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Introduction

In 1941, while studying the zeros of Legendre polynomials

[n/2]

d" [(2* —1)" 1 o (2n—2k)! Sk

PTL = = — —]_ n y
() dx" [ nl2n } 2n kz_:—o( ) El(n —k)!(n — 2]{:)!1:

Turan [Tu| has discovered the famous inequality

[Pn—&-l(x)]z > Pp(z) Prto(T),

which holds for all z € (—1,1) and n € {0,1,2,...}. Even if Turan’s paper
[Tu| has been published just in 1950, Szegs [Szel| in 1948 presented four
different elegant proofs of the above inequality and extended the result to
ultraspherical (or Gegenbauer), Laguerre and Hermite polynomials. Turan’s
inequality established for Legendre polynomials has generated considerable
interest, and shortly after 1948, analogous results were obtained by several
authors for other classical polynomials and special functions. Today there
is an extensive literature dealing with Turan type inequalities, for example
analogous inequalities to Turan’s inequality has been found for:

1. Laguerre and Hermite polynomials [Di, Szel|
2. ultraspherical polynomials [BI1, BP, BuSa, Da, Szal, Szel, VL]
3. Jacobi polynomials [Gal, Ga2|

4. Appell polynomials [CW, Si]



5. Pollaczek and Lommel polynomials [BI3]

6. Askey-Wilson polynomials [AbBu]

7. Bessel functions of the first kind [JB, Szal, Sza2)|

8. modified Bessel functions of the first kind [IL, JB, TN]|

9. modified Bessel functions of the second kind [IL, IM, LN2|
10. Galué’s generalized modified Bessel functions of the first kind [Bal]
11. polygamma function and Riemann zeta function [CNV, IL, LN1]|
12. zeros of general Bessel functions [Lo|

13. zeros of ultraspherical, Laguerre and Hermite polynomials [EL1, EL2,
La|,

and this list is far from being complete. This classical inequality still attracts
the attention of mathematicians and it is worth mentioning that recently the
above Turan inequality was improved by Constantinescu [Col|, and further
by Alzer et al. [AGKL| (for more details see Remark 1.4.1). Moreover, it
is important to note that even if the Turan type inequalities are interesting
in their own right, there are many applications of these inequalities. For
example, a necessary condition for the Riemann hypothesis can be written
as a higher order Turan type inequality. The interested reader is referred
to the papers [CNV, Di, LN2| and to the references therein. Another
example of applications can be found in the recent paper of Krasikov [Kr|,
where among other things the author used some Turan type inequalities
to give new non-asymptotic bounds on the extreme zeros of orthogonal
polynomials. Finally, we note that recently Sun and Baricz [SB| conjectured
that the generalized Marcum Q—function is log-concave with respect to its
order, and consequently satisfies a Turan type inequality. This Marcum
function is of frequent occurrence in radar signal processing and the above
conjecture - which was proved to be affirmative by Sun et al. [SBZ]| - is



very useful in order to establish some new and very tight bounds for the
generalized Marcum @ —function (see Remark 3.1.1 for more details).

This doctoral thesis is a further contribution to the subject and contains
certain new Turdn type inequalities for some special functions.

The thesis is divided into four chapters. In the first chapter our aim is to
establish some Turan type inequalities for Gaussian hypergeometric func-
tions and for generalized complete elliptic integrals. These results complete
the earlier result of Turan proved for Legendre polynomials. Moreover, we
show that there is a close connection between a Turan type inequality and a
sharp lower bound for the generalized complete elliptic integral of the first
kind. In section 1.3 we prove a recent conjecture of Sugawa and Vuorinen
[SV] related to estimates of the hyperbolic distance of the twice punctured
plane. The original results of the first three sections of this chapter were
published by the author [Bad| in Mathematische Zeitschrift. In section 1.4,
in order to improve some results from section 1.1, our aim is to establish a
Turan type inequality for Gaussian hypergeometric functions. This result
completes the earlier result of Szegd [Sze2| and Gasper [Ga2| proved for
Jacobi polynomials. Moreover, at the end of this section we present some
open problems, which may be of interest for further research. The results
of this section were taken from the author’s paper [Ba6|, which is in press
in Proceedings of the American Mathematical Society.

In the second chapter we extend some known elementary trigonometric
inequalities, and their hyperbolic analogues to Bessel and modified Bessel
functions of the first kind. In order to generalize the Turan type inequal-
ities established for Bessel and modified Bessel functions we present some
monotonicity and convexity properties of some functions involving Bessel
and modified Bessel functions of the first kind. For instance, we show that
Elbert’s result [El| on the concavity of the zeros of Bessel functions of the
first kind can be used to improve the Turén type inequalities established for
modified Bessel functions of the first kind. We also deduce some Turan type
and Lazarevi¢ type inequalities for the confluent hypergeometric functions.
The original results of this chapter may be found in Baricz’s paper [Ba8],
which was accepted for publication in Fzxpositiones Mathematicae.



Chapter 3 is devoted to the study of some Turén type inequalities for the
probability density function of the non-central chi-squared distribution, non-
central chi distribution and Student distribution, respectively. Moreover, in
this chapter we improve a result of Laforgia and Natalini [LN2] concerning
a Turan type inequality for the modified Bessel functions of the second kind.
The results of this chapter were taken from the author’s paper [Ba9|, which
was submitted to Studia Scientiarium Mathematicarum Hungarica. As an
application of some results deduced in sections 2.1 and 3.2, in section 3.3 we
present a new very simple proof for the monotonicity of a product of two
modified Bessel functions of different kind. This result complements and
improves a recent result of Penfold et al. [PVG]| which was motivated by a
problem in biophysics. The original results of this section may be found in
author’s paper [BaT|, which was accepted for publication in Proceedings of
the American Mathematical Society.

Finally, in chapter 4 we study the monotonicity properties of some func-
tions involving the Mills’ ratio of the standard normal law. From these
we deduce some new functional inequalities involving the Mills’ ratio, and
we show that the Mills’ ratio is strictly completely monotonic. At the end
of this chapter we present some Turan type inequalities for Mills’ ratio.
The original results of this chapter may be found in author’s paper [Ba5|,
published in Journal of Mathematical Analysis and Applications.



Chapter 1

Turan type inequalities for
elliptic integrals

1.1 Turan type inequalities for elliptic integrals

Let F'(a,b, c, ) be the Gaussian hypergeometric series (function) [AAR, p.
64|, which for real numbers a,b,c and ¢ # —1,—2,... has the form
(a),(b), "

g for all z € (—1,1), (1.1.1)

F(a,b,c,x) :Z

=

where (a),, = a(a+1)(a+2)...(a+n—1), (a), = 1 denotes the Pochhammer
(or Appell) symbol. It is known that the Legendre polynomials are partic-
ular cases of Gaussian hypergeometric functions, i.e. we have P,(1 —2x) =
F(—n,n+1,1,z) forall z € (0,1) and n € {0,1,2,...}. Let us consider the
following notation Fy(xz) = F(a,1 — a,1,z), where z € (0,1), a = —n and
n € {0,1,2,...}. In view of the above relation clearly Turan’s inequality

[Prs1(2)]? > Po(2) Poya(x) (1.1.2)
is equivalent with

[F+ (a;)f > By, (2)Foy (1), (1.1.3)
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where a; = a and as = a — 2. Thus it is natural to ask when (1.1.3) or its
reverse holds for other values of a. Motivated by this question, in this sec-
tion we present some Turan type inequalities for the generalized complete
elliptic integrals as well as for Gaussian hypergeometric functions. The key
tools in our proofs are the classical integral inequalities, like Buniakowsky-
Schwarz and Holder-Rogers, and the simple fact that the shifted factorial
(a),,(1 — a), may be regarded as a sequence of functions of variable a. More-
over, in this section we formulate a conjecture related to a Turén type in-
equality involving zero-balanced hypergeometric functions. In section 1.2
the advantage of Chebyshev’s integral inequality (1.2.22) is exploited. More-
over, we show that if the above mentioned conjecture is true, then we have
sharp lower and upper bounds for the generalized complete elliptic integral
of the first kind. In section 1.3 we prove a recent conjecture of Sugawa
and Vuorinen [SV] related to estimates of the hyperbolic distance of the
twice punctured plane, while at the end of this chapter (see section 1.4) we
improve the results of the first section.

The generalized complete elliptic integrals [BB] for z € (0,1), 2/ =
V1 —2% and a € (0,1) are defined by

Kao(z) = g -F(a,1—a,1,2%),
Ka(z) = Ka(z'), (1.1.4)
K.(0) = g,/caa) = o0,
and
Ealz) = g Fla—1,1-a,1,2%),
Ealr) = Ea(@), (1.1.5)
| 0= F.80) = 5

In the particular case when a = 1/2, the functions K, and &, reduces to
the elliptic integrals of the first and second kind K and &, respectively [Bo].



Recently, Anderson et al. [AQV'V, Corollary 7.3] proved that the function
a +— Kq(x) is increasing on (0,1/2] for each fixed z € (0,1). Moreover
Zhang et. al [ZCW]| showed that the function a — KCy(z)/a is decreasing
on (0,1/2] for each x € (0,1). In this section our aim is to complete the
above mentioned results, by showing that the function a — ICy(x) is strictly
concave and sub-additive on (0,1) for each fixed z € (0,1).

The following technical lemma is one of the crucial facts in the proof of
our results.

Lemma 1.1.1. Consider the sequence of functions f,(a) = (a),(1 —a),,
where a € [0,1] and n € {1,2,3,...}. Then for each n € {1,2,3,...} the
following assertions are true:

1. f, Is positive, is increasing on [0,1/2] and is decreasing on [1/2,1];
2. gn = fn/a is strictly decreasing on (0, 1];

3. g1 = fi/a is concave and g, = fn/a is strictly concave on (0,1/2] for
each n > 2;

4. fy, Is strictly concave on (0, 1).

Proof. Part 1 was proved by Anderson et al. [AQVYV, Lemma 7.1| and
part 2 for a € (0,1/2] by Zhang et al. [ZCW]|. However, we give here a
different proof for part 1.

1. Clearly the function fi(a) = a(1 — a) is increasing on [0,1/2] and
is decreasing on [1/2,1]. Now suppose that for some n > 2 the function f,
has the same property. Since (a),,,; = (@), ( +n), one has

fn+1(a) = fa(a)hp(a), where h,(a) = (a+n)(1—a+n). (1.1.6)

for all n € {1,2,3,...}. Clearly for each n € {1,2,3,...} the function h,
is increasing on [0,1/2] and decreasing on [1/2,1]. Thus f,11 has the same
property, and hence by mathematical induction the required result follows.

2. Suppose that a € [1/2,1]. From part 1 f, is decreasing and thus
gn is clearly strictly decreasing as a product of a decreasing and a strictly
decreasing positive function.



3. Observe that the function gi(a) = fi(a)/a = 1 — a is concave and
go(a) = fa(a)/a = a® — 2a% — a + 2 is clearly strictly concave on (0,1/2].
Now suppose that g, is strictly concave too for some n > 3. From (1.1.6)
gn+1(a) = gn(a)hy(a), and thus

Iny1(a) = gn(a)hn(a) + 29, (a)h,(a) + gn(a)hy(a) <O,

because g, is decreasing from part 2, h,, is increasing and strictly concave
on (0,1/2]. Mathematical induction implies the strict concavity of gy,.

4. Since fy(a) = fn(1 — a), it is enough to show the strict concavity of
fn for a € (0,1/2]. Because from part 3 g, is strictly concave, one has for
eachn € {1,2,3,...} and a € (0,1/2]

fola " 1
si@) = [P = (@) - 2aa) 4 2600) <0,
From this we have a?f/(a) < 2af!(a) — 2f,(a). Finally, since g,, from part
2 is decreasing on (0,1/2], we obtain that log g, is decreasing too, and
consequently [log[f,(a)/a]]" < 0. From this we obtain that af](a) < fn(a),
and hence f}/(a) < 0. Thus the proof is complete.

Remark 1.1.1. From part 4 of Lemma 1.1.1 we have that for each n €
{1,2,3,...} the functions ¢, defined by ¢, (a) = log f,(a), are concave on
(0,1). We note that using a different argument to those given in the proof
of Lemma 1.1.1, we may prove the followings:

1. If a € (0,1) and m = 2[, where [ € N, then (—1)2190%2[)(&) < 0.

2. Ifa € (0,1/2) and m = 21+1, where [ € N, then (—1)%+1pZ™ (q) <
0. Moreover, when a € (1/2,1) the above inequality is reversed.

For this let us recall the following formula for the digamma function [WW]:
~ T'(x) 1

Y(x) = T(z) :—74'(90—1)’;0%_’_1)@%7 x>0,




where 7 is the well-known Euler-Mascheroni constant. From this we obtain
for all x,y >0

v -0 =% (1)

k>0
In view of the above formula we have that

e (@) = (m =DV [gkm(n) = @em(0)],

k>0

where for all £ € N and m € {1,2,3,...} the function gy, : [0,00) — R is
defined by

L e
l—at+z+k)™ (a+z+k)™

Clearly when a € (0, 1), the function gy o; is strictly decreasing, i.e. we have

Qk,m(x) - (

qk21(n) < qr,21(0) and from this it follows the inequality (—1)2lg0$12l)(a) < 0.
Now suppose that m = 2[ + 1. In this case if a € (0,1/2), then g 241
is strictly increasing, i.e. qg2141(n) > qg21+1(0) holds, which implies the
inequality (—1)2”1@,(12“1)(@) < 0. Finally, observe that when a € (1/2,1),
the function gy 9141 is clearly strictly decreasing, thus the asserted result
follows.

Our first main result reads as follows.

Theorem 1.1.1. For a,z € (0,1) the function a — K,(x) is strictly sub-
additive and strictly concave, consequently it is strictly log-concave. In
particular, for all a1, as,z € (0,1)

Ka, () + Kay ()
Koy (2)Kay (z) < 9

Proof. Using (1.1.1) and (1.1.4) clearly we have

S Ka1+a2 (ﬂf) S ICal (l‘) + ,CGTQ(.’E)
2

Kola) = & 37 010 p2n,

= (n!)?

9



where f,,(a) = (a),,(1 —a),. From part 2 of Lemma 1.1.1 the function a —
fn(a)/a is strictly decreasing on (0, 1) for each n € {1,2,3,...}, thus clearly
fn is strictly sub-additive. From this we have that for all as, a4,z € (0,1),
as # aq

nla + a 2n
a3+0«4 Z f 3 4
n>0
Z fula + fn (99) 20 _ e () + Ky (2),
n>0

i.e. the function a — K,(z) is strictly sub-additive. Now from part 4
of Lemma 1.1.1 we know that a — fy,(a) is strictly concave, thus for all
ai,az,x € (0,1), a; # ag and o € (0,1) we have

Z fnlaay —|— 1 — a)aQ)xQn

Koaaﬁ-(l « aQ

n>0
™ afplarl) + (1 —a)frla "
>2;0 f(1) (Eu) nle2)

=akly, () + (1 — )y, (),

i.e. the function a — Ky () is strictly concave. Finally, since the concavity
is stronger than the log-concavity, the proof is complete. QED

Recently, Heikkala et al. [HVV] introduced for 0 < a < min{c, 1},
x € (0,1) and 2/ = 1 — 2?2 the following generalized complete elliptic
integrals:




and

F(a—1,c—a,c,z%),

5z,z,c($) = Emc(x’),

B(a,c— a)
2

B(a,c— a)B(c, 1)

€ae(0) = 2B(c+1—a,c) ’

) ga,c(l) =

where for o and f strictly positive real numbers B(a, 3) stands for the
Euler beta function. Observe that in the particular case when ¢ = 1 from
(1.1.4) and (1.1.5) we have that Ky 1(z) = Kq(x)/sinma and Eq1(zx) =
Eu(x)/sinma. The following result establishes a reverse Turan type inequal-
ity for these functions.

Theorem 1.1.2. The functions K41 and &, 1 satisfy the reverse Turan type
inequalities for all ai,aq,z € (0,1), that is, we have

[Korsns (@) < K@) Ky (2) (1.1.7)
and )
Eartor @) < a1 (@) - Eana (@), (1.1.8)

Moreover, the functions a — Kq1(x) and a — &E,1(z) are log-convex on

(0,1) for all z € (0,1) fixed.

Proof. First let us focus on the function Ky ;. Since [AS, p. 558] for all
c>b>0and z e (—1,1)

c 1
Fla,b,c,z) = F(b)ll:((c)—b)/o P = b1 gy e, (1.1.9)
one has
2K ()

1 1 1—¢t 1% 1
™ :F(“’l‘“’l"”“’2):r<a>r<1—a>/o {u—tx?)t] et



From the reflection property [AS, p. 256] of the Euler gamma function, i.e.

T
T'a)['(1 —a)=
()T(1 = a) sinma’
we obtain that
2K, () ' 1—-¢ 1% 1
2K = = dt. 1.1.10
a1() sina /0 (1—t?)t| 1—1t ( )

For easy reference we record the following form of the Buniakowsky-Schwarz
inequality

2
atp

b b b
/ BB dt- / FOlg®) dt > [ / f(t)[g(t)]zdt} (1)

where f and g are two nonnegative functions of a real variable defined on
[a,b], o and [ are real numbers such that the integrals exist. From (1.1.10)
and (1.1.11) we easily obtain the inequality (1.1.7), i.e.

1 1—¢ 1™ 1 1 1—¢t 1% 1
dt dt
o LI—tat] 1—t " Jy |(1—ta2)t| 1—t

2

T e
> / B L
o L(1—tz?)t 1—t
Now for the log-convexity of a — K, 1(x) let us recall the Holder-Rogers
inequality [Mi, p. 54|, that is,

/ab [F(H)g(t)]dt < [/b IF(@)P dt] " [/b |g(t)]th] Uq, (1.1.12)

where p > 1, 1/p+1/q¢ =1, f and g are real functions defined on [a, b] and
|fIP, |g|? are integrable functions on [a, b]. From Hoélder-Rogers’ inequality

12



(1.1.12), for aj, a2,z € (0,1) and « € [0, 1], we easily get

2,Co¢a1+(1—o¢)a2,l (LL')

) () ] e
a1 @ a2 -
S{/()l((ll—_t;?)t) 1itdt] [/ol<<11—_t;2>t> 11#“}

=[2Ka;,1(2)]*[2Kag,1 ()] 74,

and hence the required result follows.
For the function &, 1 we proceed exactly as in the case of the function
Kq,1- Using again (1.1.9) one has

1 _ aq _ 4.2
2a(2) =F(a—1,1—a,1,2°%) = ! / -t 1 -t dt,
7r Da)l(1—a) o [(1—t2?)t] 1—t

and from the reflection property of the Euler gamma function, we deduce
that

T 1 . R
zga,l(x):%“( ):/0 [( ! t)t] L g (1.1.13)

sin ma 1 — ta? 1—t

From (1.1.13) and (1.1.11) we obtain the inequality (1.1.8).
Finally using again Holder-Rogers’ inequality (1.1.12), for aj,aq,2 €
(0,1) and « € [0, 1], we easily get

28aa1+(1—o¢)a2,1(x)
/1 L-t \"1-t?]7f( 1-t \"1-t?)""
Jo LN —ta?)t 1t (1 —ta2)t 1—t¢

1 _ a1 1 _ 4.2 @ 1 _ az 4 4.2 l-a
([ (o) ] ) ()

o \(1—ta2)t 1—t o \(1—tz2)t 1—t

=[2E0,1(2)]*[2Eag,1 ()],

and hence the required result follows. QED

13



The decreasing homeomorphism y, : (0,1) — (0,00), defined by

_ T Ki(w)
Ha(w) = 2sinma Kq(z)’

where a € (0,1), is the so-called generalized Grotzsch ring function, which
appears in Ramanujan’s generalized modular equations (see [AQVV]). This
function and its particular form p;/5 = p play an important role in vari-
ous fields of mathematics, for example appear in quasiconformal theory,
and in estimates of the hyperbolic distance. Related to this function Qiu
and Vuorinen [QV1, Theorem 1.22] recently proved that a +— p,(x) is de-
creasing on (0,1/2]. The next result gives us more information about the
dependence on a of pg4(z).

Corollary 1.1.1. For = € (0,1) the function a +— pg(x) is strictly log-
convex on (0,1). In particular, u,(x) satisfies the reverse Turan type in-
equality, that is, for all aj,as,x € (0,1) we have

o102 ()] < s ()t ()

Proof. Following the proof of Theorem 1.1.2 it is easy to see that a —

a1(®) = Ka1(2') = Ka(z')/sinma is also log-convex on (0,1) for each
fixed x € (0,1). Now from Theorem 1.1.1 we know that a — [Ku(z)] 7! is
strictly log-convex on (0,1). Hence a +— pq(x) is strictly log-convex as a
product of a strictly log-convex and log-convex functions. QED

Proceeding exactly as in the proof of Theorem 1.1.2, we may show the
following results.

Theorem 1.1.3. If 0 < a < min{e¢, 1} and = € (0,1), then the functions
a— Koe(x), c = Koe(x), a— Eqe(x) and ¢ — &, (x) are log-convex. In
particular, if ¢ > 0 is fixed, then for all 0 < a1,as < min{c,1} and x € (0, 1)
we have

2 2
Korsa @)] < Ky o@) Kagel@) and [Eaiser (0)] < Eayol@) - Eanela):

)

14



Moreover, if a € (0,1) is fixed and c1,c2 > a, z € (0,1), then we get
2 2
(K, 02 (@)] € Kaer () - Ko@) and (€, 1103 (1)] < Eur (1) Eua(a):

Proof. From (1.1.9) we easily get

2K c(x) = /01 [(1 1__,5;2)15](1(1 t—ct)t dt

and

25a,c(x)=/01 [( 1—t rtC(l—tm?) .

1—ta2)t] (1—1)t

and thus the results follow from Hoélder-Rogers’ inequality (1.1.12).

Theorem 1.1.4. If 0 < a < min{ec, 1} and x € (0,1), then the functions
fila,c) = Kqc(x) and fa(a,c) = &, c(x) are log-convex as functions of two
variable. In particular, for each © € (0,1) fixed and for each 0 < a; <
min{cy, 1}, 0 < az < min{cg, 1} we have

2
|:ICE172LG2’C1JQFCQ (37)} < ]Ca1,01 (.T) : ICa2702 (.I)

and

2
|:8a1‘2“l2 61J2r02 (:L')} < 8(11701 (x) : €a2762 (1‘)

)

Proof. We prove the asserted result just for the function f;. The other case
is similar. Using (1.1.9) and Holder-Rogers’ inequality (1.1.12) we easily get
for all @ € [0,1], z € (0,1), 0 < a1 < min{c;,1} and 0 < az < min{cy, 1}

15



that

2’Caa1+(1—o¢)a2,o¢cl+(1—a)62 (l’)

1 1+ aa1+(1—a)az tacl—i—(l—a)cz
:/ =t L I
0 [(1 - tx2)t] (1 =)t
_/1 U R O S N L
o LA —ta?)t] (1-ot] [[Q—ta?)t] (1-1)t

= Uo {u 1—;%] ’ 1 t—qwt dt] a [/o [(1 :Jm] @ @ t—CQt)t dt]
—[2Kay 1 ()] 2Ky ()]

QED

The following result is an analogue of the reversed Turan type inequality
for confluent hypergeometric functions [Ba8| (see also Theorem 2.1.2).

Theorem 1.1.5. For a,b,c > 0 and = € (0,1) let us denote f,p.(x) =
F(a,b,c,x). The following assertions are true:

1. If a > ¢, then
[far1ber1(2))? < fape(®) - faropera(T).

2. If (a+ b+ 1)c > ab, then

ab

ab (@a+1)(b+1)

[faript1,e01(2)]? < o

fa,b,C(x) *far2,042,042 (7).

Proof. 1. Let us introduce the following notations

Qre(x) = Zak(a,c)a:k, where ag(a,c) = <a)k(b)k, ke{0,1,2,...,n}.
— (c) k!
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Using Cauchy-Buniakowsky-Schwarz’s inequality [Mi, p. 41| one has

n n
QL (2)QET>12 (z) = Z ax(a, c)a:k Z ap(a+2,¢+ 2)31:]”C
k=0 k=0
2

n
> Z \/Oék(a, C)ak(a +2,c+ 2)$k
k=0

In order to prove that
Q@) @5 () > [ ()] (11.14)
holds, we just need to show that
[ag(a, )][an(a+2,¢+2)] > [ar(a+1,c+1))? (1.1.15)

holds for all k € {0,1,2,...,n}. Observe that (1.1.15) is equivalent with the
inequality
ala+k+1) (a+1)(a+k) (a—c)k(a+c+k+1)

et kbt (cxDleth) et Dletht et h) ="

Thus, if n tends to infinity in (1.1.14), then we obtain the required inequal-
ity.

2. From the first part of Theorem 3.2 due to Anderson et al. [AVV6] it
is known that z +— log fo4.c(x) = log F'(a,b, ¢, x) is convex on (0,1), where
a,b,c >0 and c(a+ b+ 1) > ab. Using this result we get

fclzl,b,c(x)fa,b,c(x) > [f(;,b,c(x)]2v
and thus from the derivative formulae [AS, p. 557]

d b
—[F(a,b,c,)] = O Fla+1,b+1,c+1,2), (1.1.16)
X c
d? ab (a+1)(b+1)
@[F(a,b,c,m)] = ? . c—|——1 F(a+2,b—|—2,c+2,x)
yields the asserted result. QED
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Recently, Anderson et al. |[AVV2, Lemma 2.3| proved that if a,d >
0,c>b>0and z € (0,1), then F(a,b,c,x) < F(a,b+ d,c + d,x).
Using this result it is clear that for all a,b > 0 and all z € (0,1) we have
that OF (a,b,a+ b, x)/0b > 0. Our numerical experiments show the validity
of the following conjecture for the zero-balanced hypergeometric function
F(a,b,a+ b, x).

Conjecture. For each a,b> 0 and x € (0,1) we have

0 [Fla+1,b+1,a+b+1,x)

b F(a,b,a+ b,x) <0

In particular, for all a,x € (0,1) we have the following Turan type inequality

Fla+1,2—-a,2,z) F(a+1,5/2—a,5/2,2)
F(a,1—a,1,2) F(a,3/2 —a,3/2,z)

(1.1.17)

1.2 Bounds for the generalized complete elliptic
integral

In 1992 Anderson et al. [AVV2] proved that the Legendre complete elliptic
integral of the first kind [AS, p. 591], i.e. K;/3 = K, defined by

11 w/2 B

Kz)=2Z.F(2,2,1,22 :/ (1-a2sin2¢) %dt,  (1.2.18)
2 2°2 0

where z € (0,1), can be approximated by the inverse hyperbolic tangent

function [AS, p. 87| arth, i.e.

1 1+x 1.3 5
he = =1 =z-F|=,1,= 1).
arthz 20g<1 ) x (2,,2,95),966(0,)

For z € (0,1) we have [AVV2, Theorem 3.10|

1/2
T. (artm) < K(z) < g Larthz (1.2.19)

2 T T
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Very recently, in 2004 the left hand side of inequality (1.2.19) was improved
by Alzer and Qiu [AQ]. They, among other things, proved that [AQ,
Theorem 18] for all x € (0,1) we have

T (arthx)a < K(a) < g _ <arth:v>ﬁ (1.2.20)

2 T T

with the best possible constants o = 3/4 and # = 1. It is worth mentioning
here that in 1998 Qi and Huang [QH] rediscovered the right hand side of
(1.2.19) by using Chebyshev’s integral inequality. They proved that

7 arcsinx 7w arthz
. K .
5 . < (17)<2 o
that is
T 113 T 1 3
Zop(2 22 42 —.F(=,1,2,2%). 1.2.21
P (5g5e) <K@ <5 F(50.5.) (1.2.21)

Though from Neuman’s result [Ne2| the left hand side of (1.2.21) is weaker
than the left hand side of (1.2.19), motivated by the simplicity of the proof
of inequality (1.2.21), in what follows we generalize (1.2.21) for the function
K. Before we state our first main result of this section, let us recall the
Chebyshev’s integral inequality [Mi, p. 40]: if f, g : [a,b] — R are integrable
functions, both increasing or both decreasing and p : [a, b] — R is a positive
integrable function, then

b b b b
[ rosoa [ pognac< [poa [ posmgoa. q222)
We note that if one of the functions f or g is decreasing and the other is

increasing, then (1.2.22) is reversed.

Theorem 1.2.6. Ifa € (0,1/2] and x € (0, 1), then the following inequali-
ties hold

TsinmTa

B (1 —a, % + a) a <a, 1—a, 3,1‘2> < AKq(2) < 2K, 3/0(x), (1.2.23)
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where 5 5 5
2K, 3/2(7) = B (a, 3~ a) -F (a, 5@ 2,:52) .

Proof. Taking in (1.1.10) ¢ = sin? u, we obtain that

Keo(z) /“/2 tan' =2y
o

sinTa 1 — 22sin?u)e

du,

thus if we choose the functions p(u) = 1, f(u) = (tan'=2% u)(1—22sin® 1) "¢,
g(u) = cosu or sinu and [a,b] = [0,7/2] in (1.2.22), then

/2 /2 /2 1—2a
Ka(@) / cosudu >/ du-/ (tan u)(cosu) du (1.2.24)
0 0 0

(1 — 22sin?u)e

or

/2 /2 /2 1-2a ;
Ka(z) / sinu du </ du-/ (tan u)(sinu) du. (1.2.25)
0 0 0

sina (1 — 22 sin? u)e

Here we used the inequality

du (1 —a2sin?u)e

df (u) tan!=20y 1—2a ax? sin 2u
s—| >0,

sinucosu 1— x2sin‘u

for all w € [0,7/2], € (0,1) and a € (0,1/2]. Now by direct calculations
from (1.2.24) and (1.2.25) we obtain that

[ ] o rsin < [ o] 5

1—tz2 1—t msinTa 1 — ta? 1—t

which by (1.1.9) implies the estimates from (1.2.23) for the generalized
elliptic integral K,. QED

Remark 1.2.2. a. First observe that when a = 1/2 the inequality (1.2.23)
reduces to the inequality (1.2.21) and by definitions the right hand side of
inequality (1.2.23) can be written as

Kan(z) < g/ca,w(x). (1.2.26)
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If we choose in the inequality

[/ca w(a})} "< K (2) - Koo ()

)

¢1 =1 and ¢p = 2, then in view of (1.2.26) we get

EZ Ka’l(l') > K:a,3/2(x)’
2 7 Kagp(r) = Kaz(z)

where z € (0,1) and a € (0,1/2]. Moreover, it is clear that by induction we
have that for all @ € (0,1/2], x € (0,1) and n € {1/2,1,3/2,...} one has

Ty Kaal@) oo Kant1/2(x)
2 ,Ca,3/2($) Kant1(x)

b. Secondly, we note that as we can see in the followings the right hand
side of (1.2.23), i.e. (1.2.26) is not sharp. By Lemma 2.3 of Anderson et al.
[AVV2] it is clear that for all a,z € (0,1) we have

3 3
F(a,1—a,1,2%) < g F <a, ° _a, 2,:1:2) (1.2.27)

and for a € (0,1/2] and = € (0, 1) this is better than the right hand side of
(1.2.23), since

T _ wsinma 3

L <« R 2.

5S4 B(a72 a) (1.2.28)
holds for all a € (0, 1/2]. To prove (1.2.28) observe that it is enough to show
that ‘

| < Sinma g a. 3 ) = I'1/2)r/2 - a).
2 I'(l—a)

Let us consider the function f :[0,1/2] — [1,7/2], defined by

_ T(A/2)r3/2 - a)
f(a) - F(l _ a) :
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This function is decreasing, since f/(a) = f(a)-[¢(1 —a) — ¥(3/2 — a)] <0,
where we used the fact that Euler’s " function is log-convex on (0, 00), i.e.
the digamma function z — ¢(x) = I'(x)/T'(x) is increasing on (0,00).
Hence f(a) > f(1/2) = 1 and thus (1.2.28) holds. Moreover inequality
(1.2.27) is sharp as ¢ — 0, and is of the correct order as z — 1 since
for x € (0,1), we have the asymptotic formula (see [Ev|) due to Gauss:
F(a,b,a+b,z) ~ —log(l —x)/B(a,b) as v — 1.

Taking into account the above remarks we may prove the following re-
sult, which is a generalization of inequality (1.2.20). Note that our proof is
based on the inequality (1.1.17), so if the above conjecture is true, then we
have the next sharp estimates for the generalized complete elliptic integral
Kq. Another sharp lower and upper bounds for the generalized complete
elliptic integral K, has been deduced by Andras and Baricz [AnBa2| by
using the classical Bernoulli inequality.

Theorem 1.2.7. For all real numbers a,x € (0,1) the best possible con-
stants o and 3 for which the inequalities

hold are o = 3(1 — a)/(3 — 2a) and 8 = 1. Moreover, both inequalities are
sharp as x — 0 and the second inequality is of the correct order as x — 1.

(1.2.29)

Proof. First let us focus on the second inequality of (1.2.29). This with
B =1 is equivalent with (1.2.27). Now the double-inequality (1.2.29) can
be written as o < Q(x) < 3, where

Q) = log [2Kq ()] _ logF(a,1—a,1,2?%
B Ka3/2(@) 1 log F 2 — 2,22)’
lo |:B@,337//22—a):| 0og (CL, 3/ a, 3/ » X )

Recall the behaviour of the function x — F'(a,b, c,x) near 1.
1. For ¢ > a+b (see [Ra, p. 49|)
I'(e)l'(c—a—10)

lim F(a,b = .
oo (a,,¢,2) I'(c—a)l(c—b) =
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2. For¢c =a+band z € (0,1), we have the following asymptotic formula
(see |[Ev]) due to Gauss: F(a,b,a + b,z) ~ —log(l — z)/B(a,b) as

r— 1.

3. For ¢ < a + b, the corresponding asymptotic formula (see [WW, p.
299]) is the following: F(a,b,c,z) ~ B(c,a+b—c)(1—2)"*"%/B(a,b)
as x — 1.

Using these properties (namely parts 2 and 3), the derivative formula
(1.1.16) and the I'Hospital rule, we obtain that Q(17) = 1 and Q(0") =
3(1 —a)/(3 —2a) < 1. Hence we conclude that the best possible constants
in (1.2.29) are given by a = 3(1 — a)/(3 — 2a) and § = 1. Actually the first
inequality in (1.2.29) is equivalent with

[F(a,3/2 —a,3/2,2%)]* < F(a,1 — a,1,z?)
and for z in the neighborhood of the origin this can be written as
1+a-[a(3-2a)/3]z® +...<1+a(l —a)z®+....

Thus we infer that o = 3(1 —a)/(3 — 2a) is the greatest value of « for which
the first inequality in (1.2.29) holds. All that remains is to prove the first
inequality in (1.2.29) for o = 3(1 — a)/(3 — 2a). Observe that it suffices to
show that the function f: (0,1) — R, defined by

3 —2a

m log[F(a, 1—a,l, xz)] — ]og[F(a7 3/2 —a, 3/27 372)]

fz) =

is strictly increasing. Hence f(x) > f(0) and the required inequality follows.
Application of the derivative formula (1.1.16) and inequality (1.1.17) yields

3f(x) Fla+1,2—a,2,x) F(a+1,5/2—a,5/2,m)>0
2a(3 —2a)r  F(a,1—a,1,1) F(a,3/2 —a,3/2,x) '

QED
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1.3 Conjectures related to estimates of the
hyperbolic distance

For z being in the open unit disk, i.e. z € D = {( € C : || < 1} the
Poincaré metric po(z)|dz| of the hyperbolic domain @ C C (a connected
open set, with its boundary containing at least two points) usually is defined

as
1

T

pa(f())If'(2)] = pp(2)

where f is a holomorphic universal covering of € onto D. The Poincaré (or
hyperbolic) distance between two points a,b € € is given by

dofa,) = nf [ po()|dz].
v
where the infimum is taken over all rectifiable curves v C 2 joining a and
b. Due to Solynin and Vuorinen [SV, Lemma 3.10] it is known that the
hyperbolic (or Poincaré) distance between —z and —y in C\ {0, 1}, where
xz,y > 0, is given by do1(—z,—y) = |®(x) — ®(y)|, where the function
® : (0,00) — (0,00) is defined by

1 K (Ve/T+a))
2k (Vi)

Recently, Sugawa and Vuorinen [SV, Conjecture 5.9] conjectured that the
function ¢ — o(t) = 2®(e/?) has decreasing quotient ¢(t)/t, and hence, it is
sub-additive on [0, 00). The following result shows that the above conjecture
is true. Another proof of the above conjecture has been found recently by
Anderson et al. [ATVV].

O(x)

Theorem 1.3.8. The above conjecture is true, i.e. t — p(t) = 2®(e/?)
is sub-additive on [0,00). Moreover t — @(t) = 2®(et/?) is super-additive
on (—o00,0]. This implies that we have for the function ® the inequality
O (zy) < ®(z) + P(y), where x,y > 1 (and its reverse if z,y € (0,1]).
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Proof. Note, however, that our K(z), defined in (1.2.18) is K(z?) in the
notation of Sugawa and Vuorinen [SV]. So if we use the complete elliptic
integral of the first kind K in the form defined by (1.2.18), then the function
t i o(t) = 2®(e"/?) defined by (5.5) in [SV] can be written as follows

KZ(l/\/14—e—W2>
"k (yvirer)

Now let us consider & = (1 4 ¢*/2)~1/2, Tt follows that

pt) _ loglk()/K ()] _ loglC(@)/K'@)] _ 1
t 4log(x'/x) 4log(z /") 2g(z)’

o(t) =lo

Qt) =

(1.3.30)

where t = 4log(z'/x), 2’ = V1 — 22, K'(x) = K(2') and

~ 2log(z/a")
9) = foglK () /K@)

From the proof of Theorem 5.2 [QVV, p. 59| established by Qiu et al. we
know that g is strictly increasing on [1/4/2,1). From (1.3.30) it is clear that

i (PN g@) dx 2(l-2?)d(z)
Q(t)— <t> ——2[9@)]2&—W>0 for all t <0,

because ¢ is strictly increasing on [1/4/2,1). Thus Q is strictly increasing
on (—00,0]. Finally, observe that @ is an even function (because ¢ is odd),
hence @ is strictly decreasing on [0, 00). Thus ¢ is sub-additive on [0, c0)
and super-additive on (—o0, 0], i.e. @(t1 + t2) < @(t1) + (t2) holds for all
t1,to > 0 (and its reverse if ¢1,t2 < 0).

Remark 1.3.3. a. It is worth mentioning that the function ® may be
expressed in terms of the modulus of Grétzsch ring, i.e. we have

62<1>(x):2ﬂ< 1 >
s Vi+tz)’
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where
) = o) = 5

~—

denotes the modulus of Grotzsch ring D\ [0, z] (see for instance [SV] and
[OV]). From Theorem 1.3.8 we immediately get

1 1 1
() s 2 () oo
where x,y > 1. Moreover, inequality (1.3.31) is reversed when x,y € (0, 1].

b. The hyperbolic (or Poincaré) metric of the twice punctured plane
C\{a, b} is usually denoted by A, 4(2)| dz|. Set A = Ao 1 and h(t) = e A(—e")
for ¢t € R. In the same paper [SV, Conjecture 2.12| Sugawa and Vuorinen
conjectured that the function t — th(t) is increasing on (0, 00), where h can
be expressed as follows

h(t) = )\1,1+e—t (0)

TSk (It KNI Fe )

Letting z = (1 + e!)~Y/2 we have h(t) = 7/[8K(z)K'(z)] and thus using
the notations fi(x) = log(z'/x), fo(x) = (4/7)K(x)K'(x), one has P(t) =
th(t) = fi(x)/f2(z). It is known that if z € (0,1/v/2], then fo is strictly
decreasing [AVV1, Theorem 2.2 (8)]. Clearly in this case f; is decreasing
and f1(z) > 0. Thus

, H(x) fa(x) — f1(z) fo(z) dx
Pl - HOR = h 0

is not necessary positive.

However, we note that using these things above and the fact that fs is
strictly increasing for x € [1/v/2,1) [AVV1, Theorem 2.2 (8)] we obtain
that the function x — fi(x)f2(x) is clearly decreasing on (0,1). Conse-
quently it is easy to see that the quotient h(t)/t is decreasing on R, since
for all £ € R we have

M)\ _ _[A@)fa() dx
4(t> T A REE
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This implies that h is sub-additive on R, thus we have
>\1,1+;vy(0) < )\l,l—l—a:(o) + A1,1-"-y(o) for all T,y > 0.

Moreover, it is important to note here that recently the above conjecture
has been settled by Anderson et al. [ATVV].

1.4 Turan type inequalities for hypergeometric
functions

Karlin and Szeg6 in their mammoth work [KS| raised the question of deter-
mining the explicit range of parameters a and 3 for which the generalized
Turan inequality

2
BED @] > RO @) RS (@) (14.)

holds for all z € (—1,1) and n € {0,1,2,...}, where
REP (@) = PO (@) PEO(1)

)

is the normalized Jacobi polynomial and P,(La’ﬁ is the Jacobi polynomial,

that is

1 1—
P,go"ﬁ)(x):(a—i_')"-F(—n,n—i—a—kﬁ—i—l,a—i—l,2x>, a, 3> —1.
n!

Clearly we have RO (x) = Py(x) for all x € (—1,1) and

R,(f"ﬁ)(m):F(—n,n+a+ﬂ+1,a+1,1;x>- (1.4.2)

In 1962 Szeg6 |Sze2| proved that (1.4.1) holds for all 5 > |a| and a > —1.
Gasper [Gal, Ga2| improved this result by showing that in fact (1.4.1)
holds if and only if 3 > a > —1.
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Remark 1.4.1. Let P, be the Legendre polynomial of degree n, and con-
sider the Turanian

Ay(r) = [Pn(x)]Q — Pp1(2) Pryr (),

where n € {1,2,3,...} and = € [-1,1]. Recently, in 2007, Alzer et al.
[AGKL| improved the celebrated Turan inequality [Tul, i.e. Ap(z) > 0, as
follows:

an(1 —2%) < Ap(x) < by(1 — 22), (1.4.3)

where x € [-1,1], n € {1,2,3, ...} and the constants

1
Un = Lo/ lnr1)/2) B0 b =3

are the best possible. Moreover, for n € {2,3,4,...} the equality holds
on the left hand side of (1.4.3) if and only z € {—1,0,1}, and on the
right hand side of (1.4.3) if and only if z € {—1,1}. Here yu, = 272"C%,
is the normalized binomial mid-coefficient. The key tool in the proof of
(1.4.3) it was the fact that for each n € {1,2,3,...} fixed, the even function
fn:(=1,1) — (0,00), defined by

Ay (z)
o) ="

is increasing on [0, 1), and hence for all n € {1,2,3,...} and z € (—1,1) we
have

= B0) = £2(0) < ful) < Ful17) = 3 N, (1) = by

It is worth mentioning that in the proof of the monotonicity of f,, the authors
used a computer package to perform the induction. Moreover, the authors
in [AGKL]| conjectured that if « > —1/2, x € [-1,1] and n € {1,2,3,...},
then the following generalization of (1.4.3) holds true:

al (1 - 22) < 1 Ana(z) < B (1 - a?), (1.4.4)

where

n—1

2
(@) = [RED @) - R @) R @),
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R,(f"a) is the normalized ultraspherical polynomial, defined by

1—
R@™)(z) = F <—n,n +20+1,a+1, 5 x> , (1.4.5)

and the constants

1

(@) () (o) (@)
and b = S )

" = BinjagHin+1)/2)
are the best possible. Here M%a) = pin/CJ4 o is a binomial coefficient.

The purpose of this remark is to point out that the inequality (1.4.4) is
in fact equivalent with a result of Venkatachaliengar and Lakshmana Rao
[VL, Eq. 6.4], published in 1957. We note here that this fact has been
observed first by Berg and Szwarc in |[BeSz|, where among other things,
the inequality (1.4.4) has been extended to general symmetric orthogonal
polynomials.

Now consider the Turénian

2
_[PY@] _[RA@] [P
8@ =12 | T p® DN
P (1) P2 ] LB ()

where P,g)‘) is the Gegenbauer polynomial, defined by

11—
PN@)=Clgy 4 F (—n,n + 20 A+ 5, 2x> : (1.4.6)

The authors in [VL], using an interesting method, proved that for each
n € {2,3,4,...} fixed, the even function f, x : (=1,1) — (0,00), defined by

Apa(x
Fuala) = 22028)

1—=x

is increasing on [0,1) and convex on (—1,1) for each A > 0, decreasing
on [0,1) and concave on (—1,1) for each A € (—1/2,0). Using the fact
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that f,, x is increasing they deduced that for each A > 0, z € (—1,1) and
n € {2,3,4,...} the following inequalities hold

a7 = 380 0(0) = fur(0) < faa (@),

Fur(®) < Fua(17) = =5 2805 (1) = B,
which lead to the inequality
a7V (1 = 22) < oA, (x) < BRYD (1 - 2?), (1.4.7)

where A > 0, z € [-1,1] and n € {2,3,4,...}, and the comment about
the equality in (1.4.7) applies just as in (1.4.3). Now, replacing in (1.4.7) A
with o + 1/2, in view of (1.4.5) and (1.4.6) it is clear that the inequalities
(1.4.4) and (1.4.7) are equivalent. With other words, we have 1A, , =
2, a41/2- Moreover, since f, ) is decreasing for each A € (-1/2,0), it
follows that (1.4.7) is reversed for A € (—1/2,0), and thus the inequality
(1.4.4) is reversed too for o € (—1,—1/2). It remains just to verify the case
when n = 1. Since

Pé)‘) (x) =1, Pl()‘) (x) =2X\x and P2()‘) (z) = =X+ 2X\(1 + \)a2?,

we conclude that fi \(z) = b}/ and thus inequalities (1.4.7) and (1.4.4)
holds true for all n € {1,2,3,...}. We notice that from (1.4.5), (1.4.6) and

1i
P,(z)=F (—n,n—i— 1,1, 5 :c)

one has P,(Ll/ 2 = %0’0) = P,, and from this clearly we have
28172 = 1800 = An, fr1/2 = fn,ag)) =a, and b%o) = b,.

Thus, indeed the inequalities (1.4.4) and (1.4.7) are natural extensions of
(1.4.3). Finally, we note that the right hand side of (1.4.7) can be improved
as follows [VL, Eq. 6.4]:

2Ani(@) < [aPVD(1 - 2) + bfﬁ—l/%} (1 - 22), (1.4.8)
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where A > 0, x € [-1,1] and n € {2,3,4,...}. This can be verified easily
by taking into account that f,, ) is convex and thus the line segment joining
the points (0, f,,2(0)) and (c, fna(c)) lies above the graph of f,, \ on [0, ],
where ¢ € (0,1). Thus we have

fan(@) < (L==/c) fu(0) + (x/c) frn(c),

and if ¢ tends to 1, then the required inequality (1.4.8) follows for x € [0, 1].
Suppose that « € [—1,0]. Similarly, since f, x is convex, it follows that the
line segment joining the points (0, f, 1(0)) and (d, f,.A(d)) lies above the
graph of f, y on [d, 0], where d € (—1,0). Thus we have

far() < (1= x/d) fux(0) + (z/d) fr(d),

and if d tends to —1 it results that for all A > 0, z € [-1,0] and all
n € {2,3,4,...} we have

2Apa(z) < [PV (1 4 1) — bﬁf—l/%] (1—2?). (1.4.9)

Replacing = with —z in (1.4.8) we obtain (1.4.9), and thus we can conclude
that inequalities (1.4.8) and (1.4.9) holds for all x € [—1, 1]. Here we used
that by the symmetry f, \(—17) = f,A(17) = b%)‘_l/Q). Moreover, since for
A € (—1/2,0) the function f,, » is concave, it follows that when A € (—1/2,0)
the inequalities (1.4.8) and (1.4.9) are reversed.

Now suppose that § = 0 and consider the following notation Fy(z) =
F(a,c—a,c,x), where z € (0,1), c=a+1 € (0,1], a = —n and as above
n € {0,1,2,...}. Using Gasper’s result and (1.4.2) for 5 = 0, we obtain that
the inequality (1.4.1) is equivalent to

2
[F+ (x)} > F, (z) - By, (), (1.4.10)
where a1 = a and az = a — 2. Thus it is natural to ask when (1.4.10) or

its reverse holds for other values of a. Our aim in this section is to answer
this question. It is worth mentioning here that the positive answer — in the
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particular case when ¢ = 1 — to the above question was given in Theorem
1.1.1, which was motivated by the inequality (1.1.2). In fact, in Theorem
1.4.1 we prove a stronger statement, namely that the function a — F,(x)
is strictly concave on (0,c) for each fixed x € (0,1) and ¢ € (0,1]. This
completes the result of Szegé and Gasper in the case of § = 0. At the end
of this section we formulate some open problems which may be of interest
for further research.

The following technical lemma improves Lemma 1.1.1 and is one of the
crucial facts in the proof of our main result.

Lemma 1.4.1. Let us consider the sequence of functions f,(a) = (a),(c — a),,,
where n € {1,2,3,...} and 0 < a < ¢ < 1. For each n € {1,2,3,...} the
following assertions are true:

1. fy is positive, is increasing on [0, c/2] and is decreasing on [c/2, c|;
2. gn = fn/a is strictly decreasing on (0, c];

3. g1 = fi/a is concave and g, = f,/a is strictly concave on (0,c/2] for
each n > 2;

4. f, is strictly concave on (0,c).

Proof. 1. Clearly the function fi(a) = a(c — a) is increasing on [0, ¢/2]
and is decreasing on [¢/2, ¢]. Now suppose that for some n > 2 the function
fn has the same property. Since (a),,; = (@), (@ + n), one has

for1(a) = fu(a)hp(a), where hp(a) = (a+n)(c—a+n) (1.4.11)

for all n € {1,2,3,...}. Clearly the function h,, for each n € {1,2,3,...} is
increasing on [0, ¢/2] and is decreasing on [¢/2,c]. Thus f,4+1 has the same
property, hence by mathematical induction the required result follows.

2. First suppose that a € (0,¢/2] and let us write g,(a) = u(a)v,(a),
where

u(a) = [T(a+ 1)I'(c —a)]™! and v,(a) =T(a+n)(c—a+n).
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Then clearly we have
logu(a)] =9¢(c—a) —¢la+1) <0, a>0>(c—1)/2,

logvn(a)] =Y(a+n)—Y(c—a+n) <0, 0<a<c/2,

where we have used that the digamma function z — ¢(z) = I''(2)/I'(z) is
increasing on (0, 00), i.e. the gamma function is log-convex. Consequently
the function wu is strictly decreasing and v,, is decreasing. Thus the function
gn is strictly decreasing too.

Now assume that a € [¢/2,c]. From part 1 f, is decreasing and thus
gn 18 clearly strictly decreasing as a product of a decreasing and a strictly
decreasing functions.

3. The function gi(a) = fi(a)/a = ¢ — a is concave on (0,c/2] and
g2(a) = fa(a)/a is strictly concave on (0,c¢/2]. Now suppose that g, is
strictly concave too for some n > 3. From (1.4.11) gn11(a) = gn(a)h,(a),
and thus

Iny1(a) = gn(a)hn(a) + 29, (a)h,(a) + gn(a)hy(a) <O,

because g, is strictly decreasing from part 2, h, is increasing and strictly
concave on (0, ¢/2]. Mathematical induction implies the strict concavity of
9n-

4. Since fn(a) = fo(c —a), it is enough to show the strict concavity of
fn for a € (0, ¢/2]. First suppose that n = 1. Then fi(a) = a(c—a) is clearly
strictly concave on (0,c¢/2]. Now assume that n > 2. Because from part 3
gn 1s strictly concave, one has for each n € {2,3,4,...} and a € (0, ¢/2]

fola " 1
git) = [P0 = @) - 2a0) 4 2600) <0,
From this we have a?f/(a) < 2af!(a) — 2fn(a). Finally, since g,, from part
2 is strictly decreasing on (0, ¢/2], we obtain that log g, is strictly decreas-
ing too, and consequently (log[f,(a)/a])’ < 0. From this we obtain that
af}(a) < fn(a), and hence f}/(a) < 0. Thus the proof is complete. QED
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Our main result of this chapter improves Theorem 1.1.1.

Theorem 1.4.1. For 0 < a < ¢ < 1 and = € (0,1) fized the function

a+— Fy(x) = F(a,c — a,c,x) is strictly sub-additive and strictly concave,

consequently is strictly log-concave. In particular, for all a1,as € (0,¢) and
€ (0,1), we have

Foy(r) + Fay ()
2

Fo, () Fay () < < Fuysoy (@) < P

= a1
2

Proof. Using (1.1.1) clearly we have

Fa(x) — Z fn(a) xn7

= (¢),n!

where f,(a) = (a),,(c — a),,. From part 2 of Lemma 1.4.1 the function a —
fn(a)/a is strictly decreasing on (0, ¢) for each n € {1,2,3, ...}, thus clearly
fn is strictly sub-additive. From this we have that for all as,as € (0,¢),
as # a4 and z € (0,1)

In( a3 + a4 o
a3+a4 Z “
n>0
n + n n
Zf ) f a4)x = Foy(2) + Fo, (),
n>0

i.e. the function a — Fy(z) is strictly sub-additive. Now from part 4
of Lemma 1.4.1 we know that a — f,(a) is strictly concave, thus for all
ai,az € (0,¢), a1 # az, x € (0,1) and X € (0,1) we have

an)\a1+ 1— ) )xn

Fyay+(1-Nas (7
n>0

>‘fn (11 )fn(a2) n
> nl *
n>0
=AFq, (CC) + (1 - A)Faz(I)v
i.e. the function a — F,(z) is strictly concave too. Finally, since the
concavity is stronger than the log-concavity, the proof is complete. QED
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We note that in fact the first and second inequalities in Theorem 1.4.1
may be confined as inequalities between geometric and arithmetic means.
Namely, the first inequality is actually the arithmetic-geometric inequality
between the values Fy, (z) and Fy,(z). These suggest the following interest-
ing open problem:

Open Problem. If m; and mo are two-variable means, i.e. for i €
{1,2} and for all x,y,a > 0 we have m;(z,y) = m;(y,x), m;(z,x) = =,
mi(ax,ay) = am;(x,y) and © < m;(z,y) < y whenever x < y, then find
conditions on ai,as > 0 and ¢ > 0 for which the inequality

my (Fa1 (l’), Fa2 (ZL')) < (Z)sz(al,ag)(:z:)

holds true for all x € (0,1).
Recall that the decreasing homeomorphism g, : (0,1) — (0, 00), defined
by
T F(a,1—a,1,1—2?%)

Ha(z) = 2sinra  F(a,1—a,1,22) ’

where a € (0,1), is the so-called generalized Grotzsch ring function, which
appears in Ramanujan’s generalized modular equations. Now, for a € (0, ¢)
consider the decreasing homeomorphism g ¢ : (0,1) — (0, 00), defined by

_ T(a)l(c—a)F(a,c—a,c,1—x?)
Hae(T) = 2T (c) F(a,c—a,c,a?) ’

which is a natural extension of u, and is called the generalized modulus
[HVV]. In Corollary 1.1.1 we proved that the function a — 4 () is strictly
log-convex on (0,1). Since pq,1 = fq, the next result improves Corollary
1.1.1.

Corollary 1.4.1. Forc € (0,1] and z € (0, 1) fixed the function a — fi4 ()
is strictly log-convex on (0, ¢). In particular, ji, . satisfies the reversed Turédn
type inequality, that is for all aj,as € (0,¢) and x € (0,1) we have

2
[/Jal;az ,c(fﬂ)} < Hay,e(@) fag, (),

where equality holds if and only if a1 = as.
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Proof. In Theorem 1.1.3 we proved that the generalized complete elliptic
integral [HV'V]|

I'(a)l'(c—a)

2T (0) F(a,c—a,c,1 —z?%)

ar— Kqelx) =
is log-convex, whenever 0 < a < min{c,1} and = € (0,1). On the other
hand, from Theorem 1.4.1 we know that the function a — F(a,c — a, c, 2?)
is strictly log-concave on (0,c). Thus, the function a +— pq () is strictly
log-convex as a product of a strictly log-convex and log-convex functions.

Open Problems.

a. Recall that from Theorem 1.1.3 it is known that in fact the function
¢ — Kqc(x) is log-convex too whenever 0 < a < min{c,1} and = € (0, 1).
This suggest the following question: is the generalized modulus g is
strictly log-convex with respect to the parameter ¢? Our numerical ex-
periments suggest the validity of the following conjecture: for each n > 1
and 0 < a < c the function ¢ — (c — a),,/(c),, is strictly concave. If this re-
sult were true, then this would imply that the function ¢ — F(a,c—a,c, 2?)
is strictly concave on (a,00) and this in turn would imply that ¢ — pg ()
is strictly log-convex on (a, 00).

b. It is known (see Theorem 1.1.4) that the generalized elliptic integral
Ka, is log-convex as a function of two variable with respect to variables
(@, c). This naturally suggest the following question: is it true that for each
n > 1 and ¢ > a > 0 the function f,(a,c) = (a), (c—a),/(c), is strictly
concave as a function of two variable? If this were true, then it would imply
that F(a,c— a,c,x?) is strictly concave and ji4 .(z) is strictly log-convex as
functions of variables (a, c).

c. A function f with domain (0,00) is said to be completely mono-
tonic if it possesses derivatives f(™(z) for each m € {0,1,2,...} and if
(=1)™f(™)(x) > 0 for all z > 0. For more information on complete mono-
tonicity the interested reader is referred to the papers [AlBe|, [Wi] and
to the references therein. Non-negative functions with a completely mono-
tone derivative appear in literature as Bernstein functions [Be|. It is known
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[BI2] that the function

I'(x)'(x + a+b)

T e+ a)l(z+b)

is completely monotonic on (0, c0) for each a,b > 0. From this we have that
the function

(c=a), T(TI'(c—a+n)

cr— =
(©), I'(c—a)T'(c+n)

is completely monotonic too on (0, 00) for each n € {1,2,3,...} and a < 0.
On the other hand, it is easy to verify that the function ¢ — (¢ —a),/(c),,
is increasing on (a,00) for all n € {1,2,3,...} and a > 0. Thus, in view of
part a of these open problems we may ask the following: is it true that the
function

F(@)(z—a+b)
'z —a)l'(z+b)

is a Bernstein function on (a,c0) for each a,b > 07

T =
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Chapter 2

Turan and Lazarevié¢ type
inequalities for Bessel and
modified Bessel functions

2.1 Extension of Lazarevié¢ inequality to modified
Bessel functions

The sine and cosine functions are particular cases of Bessel functions, while
the hyperbolic sine and hyperbolic cosine functions are particular cases of
modified Bessel functions. Thus it is natural to generalize some formulas
and inequalities involving these elementary functions to Bessel functions
and modified Bessel functions, respectively.

I. Lazarevi¢ [Mi, p. 270] proved that for all  # 0 the inequality

sinhz\?
T

coshx < < (2.1.1)

holds and the exponent 3 is the least possible.

Our main motivation to write this chapter is the inequality (2.1.1) which
we wish to extend to modified Bessel functions of the first kind. This chap-
ter is organized as follows: in this section we deduce a known Turan-type
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inequality and using this we extend (2.1.1) to the function Z,, defined below.
Moreover, we present a generalization of the Turan type, Lazarevi¢ type and
Wilker type inequalities, in order to improve the known results in the lit-
erature. For more details about the Turan type inequalities the interested
reader is referred to the most recent papers [AGKL|, [Ba4|, [IL], [LN2|
on this topic and to the references therein. At the end of this section we
extend some of the main results to confluent hypergeometric functions and
we improve a result of Ismail and Laforgia [IL]. In section 3.2 we extend
the analogous of (2.1.1), Wilker’s inequality (2.1.15) to Bessel functions, we
deduce a known Turan type inequality for Bessel functions and we present
some new inequalities involving the Bessel functions of the first kind.
For p > —1 let us consider the function Z, : R — [1, 00), defined by

W/A" o (2.1.2)

Tp(z) = 2T (p+ D PI(z) = > EESETRAE

n>0
where (p + 1), = (p+1)(p+2)...(p+n) =T (p+n+1)/T(p+1) is the well-
known Pochhammer (or Appell) symbol defined in terms of Euler’s gamma
function, and I, is the modified Bessel function of the first kind defined by
[Wa, p. 77|

L(z) =Y @27 seR (2.1.3)
px _n>0n|F(p+n+1) or a X . A

It is worth mentioning that in particular we have

I 1p2(x) = V2 »’61/21,1/2(:6) = coshz, (2.1.4)
_ sinh x
Tija(w) = V/m/2 a7 P () = =, (2.1.5)
- sinhz  coshz
Tyjo(x) = 3y/7/2 - a3 Iy p(x) = -3 < 5 3 ) . (2.1.6)

Thus the function Z,, is of special interest in this section, because inequality
(2.1.1) is actually equivalent with

(T4 o(a)] 72 < [Ty gy (2)]) /242 (2.1.7)
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So in view of inequality (2.1.7) it is natural to ask: what is the analogue
of this inequality for modified Bessel functions of the first kind? In order
to answer this question we prove the following results.

Theorem 2.1.1. Let p > —1 and x € R. Then the following assertions are
true:

1. the function p — T,(z) is decreasing and log-convex;

2. the functions p — Zpi1(x)/Z,(z), p — [Z,(z)]PT! are increasing;

3. the following inequalities

(Tpi1 (2))? < Tp(a)Tpsala), (2.1.8)

TP < (Lo ()72, (2.1.9)

L, (@) < Lo () < Tp(a), (2.1.10)
p Ip (x)

[y ()] @+ 4 zﬂm > 2, (2.1.11)

hold true for all p > —1 and x € R. In (2.1.9) the exponent p is the
best possible in the sense that 7 = (p+2)/(p+1) is the smallest value
of T for which Z,(z) < [Z,+1(x)]" holds. Moreover, if x > 0 is fixed

and p — oo, then [I,(x)]* ~ L,—1(x) 11 (z);

4. the inequality

Zy(x)
Zp+1()

holds true for all p > 0 and x € R.

1 < log[Zp (w)] < log[Z, («) (2.1.12)

Proof. 1. For convenience let us write

T,(z) = an(p)l‘2n, where b, (p) = m, n > 0.
n>0 n'’
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Clearly if p > ¢ > —1, then (p+1),, > (¢ + 1),,, and consequently b,(p) <
bn(q), for all n > 0. This implies that Z,(z) < Z,(x) for all z € R, i.e. the
function p — Z,(z) is decreasing. Now for log-convexity of p — I,(x) we
observe that it is enough to show the log-convexity of each individual term
and to use the fact that sums of log-convex functions are log-convex too.
Thus, we just need to show that for each n > 0 we have

& log[bn(p)]/0p* =¢'(p+1) — ¢/ (p+n+1) >0,

where ¢ (z) = IV(z)/T'(z) is the so-called digamma function. But v is
concave, and consequently the function p — by, (p) is log-convex on (—1, 00).

We note that there is another proof of the log-convexity of p — Z,(x).
Namely, if we consider the infinite product representation of the modified
Bessel function of the first kind I,,, then we have [Wal]

() =11 (1 + éi) , (2.1.13)

n>1

where j, ,, is the n—th positive zero of the Bessel function .J,,. Using (2.1.13)

we have
log[Z, log <1 + >
= 7

n>1

Owing to Elbert [El|, it is known that p — jp,, is concave on (—n, o) for
all n > 1. Consequently, we have that p — j,, and p — logj, , are concave
on (—1,00) for all n > 1. Hence, p — —2log jin is convex, i.e. p — 1/]%7”
is log-convex on (—1,00). But this implies that for all n > 1 the function
p — log(1 + xz/jf),n) is convex on (—1,00), and consequently the function
p — logZ,(x) is convex too on (—1,00) as a sum of convex functions.

2. First we prove that the function p — Z,y1(z)/Z,(z) is increasing.
From part (a) of this theorem the function p +— log[Z,(z)] is convex, and
hence it follows that p +— log[Z,4(x)] — log[Z,(z)] is increasing for each
a > 0. Thus choosing a = 1 we obtain that indeed the function p —

Tpt1(x)/Zy(x) is increasing.
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Now suppose that p > g > —1 and define the function ¢; : R — R with

relation
p+1

q+1

p1(z) = log[Z, ()] — log[Z,()].

On the other hand

_pt1 [Igm} | T)
+1 L] L@

Zp+1(z)  Zga(z)

1 1
Ip(z)  Zy(x) |

o (x) = 2xb1(q)

where we used the differentiation formula Z,(z) = 22b1(p)Zp+1(z), which
can be derived easily from (2.1.2). Since p > ¢ we have Z,41(x)/Z,(x) >
Zg+1(x)/Zy(z) and from this conclude that the function ¢ is increasing on
[0,00) and is decreasing on (—oo,0]. Consequently 1(z) > ¢1(0) = 0, i.e.
[Zp(x)]PT! > [Z,(2)]9! holds for all z € R.

3. Since p — Z,(x) is log-convex, for all p1, ps > =1,z € Rand a € [0, 1]
we have

Topr+(1-a)ps (2) < [Ty ()] [y (2)]' 77

Now choosing o = 1/2, p1 = p and pa = p + 2 we conclude that (2.1.8)
holds. Inequality (2.1.9) follows from the monotonicity of p — [Z,(x)]PT!,
while (2.1.10) is an immediate consequence of (2.1.9) and the monotonicity
of p — Z,(z). Moreover, since in the neighborhood of the origin Z,(x) =
L+bi(p)a? +... and [Z,41(2)]" = 1+ 7 - bi(p+ 1)2? + ..., we infer that
T=0b1(p)/bi(p+1) = (p+2)/(p+ 1) is the smallest value of 7 such that
Zy(z) < [Zp+1(x)]” holds. For inequality (2.1.11) we use the generalized
Lazarevi¢ inequality (2.1.9) and the arithmetic-geometric mean inequality

% [Ty s1 ()] 1/ P+ +Ig(1f)0)] > \/ [Ipﬂ(xz)i((p:)/(pﬂ) .

It remains just to prove the asymptotic formula [I,(z)]? ~ I,—1(z) [, 41(z).
In order to prove the asserted result, we show that for p > 0 and > 0 we
have

1
1< <1+-. (2.1.14)
p

Ip1(2)Ip41(2)



The left hand side of (2.1.14) is the well-known Amos inequality [Am, p.
243]. The right hand side of (2.1.14) can be deduced easily from (2.1.8)
using the difference equation I'(a + 1) = al'(a).

4. Using the the recurrence formula [Wa, p. 79| 2I,—1(z) — xlp11(z) =
2pI,(z) and the Mittag-Leffler expansion [EMOT, Eq. 7.9.3]

Ip+1(az) _ Z 2z

Ip(ﬂi) n>1 ‘/1’12 +jg7n,

where 0 < jp1 < Jp2 < ... < Jpn < ... are the positive zeros of the Bessel
function J,, we obtain that

Z,(x) 4" I (x) 4" Iyyo(z) 1 Z z?
x2+j£+1’n'

Lps1(x) 2p+1) Ipra(w) ~ 200+ 1) La(e)  p+14

On the other hand using the infinite product representation of the function

1, ie.
2
Ip(x) = H (1+ 2) )
n>1 JP:”
we have
x? z?
log|Z,+1(x)] = log H 1+ — = Zlog 1+ — .
n>1 Ip+1m n>1 Jpt+in

Now using the equivalent form of inequality [Mi, p. 279] 2% > €71, ie.
logx > 1 — 1/x, which holds for all z > 0, we conclude that for all p > 0,
n > 1 and x € R we have

og (145 s » o1 8

0g - 2 - =z : . ;
o1 i, P 24500,

and consequently

Zp(x)

Ipt1(z)

log[Zy41(x)] > -1
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Finally, because the function p — Z,(z) is decreasing we conclude that
log[Zp+1(x)] < log[Z,(x)], and with this the proof is complete.

Remark 2.1.1. a. First we note that the Turan type inequality (2.1.8) was
proved earlier in 1951 by Thiruvenkatachar and Nanjundiah [TN], while in
1991 Joshi and Bissu [JB| examined an alternate derivation of (2.1.8) and
slightly extended this inequality. However, our proof is completely different,
moreover, part 1 of the above theorem provides a generalization of (2.1.8).
Recently, Ismail and Laforgia [IL, Remark 2.4] proved for all p > —1/2 and
x > 0 the inequality

Cp+1(p+2) 2
2p+3)(p+1) P

We note that, since (2p+3)(p+1) > (2p+1)(p+2), the above Turén type
inequality is weaker than (2.1.8).

b. On the other hand, observe that using (2.1.4), (2.1.5) and (2.1.6) in
particular for p = —1/2 the Turan type inequality (2.1.8) becomes

Lyp(@)Zpt2(z) 2 ().

zsinh?(z) < 3(cosh z)(x coshz — sinh z)

which holds for all £ > 0. Moreover, when x < 0, the above inequality
is reversed. We note here that using (2.1.4) and (2.1.5), from inequality
(2.1.9) we get (2.1.7), while from 7,1 (z) < Z,(x) we obtain the well-known
inequality tanh x < x, where x > 0.

c. Inequality (2.1.11) is a natural extension of the hyperbolic analogue
of Wilker’s inequality [Wi]

. 2
¢
<Smx> + 2T 9 (2.1.15)
X X

where z € (0,7/2). Namely, if we choose p = —1/2 in (2.1.11), then in view
of (2.1.4) and (2.1.5) we have the hyperbolic analogue of (2.1.15)

<sinh x) 2 tanhz
_|._

> 2,

X X
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where z # 0. This inequality was proved recently by Zhu [Zh].

d. Recently, Stolarsky [St|, among other things, proved that the mono-
tonicity of the Holder mean is actually a consequence of a certain inequality
for x — log cosh z. In this spirit he proved the following interesting inequal-

ities: L L
i t
log <sm a:) < O 4 < log(cosh x),
x x

where x > 0 and the first inequality is in fact equivalent to the inequality
between the logarithmic and identric means. Inequality (2.1.12) was moti-
vated by the above result of Stolarsky and based on numerical experiments
we conjecture the following: for each p € (—1,0) and x € R we have

Zy(z)
log[Z,.1(z)] < =2 — 1 <log|Z,(x)].
[ p+ ( )] Zp+1($) [ p( )]
e. Finally, we note that some of the results of Theorem 2.1.1 has been
extended by the author [Bal] to the Galué’s generalized modified Bessel
functions of the first kind.

By a confluent hypergeometric function, also known as a Kummer func-
tion, we mean the function

®(a,c,z) = T;)Eg:zi for all z € R,
defined for a,c € R with ¢ # 0,—1,—2,.... It is known that [AS, p. 509]
Iy(z) = 2PT(p+ 1)z PIy(z) = e *@(p+ 1/2,2p + 1, 2x).
Thus inequalities (2.1.8), (2.1.9) and (2.1.11) are equivalent with inequalities
[®(a+1,2a + 2,2)]* < ®(a,2a,2)®(a + 2,2a + 4, x),
2

[®(a,2a, )] 2 < e72/2[®(a+ 1,20 + 2, 2)]7F3/2,
2/(2a+1)  P(a+1,2a + 2,x) -
®(a,2a,x) -
where a > —1/2 and € R. In fact proceeding exactly as in the proof of
Theorem 2.1.1, we obtain the followings, which complete the above results.

e 2®(a+1,2a+ 2, x)
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Theorem 2.1.2. If a > ¢ > 0 and = > 0, then p +— ®(a + p,c+ p,x) is
log-convex on [0,00). Moreover, if a,¢ > 0 and x > 0, then the function
w— ®(a,c+ p,x) is log-convex too on [0,00). In particular, the following

inequalities
[®(a+1,c+1,2)]* < ®(a,c,2)P(a+2,¢c+ 2, ), (2.1.16)
[@(a, c,z)] @V D) < [D(a+1,c+ 1,2)]%°, (2.1.17)
_ Sla+1,c+1,z)
(a—c)/(c(a+1)) ’ S
[®(a+1,c+1,z)] + B(a,c,) > 2 (2.1.18)

hold for alla > ¢ > 0 and x > 0, where the exponent 7 = [a(c+1)]/[c(a+1)]
is the smallest value of T such that inequality ®(a,c,z) < [®(a+1,c+1,2)]"
holds. Moreover, for all a,c > 0 and x > 0, the following Turidn type
inequality holds true:

®(a,c,x)®(a,c+2,z) > ®*(a,c+ 1,1). (2.1.19)

Proof. As in the proof of Theorem 2.1.1, let us write

d(a,c,x) = Z en(a,c)z", where ey(a,c) = ((a)” n > 0.
n>0 ’

Computations show that for each n > 0 we get

0*loglen(a + p, ¢+ p)]/0p® = f(a) — f(o),

where f: (0,00) — R is defined by f(x) = ¢/'(z + pu+n) —¢'(x + p) and
> 0. Tt is well-known that the function x +— 1" (x) is increasing on (0, 00),
thus for all x > 0, u,n > 0 we have f'(z) =¢"(x + p+n) —¢"(z+p) > 0.
Therefore f is increasing, i.e. f(a) > f(c), and consequently the function
W ep(a+ p,c+ p) is log-convex on [0,00). Thus p — ®(a + p,c+ p,x)
is also log-convex on [0, 00), as we required. Similarly, we have

9?loglen(a, ¢ + )] /op* = ¢/ (e + p) —¢'(c + p+n) >0
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for all a,c¢ > 0 and n > 0, since the digamma function = +— 1 (z) is concave,
i.e. the trigamma function x — ¢’(z) is decreasing. Consequently, the
function p — ®(a,c+ u, ) is also log-convex on [0, 00), as we required.

Inequality (2.1.16) follows from the log-convexity of the function p +—
®(a + p,c+ p,z). To prove the inequality (2.1.17) consider the function
2 : [0,00) — R, defined by

a+1
c+1

po(x) = glogfb(a—i—l,c—i— 1,2) — log ®(a,c, ).
c

Then from (2.1.16) we have

ala+1) [®(a+2,c+2,2) Pla+1,c+1,2)

/ — _ > 0
#2(2) cle+1) [Pla+1l,c+1,2) ®(a,c,x) -

where we used the differentiation formula ¢®(a,c,z) = a®(a + 1,c+ 1, ).
Thus s is increasing, and consequently p2(z) > p2(0) = 0. Since ®(a, ¢, z) =
1+4+ei(a,c)z+... and [P(a+ 1l,c+ 1L, 2)]" =1+ 71e1(a+ 1,c+ )x+ ...
for x in the neighborhood of the origin, it follows that the smallest value
of 7 such that inequality ®(a,c,z) < [®(a + 1,¢ + 1,2)]” holds true is
ei(a,c)/ei(a+1,c+1) =[a(c+1)]/[c(a+ 1)].

Finally, inequality (2.1.18) follows from (2.1.17) and the arithmetic-
geometric mean inequality, while inequality (2.1.19) follows from the log-
convexity of the function u — ®(a,c+ p,x).

Remark 2.1.2. Recently, Ismail and Laforgia [IL, Theorem 2.7| proved
that if ¢ > a > 0 and = > 0, then the following Turan type inequality holds
true:

(c—a)(c+1)

P i 2, ) >

-0 (a,c+1,12). (2.1.20)

We note that our result from Theorem 2.1.2, i.e. the inequality (2.1.19)
improves (2.1.20), because for all ¢ > a > 0 we have (¢ —a)(c+ 1) <
(c—a+1)ec.
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Remark 2.1.3. The following conjecture has been communicated to the
author by the economist Michael Gordy: ifa > 0, ¢ > a+ 2 and x > 0,
then the following Turan type inequality holds

[®(a+1,¢,2)]? > ®(a,c,2)®(a+2,¢ ).

This result would complement Theorem 2.1.2 and would have important
applications in economic theory, as the proposer pointed out.

2.2 Extensions of trigonometric inequalities to Bessel

functions

For p > —1 let us consider the function J, : R — (—o0, 1], defined by

_op —p _ (=1/4)" o
Tp(x) = 2PT(p+ 1)a™PJp(z) = nzz% me , (2.2.1)

where

forall z € R

_ o\ (D /2

is the Bessel function of the first kind [Wa, p. 40]. It is worth mentioning
that

T 1ja(x) = /1/2 22T jp(x) = cosz, (2.2.2)
Ji2(w) = \/7% 13_1/2J1/2(3:) _ e

On the other hand, it is known that if 7 < 3 and « € (0,7/2), then the
Lazarevié-type inequality

(2.2.3)

X

. T
cos T < <smx> (2.2.4)

holds [Mi, p. 238]. Moreover, here the exponent 7 is not the least possible,
i.e. if 7 > 3, then there exists z; € (0,7/2), depending on 7, such that
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(2.2.4) holds for all z € (z1,7/2). Observe that, using (2.2.2) and (2.2.3)
inequality (2.2.4) for 7 = 3 can be rewritten as

[«771/2(37)]71/2Jr1 < [j71/2+1<37)]71/2+2, (2.2.5)

which is similar to (2.1.7). Note that because both members of (2.2.4) and
(2.2.5) are even functions, we can deduce that both of inequalities hold for
|z| < /2. So in view of inequality (2.2.5), as in section 2.1, it is natural to
ask: what is the analogue of this inequality for Bessel functions?

Our first main result of this section answer the above question. More-
over, we present some new inequalities for Bessel functions of the first kind.

Theorem 2.2.1. Let p > —1 and let j,,, be the n—th positive zero of the
Bessel function J,. Further, consider the set A = Ay U Ay, where

A1 = U [_jp,2n7 _.jp,2n—1] and A2 = U [jp,2n—17jp,2n]-

n>1 n>1
Then the following assertions are true:

1. the function x — Jp(x) is negative on A and is strictly positive on

R\ A;

2. the function x — Jy,(z) is increasing on (—jp1,0] and is decreasing
on [Oajp,l);

3. the function x — J,(x) is strictly log-concave on R\ A;

4. the function x — Jy,(x) is strictly log-concave on (0, 00) \ Az, provided
p=0;

5. the function p — J,(x) is increasing and log-concave for each fixed
T € (=Jp,1,Jp,1);

6. the function p — Jp(x) is log-concave for each fixed x € (0, jp1);

7. the function p — Jpi1(x)/Tp(x) is decreasing for all fixed x € (—Jp1, jp,1);
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8. the function p — [J,(x)]P*! is increasing for each fixed x € (—jp1, jp1);

9. the following inequalities hold for all € (0,1) and z,y € (0,00) \ Ag,
T #y

J(az) > P Jy(@)| T, (@), (2.2.6)
[Ty (@) > p [Ty(@)]* + &* Ty () ] (), (2.2.7)
ﬁ(mgy)>(§;§)%ﬁmw@@x (228

10. the following inequalities hold for all z € (~jp1, jp1)
[Tp1 (@) = Tp(2) Tpt(2), (2.2.9)
[Tp @)+ < [Tpra (2)]PF2, (2.2.10)
Fpa()) /) 4 221 5 o (2.2.11)

()

Proof. 1. It is known that [Wa, p. 498]

To(z) =11 (1 - 332) . (2.2.12)

2
n>1 ]pm

Since 0 < jp1 < jp2 < ... < jpm < ... we have that if © € [jp2n—1, Jp2n] or
Z € [—Jp2n, —Jp2n—1) then the first (2n — 1) terms of the above product is
negative, and the remained terms are strictly positive. Hence J, becomes
negative on A. Now, if z € (=41, jp,1), then clearly each terms of the right
hand side of (2.2.12) are strictly positive. Moreover, if z € (jp2n, Jp2n+1)
or € (—jp2n+1, —Jp2n), then the first 2n terms are strictly negative, while
the rest is strictly positive. From this it follows that for the function 7, we
have J,(z) > 0 for all z € R\ A.

2. From part 1 the function J, is strictly positive on (—jp. 1, jp,1). Using
the infinite product representation (2.2.12) we obtain

gl =20 - ey

jp(x) ’I’LZ]. ]I%,TL -
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From this we deduce that the function z — J,(z) is increasing on (—jp.1, 0]
and is decreasing on [0, jp.1), as we required.
3. Using (2.2.13) and part 1 we conclude that

2

j2 ., + 2
— log[Jp(x —2y BT~
dx2 g p Z

2
— X
n>1 jp’

for all z € R\ A, and consequently 7, is strictly log-concave on R\ A.
4. Rewriting (2.2.1) as

2P Jp ()

PTG+ T) (2.2.14)

Ip(x) =
the strict log-concavity of .J, follows from part 3. Indeed, the function
x — 2P is log-concave on (0,00) for all p > 0, which implies that J, is
strictly log-concave on (0,00) \ Az as a product of a log-concave and a

strictly log-concave function.
5. Using (2.2.12) we have

log[Jp(z Zlog <1 — )
Jpm

n>1

On the other hand it is known [Mu, p. 317| that for each n > 1 integer the
function p ~— 1/ is decreasing and convex on (—1,00). Consequently the
functions p — 1 — x?/j2 are increasing and concave on (—1,00), as well
as the functions p — log(1 — #?/j7 ). Thus the function p — log|J,(x)] is
increasing and concave for each fixed = € (—jp,1,7p,1) as a sum of increasing
and concave functions.

6. As in part 4 we use (2.2.14). Since the function p — I'(p + 1) is log-
convex and p — Jp,(x) is log-concave, the function p — J,(x) is log-concave
as a product of two log-concave functions.

7. Since p +— log[Jp(z)] is concave it follows that the function p —
log[Jp+a(z)] — log[Tp(x)] is decreasing for each a > 0. Choosing a = 1 we
obtain that p — Jp41(x)/Jp(z) is decreasing, as we asserted.
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8. To prove the required result consider the function @3 : (—=jp1,7p.1) —
R, defined by

pa(a) = P ol 7o)~ ogl o)

where ¢ > p > —1. On the other hand

_p+1 Vé(w)] Jy(@)

— _ Tpt1(®)  Tgr1(x)
g+1 | Tp(x)|  Tylz)

Tp(x)  TJylx) |’

= —2xb1(q)

@3 ()

where we used the differentiation formula J,(x) = —2xb1(p) Jp+1(z), which
can be derived easily from (2.2.1). Since ¢ > p we have Jpi1(x)/Tp(z) >
Tg+1(x)/Tq(z), we conclude that the function ¢3 is decreasing on [0, jp.1)
and is increasing on (—jp1,0]. Consequently ¢3(x) < ¢3(0) = 0, i.e. the
inequality [J,(z)]P < [J,(2)]9"! holds for all x € (—jp.1,Jp1)-

9. Because from part 3 7, is strictly log-concave, due to definition one
has

Tplax + (1 —a)y) > [Jp(x)]a[jp(y)]l_a, (2.2.15)

where p > —1, @ € (0,1) and z,y € R\ A, z # y. Choosing y = 0
in (2.2.15) and taking into account (2.2.1) we obtain (2.2.6). Moreover,
taking in (2.2.15) o = 1/2 from (2.2.1) yields (2.2.8). For (2.2.7) we use
again the fact that J, is strictly log-concave, that is = +— J)(x)/Jp(z) =
Jp(x)/ Jp(x) — p/x is strictly decreasing.

10. Inequality (2.2.9) follows from the log-concavity of p — J,(x),
while inequality (2.2.10) follows from part 8. Finally, the extension of
Wilker’s inequality, i.e. inequality (2.2.11) follows from (2.2.10) and the
arithmetic-geometric mean inequality for the values jp+1(a;)]1/ (r+1) and
Tp+1()/Tp(x). With this the proof is complete. QED

Remark 2.2.1. a. Recently Giordano et al. [GLP] proved that the Bessel
function z — Jp(z) is log-concave on (0, jp 1) for each p > —1. We note that
part 4 of the above theorem states that this property for p > 0 remains
true on (0,00) \ Ay too. Moreover, following the proof of part 4, it is easy
to see that the function z — Jp(z)/x is also log-concave on (0, 00) \ Ag for
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all p > 1. This was proved in [GLP] for x € (0, jp1); see also [Is| for more
details.

b. Part 6 was proved earlier by Muldoon [Mu] using a different ar-
gument. Moreover, Ismail and Muldoon [IM] showed that the function
p — Jpti1(z)/Jp(x) is decreasing when p > —1,2 > 0 and = # j, . We note
that using part 7 and (2.2.1) we obtain that the function

Jp+1(2) z Jpri(z)

p =

Jp(z)  2p+1) Tplx)

is decreasing, but just for each x € (—jp.1, Jp1)-

c. It is worth mentioning that the analogous of (2.2.6), (2.2.7) and
(2.2.8) for modified Bessel functions can be found in [BN] and [Nel|, while
the Turan type inequality (2.2.9) was proved earlier for each z € R by
Széasz [Szal|, and later by Joshi and Bissu [JB] using recursions. Finally,
observe that inequality (2.2.10) in particular for p = —1/2 reduces to the
Lazarevi¢ type inequality (2.2.5), while (2.2.11) reduces to Wilker’s inequal-
ity (2.1.15). Here we used that j_;/o; = m/2, which can be verified using
the infinite product representation of the cosine function [AS, p. 75| and
formula (2.2.12).

It is also important to note that recently Wu and Srivastava [WS] have
been improved significantly Wilker’s inequality (2.1.15). Moreover, Baricz
and Sandor [BaSa] have been extended the results from [WS]| to the Bessel
functions of the first kind by improving significantly the inequality (2.2.11).
New researches, which are concerned with extensions of other trigonomet-
ric inequalities to Bessel functions of the first kind, are in active progress,
readers can refer to the papers [Ba2, BW, Balo].

Recently, Neuman [Nel| proved that the function x +— Z,(x) is strictly
log-convex on R for all p > —1/2. We note that z + Z_; () = cosh(z)
is also strictly log-convex on R, furthermore, we conjectured in [BN] that
x +— Ip(z) is strictly log-convex on R for each p > —1. The following result
provides a partial positive answer to the above conjecture and is motivated
by the proof of part 3 of Theorem 2.2.1.
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Theorem 2.2.2. If p > —1, then the function x +— ZI,(x) is strictly log-
convex on [—jp 1, jp.1], where jp 1 is the first positive zero of the Bessel func-
tion Jy,. Moreover, the function x — Z,(x)/Jp(z) = Iy(x)/Jp(x) is strictly
log-convex too on (—jp.1, jp1). In particular, the following inequalities

L, (54]° _ L)L)

[\

€T,y € (_jp,lajp,l)a

[cosh (%5)]° _ [eos (%3]

(coshx)(coshy) — (cosz)(cosy)’

s (552)]°_ [sn (252)]°
(sinh z)(sinhy) — (sinz)(siny)’

2,y € (=m/2,7/2),

2,y € (=m,7)

hold true and equality hold in each of the above inequalities if and only if
T =1y.

Proof. It is known that, using (2.2.12), the function Z,, may be represented

) (=) =[] (1 + 2)

Jan
which implies that

d2 ] 2
1 2 >0
dx 1.2 Og Z -]p, + II,'2

n>1

for all € [—jp1,Jp,1], and consequently 7, is strictly log-convex. Now using
part 3 of Theorem 2.2.1 the function z — 1/J,(x) is strictly log-convex
on (—jp1,Jp,1). Hence, the function x — Z,(z)/Jp(x) = Ip(z)/Jp(z) is
strictly log-convex too on (—Jp.1, jp,1), as a product of two strictly log-convex
functions. Finally, the inequalities follows easily from the definition of log-
convexity, taking into account that j_; /51 = 7/2 and jy /o1 = 7. QED

Let us note the following trigonometric inequality which represent a
partial answer to the problem E 1277 proposed by Oppenheim and solved
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by Carver in American Mathematical Monthly 65, 206-209 (1958): if a €
(0,1/2] and |z| < 7/2, then [Mi, p. 23§]

(a+1)sinz xéz sin ‘ (2.2.16)
14+ acoszx 21+ acoszx

IN

The following result extends (2.2.16) to the function 7.
Theorem 2.2.3. If 0 <a <1/2,p>—1/2 and z € [-7/2,7/2], then

[a(p+1) + (a+ 1)]Tp1a(2)

[a(2p + 1) 4+ 7/2]Tp11 (@)
14+ 2a(p+1)Tp(x) - '

1+ 2a(p+1)Tp(x)

—_
IN

(2.2.17)

Proof. Observe that when p = —1/2 from (2.2.2) and (2.2.3) it follows that
(3.3.7) reduces to (2.2.16), which is equivalent to

(a+1)T1/o(@) < 1+ a1 p(x) < (7/2)T1ja(a). (2.2.18)
Recall the Sonine integral formula [Wa, p. 373] for Bessel functions

J;p+1

/2
] / Jy(xsin 0) sin?™! 6 cos?? ™ 9 do,
0

where p,q > —1 and z € R. From this we obtain the following formula

9 w/2 ) )
Taspi1(z) = BoTiarD /O Jy(zsin 0) sin®?™ 0 cos? 1 0 d,
(2.2.19)

which will be useful in the sequel. Here B(p,q) = T'(p)I'(¢)/T'(p + q) is the

well-known Euler’s beta function. Changing in (3.3.9) p with p — 1/2 and
taking ¢ = —1/2 (¢ = 1/2 respectively) one has for all p > —1/2 and z € R

2 w/2 . 2
Tp(z) = B 11/2.12) /0 J_1/2(xsinf) cos™ 0 do, (2.2.20)

2
B(p+1/2,3/2

/2
Tp+1(z) = )/0 jl/g(xsine)sin20c052p9d«9. (2.2.21)
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Thus, in view of (2.2.20) and (2.2.21), if we change = with xsin# in (3.3.8),
and multiply (3.3.8) with sin? @ cos? 6, then after integration it follows that
the expression

w/2 /2
E,(z) = / sin? @ cos?? 6 df —I—a/ J_1/2(wsind)(1 — cos? ) cos? 6 df
0 0
1 13 a 11 a 31
=3" <p+ 2 2> TP <p+ 7} 2) Tole) =5 B <p Ty 2> T (1)
satisfies the following

a—+1
2

13 T 13
B(p+ 503 @) < Be) < 18 (4 5.5 ) e
After simplifications we obtain that (3.3.7) holds.

We note that recently Baricz and Zhu [Ba3, BZ] improved the results
of Theorem 2.2.3. Following the proof of the above theorem the next result
is quite obvious.

Theorem 2.2.4. For eachp > —1/2 the function J,, is concave on [—m/2,7/2].

Proof. Since the cosine function is concave on [—m/2,7/2], one has
T_1(ax + (1 —a)y) > aJ_1/(x) + (1 — ) T_1/2(y),

where a € [0,1] and z,y € [—7/2,7/2]. Changing = with zsinf, y with
ysin g, from (2.2.20) it follows that J,(az+(1—a)y) > aJp(x)+(1—a)Tp(y)
holds for all p > —1/2, i.e. the function J, is concave on [—m/2,7/2].

o6



Chapter 3

Turan type inequalities for
probability density functions

3.1 Turan type inequalities for univariate
distributions

In this chapter our aim is to present some Turéan type inequalities for
the probability density function (pdf) of the non-central chi-squared, non-
central chi and Student distributions, in order to improve and complete
some results from [AnBal|. Moreover, at the end of this chapter we im-
prove a known Turén type inequality for the modified Bessel function of the
second kind, and we apply this result to deduce a short proof for the mono-
tonicity of a product which involves modified Bessel functions of different
kinds. Because the pdf-s of the non-central chi-squared and chi distribu-
tion are close connected to the modified Bessel function of the first kind,
not surprisingly — as we will see below — these functions also satisfies some
interesting Turén type inequalities. To achieve our goal first let us recall
some basic things.

Let X1, Xo,...,X,, be random variables that are normally distributed
with unit variance and nonzero mean p;, where i € {1,2,...,n}. It is known
that the random variable X? + X2 + ... + X2 has the non-central chi-
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squared distribution with n € {1,2,3,...} degrees of freedom and non-
centrality parameter A = u2 +u3+- - -+ 2. The probability density function
Xn 5 ¢ (0,00) = (0,00) of the non-central chi-squared distribution [JKB| is
defined as

n/2+k 1 )\/4)

2 — 9-n/2,—(x+X)/2
k>0

—(z+A)/2 n/4—1/2

e x F—

=75 (X> In/?—l( Az),

where I, is the modified Bessel function of the first kind [Wa, p. 77]. Recall
that when p; = --- = u, = 0, i.e. A = 0, the above distribution reduces

to the classical (central) chi-squared distribution. The pdf x2 ; : (0,00) —
(0, 00) of this distribution is given by

/21 p—/2

X)) = Xao() = Guape, oy

On the other hand it is known that if X7, Xo, ..., X,, are random vari-
ables such as above, then [X? 4+ X7 4 - - + X2]"/2 has the non-central chi
distribution with n € {1,2,3,...} degrees of freedom and non-centrality
parameter 7 = [u3 + p3 + - + ,u,%]l/ 2. The probability density function
Xn,r : (0,00) — (0,00) of the non-central chi distribution [JKBJ is defined
as

—x 2 n+2k 1 /2 2k

—(z%+1 n/2
= re (@ +7)/2 (;) Ly jo—1(7).

Observe that when pu; = -+ = u, = 0, i.e. 7 = 0, the above distribution
reduces to the classical chi distribution with pdf x,0 : (0,00) — (0,00)
given by

2
ph—le—= /2

Xn(2) = Xno(7) = m
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It is easy to verify, in view of the recurrence relation [Wa, p. 79|
xl,_1(x) — xl,41(x) = 2v],(x),

that the pdf of the non-central chi-squared distribution satisfies the follow-
ing recurrence formula

SUXi,,\(x) - >\X3L+4,>\($) = nX%-}—Q,)\(m)'

Recently, Andras and Baricz [AnBal, Theorem 2.3| proved, among other
things, that in fact the following Turan type inequality holds for all A,z > 0
and n > 1 integer

Xp (@)X (@) < o (2)) (3.1.1)
This is an immediate consequence of the Turén type inequality
L1 (@)L (2) < 12(2)

which is called in literature as Amos’ inequality [Am, p. 243]. Moreover,
using the Turan type inequality (2.1.8), i.e.

(v + DIy (@)l (2) > vIG(@),

we deduced that the next reversed Turén-type inequality holds true

!Mr . !x%(fv)] [X721+4,>\($)] . (3.1.2)

X’?L+2 (z) Xa(z) X?L+4 (v)

Before we state our first main result of this section we prove the following
result for the modified Bessel function of the first kind, which provides a
generalization of the above Amos’ inequality. We note that the idea of the
proof of the next lemma is taken from [IM, Lemma 2.3|, where a similar
result is proved for the Bessel function of the first kind.

Lemma 3.1.1. The function v +— I, (x) is log-concave on (—1, 00) for each
fixed x > 0.
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Proof. First we prove that for each fixed b € (0,2] and each z > 0, the
function v — I,4p(x)/I,(z) is decreasing, where v > —(b+1)/2, v > —1.
To show this, consider Neumann’s formula [Wa, p. 441|

2 /2
I(x)],(x) = = / Iy (22 cos 0) cos[(n — v)0] d6,
™ Jo
which holds for all u+ v > —1. Using this we find that for 2v+e+4+b > —1
4 w/2
L(x) L ypre(x) =T gp()pqe(x) = = / Iy pte(22 cos 6) sin(bf) sin(e) d6,
0

which is negative for all b € (0,2] and ¢ € (0,2]. Consequently we obtain
that the inequality

Lytbre () /Loge(x) < Lyyp(z)/1(2)

holds. Now, since v +— I,1y(z)/I,(z) is decreasing, it follows that v —
log[I,4+5(x)] — log[I,(x)] is decreasing too. This implies that the function
v +— dlog[l,(x)]/dv is decreasing on (—1,00), and with this the proof is
complete.

Our first main result of this section improves the above Turan type
inequalities (3.1.1) and (3.1.2) and completes Theorem 2.3 from [AnBal].

Theorem 3.1.1. For a > 0 and A\,7 > 0 consider the functions XZ,/\v Xa,r
(0,00) — (0,00), defined by the relations

o= (@+N) /22 (x/2)"2(\/4)F (@/2)77(A4)" 5

Xa(®) I(a/2+ k)k! ’

k>0

—(z2+472)/2 Z a(1/2)* 221

Xa,r(T) =€ a/2—
=5 2 /2710 (a/2 + k) k!

Further, let us denote simply X2 o(x) = xa(z) and Xq,0(x) = Xa(2).
Then the functions
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1. z+— x2,(z) and & — Xqr(v/Z) are log-concave, provided a > 2;
(

2. M\ XCQL \(z) and T +— Xa,,ﬁ(f) are log-concave on [0, 00);

)

2
a,

2

)

)
\(z) and a — X4 (x) are log-concave on (0, 00);
4. a— g\ )

(
(z)/x%(z) and a — Xa.r(7)/Xa(z) are Iog-convex on (0, c0);

5. ar [x§+2,x(w)x2((w)]/ [>)<Z+2(x)X§,A(ﬂf)] and a — [Xa+2,(%)Xa(2)]/ [Xa+2()Xa,r (7))
are increasing on (0, 00).

In particular, using parts 2, 3, 4, 5, the following Turan type inequalities
hold true for each x,a,a1,a2 > 0 and X\, 7, A1, Ao, 71,72 > 0

2
2 s @) 2 0, @I (o)

Y

2
1, )| 2 Ny @)

2
Vs @] 2 @ 0]
[Xersea o @) 2 Ky @ty )
Kz @] T2 (@] [2
%Q\ < Xal,)\(x) XCLQ,)\(':U)
oo () |7 | X0 (@) | | xE(@) |

[ Xas,r ()] [Xag,r<$)} ’

IN

Xas ()

)
] [2s] . [t [0 o0
e | e o1 P i | RS



Proof. 1. Let us consider the function ~, : (0, 00) — (1,00), defined by
W(z) = 2'T(v + Va1, (Va),

which is called sometimes as the normalized modified Bessel function of the
first kind of order v. Taking into account the definition of 7, we have that

2 pt/2 1o/ —X/2 2/ N —A/2
Xa,A(fU) = W € %/2—1()\33) = Xa(z)e %/2—1()\1‘)-

(3.1.3)
It is easy to verify that the pdf x2 is log-concave when a > 2. On the other
hand [BN, Theorem 2.2| the function ~, is log-concave if v > —1. Thus
the function  + 7, /91 (A\z) is log-concave too for all a > 0. Hence in view
of (3.1.3) the function XZ ) is log-concave as a product of two log-concave
functions. Now observe that from definitions we easily have

Xar (V) = X, (V&) = 22X \ (). (3.1.4)

Since the function z +— +/x is log-concave on (0,00), we conclude that
the function = — x4 (/) is log-concave as a product of two log-concave
functions.

2. Using the same argument as in the previous part we have that the
function A — 7,/2_1 (A7) is log-concave too for all @ > 0, and consequently
A= Xi)\(z) becomes also log-concave for all a > 0. Using the relation
Xa,y7(€) = 2y/xX; . (x) the required log-concavity of the function 7 —

Xa,/7(2) follows.
3. First consider the case when A\ = 7 = 0. Then clearly we have

q2 a/2—1,—x/2 q2 a—1,—z2/2 1

K | ) Y (i | B R
da 20/2T(a/2) da 20/2-17(a/2) 47 \2
where ¢(z) = I'(2)/T'(z) is the so called digamma function, i.e. the log-

arithmic derivative of the gamma function. Here we used the known fact
that the gamma function is log-convex on (0, 00), i.e. the digamma function
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1 is increasing on (0, 00). For this we refer the interested reader for exam-
ple to [DAB]| and to the references therein. Thus we have proved that the
functions a — x2(z) and a — x.(z) are log-concave on (0, o).

Now consider the case when A, 7 > 0. Recall that

—(z+A)/2 a/4—1/2
2 _ ¢ x N
Xa,)\(x) - 2 <)\) Ia/2—1( )\l‘),
7(x2+7.2)/2 x a/2
Xar(@) = e (5)" Lapa(ra).

Since for each fixed z, \,7 > 0 the functions a — (z/\)**~/2 and a —
(z/7)*/? are log-concave, using Lemma 3.1.1 we conclude that the functions
ar x2,(z) and a — x4 (z) are log-concave too on (0, 00).

4. From (3.1.3) we get that

X?I,A(ﬂ?)/XZ(l’) = @7/\/2%/271()\33)-

Observe that from part 1 of Theorem 2.1.1 clearly the function v + ~, (22)
is log-convex on (—1,00). This implies that the function a + v, /51 (Az) is
log-convex too on (0,00) and consequently the function a — x?2 , (z)/x2(z)
is log-convex, as we required. Finally, application of (3.1.4) yie71ds the log-
convexity of a — xq.r(x)/Xxa(z) on (0,00).

5. It is known from part 2 of Theorem 2.1.1 that v — ~v,41(x)/7.(z) is
increasing on (—1, 00) for all fixed > 0. Hence we have that the function
a = Ya/2(AT)/Vas2—1(A7) is increasing on (0, 0o) for each fixed x > 0, A > 0.
Consequently in view of (3.1.3) and (3.1.4) the required result follows, and
thus the proof is complete. QED

Remark 3.1.1. Let us consider the generalized Marcum (—function of
order v > 0 real, defined by

o0 1 oo B t2+a2
Qulat) = [ xaadi= o [T e L a
b a b

where a,b > 0, I, stands for the modified Bessel function of the first kind
and the right hand side of the above equation is replaced by its limiting
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value when @ = 0. This function is the survival (or reliability) function of
the non-central chi distribution with shape parameter 2 and non-centrality
parameter a. From part 3 of Theorem 3.1.1 we know that the probability
density function v — x2,,4(t) is log-concave. Recently, it was observed by
Sun and Baricz [SB] that surprisingly for some values of a and b the function
Q@ (a,b) satisfies a Turan type inequality. Moreover, it was conjectured in
[SB] that the function v — Q,(a,b) is strictly log-concave on (0, 00) for all
a > 0 and b > 0. This conjecture was recently proved to be affirmative by
Sun et al. [SBZ] and this result was used to deduce new and very tight
bounds for the generalized Marcum @—function. The problem of finding
tight bounds for the generalized Marcum Q—function is useful in radar
signal processing and in error performance analysis of multichannel dealing
with partially coherent, differentially coherent, and non-coherent detections
in digital communications. For more details we refer to the papers of the
author [Ball, Bal2|.

It is also worth mentioning here that from the above inequalities can be
deduced many similar interesting inequalities to those given in (3.1.1) and
(3.1.2). For example, choosing in the fourth inequality of Theorem 3.1.1
7=0and a1 = n, ag = n+ 2, respectively, we get the following Turén type
inequality for the pdf of the chi distribution

[Xnt1(2)]* = Xn (€)X r2(), (3.1.5)

which holds for each n > 1 and x > 0. Now taking n = 1 in (3.1.5) for all
z > 0 we obtain that
[ea(@))? > xa (@) xs(2)-

In fact this last particular Turédn type inequality establishes a relation
between the pdf of the Rayleigh, half-normal and Maxwell distributions.
Namely, x2 is the pdf of a particular Rayleigh distribution with parameter
1, x1 is the pdf of the well-known half-normal distribution, and xs is the
pdf of a particular Maxwell distribution which arises in many problems of
physics and chemistry.

As we has seen in the previous theorem in particular for A = 7 = 0
the pdf-s of the chi and the chi-squared distribution are log-concave with
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respect to their parameter. In fact many other univariate distributions has
the same property. Namely, for example the exponential, power, Weibull,
gamma and Pareto distributions has the property that their pdf is log-
concave with respect to their parameter. Indeed, it is easy to verify that
the functions

. xaflefz 1

ar a—1_-—x a—

ar—ae 7, ar—axr’ e ,aHW,ar—um_
are log-concave on (0,00) for each fixed x belonging to the interval which
support the distribution in the question.

In what follows we are mainly interested on the pdf of the Student
distribution [JKB| of Gosset. Suppose that X7, X»,..., X, are independent
random variables that are normally distributed with expected value p and
variance 1. Then the random variable /n(X — p)/S — where X is the
arithmetic mean of X1, Xa,..., X, and (n — 1)S% =Y, (X; — X)? - has
a Student distribution with n — 1 degrees of freedom and the pdf S,, : R —
(0, 00) of this distribution is defined as

_ntl

EENICONAO
Sn(x) = ﬁﬁ%) (1 + n)

The next result establishes two Turén type inequalities for this function.

Theorem 3.1.2. For a > 0 consider the function S, : R — (0, 00), defined
by

a+1

_rey g, e
Sa(az)—\/ﬁfg) <1—|—a> .

Then the function a — S,(x) is strictly log-concave on (0,1] for each
fixed x € R, and is strictly log-concave too on (1,00) for each fixed |z| <
V2a/(a —1). In particular, for each n > 1, n > 2 respectively, the next
Turan type inequalities hold true

[S_nir (2))2> S1(z)S 1 (x), z €R,

1
n(n+2) n n+2
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St (@] > Sul@)Snan(a), Ja] < 1) 2012,

Proof. Simple computations show that

o wesion=[o(75) o (2) ]

1 2 2
+ [aJr : 256 — log <1+$)].
a x4+ a a

Observe that to prove the strict log-concavity of a — S,(x) it is enough to
show that the function a — 9dlog S,(z)/0a is strictly decreasing. To prove
this for convenience we consider the functions f, g : (0,00) — R, defined by

f<a>:w(a+;) ~(a) - o

a+1 2 x2
0T T g (14 ).
9(a) a z2+4a og< + a>

Then clearly we have 20log S, (z)/0a = f(a/2) + g(a). Due to Qiu and
Vuorinen [QV2, Theorem 2.1] it is known that the function f is strictly
decreasing and convex from (0, 00) onto (0,00). On the other hand

dg(a) 22 (a—1)(z%+a) —ala+1)

and

da a?(z? 4 a)?

and this negative if a € (0,1] and z € Ror if a > 1 and |z| < /2a/(a — 1).
Thus the function a — dlog S,(z)/da is decreasing, and consequently the
strict log-concavity of a — Sy(z) follows. Namely, if aj,as € (0,1] and
a € [0, 1], then for each = € R we have

Saar+(1-a)az (%) = [Say ()] [Say ()] 7. (3.1.6)

Thus taking in (3.1.6) @ = 1/2, a1 = 1/n and a2 = 1/(n + 2), we obtain
the first inequality in Theorem 3.1.2. Moreover, (3.1.6) holds also for each

ai,as > 1 and
2 2
|z| < min a ,\/ @2
a; — 1 as — 1
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Finally, choosing in (3.1.6) « = 1/2, a; = n and az = n + 2 we get the
second Turan type inequality, and thus the proof is complete. QED

As far as we know the previous results are new. However, there is
an extensive literature for similar inequalities for discrete random vari-
ables, see for example [De, JG| and the references therein. Let X be a
random variable and for each n € {1,2,3,...} consider the probabilities
pn = P(X = x,), where x; < x93 < .... By definition the discrete random
variable X is log-concave if the (Turan type inequality) p% 11 = PnPn+2 holds
for all n > 1. This inequality is sometimes referred to the quadratic New-
ton inequality as Niculescu pointed out in [Ni|. For example, the Poisson
distribution and the geometric distribution has the above property [JG]J.
Moreover, as Devroye [De| observed, the discrete Bessel distribution has
the same property. Namely, b,41/by, is decreasing in n and consequently
bfLH > bpbpao holds true, where for each v > —1, ¢ > 0 and n > 0 by
definition
( a /2)2n+l/

boi= PX =n) = T M s v 7 1)

3.2 Turan type inequalities for modified Bessel
functions

Consider the modified Bessel function of the second kind K, (called some-
times as the MacDonald function), defined [Wa, p. 78| as follows:

mly(z) — L(z)

K p—
V(x) 2 sin v

where the right of this equation is replaced by its limiting value if v is an
integer or zero. Recently Laforgia and Natalini [LIN2, Theorem 2.4| proved

that for each vi,v9 > —1/2 and = > 0 the following reversed Turéan type
inequality holds true

Ko (2) Koy (2) 2 [K s ()] ‘. (3.2.1)
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Observe that in particular, for vy = v and vy = 42, we get for all v > —1/2
and = > 0 the inequality [LIN2, Eq. 2.18]

K, (2)Ky12(x) > [Kyp1(2)]? (3.2.2)
It is worth mentioning here that (3.2.2) holds true for v = —1/2, and
consequently for v = —3/2 too. To prove these first recall the following

formulas [Wa, p. 79|
2[Ky—1(z) — Kyt (2)] = —2vK, (x), K_,(z) = K,(x),

which hold for each v and x unrestricted real numbers. From this clearly
K_1p2(x) = Kyo(x) and K_5)5(x) = Kzp2(x) = (14 1/2) Ky j5(x). These
imply that the inequality

K_30(x)Kyjo(x) — [K_12(x)]" = K_yj2(2) K3/9() — [Ky/2()]

— % [Kyja(2)]” >0

2

holds for all x > 0, as we required. Now, this suggest the following result,
which improves Theorem 2.4 from [LIN2|. We note here that a similar
argument to those presented below in the proof of the next result can be
used, as Giordano et al. [GLP, Remark 3.2| pointed out, in order to prove
that the function K, is log-convex on (0,00). For more details see also the
paper of Sun and Baricz [SB].

Theorem 3.2.1. The function v — K, (z) is strictly log-convex on R for
each fixed x > 0. In particular, the reversed Turan type inequalities (3.2.1)
and (3.2.2) hold for all z > 0, v1, vy and v arbitrary real numbers. Moreover
— due to the strict log-convexity — in (3.2.1) equality holds if and only if
v1 = vy and the inequality (3.2.2) is strict.

Proof. It is known the following integral representation [Wa, p. 181] of
the modified Bessel function of the second kind

K, (z) = /0 e~ Tsht cosh(vt) dt, (3.2.3)
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which holds for each x > 0 and v € R. Using the Holder-Rogers inequality
(1.1.12), the integral formula (3.2.3) and the fact that the function v —
cosh(vt) is strictly log-convex on R for all fixed ¢t > 0, we conclude that

o0
Ko +(1—ays () = / e Tht cosh(amnt + (1 — a)vat) dt
OOO
< / e~ [cosh (v1)]*[cosh (vat)] 1 dt
0

o0 <h o h l—«
:/ [e_“% tcosh(ylt)] [e_“% tcosh(ugt)} dt
0

[/OOO e~ 7Ot cogh (1t) dt} i [/Ooo e=7eosh (och (1ot dt] 1-a
= (Ko, (@) [ (@]

IN

holds for all @ € (0,1), 1,12 € R, v1 # vy and & > 0. Consequently
by definition v — K, (z) is strictly log-convex on R, which completes the
proof.

We note that after the first draft of the manuscript [Ba9] had been
completed we found that Ismail and Muldoon [IM, Lemma 2.2| proved that
for each fixed > 0 and each fixed b > 0 the function v — K, 4(z)/K,(x)
is increasing on R. Clearly this implies [Mu, p. 318| that v — K, () is
log-convex on R.

3.3 On a product of modified Bessel functions

Let I, and K, denote, as usual, the modified Bessel functions of the first
and second kinds of order v. Recently, motivated by a problem which arises
in biophysics, in 2007 Penfold et al. [PV G, Theorem 3.1] proved, in a com-
plicated way, that the product of the modified Bessel functions of the first
and second kinds, i.e. u — P,(u) = I, (u)K,(u) is strictly decreasing on
(0,00) for all ¥ > 0. It is worth mentioning that this result for v =n > 0
positive integer has been verified already in 1950 by Phillips and Malin
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[PM, Corollary 2.2|. In this section our aim is to show that using the idea
of Phillips and Malin the monotonicity of u — P,(u) for v > —1/2 can be
verified easily by using the corresponding Turén type inequalities for modi-
fied Bessel functions. Moreover, we show that the function u — I, (u) K, (u)
is strictly completely monotonic on (0,00) for all v € [—-1/2,1/2], i.e. for
allu>0,ve[-1/2,1/2] and m € {0,1,2,...} we have

(=)™ (I, (u) Koy ()] ™ > 0.

In order to achieve our goal we improve some of the results of Phillips and
Malin [PM, Eq. 1| concerning bounds for the logarithmic derivatives of the
modified Bessel and Hankel functions.

Our main result of this section reads as follows:

Theorem 3.3.1. The following assertions are true:
1. P, is strictly decreasing on (0,00) for all v > —1/2;
2. P, is strictly completely monotonic on (0,00) for all v € [—1/2,1/2];

3. u — ul/27YP,(u) is strictly completely monotonic on (0,00) for all
v>1/2.

Proof. In what follows we prove the assertions stated in Theorem 3.3.1
and for the sake of completeness we point out also some historical facts
concerning the corresponding Turén type inequalities.

1. Our strategy is as in the paper [PM]. Namely, we first show that for
all u > 0 the following inequalities hold true:

ul),(u)/I,(u) < Vu?+ 12, where v > —1/2, (3.3.1)
uK,(u)/K,(u) < —Vu?+ 1%, where v eR. (3.3.2)

Inequality (3.3.1) for ¥ > 0 has been proved first by Gronwall [Gron, Eq.
16] in 1932, motivated by a problem in wave mechanics, and after than,
in 1950 appears also in Phillips’ and Malin’s paper [PM, Eq. 1] for v =
n > 1 positive integer. However, an equivalent form of (3.3.1) is known in
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literature as Amos’ inequality. More precisely, observe that in view of the
reccurence relations

L) = (v/u) L, (u) + I(w) and Isi(u) = I)(w) — (v/u)L, (u),
the Turan type inequality
I (u) g (u) — [L,(u)]* < 0 (3.3.3)

is in fact equivalent with (3.3.1). Here we used the known fact that the
function w +— I,,(u) is increasing on (0, 00) for all » > —1. The Turan type
inequality (3.3.3) for v > 0 was proved first in 1951 by Thiruvenkatachar
and Nanjundiah |[TN] and later in 1974 by Amos [Am, p. 243|, and in 1991
by Joshi and Bissu [JB, p. 339|. It is worth mentioning that due to Lemma
3.1.1 in fact the function v — I, (u) is log-concave on (—1, o) for each fixed
u > 0 (see also [Lo, Theorem 3]). Finally, let us note that in 1994 Lorch
[Lo, p. 79] proved that (3.3.3) in fact holds for all v > —1/2 and u > 0.
From this we conclude that (3.3.1) holds too for all v > —1/2 and u > 0.
Now, let us focus on the inequality (3.3.2). This inequality was proved
for v = n > 1 positive integer by Phillips and Malin [PM, Eq. 1] in 1950.
Now, for v € R and u > 0 consider the following Turan type inequality

Ky 1(w) K41 (u) — [K,(u)]* >0, (3.3.4)

which was proved in 1978 by Ismail and Muldoon [IM, Lemma 2.2| and
recently by the author [Ba9, Theorem 1.13] (see also Theorem 3.2.1) using
a completely different argument. Note that for v > 1/2 the Turan type
inequality (3.3.4) appears also on Laforgia’s and Natalini’s paper [LN2,
Eq. 2.18]. Observe that using the recurrence relations

Ky1(u) = =(v/u)K,(u) — K, (u) and Ky41(u) = —K},(u) + (v/u) K, (u),

we obtain that the Turédn type inequality (3.3.4) is equivalent with the
inequality

uK), (u)/ K, (u) — Vu? + 1/2] [uK,’,(u)/Kl,(u) +Vu?+ 1/2] > 0,
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which holds for all v € R and u > 0. Now, since the function u — K, (u) is
decreasing on (0, 00) for all v € R, it follows that (3.3.4) is equivalent with
(3.3.2).

Finally, by using the inequalities (3.3.1) and (3.3.2), we conclude that
u [log(Py (u))]" = u [log(Z, (u) K, (u)] <0,

i.e. the function u — P, (u) is strictly decreasing on (0, c0) for all v > —1/2,
as we required.

2. Recall that in 1978 Nasell [Na, p. 2| proved that for all u > 0,
v>—1/2and m € {0,1,2,...} the inequality

(=)™ [u L (we™] ™ > 0 (3.3.5)

holds true, i.e. the function u — u™"I,(u)e™™ is strictly completely mono-
tonic on (0, 00) for each v > —1/2. Since I_; j5(u) = \/2/7 - u~1/? coshu, it
is easy to verify that for all m € {0,1,2,...} and u > 0 we have

1

~(=1)M[e7 4 1)0m) = gmTlem2u 5

(=1)™[e™"* coshu]™) = 5

Thus, in fact the function u — u™" 1, (u)e™™ is strictly completely monotonic
on (0,00) for each v > —1/2. On the other hand, due to Miller and Samko
[MS, Theorem 5| it is known that the function u — w™»1/2et K, (u)
is completely monotonic on (0,00) for each v > 0. Clearly, from this it
follows that the function u — u”e" K, (u) is completely monotonic on (0, co)
for each v € [0,1/2]. Now, since from Leibniz formula for derivatives the
product of a strictly completely monotonic and a completely monotonic
functions is strictly completely monotonic, we conclude that the function
u +— P, (u) is strictly completely monotonic on (0, c0) for all v € [0,1/2]. In
[PVG| Penfold et al. used a similar argument to those presented before in
order to study the monotonicity of the function u — P, (u) for v € [0,1/2].
However, it seems that the authors of [PV G| have overlooked the fact that
inequality (3.3.5) is strict. Now, observe that since K,(u) = K_,(u), we
obtain from Miller’s and Samko’s result that the function u — u™"e" K, (u)
is completely monotonic on (0, 00) for each v € [-1/2,0]. Combining this

72



with Nasell’s result, it follows that the function u +— u=2P,(u) is strictly
completely monotonic on (0, 00) for each v € [—1/2,0]. Finally, since u +—
u? is strictly completely monotonic on (0,00) for each v € [~1/2,0], we
conclude that the function u — P,(u) is strictly completely monotonic on
(0,00) for each v € [—-1/2,0], and hence for each v € [-1/2,1/2].

3. Since the function u — w VI, (u)e ™ is strictly completely mono-
tonic on (0,00) for each v > —1/2 and the function u +— u'/?e*K, (u) is
completely monotonic on (0, c0) for each v > 1/2, the result follows.

In this section we have shown that the monotonicity of the function
u +— I,(u)K,(u) can be deduced easily by using the Turan type inequal-
ities (3.3.3) and (3.3.4). In order to deduce this result we have improved
the range of validity for the inequalities (3.3.1) and (3.3.2), which are in
fact equivalent with the inequalities (3.3.3) and (3.3.4). We note that our
approach is much more simpler than the methods used in [PVG] and [PM].

Motivated, by the inequalities (3.3.1) and (3.3.2), in what follows we
are mainly interested on the counterparts of inequalities (3.3.1) and (3.3.2).
Phillips and Malin [PM, Eq. 1] proved that for each u >0 and v =n > 1
positive integer the inequality

wl! (w)/1,(u) > Julv/(v+ 1) + 12 (3.3.6)

holds true. We note that in fact (3.3.6) holds true for all v > 0. To prove
this consider again the Turan type inequality (2.1.8), i.e.

(v + D) I,_1(u) gy (u) — v [I,(w)]* > 0, (3.3.7)

which was proved using completely different arguments in 1951 by Thiru-
venkatachar and Nanjundiah [TN], in 1991 by Joshi and Bissu [JB, p. 339],
and recently by the author [Ba8, Theorem 1|. Using again the correspond-
ing recurrence relations, as in the proof of (3.3.1), it is easy to see that in
fact (3.3.6) is equivalent with (3.3.7), thus the result of Phillips and Malin
holds true in fact for all v > 0.

In the same paper Phillips and Malin [PM, Eq. 1| showed that for each
u > 0 and v = n > 1 positive integer the inequality

uK!(u) /K, (u) > —/uv/(v — 1) + 12
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holds true. From this we obtain that for each v = n > 1 positive integer
and u >0

v
v—1

+1v2] <0,

uK) (u)/K,(u) + u2yi1 —i—VQ] [uK,’,(u)/K,,(u) — 4 Ju?

and using the corresponding recurrence relations, as in the proof of (3.3.2),
we obtain that the Turan type inequality

(v —1)Ky_1(w) K1 (u) — (2v — 1) [K, (u)]> < 0 (3.3.8)

holds true for all v = n > 1 positive integer and v > 0. Moreover, using
again the recurrence relation K, (u) = K_,(u), it follows from (3.3.8) that

v+ DKy 1 (u)Ky 1 (u) — (20 + 1) [K,(w)]? > 0, (3.3.9)

holds true for all v = n < —1 negative integer and u > 0. As far as we know
these Turén type inequalities are new and based on numerical experiments
we conjecture the followings:

Conjecture. The inequality (3.3.8) holds true for all real v > 0, while
(3.3.9) holds true for all real v < 0.
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Chapter 4

Monotonicity patterns for
Mills’ ratio

4.1 Functional inequalities for Mills’ ratio

Let us consider the probability density function ¢ : R — [1/v/27, 00) and
the reliability function ® : R — (0,1) of the standard normal law, defined
by

1 2 — 1 >
= —w/2 d P(z) = / t)dt
x e an x .
o(z) o (2) o /. (1)
The function 7 : R — (0, 00), defined by

®(x) 2/2 /oO —t2/2
r(r) = ——==¢€" e dt,
= @ \

is known in literature as Mills’ ratio [Mi, Sect. 2.26] of the standard normal
law, while its reciprocal 1/r, defined by 1/r(z) = ¢(z)/®(x) for all z € R, is
the so-called failure (hazard) rate. It is well-known that Mills’ ratio is convex
and strictly decreasing on R, at the origin takes on the value 7(0) = \/7/2,
and has tails described by the asymptotic expansion as x — oo
1 1 1-3 1-3-5
+ -

r(z) ~ z 23 b 7

+ ...
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This ratio is frequently used in mathematical statistics, see for example
the paper of Feuerverger et al. |[FMAC|. We note that various lower
and upper bounds are known for this ratio, see [Mi, Sect. 2.26] and the
references therein for results which refer to the problem of finding some
simple functions which approximate r. The most known inequalities proved
by Gordon [Go] in 1941 are the followings
%ﬂ <r(z) < % (4.1.1)
for all x > 0. Recently Pinelis [Pi4] using a version of the monotone form
of 'Hospital rule, i.e. Lemma 4.1.1 improved the inequality r(xz) < 1/,
showing that in fact the function x — xr(x) is strictly increasing on (0, 00).
We note that in view of the derivative formula 7’'(z) = zr(z)—1 this implies
that the first inequality in (4.1.1) holds. Motivated by Pinelis” work in this
section we show that using Pinelis’ idea we can deduce some other known
bounds for Mills’ ratio, and in Lemma 4.1.2 we present a simple method to
find other new functions which approximate r. Moreover, using the Pinelis
version of the monotone I’'Hospital’s rule we study the monotonicity of some
functions involving the Mills’ ratio. As an application, at the end of section
4.1 we present an interesting chain of inequalities for Mills’ ratio. Finally,
in section 4.2 we prove that the Mills’ ratio is strictly completely monotonic
on R and using Buniakowsky-Schwarz’s inequality for integrals we deduce
some Turan-type inequalities for n—th derivative of Mills’ ratio.
Before we state our main results of this section let us enounce the fol-
lowing version of the monotone form of ’Hospital rule due to Pinelis [Pi2].

Lemma 4.1.1. Let —o0 < a < b < oo and let f and g be differentiable
functions on (a,b). Assume that either ¢’ > 0 everywhere on (a,b) or ¢’ <0
on (a,b). Furthermore, suppose that f(a*) = g(a™) =0or f(b~) =g(b™) =
0 and /g’ is (strictly) increasing (decreasing) on (a,b). Then the ratio f/g
is (strictly) increasing (decreasing) too on (a,b).

We note that another version of monotone form of I’Hospital rule was
proved by Anderson et al. [AVV3, AVV4|. Various versions of this mono-
tone form of 'Hospital rule was used since 1982 in different areas of math-
ematics, for example in
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1. differential geometry [CGT, Grom|
2. quasiconformal analysis [AVV3, AVV{|
3. statistics and probability [Pil, Pi3, Pi4|

4. analytic inequalities [AVV5, Pi5].

The following result is an immediate application of Lemma 4.1.1 and
provides a generalization of Proposition 1.2 due to Pinelis |Pi4].

Lemma 4.1.2. Let us consider the differentiable function h : [a,00) —

(0,00), where a € R. Assume that for all x > a the product h(z)p(z) is not

constant and [hy]" does not change sign, further lim h(z)p(z) = 0. If the
T— 00

function g : [a,00) — R, defined by
g(x) = [zh(z) = B ()],

has the limit 1 at infinity and is (strictly) increasing on [a, c0), then for all
x > a we have r(x) < h(x). Moreover when g is (strictly) decreasing the
above inequality is reversed, i.e. for all x > a, we have r(x) > h(z).

Proof. Since the product h(z)p(z) is not constant on [a, 0o) it follows that

xh(xz) — W'(z) # 0 for all © € [a,00), thus the function g makes sense.

Suppose that g is (strictly) increasing. But lim h(x)p(z) = lim ®(z) =0
r—00 T— 00

and ¢'(z) = —zp(z), thus from the hypothesis it follows that the function

/

T — & () = () = g(z)

[h(x)p(x)) h(z)p(x) + h(z)e' (2)

is (strictly) increasing. Then applying the monotone form of I’'Hospital rule,
i.e. Lemma 4.1.1 we conclude that the ratio

r(z) @)

h(z) — h(x)p(z)
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is (strictly) increasing too on [a, 00). Now using the 'Hospital rule for limits
we obtain that

(z) . ' (2) .
M)~ h@e@ e @] e
which implies that for all x > a the inequality r(z) < h(x) holds. Analo-
gously, when the function g is (strictly) decreasing, we have that the ratio

r/h is (strictly) decreasing too, thus for all x > a we have the inequality
r(x) > h(x). aFD

An interesting application of Lemma 4.1.2 is the following result.

Theorem 4.1.1. Let us consider the Mills’ ratio r of the standard normal
law. Then for all x > 0 the following inequalities hold:

2 4
—_— < (1) € —/]7—————.
Vri4+4+4 2 () Va2l +8+4 3z

Proof. We note that the above lower and upper bounds improve the bounds
from (4.1.1) of Gordon [Go|. The first inequality in (4.1.2) was proved by
Birnbaum [Bi| and Komatsu [Kom]|, while the second inequality in (4.1.2)
is due to Sampford [Sa|. However, we give here a different proof for these
bounds. For this let us consider the functions hi, hg : [0,00) — (0, 00),
defined by

(4.1.2)

2 4
Vel td4o V22 +8+3z

Clearly we have that the functions = — hi(z)¢(x) and x — ho(z)p(x) are
strictly decreasing on [0, 00). Moreover, it is easy to verify that

hi(x) and ho(z)

lim hi(z)p(x) = lim he(x)p(z) = 0.

r—00 r—00

Now consider the functions g1, g2 : [0,00) — R, defined by
gi(x) = [zhi(x) — hy(x)] ™,
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where i € {1,2}. Easy computations show that

() V2 +4+22+4
x pr
9 2(xva?+4+1)

and

Va2 +8(va2 + 8 + 3x)?
4 [3(x2+1) 2?24+ 8+ 234+ 9z

92(x) =

Moreover, lim ¢(z) = lim g2(z) =1 and for all x > 0 we have
r—00 r— 00

dgi(z)  ava?+4—22-6
dx Va2 + 4(zva2 + 4+ 1)2

<0,

d ga(x) _s z(2? + 4)Va2 + 8 — 2t — 822 + 24 >0
dx 22 8 [3<x2+1)¢m+x3+9x}2

Here we used that the function ¢ : [0,00) — R, defined by

q(z) = 2t + 822 — 24 — z(2® 4+ 4) V72 + 8,
is strictly decreasing, i.e. for all x > 0 we have

dq(z) _ 456(:1:2 +4)V22 +8 — 2t — 822 -8 <0
dx 2 +8

Consequently ¢(z) < ¢(0) = —24 < 0, and hence the required monotonic-

ity follows. Finally, using that g; is strictly decreasing and g is strictly
increasing from Lemma 4.1.2 it follows that

hi(x) <r(z) < ha(z)
for all x > 0. Thus the proof is complete. QED

Another application of Lemma 4.1.1 is the following result.
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Theorem 4.1.2. The following assertions are true:
1. the Mills’ ratio r is strictly log-convex on R;
2. the function x — xr’'(x)/r(x) is strictly decreasing on (0, 00);

3. the function x — zr'(x) is strictly decreasing on (0, ) and is strictly
increasing on (xg,00), where xo = 1.161527889. .. is the unique posi-
tive root of the transcendent equation x(z? + 2)®(z) = (2? + 1)p(z);

4. the function x + xr'(z) is strictly decreasing on (0, 00).

Proof. 1. Due to Sampford [Sa] we know that for all 2 € R the inequality
(1/r(x)) < 1 holds. Using the derivative formula r/'(z) = xr(z) — 1 we get
(r'(x)/r(x)) =1—(1/r(z)) > 0, i.e. the Mills’ ratio r is strictly log-convex
on R. It is worth mentioning here that this above result can be derived too
using Lemma 4.1.1. For this let us write the quotient r'(x)/r(x) as follows

r(z) P(z)

Since lim [z®(x) — p(x)] = lim ®(x) = 0, using Lemma 4.1.1 it is enough

to show that o o
2®(x) — p@)] _ Bla) _
[@(2)) p(x)
is strictly increasing, which is clearly true.
2. To prove the required result let us write the quotient zr'(x)/r(z) as
follows

&

xr'(x) _ 22®(x) — zp(x)
r(x) P(7) .

Clearly we have lim [22®(z) — zp(z)] = lim ®(z) = 0, and the function

T—00 T— 00

2B (@) — wp(@)] _ pla) - 2a(a)
@) ()

=1-—2zr(z)

T —
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is strictly decreasing on (0,00), because from Lemma 4.1.1 we have that
[Pi4, Proposition 1.2| the function z +— ar(z) is strictly increasing on
(0,00). In view of Lemma 4.1.1 this shows that the function x — zr'(z)/r(x)
is strictly decreasing on (0, 00).

3. To prove the required result we need to use instead of Lemma 4.1.1
a more general monotone form of I’Hospital’s rule due to Pinelis [Pil, The-
orem 1.16]; see also the recent work of Pinelis [Pi6]. For this let us write
the product xr’'(x) as follows

_ ar(x) —1 B E(x) — go(m)/x

Ve — p(x)/x?
Since for all x > 0 we have

o(x) d [so(w)] 1 <1+ 2)@2(x)<0,

2 dx | 22 3 2

to prove that z — zr/(x) is strictly decreasing on (0,z0) and is strictly
increasing on (zg,00), in view of |[Pil, Remark 1.17] and |[Pil, Theorem
1.16], it suffices to show that the function

[@(z) —p(x)/a) @
[o(@) /2] z?+2

is strictly decreasing on (0,/2) and is strictly increasing on (v/2, 00), which
is clearly true. With other words we proved that the waves of s; follows
the waves of s9. We note that the behaviour of the roots, i.e. the inequality
T < /2 is necessary, because in view of [Pil, Remark 1.15] s; may switch
from decrease to increase only on intervals of decrease of so.

4. Let us write the product x%r/(x) as follows

T s9(x) =

iy T =1 Ba) — ola)/x

a2 p(z)/a?
Since lim [®(x) — ¢(x)/z] = lim (x)/z® = 0, from monotone form of
r—00 r—00
I’Hospital rule, i.e. Lemma 4.1.1 it is enough to show that
b / 4
B @)
[o(z) /23] x4 322
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is strictly decreasing on (0,00), which is true. With this the proof is com-
plete. QED
An immediate application of Theorem 4.1.2 is the following result.

Corollary 4.1.1. Ifz,y > xg, then the following chain of inequalities holds

2r(2)rly) _ (:c + y> B

< Vr(x)r(y)

M@+ =\ 2
< r(ym) < W o (ﬁyy) | (413)

Moreover, the first, second, third and fifth inequalities hold for all x,y strict
positive real numbers, while the fourth inequality is reversed if z,y € (0, x¢).
In each of the above inequalities equality holds if and only if x = y.

Proof. Observe that the first inequality in (4.1.3) follows from the strict
convexity of the failure rate 1/r on (0, c0), which was proved by Sampford
[Sal. For the second inequality in (4.1.3) we use that from part 1 of Theo-
rem 4.1.2 the function r is strictly log-convex on (0, 00). To prove the third
inequality recall that from part 2 of Theorem 4.1.2 we know that the func-
tion z — xr’(x)/r(x) is strictly decreasing on (0, 00). This implies that the
Mills’ ratio is strictly multiplicatively concave on (0, 00), i.e. for all z,y > 0
and A € (0,1), the inequality 7(z*y'=*) > [r(2)]*[r(y)]'~ holds. Here we
used part 5 of Corollary 2.5 due to Anderson et al. [AVV6]. We use again
Corollary 2.5 from [AVV6|, namely part 4, in order to prove the fourth
inequality in (4.1.3). More precisely if the function z — xr/(x) is strictly
increasing (decreasing respectively) then we have that the fourth inequality
in (4.1.3) (and its reverse respectively) holds. Now from part 3 of Theorem
4.1.2 the asserted monotonicity follows. Finally, observe that for the last
inequality in (4.1.3) it is enough to show that x +— r(1/z) is strictly concave,
i.e. using part 7 of Corollary 2.5 from [AVV6]| the function z +— 2%/ (x) is
strictly decreasing, which is proved in part 4 of Theorem 4.1.2.

From the strict convexity of 1/r, strict log-convexity, strict multiplica-
tively concavity of r, strict monotonicity of z — zr/(z) and strict concav-
ity of x — r(1/x) we deduce that equality holds in (4.1.3) if and only if
T =1y.
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4.2 Complete monotonicity of Mills’ ratio

Let ro(z) := 0 for all x > 0. Further for all n > 1 and = > 0 let us consider
the n—th initial segment of the Laplace continuous fraction for Mills’ ratio

m(z) = 11
T+ 5
x + 3
T+

n—1
T+

x
In [Pi4] Pinelis using the monotone form of 1'Hospital rule investigated
monotonicity properties of the relative error d,(z) = (r(z) — ry(z))/r(z)
and among other things proved that [Pi4, Theorem 1.5] for all n > 0 and
all x > 0 we have (—1)"d, > 0. Observe that this inequality is actually
equivalent with the following result of Shenton [Sh, Eq. 19]

ron(z) < 7(x) < ropg1(x), (4.2.1)

where n > 1 and x > 0. In what follows we show that the inequality
(=1)"6, > 0, or (4.2.1) is in fact equivalent with the strict complete mono-
tonicity of Mills’ ratio on (0,00). Moreover, we show that Mills’ ratio is
strictly completely monotonic on R, and we obtain some Turan type in-
equalities for n—th derivative of Mills’ ratio.

Theorem 4.2.1. Let x be a real number and n > 1 a natural number.
Further let 7™ be the n—th derivative of Mills’ ratio and let us consider the
expression A, = (—1)"r(")(z). Then the Mills’ ratio is strictly completely
monotonic on R, i.e. A, > 0, and satisfies the following reversed Turén
type inequality

Ay Apio > [Angi]? (4.2.2)
Moreover the function x — ‘r(”) (a:)} is strictly log-convex on R and conse-
quently in view of (4.2.2) the following Turéan type inequalities hold:

2n
Aop_1-A > [Ag,]? >
2n—1 2n+1 _[ Zn] = 27’L—|—1

Agp1 - Aopyr. (4.2.3)
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Proof. Let us consider the following integral

@) = [C@-orede= 1 [Ta-oremdn @2

where z € R and n € {1,2,3,...}. Then it is known that for all z € R one
has [Sh, Eq. 21] ™ (z) = ~,(z)¢(z), and hence

0 <Ay = (="M (@) = (=1)"ya(2)p(2) = 90(35)/ (t —x)"p(t) dt .
We note here that actually

r(z) = em2/2/ e /2 4t = / e~ Tte=t?/2 dt, (4.2.5)
T 0

i.e. Mills’ ratio r is the Laplace transform of the function ¢ — e~t*/2. Thus
using the classical Bernstein theorem [Fe|, which characterizes completely
monotonic functions as Laplace transforms of positive measures whose sup-
port is contained in [0, 00), we conclude that r is indeed strictly completely
monotonic.

Taking in the Buniakowsky-Schwarz inequality (1.1.11) & = n, 8 = n+2,
a=x,b=o00,and for all z € R fixed, f(t) = ¢(t) and g(t) =t — x, where
t € [z, 0], we obtain that

o] e ) oo 2
/ o(t)(t — )" dt / o(t)(t — z)" T2 dt > [/ o(t)(t — )" dt

xr xr x
holds, which is equivalent with inequality (4.2.2). Now changing n with
2n — 1 in (4.2.2) immediately we get the first inequality in (4.2.3). Observe
that to prove that the function x +— ‘r(”) (:U)} is log-convex on R it is enough
to show that A, - Apio > [A,41]? holds, which is exactly (4.2.2). Now for
the strict log-convexity of the function z +— |r(") (as)’ observe that using
mathematical induction from (4.2.5) we have

F@)| = (1) = [T et
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Let us observe that the integrand in the above integral is log-convex in z.

Thus z — ‘r(”) (z)| is strictly log-convex by Theorem B-6 in [Ca, p. 296].
On the other hand from (4.2.4) easily follows that for all n > 1 we have

4! = nvy,_1. Thus from the log-convexity of z +— 7(2")(x) we obtain that

2 ) 4 T(2n+1)(x) d [y2nt1(x)
0 S@ |:]og7'( )(513)} = di [ 2”)(:1}) ] dX |:’Y2:L_():|
)

:(2n+1)[72n($)]2 (2n)v2n—1(x)v2n+1(x)
[yan(2)]? [V2n(2)]? ’

which is equivalent with the second inequality in (4.2.3). Thus the proof is
complete. QED

Remark 4.2.1. a. Consider the following polynomial expressions f, and
grn defined by the following formulas:

go(z) =1; fo(z) =0; gi(z) =z fi(x) =

fu(@) =2 fr-1(x) + (n— 1) fn2(z) and gy (x) = 2gn—1(z) + (0 —1)gn—2(),

where x € R and n € {2,3,4,...}. It is easy to verify that [Pi4, Lemma
22| foralln e {1,2,3,...} and z € R

frlz(x) = zfn(z) + nfa-1(z) — gn(z) and g?"t(x) = ngn-1(z). (4.2.6)

Due to Shenton [Sh, Eq. 17] it is known that r,,(z) = f,(z)/gn(z), moreover
from general properties of continuous fractions [Sh, Eq. 19| we have that
(4.2.1) holds. As we has seen in Theorem 4.1.1 some known approximations
for Mills’ ratio can be deduced easily using the monotone form of I’Hospital
rule. We note that with the second inequality in (4.2.1) the situation is
the same. In what follows we would like to present an alternative proof
of this inequality using Lemma 4.1.2. For this let us consider the function
hy @ (0,00) — (0,00), defined by

f2n+1 (x)

hu(®) = Tonia (@) = 92n+1(33)7
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where n > 1. Since for all n > 1 integer and = € R we have [Sh, Eq. 18]

fn(x)gnfl(x) - gn(x)fn,l(m) = (_1)n—1(n - 1)!a
in view of (4.2.6) it is easy to verify that

(hule)p(@)) = @)k (x) — zha(z)] = —p(z) [W i 1} =0

i.e. for all z > 0 the product hy(z)p(z) is not constant and [hyp]" does

not change sign, further lim h,(z)p(x) = 0. Now consider the function
r—0Q

gu : (0,00) — (0,00), defined by

— 1 —_ [g2n+1 (:U)]z
2h(@) ~ (@) @1+ DI lganer (2]

9u()

Then the function g, has the limit 1 at infinity and simple computations
shows that

g () = 2(2n + 1)(2n+ 1)lgon(@)gon11(z) N

(2 + 1)! + [g2n+1(2))2)?

thus from Lemma 4.1.2 we have that r(x) < hy(x) = rop41(x).

b. A positive function f is called strictly logarithmically completely
monotonic [QH]| on an interval I if f has derivatives of all orders on I and
its logarithm log f satisfies (—1)"[log f(x)]™ > 0, for all z € I and n > 1.
Note that a strictly logarithmically completely monotonic function is al-
ways strictly completely monotonic, but not conversely. Recently, Berg [Be]
pointed out that the logarithmically complete monotonic functions in fact
are the same as those studied by Horn [Ho| under the name infinitely divis-
ible completely monotonic functions. It is worth mentioning here that using
the results of Sampford [Sal, i.e. inequalities (1/r(x))’ < 1 and (1/r(x))” >
0, it is easy to verify that for all z € R we have (—1)"[logr(z)]™ > 0, where
n = 1,2, 3. All the same, as Berg pointed out in private communication, the
Mills” ratio is not logarithmically completely monotonic, because in [SH,
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p. 126] it is proved that the “half-normal density” is not infinitely divisi-
ble and this means that the Mills’ ratio r is not logaritmically completely
monotonic.

Finally, we note that after the manuscript [Ba5| had been completed
we found on the preprint server www.arxiv.org the paper of Kouba [Kou],
where the complete monotonicity of r and the strict log-convexity of x —
|r(”) (x){ were proved using a different approach.

Moreover, during the course of writing this thesis we have found the
paper of Alzer |Al], where it is proved that the function V, defined by

2

2€$ t2 2 2
V == t* —x*)9dt

is completely monotonic on (0, 00) if and only if ¢ € (—1,0]. This function
arise naturally in the study of atoms in magnetic fields, more precisely,
Vy is the one-dimensional regularization of the Coulomb potential. For
more details the interested reader is referred to the paper of Ruskai and
Werner [RW]. Since the above function in particular reduces to Mills’
ratio, that is, for all x € R we have Vy(z) = v/2r(zv/2), it is clear that
Alzer’s result implies the complete monotonicity of Mills’ ratio on (0, 00).
This yields actually the fourth proof for the complete monotonicity of r. We
note that Alzer’s method is completely different to those presented above
and it would be of interesting to see if the other main results of this chapter
can be extended to the function V;. Furthermore, using the Holder-Rogers
inequality (1.1.12), it is easy to see that the function ¢ — I'(¢ + 1)V, (x)
is log-convex on (—1,00) for all x > 0 fixed. This naturally suggest the
following open problem:

Open Problem. Is it the function q — Vy(x) log-convex on (—1,00)
for all x > 0 fixed?

If this result were be true then would improve Alzer’s result [Al, Theo-
rem 3|, which states that the function ¢ — V() is convex on (—1, 00) for
all > 0 fixed. Moreover, this would imply in particular that V; satisfies a
reversed Turan-type inequality.
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Osszefoglald

Turan Pal 1941-ben Legendre polinomokra igazolt egyenlGtlenségére 1948-
ban Szegs Gabor négy elegans bizonyitast adott, és kiterjesztette az ered-
ményt ultraszférikus, Laguerre, Hermite és Jacobi polinomokra. Ezt kovets-
en, a Turan Pal és a Szegé Gabor eredményeinek hatasara az 50-es és a
60-as években matematikusok serege igazolta, hogy a legtobb (ortogonalis)
polinom (mint példaul Appell, Bernstein-Szegs, Hermite, Jacobi, Jensen,
Pollaczek, Lommel, Laguerre, Askey-Wilson, Gegenbauer), illetve specidlis
fiiggvény (mint példaul Bessel, g-Bessel, modositott Bessel, Riemann zeta)
teljesit bizonyos Turéan tipusi egyenlStlenségeket. Napjainkban ismét elGtér-
be keriiltek a Turan tipusta egyenlGtlenségek, mas speciélis fliggvények kap-
csan.

A disszertacidoban kiilénb6z6 specidlis fiiggvényekre vonatkozé Turan
tipusu egyenlStlenségekkel foglalkoztunk. Az els6 fejezetben a kovetkezd
témékat targyaltuk: az elliptikus integralokra és a Gauss-féle hipergeometri-
kus sorra vonatkoz6 Turén tipusi egyenlGtlenségek, elliptikus integralokra
vonatkozo alsé és felsg korlatok, az altalanositott Grotzsch gytrd fiiggvény
paraméter szerinti viselkedése és a Poincaré metrika elliptikus integralokkal
valo kozelitése. Itt megjegyezziik, hogy ezek az eredmények kiegészitik a
Legendre és Jacobi polinomokra igazolt klasszikus eredményeket. Pontosab-
ban, az 1.1.1 Tétel kiegésziti Turan Pal Legendre polinomokra igazolt ered-
ményét [Tu|, mig az 1.4.1 Tétel kiegésziti Szegd Gabor [Szel| és George
Gasper |Ga2| Jacobi polinomokra igazolt eredményeit. A fejezet végén fel-
soroltunk néhany a kutatas soran nyitva maradt kérdést a hipergeometrikus
és a gamma fliggvényekkel kapcsolatban.
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A masodik fejezetben Bessel és modositott Bessel fliggvényekre vonatkozo
Turén tipusu egyenlGtlenségekkel, és azok azonnali alkalmazasaival foglalkoz-
tunk. Alkalmaztuk a megfelel Turan tipusu egyenltlenségeket trigonomet-
rikus és hiperbolikus fiiggvényekre felirt egyenlStlenlenségek altalanositasé-
hoz. A f6 eredmények a 2.1.1 Tétel és 2.2.1 Tétel, amelyekben a fent em-
litett egyenlGtlenségek mellett a Bessel és a mddositott Bessel fiiggvényekre
megadtunk néhany fontos monotonitasi és konvexitési tulajdonsigot. Itt
fontos szerepet jatszik Elbert Arpad |El| hires eredménye, miszerint az el-
s6faja Bessel fiiggvények gyokei konkavak a paraméteriik szerint.

A harmadik fejezetben a fontosabb egyvaltozos eloszlasok stirtiségfiigg-
vényeinek paramétereik szerinti konkavitasat vizsgaltuk. Az elsé alfejezetben,
az Edward Neumannal kozosen igazolt eredmények [BIN| segitségével, iga-
zoltuk, hogy a nemcentralt khi és khi négyzet eloszlasok stirtiségfiiggvényeire
is fennéllnak bizonyos Turan tipusi eredmények, akircsak az elséfajua mo-
dositott Bessel fliggvényekre. Ugyancsak igazak lesznek bizonyos Turén
tipust egyenlStlenségek a Student eloszlas stirtségfiiggvényére is. Mi tobb,
a méasodik alfejezetben igazoltuk, hogy a masodfaji médositott Bessel fiig-
gvények logaritmikusan konvexek a paraméteriikre nézve. Végiil, a har-
madik alfejezetben az el6bb igazolt Turén tipust egyenl&tlenségeket hasznal-
tuk arra, hogy egy lényeges egyszertibb bizonyitast adjunk a kiilonb6zé faju
modositott Bessel fliggvények szorzatanak monotonitédsédra. Ez a mono-
tonitési tulajdonsag, amely egy biofizikai probléma kapcsan meriilt fel, fi-
nomitja Robert Penfold és tarsai [PVG]| eredményét. Ezenkiviil érdemes
megjegyezni, hogy a 3.1 alfejezet eredményeit Yin Sun és a szerz6 [SB|
eredményesen hasznalta a radarjelek vizsgalatdnal hasznéalatos altaldnosi-
tott Marcum Q—fliggvény vizsgalatanal.

Végiil, a negyedik fejezetben a matematikai statisztikdban hasznélatos
standard normal eloszlds Mills aranyara vonatkoz6 monotonitasi tulajdon-
sagokkal és Turan tipust egyenlStlenségekkel foglalkoztunk. Itt fontos sze-
repet jatszik a Pinelis-féle in. monoton I'Hospital szabaly [Pi2]|, amely
napjainkban egy nagyon fontos alapeszkoz, tobbek kozott a kvazikonformis
analizisben és az analitikus egyenlGtlenségek vizsgélatanal.
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Summary

Gabor Szegd [Szel] in 1948 presented four different elegant proofs of the fa-
mous Turdn inequality established for Legendre polynomials and extended
the result to ultraspherical (or Gegenbauer), Laguerre and Hermite polyno-
mials. Turan’s inequality and Szeg@’s results have generated considerable
interest, and shortly after 1948, analogous results were obtained by several
authors for other classical orthogonal polynomials (for example Jacobi, Ap-
pell, Pollaczek, Lommel, Askey-Wilson) and special functions (for example
Bessel, modified Bessel, g-Bessel, Riemann zeta functions). This classical
inequality still attracts the attention of mathematicians and it is worth men-
tioning that recently the above Turan inequality was improved by Eugen
Constantinescu [Co|, and further by Alzer Horst et al. [AGKL] (for more
details see Remark 1.4.1).

This doctoral thesis is a further contribution to the subject and contains
certain new Turan type inequalities for some special functions.

The thesis is divided into four chapters. In the first chapter we have es-
tablished some Turén type inequalities for Gaussian hypergeometric func-
tions and for generalized complete elliptic integrals. These results com-
pletements the earlier result of Turan proved for Legendre polynomials.
Moreover, we have shown that there is a close connection between a Turan
type inequality and a sharp lower bound for the generalized complete ellip-
tic integral of the first kind. In section 1.3 we proved a recent conjecture of
Toshiyuki Sugawa and Matti Vuorinen [SV] related to estimates of the hy-
perbolic distance of the twice punctured plane, while in section 1.4, in order
to improve some results from section 1.1, we have established a Turan type
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inequality for Gaussian hypergeometric functions. This result complements
the earlier result of Gabor Szegd [Sze2| and George Gasper |Ga2| proved
for Jacobi polynomials. Moreover, at the end of this section we presented
some open problems, which may be of interest for further research.

In the second chapter we extended some known elementary trigonomet-
ric inequalities (like Lazarevié¢ type, Wilker), and their hyperbolic analogues
to Bessel and modified Bessel functions of the first kind. In order to gener-
alize the Turén type inequalities established for Bessel and modified Bessel
functions we presented some new monotonicity and convexity properties of
some functions involving Bessel and modified Bessel functions of the first
kind. For instance, we showed that the famous result of Arpad Elbert [El] on
the concavity of the zeros of Bessel functions of the first kind (with respect
to the order) can be used to improve the Turén type inequalities estab-
lished for modified Bessel functions of the first kind. We also deduced some
Turan type and Lazarevi¢ type inequalities for the confluent (or Kummer)
hypergeometric functions.

Chapter 3 is devoted to the study of some Turan type inequalities for the
probability density function of some univariate distributions, like the non-
central chi-squared distribution, non-central chi distribution and Student
distribution, respectively. Moreover, in this chapter we improved a result
of Andrea Laforgia and Pierpaolo Natalini [LIN2| concerning a Turan type
inequality by showing that the modified Bessel function of the second kind
is log-convex with respect to its order. As an application of some results
deduced in sections 2.1 and 3.2, in section 3.3 we presented a new very simple
proof for the monotonicity of a product of two modified Bessel functions
of different kind. This result complements and improves a recent result
of Robert Penfold and collaborators [PVG]|, which was motivated by a
problem in biophysics.

Finally, in chapter 4 we studied the monotonicity properties of some
functions involving the Mills’ ratio of the standard normal law. From these
monotonicity properties we deduced an interesting chain of inequalities for
Mills’ ratio, and we have shown that the Mills’ ratio is strictly completely
monotonic. At the end of this chapter we presented some Turan type in-
equalities for Mills’ ratio.
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