IsTVAN FAZEKAS! and ZDZISEAW RYCHLIK

Almost sure functional limit theorems

Abstract. A general almost sure limit theorem is presented. Then
it is applied to obtain almost sure versions of some functional (central)
limit theorems.

1. Introduction and a general theorem

Let ¢,, n € N, be a sequence of random elements defined on the probability space
(2, A,P). Almost sure limit theorems state that

1 n
oo Z dil¢y(w) = 1, as n— oo, for almost every w €2, (1.1)
n k=1

where 0, is the point mass at = and = u denotes weak convergence to the probability
measure /.

In the simplest forms of the almost sure central limit theorem (a.s. CLT) ¢, =
(X1 + -+ X,)/+/n, where X1, Xs, ..., are i.i.d. real vandom variables with mean
0 and variance 1, dy = 1/k, D,, = logn, and p is the standard normal law N(0, 1);
see Brosamler (1988), Schatte (1988), Lacey and Philipp (1990). Then almost sure
versions of several known usual limit theorems were proved, however most of them
contained logarithmic average, i.e. d, = 1/k and D,, = logn, see Berkes (1998) for
an overview. Only few papers dealt with more general weights dy and D,,, see e.g.
Atlagh (1993), Rodzik and Rychlik (1994). But recently, several papers are devoted
to general forms of the a.s. CLT, e.g. Ibragimov and Lifshits (1999), Berkes and
Csdki (2001), Chuprunov and Fazekas (2001a).

In this paper, the general result is Theorem 1.1 which is a common extension of
the basic results of Berkes and Csdki (2001) and Chuprunov and Fazekas (2001a).
Then, in Section 2, we apply this theorem to prove a.s versions of some functional
limit theorems: convergence of Wiener processes, Donsker’s theorem, empirical pro-
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cesses, maximum of partial sums processes. In Section 3, we show a modification of
our method for dependent variables.

Let (B, 0) be a complete separable metric space and (,, n € N, be a sequence of
random elements in B. Let u denote the distribution of (. Let log, z = logx, if
x>1andlog, z=0,if x <1.

Theorem 1.1. Assume that there exist C' > 0, € > 0, an increasing sequence
of positive numbers ¢, with lim, . ¢, = 00, ¢yyp1/cn = O(1), and B-valued ran-
dom elements (y, k,1 € N, k < 1, such that the random elements (, and (y are
independent for k <, and

c —(1+¢)
E{o(Cu, ) N1} < C’{logJr log+(cl)} , (1.2)
k
fork < 1. Let 0 < dj <log(cks1/ck), assume that Y32, dp = 0o. Let D, = > 3_, dy.
Then for any probability distribution p on the Borel o-algebra of B the following two
statements are equivalent

1 n
oo Z dil¢y(w) = 1, as n— o0, for almost every w € 1; (1.3)
n k=1

1 n
D—deugkéu, as n — 00. (1.4)
k=1

Remark 1.2. Theorem 1.1 remains valid if condition (1.2) is replaced by the
following

B
E{o(Cu, &) A 1} §C<CC';> , (1.5)
for k <1, where 3 > 0. O

Berkes and Cséki (2001) proved general theorems for the real valued case. Our
Theorem 1.1 and Remark 1.2 cover Theorems 1-4 of Berkes and Cséki (2001). To
see this take B = R, let X, X5, ..., be independent R-valued random variables. In
Theorem 1.1 let § = fi( Xy, ..., Xn,)s Gu = fei(Xnps1,-..,Xy,) for & < . Then
Theorem 1.1 is the same as Theorem 4 of Berkes and Cséki (2001). The extension of
the results of Berkes and Cséki (2001) to abstract state space is technically simple,
but the scope of possible applications (including a.s. versions of functional limit
theorems) become much wider.

Chuprunov and Fazekas (2001a) dealt with the case of metric space valued ran-
dom elements. If we put ¢ = [ into (1.5), then our Remark 1.2 with d, = 1/k and
D,, =logn is the same as Theorem 1 of Chuprunov and Fazekas (2001a). We shall
see that the more general weight sequence provides new applications.
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We also remark that Ibragimov and Lifshits (1999) gave results for a.s. limit
theorems both for real valued and metric space valued sequences. Their theorems are
more general than the one in our paper because they did not assume independence
in the background. They applied their results for expressions built of independent or
weakly dependent random variables. However, when they used their results for the
independent case, they turned to the same considerations as included in Theorem
1.1 and in its proof. Moreover, we shall show that our method can easily be extended
to weakly dependent variables. We mention that Ibragimov and Lifshits (1999) did
not use so general weight sequence as the one in Theorem 1.1.

The importance of condition (1.4) is demonstrated in Berkes, Csdaki and Csérgd
(1999), when they gave an example where a.s. limit theorem is true, however puy
does not converge to u.

To prove Theorem 1.1 and Remark 1.2 we will use the following strong law of
large numbers (which is contained and proved (but not stated explicitly) in the proof
of Theorem 4 of Berkes and Cséki (2001)). The formulation of Lemma 1.3 is suitable
to a.s. CLT for weakly dependent variables.

Lemma 1.3. Let&;, i € N, be uniformly bounded random variables. Let

1

T, = D7n Z:zl dkék )

where {di} is a nonnegative sequence with Y 3>, dp = 0o and D,, = > _; dj.

(a) Assume that there exist C' > 0, € > 0, an increasing sequence of positive
numbers ¢, with lim,_, ¢, = 00, ¢pi1/¢n = O(1) such that

] —(1+e)
{66} < Clog, g, (2)} (16)
fork <l. Let 0 < dy <log(cky1/ck), k=1,2,.... Then Dy1/D,, — 1 and
ET? < c(log D)~ (1.7)

for n large enough.

(b) Assume that there exists € > 0 such that (1.7) is satisfied and Dy1/D,, — 1.
Then
lim 7, =0 a.s. (1.8)

n—oo

Proof. (From the proof of Theorem 4 of Berkes and Csaki (2001)).
(a) Obviously

n n

n 2
E{Z dkﬁk} <2) N dpdi|E&E | < (1.9)
k=1

k=1I1=k
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n o n a —(1+¢)
§2CZdedl{log+log+( >} . (1.10)

k=11=k Ck
Let n be so large such that D,, > 4.

We divide terms in (1.9) into two classes. First consider those pairs (k,[) such
that ¢;/cy > exp(D}/?). The contribution of these terms in (1.9) is not greater than

n n 1 _(1+5)
203" dyd, (2 log Dn) < 2¢D2(log D,) "1+
k=11=k

(Here we did not delete any term from the double sum.)

For the remaining terms we have ¢;/c, < exp(D2/?). For a fixed k (and n) let I
denote the greatest [ satisfying this inequality. As ¢,.1/c, is bounded, therefore M =
SUp,, Cny1/Cy is finite. Then log(cy1/cx) = log(ci1/c) + log(e/er) < log M + D}/2.
As &, is a bounded sequence, we have |E.&| < ¢. (Here we use this upper bound,
so we do not deal with log, .) Therefore the contribution of the second class of terms
to (1.9) is not greater than

QCde Z d; < 2chk<10g(clk+1) —l—log(i) +...+1Og(0k+1)> <
k=1 1=k k=1 Cly, Clp—1 Ch
e /e <exp(Dy/?)

<2¢" dilog(“E) < 2¢D, (log M + DY?) < cD¥?.
k=1 Ck
Now, adding the two contributions

n 2 B -
E(D,T,)* =E (Zk:l dkfk) < ¢D? (log D) """ + ¢D3? < ¢D? (log D,,) """ |

Finally, D,,y1/D,, =1+ d,y1/D,, — 1 because d,, is bounded and D,, — oc.

(b) First we prove that 7, — 0 a.s. for an appropriate subsequence {n;}. Let
n > 0 be so small such that 14+a = (1+¢)(1—n) > 1. Then the sequence exp (k')
is increasing and converges to oo, as k — oo. Let n; be the first index such that
D,, > exp(k'™"). So nj is increasing and converges to oo, as k — oo. Then, by

—(1+¢)

ET?, < c(log Do)+ < c(log(exp (k7)) 17 = ek 00+ — (40

Therefore 5232, ET?, < oco. This implies that B( 3332, 72 ) < oo, 3332, T2, < o0
a.s. and T, — 0 a.s. So we obtained a subsequence {n;} such that 7,, — 0 a.s.

Now consider the remained terms. First we show that D,, /D, — 1. Really,
D D D D

1—
1< Nhtl Nkl ngy1—1 < Ng11 exXp <(k + 1> 77).
Dy, D Dy, 7 Dnyy1 0 exp (kl—")

TLk+1—1
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Here both fractions converge to 1.

Now let ny < n < ngyy. Then

1 n D,
’TH|§,T”’9’+7 Z dic:’Tnk’+C(Dn_an)§|Tnk‘+C<1_D k >—>07

n z:nk—i-l 'Dn Nk+4+1

a.s. as n — oQ. O

The proof of the next lemma follows from that of Theorem 11.3.3 in Dudley
(1989). Let BL(B) be the space of the Lipschitz continuous bounded functions
g: B — Rwith ||g|lsr = |9l + [|9]lz < 00, where ||g||s is the sup norm and

9(z) — 9(y)]
lgl[z = sup :
oty 0(7,y)
Lemma 1.4. Let p be a finite Borel measure on B. Then there exists a

countable set M C BL(B) (depending on p) such that for any sequence of finite
Borel measures p,, n € N, on B we have: j, = pu, n — oo, if and only if for each

geM
[, 9@dnaa) = [ g@)dp(x), n—oc. O

Proof of Theorem 1.1. (1.4) = (1.3). Let p be fixed. Let M be the countable
set of functions from Lemma 1.4 that determines the convergence to u. Let g € M.

Define the random variables &, as & = g((x) — Eg((k), K € N. Let K > 1 be a
constant with |g(x)| < K and |g(z) — g(y)| < Ko(x,y), =,y € B. Then for k < [,
using the independence of (;; and &,

IE{&&i} = [E(g(Ck) — Eg(Gr))(9(&) — 9(Cr) + 9(Cut) — Eg(G))] = (1.11)
= [E(9(¢x) — Eg(¢))(9(G) — 9(Crt)) + E(g(C) — Eg(Cr))(9(Ct) — Eg(G))] <

) c —(1+4¢)
< 2KE|g(G) - 9(Gu)| < 2KE{2K (G, ) A 2K} < 4C{log, log, (L)}

ck
So, by Lemma 1.3, we obtain
1 1

/Bg(x)d<Dn > dk%(w))(x) —/Bg(af)d(Dn S dkuck)(a:) = (1.12)
= o S dulo(G) ~ E9() = - S () — 0,

as n — oo, for almost all w € Q. By (1.4), the second term in (1.12) converges to
Jp g(x)du(x). Therefore, as the set M is a countable, for almost all w € €2, for all
g € M we have

[ 9@d(5- S, b)) = [ g(o)dnta).
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as n — 00. By Lemma 1.4, this implies (1.4) = (1.3).
(1.3) = (1.4). Define the following measures.
1 n 1 n
=5 > Dby Hnw = B >y Bl -
Let A be a continuity set of p: pu(0A) = 0. The expectation of fi,,(A) is p,(A),
ie. [otnw(A)dP(w) = u,(A). Now, (1.3) means that lim, .. pnw(A) = u(A),
for almost every w. Take expectation in this relation, use dominated convergence

theorem to obtain lim,, . t,(A) = (A). So we obtained (1.4). O
Remark 1.5. If in Theorem 1.1 condition (1.2) is replaced by
C -
E{o(Cu, G) N1} < C<C;i> : (1.13)

for k < 1, where v > 0, then one can take d = log (cry1/ck)exp [(logck)®] with
0 < a < 1/2 and the statement remains valid. For the proof see Berkes and Csdki
(2001). O

Remark 1.6. If conditions (1.2), (1.5), and (1.13) are valid only for 1 < ko <
k <1, then Theorem 1.1, Remark 1.2, resp. Remark 1.5 remain valid. To prove this
one has to apply the statments for Cry, Cog+1s - - -- O

The above results can be extended to the case when B is not separable and it is
equipped with a o-algebra different from the o-field of the Borel sets.

Remark 1.7. Let B be a metric space. Let P be a o-algebra of subsets of B.
Let i, pn, n =1,2,..., be probability measures on the measurable space (B, P). It
is said that p, converges weakly to p  (u, = ) asn — oo, if [5 f(z)dun(x) —
I f(x)du(z) for each continuous, bounded, measurable function f : B — R.

Now, Lemma 1.4 has the following form. Assume that P contains each closed
ball. Suppose that the probability p is concentrated on a complete, separable subspace
of B. Then there exists a countable set M C BL(B) (depending on p) such that
for any sequence of probability measures p,, n € N, on (B, P) we have: p, = u,
n — oo, if and only if [ g(x)du,(z) — [5g(x)du(x), n — oo, for each g € M.
One can check this result using the setting of Chapter IV in Pollard (1984).

Theorem 1.1 is also valid in this framework. However, one has to assume that
the o-algebra on B contains each closed ball, and p is concentrated on a complete,
separable subspace of B. O

2. Applications for independent variables

For a previous version of Theorem 1.1 the following examples were given: Pearson’s
x%-statistic (Chuprunov and Fazekas (2001b)), Poisson functional limit theorem,
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semistable functional limit theorem, functional limit theorems for sums of indepen-
dent random variables with replacements (Chuprunov and Fazekas (2001a), see also
Chuprunov and Fazekas (1999) for a preliminary form). Here we shall not deal with
these ones. Berkes and Csaki (2001) gave the following examples for their general
theorem: partial sums, extremes of i.i.d. random variables, maxima of partial sums,
empirical distribution functions, U-statistics, local times, return times, and Darling-
Erdos type limit theorems. Here we shall give a.s. versions of a few functional
limit theorems including functional forms for some of examples in Berkes and Csaki
(2001).

Let I4(x) denote the indicator function of the set A. The dependence of a
stochastic process on the elementary event w will be denoted by a subscript, e.g.
W, (t) or Wy, (t).

Example 2.1. The Wiener process. This simple example shows that we can
construct several weight sequences different from d = 1/k.

Let W(t), t > 0, be a standard Wiener process. Let W) (u) = ﬁW(su), for
u € [0,1], where s > 0 is fixed. Let 1 =i < iy < ... be an increasing unbounded

sequence of real numbers. Then W) = T as n — oo, on C[0, 1].
To apply Theorem 1.1, let ¢;(u) = W (u) = ﬁW(ilu), and for k <[ let

) = ja[vv(mo Wi i), we[0.1].

Then ¢ and (;; are independent, k < [. Moreover,

1 )
Eo(Cu, G) =E sup |Cu(u) — G(u)| = —=E sup |[W(ju)| =
uel0,1] Vi irue(0,]

1 1 , 1o Vi
\/ﬁ te[o,ik]| ( )| \/a | ( k>| \/E ( k) \/ﬁ
Here we applied Freedman (1971), Lemma (16/c). Now we can choose
Vi | e 1 " int1 1
dy = 2log [ Zk,“] = / o —dxr, and D, = Zdi = / o —dx =1og(ins1) -

Proposition 2.1.  Assume the notation and conditions above. Let {i,} be an
increasing sequence with lim,,_,« i, = 00 and in41/i, = O(1). Then

1 n
D Z dkéwfk) = Uw, as n— oo, for almost every w €}
n k=1

on C[0,1]. O
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A slightly different form of this proposition was proved in Rodzik and Rychlik
(1994), using another method. There it served as a tool to prove a.s. version of the
Donsker theorem.

Example 2.2. The sum of independent variables. We show that the a.s.
version of the Lindeberg type functional limit theorem is a simple consequence of
our general result.

Let Fi,F,,... be independent o-subalgebras. Let X, ; be F;-measurable for
i=1,...,mp,n=12 ... Here {m,} is an increasing sequence of positive integers
converging to co. Then, for fixed n, X, 1, X, 2,..., X, m, are independent random
variables. Assume EX,,; = 0and EX?, = 07, ; € (0,00), for all i and n. Set S,y =0,
Sng = Xng+ -+ Xop, S5 =ESp =00 4+ ooy, for k=1,2,...,m,. Let
Sp = Sp.m,- Define the random function Y,,(¢), ¢ € [0, 1], as follows

Snk tsy —snp Sk Snitl
Yo(t) = =5 + Xppn—5—=, if te |Z =2 (2.1)
Sn Un,k+18” Sh Sh

82
for k=0,...,m, —1. Then Y, (t) = Snk if ¢ = 2k for k= 0,...,my, and Y,(t) is

a broken line joining these points. Therefore Y, eC [0, 1].
Assume that the Lindeberg condition is satisfied, namely for any € > 0

lim ST_L2 Z ]EX?L,I-I{‘X”’”ZES”} =0. (2.2)

n—o00 4
=1

Let W (t), t € [0,1], be a standard Wiener process. Then the generalized Donsker’s
theorem is valid: Y,, = W, as n — oo, on C|0, 1], see Billingsley (1968), Problem in
Section 10.

To apply Theorem 1.1, let ¢, =Y,, and
S?’L mpg
Gealt) = |Yalt) = 22 L (0, 10,

n,mp
Sn Pk 1]
Sn

kE <n. As (g, depends only on X, ,, 41, ..., Xpm,, therefore ¢, and (j,, are inde-
pendent, k£ < n. Moreover,

2

E0(Gin Go) = E sup [Gon(u) — Golu)] = Emax {[¥,(0)] = # € [0, 2]} =

u€(0,1] n

1 , 1 .
= S—Emaxﬂsn,j\ 2 j=0,....,mg} < 8—\/]E (max{[S,,| : 7=0,...,m})* <

1 Snm
<c—/ES2, =c——".
Sn ’ Sn

Here we applied Doob’s inequality.
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Sn,my

Assume that =& < ¢ (This is satisfied when we consider not an array but
only a sequence X7, Xs,....)

Now we can choose

Ch 1 n cnt1 |
dy, = log {CHI} = / o dx, and D, = Zdi = / " de = log(cp11) — log(cy) .
c i—1 c

Ck k i 1

Proposition 2.2. Assume the notation and conditions above. Suppose that ¢,
is an increasing sequence of positive numbers with lim, .., ¢, = 00 and c,11/c, =

O(1). If the Lindeberg condition (2.2) holds, then

1 n
D Z didy, ., = Hw, as n— oo, for almost every w €
n k=1

on C[0,1]. O
We mention that Lesigne (2000), Theorem 2 is an a.s. version of the (non-

functional) Lindeberg CLT for arrays. Is is easy to see that our result implies that
one.

A version of Proposition 2.2 for sequences X1, X5, ... was proved in Rodzik and
Rychlik (1994), using another method. Major (2000), Theorem 1 gives the same
result as our Proposition 2.2 but for sequences (i.e. not for arrays) and with con-
vergence in D|0, 1]. There a coupling method is used for the proof.

Example 2.3. The maximum process of the partial sum process. Let X1, X, ...
be independent random variables with partial sum .S, = > | Xp, n=1,2,..., 5y =
0. Let S} be the maximum of the partial sums: S;; = maxo<g<, Sk, n =0,1,2,....
Define the D[0, 1}-valued maximum process ¢, by

_ 1t
=+

where {b,} is a sequence of positive numbers. We want to prove an a.s. limit
theorem for (,,.

Ca(t) St > t€10,1], (2.3)

Let Sk, be the increment of the partial sums: Si, = Xpi1+---+ X, for k <n.
Let S,;“m be the maximum of these increments: S};m = maxy<i<n—k{ Xp+1+ -+ Xk},
for k < n. Denote by (.)" the positive part of a function. For k < n let

0, it 0<t< B
Cen(t) =19 1 (2.4)

H{Sl?,[ntl}+: if  EL<p<,

be a D[0, 1]-valued process. Then (j,, is independent of (i, k < n.

First we remark that for % <t<1

Shy = max {S,’:, Sy, + S,;‘:[nt]} = max {S};, Sy + {SZ’W]}*} .
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Therefore for k < n we have

Ca(t), if  0<t¢< L
) —6knl?) { & [max (S}, S+ {70} ) — {Sipe) ] B <<,
Denote the second part of this expression by A. Then

_ 1
-5

A:blnmax{s;;_{ ;M}+,Sk}, it (il >0

A= =80, it {Si) =0,

Therefore ) )
—Spk <A< 5.
b T T bR
Finally, for K < n and 0 <t <1 we have
1 *
[Ga(t) = Cean(t)] < 3~ max {0, [Sg[, |Skl} - (2.5)
The following proposition is a functional version of Theorem D in Berkes and
Csaki (2001).

Proposition 2.3. Asume that ¢, = ¢ on DI[0,1], as n — oo. Assume
that there exist K > 0, 6 > 0, an increasing sequence of positive numbers b, with
lim,, o0 by, = 00, byy1 /by, = O(1) such that

G |y 1+d Gr [y 146
I['I‘,{logJr log,, b—n } <K, E{log+ log, b—” } <K, (2.6)
form = 1,2,.... Let d; = log(bgr1/bx), assume that Y3 dy = oo. Let D, =
Sh_ydg. Then, in DI0,1],
1 n
o Z di0c(w) = H¢, as m — 00, for almost every w € (). (2.7)
n k=1

Proof. We use the method of Berkes and Cséki (2001), Theorem A and D.
Let g(z) = 1+ (log, log, )
therefore x/g(x) is also continuous. z/g(x) is increasing for z > xy > 0 and it is

unbounded. Therefore
o< L 0<zr<y and y=>a,
r) ~ g(y)

, x > 0. This function is continuous and nonzero,

for some ay. By (2.

B{olGun &) A1) < B 16n) — Gl a1) < B{ [ aa] o (B A ]}
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Consider 5
by _ Skl . by
A= n > Pk O
by — by " b
Then
| S| ] V‘Skl ] 1 l|5k| ] 1 [|Sk|]
E N1 —]E A —Eg|— AN < —Eg|—| =
l b Rl A OV =500 | b
1 Sk 140 b, —(1+9)
- E |1+ {log,log, | M|} | < CK{log, log, "}
1 + {log, log, b"}1+5 [ S+ 08+ by S+ 08+ by
The same is true for S;;. Theorem 1.1 gives the result. O

Now we specialize our result for i.i.d. variables.

Proposition 2.4. Let Xy, Xs,... be i.i.d. random wvariables with EX; = 0,
EX? = 0% € (0,00). Let the D|0,1]-valued mazimum process ¢, be

Gult) = —=Sty, te[0,1]. (2.8)

\/_
Then
1 1

Zk&“:uw , as n— o0, for almost every w €2
k=1

logn

on D|0, 1], where W* is the maximum process of the Wiener process W.

Proof. The process

Xo(t) = €1[0,1],

1
—=S] »
0.\/5 [nt]
converges to the Wiener process W in D|0, 1], see Billingsley (1968), Theorem 16.1.
Let (Mg)(z) = supg<y<, g(t) for g € D[0,1]. Then M : D[0,1] — DI[0,1] is
continuous. Therefore M X,, = MW in D[0,1]. That is (, = W* in DI0, 1], where
W*(x) = supg<sc, W(t) is the maximum process of the Wiener process.

To prove (2.6), we use Doob’s inequality:

2

<E

? 1
2 __
SC%ESH—C. O

|55 S

1
2 o] <[
We remark, that when EX; > 0, then the limit of the normalized maximum
process converges to the Wiener process (Takahata (1980), Theorem 2). Our a.s.

CLT does not concern that case.
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Example 2.4. The empirical process. Let X1, X5, ... bei.i.d. random variables
with common distribution function F' and let

1 n
2) == lxi<a} s
nis

be the empirical distribution function. Let
1 n
an(a) = VilFa(a) = F@)] = =3 [lonsn = F@)]
i=1

be the empirical process.

Let B be a Brownian brigdge, and let By be defined as Br(x) = B(F(z)), z € R.
Then Br is a Gaussian process with mean 0 and covariance function F'(r)—F(r)F(s)
for r < s. It is known that o, = Br in D[—o00, +00], the space of cadlag functions
endowed with the uniform metric. See Pollard (1984), Section V.2., see also Csorgd
and Révész (1981), Theorem 4.3.1*.

However, we consider D[—o00,4+00] equipped with the sup norm. Therefore it
is not separable. Instead of the Borel sets we consider the projection o-algebra P
on D[—o0,+00]. Then P contains each closed ball. The limit process is Br which
is concentrated on a complete, separable subspace. This subspace is the image of
C10, 1] by the continuous map H:

(Hz)(r) = x(F(r)), r€[=00,+00],
where x € D|0, 1], see Pollard (1984), Section V.2. Therefore, by Remark 1.7, we
can apply Theorem 1.1.
Now let ¢, (z) = a,,(z) and for k < n let

G (& f > [lss — F@)] |

i=k+1
Therefore ¢, and (y, are independent, if k& < n.

EQ(Ckna Cn) - Esup ‘Ckn(x) - Cn(x” =
vk vk

k
—]E— sup Lix,<or — F(2)|| < —=c,
Ve 7o 3 o = P | < (7
Sk [I{Xiga:} - F(x}” is bounded (see Dvoretzky et al. (1956),
Lemma 2, see also Theorem 4.1.3 in Csorg6 and Révész (1981)).

because Eﬁ sup,,

Proposition 2.5. Assume the notation and conditions above. Then

1 X1
ZgaméﬂBw as n — 0o, for almost every w € )

logn

on D[—o00, +0]. O
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3. Applications for dependent variables

Here we show how to apply the previous method if not independent but weakly
dependent random variables are in the background. The a-mixing coefficient of the
random variables X and Y is defined as

X Y)=a(e{X}olV)) = s  [P(AB) ~ PAR(B),

where o{ X} is the o-algebra generated by X. The covariance inequality is
| cov(X,Y)| < 4a(X, Y )| X o[V [loo

if X and Y are bounded (see, Lin and Lu (1996)).
Let ay; be the a-mixing coefficient of (; and (j;, k < .

Proposition 3.1. Theorem 1.1, Remark 1.2 and Remark 1.6 remain valid if
condition that (x and (x are independent is replaced by the following: there exist
c >0, e>0 such that

Z Z dkdlakl S CD?L (log Dn)i(lJrE) . (31)

k=11=k

Proof. Asin (1.11), we obtain
[E{&&}H < (3.2)
< [E(g(Ck) — Eg(C))(9(G) — 9(C))| + [E(g(Cr) — Eg(Cr))(9(Cr) — Eg(Q))] <

) e —(1+e)
<4cK {1og+ log . ()} +ag|
Ck
So, by (3.1) and Lemma 1.3 (a), we obtain ET2 < c(log D,,))""*¥). By Lemma 1.3
(b), T, — 0 a.s. The remaining of the proof is same as that of Theorem 1.1. O

As the covariance inequality is satisfied for other types of mixing, so Proposition
3.1 is valid for p-, ¢-, (-, and ¥-mixing, too.

Now, we present an a.s. CLT for a-mixing sequences. The a-mixing coefficient
of the sequence X1, X, ... is

alk) =supa(a{Xi,..., Xn}, o{Xnik, Xoskt1,---})-

Proposition 3.2. Let X1, Xy, ... be a strictly stationary, a-mizing sequence
of real random variables with mizing coefficient a(k) < ¢/logk, k = 2,3,.... Let
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EX? <oo, EX;=0. Let S, = X1 + -+ X, 02 =ES2, ¢, = Sy /o, n=1,2,....
Assume that o, — 0o and ¢, satisfies the CLT: ¢, = N(0,1). Then

lognz — ) = N(0,1), (3.3)

as n — 00, for almost every w.
Proof. First we remark that the conditions imply that o,, = \/nL(n), where
L(n) is a slowly varying function (Ibragimov and Linnik (1971), Theorem 18.4.1).

Let G = (Xopy1 + -+ - + Xi) /oy, for k < 1. Then

ES2
G  Gu < BG G = Yook = YIRLE) VRl

by the definition of the slow variation. By the Karamata theorem (see Seneta
(1976)), for = large enough

L(z) = a(z) exp ( /B g >dt> a(z)Lo(z)

t

where a(x) is a real function for which 0 < a; < a(z) < as < oo and lim, o a(z) = a
finite and positive, while b(x) is a continuous function with lim, . b(z) = 0 and

B > 0. This implies that
VELo(k)

E|Cl - Ckl| < C\/ZTO(Z)'

Let ¢, = VkLo(k), k= 1,2,.... Then (1.5) is satisfied with 3 = 1. As /zL(z) is
regularly varying with positive exponent, so lim, .., v/xLo(z) = oo (Seneta (1976),
Section 1.5). Therefore ¢ — oo.

Now, we find dj.

Ck+1
Ck

exp (fg“ @dt) B
exp( g@dt) ] N

k+1p

Mg
t

E+1
—1g T + log

1
=35 [log (k4 1) — log k] 4—/}C
(This shows also that ¢x1/c, = O(1).) As

[log (k + 1) — log k]

A~ =

/kk+1 b(t)dt‘ < [ max |b(t)|] log (k + 1) —log k] <

k<t<k+1
if k is large enough, therefore

Ck+1
Ck

1 11
log 7 log (k+1) —logh] > 2 = d\”

>
4
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if k is large enough. This shows also that ¢, is increasing if k is large enough. We
have D) = Y0 dfY) ~ 187 o0,

To prove (3.1), consider

sz akl<cZZ%710gk§

k=2 I=k k=2 =k

< ¢(logn)(loglogn) < c¢(logn)*(loglogn)~ 1+ < ¢(D©)? (log Dflo))_(lﬁ) :

So the a.s. CLT is valid with d\” and D) and therefore (3.3) is satisfied. 0

Ibragimov and Lifshits (1999), Theorem 2.5 contains similar result with the
a(n)

n=2 plogn
a(n) < ¢/logn is not a major restriction, as a typical sufficient condition for the

CLT itself is 302, a(n)% < 00, 6 > 0, see Hall and Heyde (1980), Corollary 5.3.

more general condition > >° < oo. However, we think that our condition
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