5 Polynomial evaluation

After successfully fitting the polynomials to the optical sys-
tem, we can proceed with the rendering phase, executed on
the GPU. Previous polynomial optics-based lens flare render-
ing methods employed dense ray tracing, which is unsuitable
for real-time applications. To overcome this limitation, we
utilized the algorithm of Hullin et al. [22]; we only trace a
coarse ray grid through the optical system and then fill in the
gaps using hardware-accelerated interpolation. In our case,
the key difference lies in the ray-tracing process, as rather
than evaluating the lens surface elements iteratively using
analytical intersection formulas, we transform the rays in
one step from the entrance pupil onto the sensor using the
polynomials obtained by fitting.

As outlined in Sect. 4.2, our model uses discrete hori-
zontal incidence angles. Therefore, to handle intermediate
angles, we interpolate the rotation-dependent polynomial
coefficients (¢} in (6)) using the angle of incidence of the
light source generating the simulated lens flare and evaluate
the polynomial model using the interpolated coefficients.

To handle axial rotation (rotation around the optical axis),
the ray grid resulting from polynomial evaluation is rotated
in image space with the appropriate axial rotation value.
However, this process inappropriately transforms the tex-
ture coordinate space, leading to incorrectly rotated aperture
shapes. To solve this problem, we apply the inverse of the
axial rotation to the texture coordinates generated by the
polynomial system, which cancels the rotation introduced
by transforming the ray grid. The problem and our proposed
solution are visualized in Fig. 9.

Lastly, efficiently performing the calculations and keep-
ing the required operations minimal are critical for achieving
optimal rendering performance on the GPU. Therefore, we
took several steps to ensure that the cost of polynomial
evaluation is appropriate for real-time applications. First,

(a)

--
Fig.9 Visualization of the main steps for obtaining the final ray-traced
simulations. a Output of polynomial evaluation. b Results rotated

around the optical axis. ¢ Texture coordinates counter-rotated, providing
the final output. d Ray-traced reference

we determine the relevant polynomial coefficients that con-
tribute to the current frame and store them in group shared
GPU memory. As a result, the access time of the cached
polynomials is significantly reduced. Furthermore, we also
applied native GPU vectorization for the parallel evaluation
of the polynomial systems belonging to different output vari-
ables, leading to better utilization of the GPU resources and
making the evaluation process much more efficient.

5 Results
5.1 Test setup

To evaluate our proposed method, we created a reference
implementation using the C + + programming language and
the OpenGL graphics API. Fitting data was generated using
GPU-based analytical ray tracing, with polynomial fitting
implemented on the CPU, using multithreading. Polynomial
evaluation and rendering were then performed on the GPU
using the tiled ghost rasterization approach of Bodonyi and
Kunkli [18] to generate the final outputs from the results of
the polynomial ray-tracing approach.

We also implemented direct analytical ray tracing as
proposed by Hullin et al. in [22], which we used to gen-
erate the reference outputs and evaluate the performance
improvements of our method. Finally, we also implemented
naive polynomial fitting [9, 34] using the polynomial system
described by (4), whereby each ghost is represented via a sin-
gle polynomial system, and no local fitting zones are utilized.
A visual comparison of the two polynomial approaches is
shown previously in Fig. 6. We note, however, that the orig-
inal polynomial optics-based methods omitted the relative
radius and intensity terms. However, we included these two
variables when implementing the naive approach to focus on
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evaluating the improvements stemming from our partial fit-
ting method. In reality, the difference between the previous
and our proposed approaches would be even more substantial
if we also ignored these two attributes in our study. However,
it would make it difficult to evaluate the impact of our partial
polynomial-fitting solution.

To evaluate the performance of our proposed method, we
used five different optical systems with varying complexities,
which we obtained from the examples of the OpenLensFlare
framework [35]:

e A Heliar Tronnier lens (USP 2645156, /16, 100 mm focal
length, 8 refracting surfaces, 13 ghosts).

e An Angenieux double-Gauss lens (USP 2701982A, /11,
100 mm focal length, 14 refracting surfaces, 42 ghosts).

e An Itoh zoom lens (USP 4196968, /32, 146 mm focal
length, refracting 18 surfaces, 73 ghosts).

e A Nikontele zoomlens (S.53-JPS53131852A/22,200 mm
focal length, 21 refracting surfaces, 142 ghosts).

e A Canon tele zoom lens (USP 5537259, /22, 135 mm
focal length, 33 refracting surfaces, 312 ghosts).

The simulated outputs are shown in Fig. 10 for all optical
systems and with each rendering algorithm.

Regarding test hardware, we used an AMD Ryzen 7 1700
3.00 GHz CPU and an NVIDIA TITAN Xp graphics card for
all the measurements presented in this paper.

5.2 Model fitting performance

We first evaluate the fitting characteristics for the naive and
our proposed polynomial models. To this end, we measured
the total fitting time, average number of resulting polynomial
terms, and average fitting error for all output variables and
optical systems. For both polynomial setups, we used three
separate wavelengths and 241 incidence angle samples with
a 0.5° step size (8 € [0°, 60°]), 80 x 80 sized ray grids for
generating the fitting data, and selected 3,200 samples using
uniform random sampling from the resulting datasets, with a
1:1 split of valid and invalid entries. The maximum number

Angemeux

Heliar Tronnier

of polynomial terms was five for the small (Heliar Tronnier,
Angenieux, [toh) and 10 for the large (Nikon, Canon) optical
systems. The results are summarized in Table 2.

As can be seen from the measurements, our proposed
method achieves very high fitting accuracy for all output vari-
ables and optical systems. Compared to the naive approach,
the error generated by our proposed solution is at least an
order of magnitude lower for all optical systems, with sub-
stantially higher observable gains in the individual output
variables. Furthermore, this improved accuracy is achieved
with significantly lower numbers of polynomial terms, which
is critical for achieving optimal, real-time rendering perfor-
mance.

Regarding fitting performance, the total computation time
scales with the complexity of the optical system, which is
expected as the corresponding number of ghosts (and thus
the amount of fitting to perform) grows with the optical sys-
tem complexity. For our algorithm, fitting can take several
minutes (Heliar Tronnier) to a few hours (Canon zoom). We
believe such performance is perfectly suitable for real appli-
cations, as fitting must be performed only once, with the
results being reusable in the application.

Concerning the naive approach, the overall length of the
fitting is higher with all test systems and can last almost four
times longer in the most complex scenario (Canon zoom).
The main reason for this behavior lies in the resulting num-
ber of terms; the polynomial regression algorithm [31] that
forms the basis of our fitting procedure works by generating
new candidate states via the forward and backward operators
applied to the current terms present in the polynomial, which
causes an exponential increase of computation as the size of
the polynomial grows. Therefore, the reduction of polyno-
mial size achieved with our proposed method is critical for
rendering performance and plays an essential role in keeping
the corresponding fitting times low.

5.3 Rendering accuracy

Next, we evaluated the rendering quality of the naive and our
proposed polynomial models. To this end, we compared the

DEEWWW----]-]
----\----ﬂld---

Prev. Ours Prev. Prev.

Prev. Ours Prev. Ours

Fig. 10 Lens flare simulations for the five different optical systems tested in this paper using the full polynomial model (prev.), analytical ray tracing

(ref.), and our proposed partial polynomial model (ours)
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simulated outputs to the analytical references using the peak
signal-to-noise ratio (PSNR) and structural similarity index
measure (SSIM) metrics. The per-pixel SSIM maps and the
PSNR and mean SSIM values are shown in Fig. 11.

As the results demonstrate, our proposed approach
approximates the ground-truth analytical references with
high accuracy. Most of the inaccuracies can be found near
the ghost edges; the root cause for this behavior stems from
the per-pixel clipping with the p; relative radius parameter,
which exaggerates any inaccuracies resulting from the poly-
nomial approximation. We also highlighted a few areas with
the biggest observable differences in Fig. 10, which clearly
demonstrate that the errors are marginal, and that the simu-
lation is fully plausible despite these errors.

Compared to the naive approach, our proposed partial
model greatly improves the simulation accuracy. As shown
by the SSIM maps in Fig. 11, the errors of the full model
are still mostly focused on the ghost edges. However, the
inaccurately approximated clipping parameters manifest in
displaced spectral channels and sometimes highly morphed
ghost shapes, further exacerbated by the increased errors of
the screen-space ray locations. Consequently, the simulations
differ much more greatly from the analytical ground-truth
references and achieve much lower levels of physical cor-
rectness. Our proposed polynomial model greatly reduces
the levels of such inaccuracies.

One particularly challenging scenario is when the shape
of the relative radius map is highly irregular. The root cause
for this issue is that the shared polynomial basis cannot rep-
resent the rapidly changing shape of the clipping information
exactly. An example of such a scenario is shown in Fig. 12
for the Nikon zoom lens, where a single erroneous ghost
is highlighted with increased intensity. As demonstrated by
this example, the difference is hard to notice despite the
greatly increased intensity. The main reason for this is that
such scenarios typically occur when a large portion of the
incoming ray grid is blocked by the lens housing, rendering
the corresponding ghost mostly invisible. Therefore, ghosts
exhibiting such inaccuracies can be discarded without mean-
ingfully reducing the plausibility of the simulation. Falling
back to analytical ray tracing in such cases is another viable
alternative to overcome this issue. Finally, using more refined
polynomial input variables (such as the projection of the input
ray grid to the entrance pupil) or tuning the error function to
the individual optical system could also help.

Finally, rendered videos are also provided as supplemen-
tary material for a low (Heliar Tronnier), medium (Itoh),
and high (Canon) complexity camera system and both poly-
nomial solutions. These demonstrate the stability of our
proposed solution in motion and compare the outputs of both
models to the analytically ray-traced reference simulations.
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Polynomial (Full) Polynomial (Ours)

Heliar Tronnier
\

PSNR: 38.1 dB, MSSIM: 0.9845 PSNR: 50.9 dB, MSSIM: 0.9971

Itoh Angenieux

Nikon

Canon

\ -

= S
PSNR: 29.6 dB, MSSIM: 0.9703 PSNR: 39.1 dB, MSSIM: 0.9882

Fig. 11 Structural similarity index measure (SSIM) maps, peak signal-
to-noise ratios (PSNR), and mean SSIM values (MSSIM) for the five
different optical systems evaluated in this paper, using the naive (full)
and our proposed (partial) polynomial-fitting methods

Fig. 12 Close-up of ghost #100 of the Nikon zoom lens, with a 10 x
intensity multiplier for better visibility. a—b Output simulation and false-
color visualization of the corresponding relative radius generated with
our partial polynomial approach. c—d Ground-truth reference simula-
tions produced using analytical ray tracing
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Table 3 Computation times of

the ray transmission step and the Analytical Polynomial (prev.) Polynomial (ours)

total lens flare simulation for all

the outputs shown in Fig. 10 Ray trans Total Ray trans Total Ray trans Total
Heliar Tronnier 0.75 ms 1.95 ms 0.52 ms 2.13 ms 0.32 ms 1.82 ms
Angenieux 3.32ms 4.54 ms 1.37 ms 2.66 ms 0.89 ms 2.23 ms
Itoh 3.72 ms 4.48 ms 1.27 ms 2.21 ms 0.80 ms 1.76 ms
Nikon 10.54 ms 11.79 ms 4.35 ms 5.63 ms 2.27 ms 3.52 ms
Canon 33.65 ms 35.53 ms 8.54 ms 10.65 ms 4.51 ms 6.59 ms

Table 4 Memory requirements of

the full (prev.) and our proposed Heliar Tronnier Angenieux Itoh Nikon Canon

partial (ours) polynomial models
Prev 10.55 KB 34.18 KB 58.46 KB 208.41 KB 459.92 KB
Ours 1.00 MB 3.21 MB 4.82 MB 13.52 MB 30.99 MB

5.4 Rendering performance

With the fitting and rendering quality of our model estab-
lished and validated, we proceed with the evaluation of
the rendering performance of the analytical and polynomial
approaches. To this end, we measured the length of the ray
tracing and the full lens flare simulation processes for the out-
puts shown in Fig. 10. The results are summarized in Table 3.
As the measurements clearly show, our proposed method
performs significantly better than all other tested solutions.
Even in the simplest case (Heliar Tronnier), our partial poly-
nomial approach is nearly twice as fast as analytical ray
tracing and performs four to five times better than the brute-
force solution in the most complex cases (Nikon, Canon).
Compared to the naive polynomial model, our method also
shows increased performance, with considerable perfor-
mance gains measured for the more complex optical systems.
Critically, our proposed model also facilitates the real-time
simulation of lens flares for arbitrary optical systems, which
was previously impossible with analytical ray tracing or only
by significantly sacrificing from the output quality with pre-
vious polynomial models, as demonstrated in Sect. 5.3.

5.5 Memory

To finish evaluating our polynomial ray transmission
approach, we also measured the memory requirements of
the full and our partial models for all optical systems. The
results are summarized in Table 4.

As expected, compared to the naive polynomial model,
our proposed partial solution increases the memory footprint
of the polynomial systems. However, the shared polyno-
mial basis ensures that the amount of resulting data is still

well within reasonable limits. Both the offline (on disk) and
online (in CPU and GPU memory) storage of our proposed
model are feasible on commodity hardware. Consequently,
we believe that our proposed method is perfectly suitable for
real-world applications.

6 Conclusion

In this paper, we presented an efficient ray-transfer algorithm
for the real-time simulation of camera lens flares. Our pro-
posed approach works by subdividing the input space into
local fitting zones and constructing a set of sparse polyno-
mials with a common basis for each ghost generated by the
optical system. Proper fitting quality and performance are
achieved by carefully constructing the fitting datasets with
prefiltering and subsampling, as well as by utilizing a cus-
tom error function that focuses the fitting procedure on the
visible regions of the flare and ensures that incorrect exter-
nal values are properly penalized. We evaluated the fitting
characteristics, runtime performance, and rendering accuracy
of our proposed approach using optical systems of vary-
ing complexity. Our results demonstrate that our proposed
method can achieve fully real-time rendering performances
that clearly outperform previous solutions while retaining the
physical correctness of the simulation and faithfully repli-
cating the outputs and physical correctness of analytical ray
tracing.

Regarding future research areas, we would be mainly
interested in testing the model with aspherical lens elements,
as we expect our approach to provide substantially higher
performance benefits compared to more complex analytical
intersection formulas. We would also like to extend our model
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to support dynamically changing the focal length of the opti-
cal system. While extending our proposed polynomial model
and fitting procedure to include the focal length as an input
variable is straightforward, altering the focal length on real-
world objectives typically results in a drastic change in the
internal structure of the optical system. Therefore, more work
needs to be done to evaluate the performance of the straight-
forward solution and to optionally extend the model to be able
to handle a dynamically changing optical system efficiently.
Experimenting with different, more specialized polynomial
input variables could also be beneficial to improve the fitting
accuracy further and potentially reduce the number of terms
needed to achieve the same rendering quality. We would also
like to research potential optimization opportunities to speed
up the performance of polynomial evaluation; we believe that
polynomial systems are ideal for GPU evaluation, but the cur-
rently available tools could be more efficient and have proved
to be the most limiting factor of performance throughput in
our experiments. Finally, we believe it would be interesting
to apply our model to other areas where the cost of analyti-
cal ray tracing is a key limitation, such as the simulation of
aberrated human vision.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s00371-024-03625-7.
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