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Abstract

Endomorphisms of the measure algebra of commutative hypergroups are investigated. We focus on
erivations and higher order derivations which are closely related to moment function sequences of higher
ank. We describe the exact connection between those higher order derivations which are endomorphisms
f the measure algebra if it is considered as a module over the ring of continuous functions.
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1. Introduction

Moment function sequences on hypergroups have been defined in [1] (see also [6–8,10]).
n [2,3] moment function sequences of higher rank have been defined and investigated. In this
aper we present results which explain a connection between moment function sequences of
igher rank and higher order derivations of the measure algebra of commutative hypergroups.
or the discussion on derivations on abstract structures we refer to [4] or [5]. It turns out

hat moment function sequences generate higher order derivations, which are not just linear
perators of the measure algebra, but they are endomorphisms of the measure algebra when
onsidered as a module over the ring of continuous functions. And conversely: every higher
rder derivation of this property generates a moment function sequence of higher rank.
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https://doi.org/10.1016/j.indag.2023.06.004
0019-3577/© 2023 The Author(s). Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society
(KWG). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

http://www.elsevier.com/locate/indag
https://doi.org/10.1016/j.indag.2023.06.004
http://www.elsevier.com/locate/indag
http://crossmark.crossref.org/dialog/?doi=10.1016/j.indag.2023.06.004&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:zywilla.fechner@p.lodz.pl
mailto:gselmann@science.unideb.hu
mailto:szekely@science.unideb.hu
https://doi.org/10.1016/j.indag.2023.06.004
http://creativecommons.org/licenses/by/4.0/
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2. Measure algebra

Let X be a commutative hypergroup. The space of all complex valued continuous functions
on X will be denoted by C(X ). Equipped with the pointwise linear operations and with the
opology of uniform convergence on compact sets it is a locally convex topological vector
pace. We recall that its topological dual C∗(X ) can be identified with the measure algebra
f X : this is the space Mc(X ) of all compactly supported complex Borel measures on X
quipped with the linear operations (addition and multiplication by complex numbers) and
ith the convolution of measures defined by∫

X
f d(µ ∗ ν) =

∫
X

∫
X

f (x ∗ y) dµ(x) dν(y)

or each function f in C(X ). If we equip Mc(X ) with weak*-topology and then it is a locally
onvex topological space, in fact, a topological algebra. The topological dual of Mc(X ) can

be identified with C(X ): for each weak*-continuous linear functional Λ : Mc(X ) → C there
exists a unique continuous function ϕ in C(X ) such that

Λ(µ) =

∫
X
ϕ dµ

holds whenever µ is in Mc(X ) (see [9], Section 3.14). We can use the notation ϕ(µ) = Λ(µ).
In particular, we have ϕ(δx ) = ϕ(x) for each x in X . For instance, the multiplicative functionals
of the measure algebra arise in this manner exactly from the exponentials of X .

Besides the linear structure of the measure algebra we can consider it as a module over the
ring C(X ) of continuous functions on X : the action of ϕ in C(X ) on Mc(X ) is defined by the

ultiplication of the measure µ by ϕ defined as

⟨ϕ · µ, f ⟩ =

∫
X

f ϕ dµ.

learly, ϕ · µ is in C(X ). We simply write ϕµ for ϕ · µ.
If we say that a map F : Mc(X ) → Mc(X ) is a module homomorphism, then we mean that

t is an endomorphism of Mc(X ) as a C(X )-module. In particular, we have F(ϕµ) = ϕF(µ)
or each µ in Mc(X ) and ϕ in C(X ). Obviously, this implies homogeneity with respect to
ultiplication with complex numbers, which can be identified with constant functions. A
odule homomorphism is said to be continuous, if it is continuous with respect to the weak*-

opology. A multiplicative module homomorphism is a module homomorphism, which is also
homomorphism of the algebra structure of Mc(X ), that is, it preserves convolution.
A derivation of the measure algebra usually defined as a continuous linear operator D :

c(X ) → Mc(X ) satisfying the additional property

D(µ ∗ ν) = Dµ ∗ ν + µ ∗ Dν (2.1)

for each µ, ν in Mc(X ). In this paper, however, we shall consider a modified version of this
concept. Namely, instead of linearity we require that D is a continuous module homomorphism
of Mc(X ) as a module over the ring of continuous functions C(X ). In other words, besides
(2.1) we assume that

D(µ+ ν) = Dµ+ Dν (2.2)

and

D(ϕµ) = ϕDµ (2.3)
1330
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holds for each µ, ν in Mc(X ) and ϕ in C(X ). The latter two properties express the fact that
D is a module homomorphism.

Suppose that r is a positive integer. We say that the family (Dα)α∈Nr of continuous module
omomorphisms of Mc(X ) is a higher order derivation of rank r if for each α in Nr we have

Dα(µ ∗ ν) =

∑
β≤α

(
α

β

)
Dβµ ∗ Dα−βν (2.4)

henever µ, ν is in Mc(X ). The order of Dα is defined as |α|. In particular, D0 satisfies

D0(µ ∗ ν) = D0µ ∗ D0ν, (2.5)

that is, D0 is an algebra homomorphism and module homomorphism simultaneously. We call
such a mapping a multiplicative module homomorphism. Moreover, for each α with |α| = 1
we have

Dα(µ ∗ ν) = D0µ ∗ Dαν + Dαµ ∗ D0ν (2.6)

holds. In the case D0 = id, the identity homomorphism, then Dα is a derivation. In general, a
continuous module homomorphism D satisfying (2.6) in place of Dα with a given D0 which is
a multiplicative algebra homomorphism, is called a D0-derivation. Thus ordinary derivations
are exactly the id-derivations.

3. Module homomorphisms

We begin with the characterization of continuous module homomorphism of the measure
algebra.

Theorem 3.1. Let X be a commutative hypergroup. Every continuous module homomorphism
F on Mc(X ) has the form

⟨F(µ), f ⟩ =

∫
X

f · ϕ dµ (3.1)

with a unique function ϕ in C(X ). Conversely, each mapping of the form given by (3.1) is a
odule homomorphism of Mc(X ).

roof. Given a function ϕ in C(X ) we define the mapping F : Mc(X ) → Mc(X ) by

⟨F(µ), f ⟩ =

∫
X

f · ϕ dµ = ⟨ϕµ, f ⟩

for each µ in Mc(X ) and f in C(X ). Clearly, F is additive and weak*-continuous. Moreover,
for each ψ in C(X ) we have

⟨F(ψµ), f ⟩ =

∫
X

f · ϕ d(ψµ) =

∫
X

f ϕψ dµ =

∫
X

fψ · ϕ dµ =∫
X

fψ d(F(µ)) =

∫
X

f d(ψF(µ)) = ⟨ψF(µ), f ⟩,

hence

F(ψµ) = ψF(µ),

which proves that F is a continuous module homomorphism.
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For the converse, let F : Mc(X ) → Mc(X ) be a continuous module homomorphism. We
efine Λ : Mc(X ) → C by

Λ(µ) = ⟨F(µ), 1⟩

or each µ in Mc(X ). Clearly, Λ is a linear mapping from Mc(X ) into C. We show that Λ
s also weak*-continuous. Indeed, if (µi )i∈I is a net converging to the zero measure in the
eak*-topology, then the net (F(µi ))i∈I converges to the zero measure n the weak*-topology

s well, by the weak*-continuity of F . It follows that the net (⟨F(µi ), 1⟩)i∈I converges to zero
in other words, the net (Λ(µi ))i∈I converges to zero, hence Λ is weak*-continuous. We infer

hat Λ is a linear functional of the space Mc(X ). It is known, that Λ arises from a function in
(X ) — more exactly, there exists a unique continuous function ϕ : X → C such that

Λ(µ) =

∫
X
ϕ dµ

olds for each µ in Mc(X ). Then we conclude for each f in C(X ):∫
X

f d(ϕµ) =

∫
X

f ϕ dµ =

∫
X
ϕ d( f µ) = Λ( f µ) = ⟨F( f µ), 1⟩ =

⟨ f F(µ), 1⟩ =

∫
X

1 d( f F(µ)) =

∫
X

f d F(µ),

hat is F(µ) = ϕµ, which is Eq. (3.1). □

We infer that the general form of a continuous endomorphism of the measure algebra, as
C(X )-module, is exactly multiplication by a continuous function. The following theorem

escribes the continuous multiplicative module homomorphisms of the measure algebra.

heorem 3.2. Let X be a commutative hypergroup. Every continuous nonzero multiplicative
odule homomorphism F on Mc(X ) has the form

⟨F(µ), f ⟩ =

∫
X

f · m dµ (3.2)

or some exponential m in C(X ). The exponential m is uniquely determined by F. Conversely,
ach mapping of the form given by (3.2) is a continuous multiplicative module homomorphism
f Mc(X ).

roof. The mapping F defined by (3.2) is a continuous module homomorphism of Mc(X ), by
he previous theorem. We show that if m is an exponential, the it is also multiplicative. Indeed,
or each µ, ν in Mc(X ) and ϕ in C(X ), we have

⟨F(µ ∗ ν), ϕ⟩ =

∫
X

mϕ d(µ ∗ ν) =

∫
X

∫
X

m(x ∗ y)ϕ(x ∗ y) dµ(x) dν(y) =∫
X

∫
X
ϕ(x ∗ y) d(m · µ)(x) d(m · ν)(y) =

∫
X

∫
X
ϕ(x ∗ y) d F(µ)(x) d F(ν)(y) =∫

X
ϕ d(F(µ) ∗ F(ν)) = ⟨F(µ) ∗ F(ν), ϕ⟩.

For the converse, let F be a nonzero continuous multiplicative module homomorphism of
c(X ). Then, by the previous theorem, it has the form
F(µ) = ϕ · µ

1332
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with some continuous function ϕ : X → C. For x, y in X we have, by the multiplicativity
f F :

ϕ(x ∗ y) =

∫
X
ϕ(z) d(δx ∗ δy)(z) = ⟨F(δx ∗ δy), 1⟩ = ⟨F(δx ) ∗ F(δy), 1⟩ =∫

X
d(F(δx ) ∗ F(δy)) =

∫
X

d F(δx ) ·

∫
X

d F(δy) =∫
X
ϕ dδx ·

∫
X

f dδy = ϕ(x)ϕ(y).

t follows ϕ(o) = ϕ(o)ϕ(o). If ϕ(o) = 0, then ϕ = 0, and F = 0, which is excluded. Hence
(o) = 1, and ϕ is an exponential. Our theorem is proved. □

. Derivations

In this section we describe the connection between higher order derivation and generalized
oment function sequences. First we recall the definition of a generalized moment function

equences. Let X be a commutative hypergroup and r a positive integer. For each multi-index
in Nr let ϕα : X → C be a continuous function. The family (ϕα)α∈Nr is called a moment

unction sequence of rank r if ϕ0 ̸= 0, and

ϕα(x ∗ y) =

∑
β≤α

(
α

β

)
ϕβ(x)ϕα−β(y) (4.1)

holds for each multi-index α in Nr whenever x, y is in X . If the system (4.1) holds only
or |α| ≤ N with some given natural number N , then the family (ϕα)|α|≤N is called a finite
oment function sequence of rank r (cf. [3]).

heorem 4.1. Let X be a commutative hypergroup and r a positive integer. The family
Dα)α∈Nr of self-mappings on Mc(X ) is a continuous higher order derivation of order r if
nd only if there exists a generalized moment function sequence (ϕα)α∈Nr of rank r such that

⟨Dαµ, f ⟩ =

∫
X

f · ϕα dµ (4.2)

olds for each µ in Mc(X ), f in C(X ) and α in Nr .

roof. Let (ϕα)α∈Nr be a generalized moment function sequence of rank r on X , and we define
Dαµ for each µ in Mc(X ), f in C(X ) and α in Nr by Eq. (4.2). Obviously, Dα : Mc(X ) →

c(X ) is a linear mapping for each α in Nr . The weak*-continuity of Dα follows easily from
he continuity of the functions ϕα .

From Theorem 3.1, it follows immediately, that Dα is a module homomorphism for each α
n Nr . Now we show that (Dα)α∈Nr is a continuous higher order derivation of order r . Given

in Nr , µ, ν in Mc(X ) and f in C(X ) we have

⟨Dα(µ ∗ ν), f ⟩ =

∫
X

f · ϕα d(µ ∗ ν) =

∫
X

f (x ∗ y) · ϕα(x ∗ y) dµ(x) dν(y) =

∑
β≤α

(
α

β

) ∫
X

∫
X

f (x ∗ y)ϕβ(x)ϕα−β(y) dµ(x) dν(y) =

∑ (
α

β

) ∫
X

∫
X

f (x ∗ y) d(ϕβµ)(x) d(ϕα−βν)(y) =
β≤α

1333
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∑
β≤α

(
α

β

) ∫
X

∫
X

f (x ∗ y) d Dβµ(x) d Dα−βν(y) =

∫
X

f d
(∑
β≤α

(
α

β

)
Dβµ ∗ Dα−βν

)
= ⟨

∑
β≤α

(
α

β

)
Dβµ ∗ Dα−βν, f ⟩,

hich proves our statement.
Now we prove the converse statement. Let (Dα)α∈Nr be a continuous higher order derivation

of order r on Mc(X ). We define

ϕα(x) = ⟨Dαδx , 1⟩

or each α in Nr and x in X . If x tends to x0 in X , then δx converges to δx0 in the weak*-
topology, hence, by the weak*-continuity of Dα , ϕα(x) tends to ϕα(x0). This proves the
ontinuity of ϕα . On the other hand, for each α in Nr and x, y in X we have

ϕα(x ∗ y) = ⟨Dαδx∗y, 1⟩ = ⟨Dα(δx ∗ δy), 1⟩ =

∑
β≤α

(
α

β

)
⟨Dβδx ∗ Dα−βδy, 1⟩ =

∑
β≤α

(
α

β

) ∫
X

1 d(Dβδx ∗ Dα−βδy) =

∑
β≤α

(
α

β

) ∫
X

∫
X

1 d Dβδx d Dα−βδy =

∑
β≤α

(
α

β

) ∫
X

1 d Dβδx ·

∫
X

1 d Dα−βδy =

∑
β≤α

(
α

β

)
⟨Dβδx , 1⟩ · ⟨Dα−βδy, 1⟩ =

∑
β≤α

(
α

β

)
⟨ϕβ(x) · ϕα−β(y),

nd our theorem is proved. □

. Derivations of the Fourier algebra

Let X be a commutative hypergroup. We denote by X̃ the set of all exponentials on X .
For each measure µ in Mc(X ), we define the Fourier–Laplace transform of µ as the function
µ̂ : X̃ → C by

µ̂(m) =

∫
X

m̌ dµ.

The set of all Fourier–Laplace transforms is called the Fourier algebra of X and it is denoted
by A(X ). It is well-known that the Fourier–Laplace transform is bijective between Mc(X ) and

(X ). This makes it possible to equip a topology on A(X ) in the obvious way, that makes
he bijection between Mc(X ) and A(X ) a homeomorphism. Using this bijection we can study
erivations on the Fourier algebra as well. First we consider the Fourier algebra a module over
he ring C(X ) in the following way: for each ϕ in C(X ) and µ in Mc(X ) we define

ϕ · µ̂ = (ϕµ) .̂

ith this operation A(X ) is a module over C(X ). A module homomorphism of A(X ) into itself
s an additive mapping F : A(X ) → A(X ) such that

F(ϕ · µ̂) = ϕ · F(µ̂)
1334
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holds for each µ in A and ϕ in C(X ). Accordingly, the family of module homomorphisms
(∂α)α∈Nr is a higher order derivation of rank r , if it satisfies

∂α(µ̂ · ν̂) =

∑
β≤α

(
α

β

)
∂βµ̂ · ∂α−β ν̂ (5.1)

for each µ, ν in Mc(X ). The following theorem is obvious.

Theorem 5.1. Let X be a commutative hypergroup, and r a positive integer. Then the family
(Dα)α∈Nr is a higher order derivation of rank r on Mc(X ) if and only if the family of mappings
D̂α : A → A defined by

D̂αµ̂ = (Dαµ)ˆ (5.2)

for each α in Nr and µ in Mc(X ) is a higher order derivation of rank r on A(X ).

Proof. The only thing to show is that Dα and D̂α are module homomorphisms simultaneously.
If Dα is, then have for each ϕ in C(X ):

D̂α(ϕ · µ̂) = D̂α(ϕµ)ˆ= (Dα(ϕ · µ))ˆ= (ϕ · Dαµ)ˆ= ϕ · (Dαµ)ˆ= ϕ · D̂αµ̂,

hence D̂α is a module homomorphism, too. Conversely, if D̂α is a module homomorphism,
then for each ϕ in C(X ) we have:

(Dα(ϕ · µ))ˆ= D̂α(ϕµ)ˆ= D̂α(ϕ · µ̂) = ϕ · D̂αµ̂ =

ϕ · (Dαµ)ˆ= (ϕ · Dαµ) ,̂

which implies Dα(ϕ · µ) = ϕ · Dαµ, by the injectivity of the Fourier–Laplace transform. The
equivalence of the derivation properties can be verified by a simple calculation, hence the
theorem is proved. □

6. Examples

In this section we present some examples of applications of our results.

Example. Let G = R, and we consider the functions ϕk,λ(x) = xkeλx whenever k = 0, 1, . . . ,
where x is in R and λ is in C. Clearly, they form a generalized moment sequence of rank 1 as

ϕn,λ(x + y) = (x + y)neλ(x+y)
=

n∑
k=0

(
n
k

)
xkeλx yn−keλy

=

n∑
k=0

(
n
k

)
ϕk,λ(x)ϕn−k,λ(y).

This moment function sequence generates the following higher order derivation on the space
Mc(R):

⟨Dkµ, f ⟩ =

∫
R

xkeλx f (x) dµ(x).

We have

⟨Dk(ψµ), f ⟩ =

∫
xkeλx f (x) · ψ(x) dµ(x) =

∫
xkeλx f (x) d(ψµ)(x) = ⟨ψDk(µ), f ⟩
R R

1335
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hence Dk is a module homomorphism for each k = 0, 1, . . . . In particular, for λ = 0

⟨Dkµ, 1⟩ =

∫
R

xk dµ(x),

which corresponds to the classical moments of the measures.

Example. Now let X = D(θ ) be the two-point hypergroup on the set {0, 1} with 0 < θ ≤ 1,
here 0 is the identity. We have two exponentials on this hypergroup: the identically 1 function:
0 ≡ 1, and the function

m1(x) =

{
1 for x = 0
−θ for x = 1.

he only generalized moment sequence of any rank with ϕ0 is trivial: ϕα ≡ 0 for |α| > 0.
ccordingly, the only higher order derivation on Mc(X ) is the trivial, Dα = 0 for |α| > 0.

Example. For a less trivial example we consider the polynomial hypergroup X generated by
he sequence of polynomials (Pn)n∈N. Let z be arbitrary in C and we define ϕk(n) = P (k)

n (z)
or k, n = 1, 2, . . . , then (ϕk)k∈N is a moment function sequence. Indeed,

ϕk(n ∗ m) =

n+m∑
l=|n−m|

c(m, n, l)ϕk(l) =

n+m∑
l=|n−m|

c(m, n, l)P (k)
l (z) =

(
Pn(z) · Pm(z)

)(k)
=

k∑
j=0

(
k
j

)
P ( j)

n (z) · P (k− j)
m (z) =

k∑
j=0

(
k
j

)
ϕ j (n)ϕk− j (m).

By Theorem 4.1, this moment function sequence generates the higher order derivation
Dk)k∈N of rank one defined by

⟨Dkµ, f ⟩ =

∫
f (n) · P (k)

n (z) dµ(n)

or each k = 0, 1, . . . and f : N → C. Observe, that

⟨Dkµ, 1⟩ =

∫
X

P (k)
n (z) dµ(n) = µ̂(k)(z),

that is, the higher order derivation (Dk)k∈N corresponds to the higher order differentiation of the
Fourier–Laplace transform with respect to the parameter λ, which represents the exponential
n ↦→ Pn(z). Let z = 0, and let (Dk)k∈N denote the higher order derivation which corresponds
to the moment function sequence ϕk(n) = P (k)

n (0). Observe that, for each µ in Mc(X ), µ̂ is a
olynomial. Hence we have for each λ in C:

µ̂(λ) =

∑
k

µ̂(k)(0)
k!

λk
=

∑
k

λk

k!

∫
X

P (k)
n (0) dµ(n) =

∑
k

λk

k!
⟨Dkµ, 1⟩,

hat is, the higher order derivation determines µ̂ for each µ. This can be considered as a kind
f “Taylor formula”.
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019-2.1.11-TÉT-2019-00049, which has been implemented with the support provided from
1336
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