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Abstract. In this paper we describe the solutions of the functional equa-
tion

F(ac—é—?}) + filz) + foly) = G(g1($€) +92(y))

defined on an open subinterval of R. Improving previous results we assume
differentiability on each involved function, eliminate a former condition
on gi and g5, moreover we determine a brand new family of solutions.
We also present a particular member of this class as an example. In or-
der to achieve this, we strengthen known results about certain auxiliary
functional equations as well.
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1. Introduction

This paper serves both as a continuation and a revision of the paper [10, T.
Kiss, 2024]. We describe the solutions of the Pexider Composite Functional
Equation
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F(E2Y) + hi@) + o) = Glor(2) + ga(v)) (1)
under mild regularity assumptions on the six unknown functions
F, fi,f2,91,92 : I — Rand G : g1({) + g2(I) — R. Given that the equa-
tion in question is an equivalent reformulation of the invariance equation of
generalized weighted quasi-arithmetic means, the natural conditions for the
unknown functions would be continuity and strict monotonicity. Moreover,
one may even assume that g; and go are strictly monotone functions in the
same sense. This condition also plays an important role in the present pa-
per. The precise manner in which equation (1) is connected to the invariance
equation is detailed in [10].

For the sake of completeness, we have to mention the paper of Matkowski
[16], where class of generalized weighted quasi-arithmetic means is introduced.
The invariance problem for these means covers many notable and important
invariance problems about various types of means. Concerning this topic, we
would like to turn the attention of the interested reader towards the works of
Matkowski [15], Jarczyk [7,9], Dardczy, Pdles [4,5] and Maksa [2] A detailed
summary about invariance problems of means can be found in the survey paper
of Jarczyk and Jarczyk [8].

However, in this paper we focus exclusively on the equation (1) itself
and not its background. In the paper [10], continuously differentiable solutions
were described under the additional and rather unnatural condition that the
derivatives of the functions g; and go do not vanish anywhere. Such a solution
was referred in [10] to as regular. We emphasize that in the present paper,
except for the Introduction, we do not intend to use this terminology. The aim
of the paper is to improve the results of [10] in three different aspects.

I. We are going to eliminate the aforementioned restriction on the deriva-
tives of the functions ¢g; and gs.

II. We are going to correct an erroneous statement of [10], which is the
result of a flawed proof. Specifically, the paper [10] contains a Theorem of
Alternative claiming that, for any regular solution of (1), the function F is
either affine over its entire domain or there does not exist any subinterval
on which it is affine. The third possibility, namely that F' is affine only
on certain subinterval, was erroneously excluded. In this paper, we also
describe these solutions.

III. We are going to weaken the assumption of continuous differentiability to
mere differentiability.

To formulate our results in a more simple and compact form, we will need
some notation and conventions. For example, we shall say that (F, fx, G, gx)
solves equation (1) on the subinterval J C I if, for the functions F' : I — R,
fi:I—=R fo:I->R g:1—-R, go:1—>R,and G: g1(I) + g2(I) = R,
the equation (1) holds true for all z,y € J.
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This principle will apply generally. More precisely, whenever the variable
k appears as a subscript, it should always be understood that the given con-
dition or statement holds for both cases k = 1,2. However, in some instances,
we will explicitly state the range of the index k.

In the sequel, we will divide the family of differentiable solutions of equa-
tion (1) into three pairwise disjoint subfamilies.

In Section 2, we describe those solutions for which the function F' is affine
on the entire domain I. It then turns out that G is also affine, the functions
g1 and gs can be chosen freely, and moreover, f; can be expressed in terms of
F and of some affine transformation of g;. We emphasize that, in this case,
apart from the continuity and monotonicity of g; and g, no other regularity
assumptions are used. The main tool of this section is the famous theorem of
Radé and Baker [17].

In Section 3, we discuss those solutions for which F' is affine only on some
proper (i.e. non-empty, open, and different from I) subinterval of its domain.
Such function will be called partially affine. This family includes solutions that
may be exactly once differentiable. We emphasize that this is a completely new
class of solutions which has not appeared before in the literature of the equation
(1). Therefore, besides the characterization theorem of partially affine solutions
(namely, Theorem 3.13) we are going to present an example of a particular
solution consisting of exactly once continuously differentiable functions.

The main auxiliary tool of this section is the auxiliary functional equation

(“22) (r(w) = o) =0

where ¢, 1, is constructed from G, g, and their derivatives and they are defined
on appropriate open intervals. In the works [11] and [20] the authors have
described the solutions of this equation under weak regularity assumptions
such as measurability. Here we are going to use the characterization of the
solutions in the case when ¢ is a derivative.

In Section 4 we turn our attention to solutions where F' is nowhere affine.
Then the derivatives gj and g5 do not vanish at any point. Consequently we
are able to derive a system of two auxiliary functional equations

{ o (Z52) (Wi(2) +91(y) = p(@)v1(x) + o (y)er(y)
(T2 (2() — ¥a(y)) = Ta(x) — Ta(y)

where ¢, 11,19, ¥y are constructed from the derivatives of the functions ap-
pearing in equation (1). Our main objective of Section 4 is to solve this system
of equations. Both of the two equations has a rich literature on its own. The
first equation has been solved by Daréczy, Maksa and Péles [3], then their re-
sult has been improved by the first author of this paper jointly with Péles [12],
weakening the imposed regularity conditions. However, in every known result
= %F " is assumed to be continuous, which is not necessarily fulfilled in our
current setting. Hence, in order to utilize the previous results, in this paper we

ryel, (2)
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are going to prove that if ¢ is a derivative which is nowhere constant, while
11 is the difference of the reciprocals of two nonvanishing derivatives, then
the nontrivial solutions are continuous. The proof of this statement utilizes
classical results from measure theory, such as the Lebesgue Density Theorem
and Steinhaus’ Theorem.

The second equation has been investigated by many authors, such as
Balogh, Ibrogimov and Mityagin [1], moreover Lukasik [14]. In their works
(higher order) differentiability is supposed. A significant reduction of regularity
assumptions is due to the first author and Péles [13], who solved the equation
assuming merely continuity for ¢.

Combining these with our new results concerning the first equation, we
are able to characterize the solutions of (2) under reasonably mild regularity.
We have to emphasize, that in the paper [10] the solutions of the separate
equations of (2) are presented, but in the setting where each functions in (1) are
continuously differentiable. Our main advancement in Section 4 of our paper
is that we are able to deduce the same solutions of (2) as in [10], supposing
merely differentiability for F, fi, G, g along with g} - g4 > 0. This also implies
that in the case when F' is nowhere affine then our reduction of the imposed
regularity conditions does not result in any new solutions. In particular, as we
are going to establish, if F' is nowhere affine then the solutions (F, fx, G, gx)
consist of infinitely many times differentiable functions described in [10].

1.1. Notations

Throughout the paper, I stands for a non-empty open interval. For any a,b € R
with @ < b, the closed and open intervals will be denoted by [a,b] and ]a, b[,
respectively. Accordingly, we will use, for instance, notations such as

[a,b[:={teR:a <t <b} or Ja,b) :={t eR:a <t <b}.

For arbitrary sets H; and Hs the notation Hy C H, means that H; is a subset
of H2 but H1 7& H2 .

Let A : R — R be an additive function and b € R. We note that by
an additive function we mean a solution to the Cauchy Functional Equation.
Then, for a given function h : I — R, we shall write U € A,(A,d) if and only
if U is a nonempty open subinterval of I and h(z) = A(z) 4+ b whenever z € U.
If h is continuous, then, for A,b € R, instead of A (A - id,b) we simply write
Anp(A,b). In this case we also use the function’s formula differently, namely,
we write h(z) = Ax + b instead of h(x) = A(x) + b. The context will always
make it clear whether A stands for an additive function or a real number.

Beyond all this, we will write that U € AP**(A,b) if U € Aj(A4,b) and
there is no interval V' € A, (A,b) for which U C V holds with U # V. Note
that, for any Uy € Ap(A,b) there uniquely exists U € AP**(A,b) such that
Up C U, namely

U=V e An(A,b): Ty C V1.
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Finally, in certain cases, we would like to indicate that a given function
is affine on a specific interval U, without needing its explicit representation
(i.e., its linear and constant part). In such cases, we simply write U € A}, or
U c A,

With these notations we may concisely summarize the three main part
of our paper. In Section 2 we deal with the case AR** = {I}, in Section 3 we
assume Ap # () but I ¢ Ap, while in Section 4 we have Ar = (.

2. Solutions, where F' Affine on its Entire Domain

The equation is quite simple to solve in the case when we know that the
function F' is affine over the entire domain. In this case, the functions f; and
f2 can be expressed in terms of F' and of the functions ¢g; and g, respectively,
and moreover, G also turns out to be affine on its domain. Later on, we will also
deal with the case when F' is only partially affine. For this, we will need some
results from the current section. Therefore, some results will be formulated
only for subintervals.

Proposition 2.1. Assume that F : I — R is affine on some nonempty open
subinterval J C I and let g1,g2 : I — R be continuous and strictly monotone.
Then (F, fr, G,gr) solves equation (1) over J if and only if there exist an
additive function B : R — R and constants (1, 82 € R such that

ka—%F—l—Bng—Fﬂk and G=B+p0
hold on J and on g1(J) + g2(J), respectively, where = 1 + (5.

Proof. The sufficiency can be verified with straightforward calculations, so we
will only prove the necessity. For k = 1, 2, define

lp(z) == F(z) + 2fx(x), x € J (3)

Expressing the functions f; and f; from here and substituting them into our
equation, it takes the form

F(m—gy) 3 F(x);rF(y)

Utilizing the fact that F' is affine on J and that g; and g, are invertible
functions, the above equation can be rewritten as

Glu+tv)=glogr (u)+56ogy (v),  (u,0) €gi(J) x g2(J).

The functions g; and go are continuous and strictly monotone, hence U :=
g1(J) x g2(J) is an open and connected subset of R x R. Then, in view of
Theorem 1. of [17, Rad6-Baker], there exist an additive function B : R — R
and constants (1, 02 € R such that

%gkoglzlzB-‘rﬁk and G=B+p

:G(gl(x)+gg(y))—w, z,y € J.
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hold on gx(J) and on g1 (J)+g2(J), respectively, with 5 := (51 + (5. Expressing
), and then using its definition (3), we obtain the desired decomposition of f;
and f5 over J. O

Theorem 2.2. Let F': I — R be affine and g1,92 : I — R be continuous and
strictly monotone. Then (F, fi., G, gi) solves functional equation (1) if and only
if there exist an additive function B : R — R and constants (51,02 € R such
that

fv=—3F+Bogi+ b and G=B+0
hold on I and on g1(I) + g2(I), respectively, where 3 = 31 + Pa.

Remark 2.3. Note that Proposition 2.1 states that whenever F' is affine on
an interval, the functions g; and go can be chosen freely. This theorem has a
counterpart, which asserts that if g; and g, are affine functions over an interval,
then F' can be chosen arbitrarily, provided that ¢g; and gs share a common
invertible additive part. We now restate this theorem, originally found in [10],
along with its proof.

Proposition 2.4. Let J € Ay (D,01) N Ag,(D,02), where D : R — R is an
invertible additive function. If (F, fr, G, gr) is a solution of equation (1), then
there exist an additive function C': R — R and constants v1,~v2 € R such that

fi(z) = C(x) + v and G(u):Fo%D‘l(u—5)+COD_1(u—5)+’y
hold for all x € J and u € g1(J) + g2(J), where § = §1 + 62 and v = v1 + 2.
In the next subsection, we examine this relationship in greater depth. For
a given subset H C I, define
H ={zel:xz<infH} and H":={rel:supH <zx}. (4)
Obviously, if H is empty, then H~ = HT = I. If inf H = inf I or sup H =

supl, then H~ = () or HT = (), respectively. Particularly, if H = I, then both
of H~ and H* are empty.

Proposition 2.5. Let (F, fr, G, gr) be a solution of equation (1) such that F is
differentiable, g1 and g2 are continuous and strictly monotone and U € AR,
If ¢ € I\U is a point with the property that there exist additive functions
B,C :R — R and constants v, 3 € R such that

fu=Bogr+C+~ and G=B+p
hold on J and on gi(J) + g2(J) with J := conv(U U {}), then & €
{inf U,supU}.
Proof. Indirectly, assume that say £ < inf U holds. Then the interval U~ N J
is not empty. Let =,y € U~ N J be any points. Then, the left hand side of
equation (1) can be written as

F(aj;_y) + fi(x) + fa(y) :F(

Tty

)+ B(91(x) + 92(y)) + Cla +) + 27,
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while the right hand side is of the form
G(g1(2) + 92(y)) = B(g1(x) + g2(y)) + 5.

Simplifying with B(g1(z) + g2(y)) and then putting z = y, we obtain that
F(z) = —2C(x) —2v+ 3, that is, F' is affine on U~ N.J. By the differentiability
of F' we obtain that there exist A,b € R such that F(z) = Az + b whenever
x € J, contradicting the maximality of U. This shows that £ cannot be smaller
than inf U. A similar argument yields that £ cannot be bigger than sup U. Thus
the statement follows. 0

3. Solutions, where F' is Partially Affine

In this section we are going to assume that F' is partially affine on its domain.
We note that we will continue to rely heavily on the results of Section 2,
namely, we will use the fact that whenever F' is affine on a subinterval, the
exact form of the functions f1, f2, and G is known there. Furthermore, g; and
g2 can be chosen arbitrarily over such subsets. In the following, we first derive
an auxiliary functional equation.

3.1. The Auxiliary Equation

The goal of the first part of the current section is to reduce the number of
unknown functions in equation (1). This will be done in two steps. First, by
utilizing the continuity and strict monotonicity of the functions g, and go, we
eliminate the functions f; and fo. In the second step, assuming differentiability,
we derive an auxiliary functional equation that involves only the functions g1,
g2, and G, to be more precise, their derivatives and inverses. With these, the
number of unknown functions is reduced by half. It is worth noting that our
results do not require the continuity of the derivatives.

In order to eliminate the functions f; and fs, we will need the following
sets and some of their properties. The construction itself and the related lemma
are not new; they can be found in the paper [10]. However, for easier readability,
we will formulate them here as well. The proof, on the other hand, will be
omitted. Interested readers can find it in the mentioned paper [10].

For the functions g1, g2 : I — R, a non-empty subset H C I, and a point
x € I, define the restricted preimages

Hy(z) = g5 (91(H) + g2(H) — g(x)) N H, kE=1,2.

Notice that there is a very simple sufficient condition to ensure that none
of the sets are empty, namely we have H;(x) = Ha(z) = H, whenever z € H.
According to the following lemma, the point z can be chosen as the infimum
(or the supremum) of the set H, and it is even possible to go slightly beyond
this point in such a way that the sets in question remain non-empty, provided
that, of course, the infimum (or the supremum) of H is contained in I.
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Lemma 3.1. Let g1 and go be continuous, strictly monotone in the same sense,
H C I be a nonempty open subinterval and set a := inf H and b := sup H.
Then, for k = 1,2, the following statements hold.

(1) If a €1, then H C Hy(a). If b€ I, then H C Hy(b).

(2) If a € I, then there exists x € I with x < a such that Hy(x) is nonempty.
Ifb € I, then there exists x € I with b < x such that Hy(x) is nonempty.

(3) If v € I with x < a such that Hy(x) is nonempty, then, for all u € [z, a],
we have Hy(x) C Hy(u). If v € I withb < x such that Hy(x) is nonempty,
then, for all u € [b,x], we have Hy(x) C Hy(u).

(4) If x € T with x < a, then a < inf Hi(x). In addition, if Hy(z) is not
empty, then sup Hi(x) = b. If x € T with b < x, then sup Hy(x) < b. In
addition, if Hi(z) is not empty, then inf Hy(x) = a.

Proof. See the proof of [10, Lemma 6]. O

We draw attention to the fact that, in view of the above lemma, for a
given point « € I, the sets Hy(z) and Hz(z) are either both empty or both
non-empty. Now, keeping the conditions of Lemma 3.1, define the set

Heyxt := {2 € I : the intersection Hj(x) N Hy(x) is not empty}.

Basically, Heyt consists of those points x of I for which there exist u,v €
H such that both of g1 (z)+g2(u) and g1 (v)+g2(x) belong to g1 (H)+g2(H). By
H C Heyt, the set Heyt is not empty. Statement (2) of Lemma 3.1 states that
the inclusion H C Hyy is strict whenever H # I. Finally, by (3) of Lemma 3.1,
Hy is a subinterval of I, which is obviously open due to the conditions listed
in Lemma 3.1.

In summary, it can be stated that under the conditions of Lemma 3.1,
H. is a proper extension of the interval H in I, provided that H is not equal
to 1.

Beside the above set, we will also use the part of the reflection of the
subinterval H C I onto itself that lies within . So let us define

Hyee = (2H — H)N 1.

Note that Her strictly contains H if H # I holds true.

Having the above lemma at our disposal, we can now, in a certain sense,
extend the form of f; and f5 given in Proposition 2.1 to intervals on which F'
is affine only on a subinterval.

Proposition 3.2. Let (F, fi,G,gr) be a solution of equation (1) such that
g1,92 : I — R are continuous and strictly monotone in the same sense. Let
further U € Ap(A,b). Then there exist an additive function B : R — R and
constants 31, G2 € R such that, for k = 1,2, we have

1

(@) = =5 (A@) +b) + Bogi(@) + B, @ € Uos N Uher (5)
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Proof. 1f we apply Proposition 2.1 for J := U, we obtain that there exist an

additive function B : R — R and constants 31, 32 € R such that, for k = 1,2,
szfé(A+b)+Bng+ﬂk and G:B+ﬂ

are valid on U and on ¢g1(U) + g2(U), respectively, with 5 = (1 + B2. In the

sequel, we may and do assume that infU € [.

Let © € Uext N Uyer be any point. If © € U, then the identities in (5)
are obviously valid, therefore assume that x < infU. Then U;(x) N Us(z)
is not empty, furthermore, there exists v € U such that %(sc +wv) € U. Let
u € Uy(x) NUs(x) be any point. Note that, by (4) of Lemma 3.1, [u,sup U] C
Ui (x) NUy(x) follows. Then we assert that for y := max(u,v) we have

r+y
2

Indeed, if u < v, that is, if y = v, then the first inclusion above follows
from the definition of v. The second inclusion is implied by [u,sup U] C Uy (z)N
Us(z). If v < u, then the second inclusion holds automatically, furthermore,
since U is an interval, the validity of the first inclusion is also clear.

Now, apply equation (1) for the pair (z,y). Using that F' is affine on U
and the inclusion y € U, the left hand side of (1) can be written as

eU and y € Uy(z) NUs(x).

F(5) + Ai@) + faly)

1

= 5(*4(55) +A(y)) +b+ fiz) - %F(y) + Boga(y) + f2

- %A(m) + %b—i—fl(ﬂ?) + Boga(y) + Ba.

We can therefore make this latter expression equal to the right-hand side of
equation (1), namely

SA@) + 5b+ (@) + Bogay) + 5o
= G(91(2) + g2(y)) = Bogi(z) + Bogaly) + 5,

where in the last step we used the fact that y € Uy (z). Simplifying the above
equality by the term B o g2(y) and using that 51 = 5 — (32, for the value f;(z)
we get

file) = =5 (A(@) +8) + B o gi(a) + .

If supU € I, a similar calculation leads to the same result for z > supU.
Consequently, formula (5) holds on Uext N Uyer for k = 1. To get the desired
form of fo over Uyt N Uset, apply equation (1) for the pair (y,z) and perform
the same reasoning. O



28 Page 10 of 35 T. Kiss and P. T6th Results Math

We now formulate the auxiliary functional equation, which involves only
four unknown functions. This equation will be valid only over intervals of the
type Uext N Uyer, where U € Ap.

Corollary 3.3. Let (F, fx, G, gi) be a solution of equation (1) such that g1, gs :
I — R are continuous and strictly monotone in the same sense and let U €
Ar(A,b). Then there exist an additive function B : R — R and a constant
B € R such that

F(TE) L (A +AW) ~b=Clor(x) + 02(0) — Blor(x) + 02(0) — B
©)

holds for all x,y € Uesxt N Uyet -

Proof. Apply (5) of Proposition 3.2 in the equation (1) restricted to Uexs N
Uset- g

Let us note that both of (5) of Proposition 3.2 and (6) of Corollary 3.3
trivially hold on U € Ap(A,b).

We have now reached the point where we can derive the Auxiliary Func-
tional Equation that will play a central role in the subsequent calculations of
this section. As mentioned earlier, differentiability becomes an essential condi-
tion at this stage. To make it easier to formulate our further results, from now
on, let U* stand for the intersection Ueyt N Uyer, whenever U € Ap. Clearly,
U* contains such points from Ugy that, when reflected across any element of
U, still remain within I.

Proposition 3.4. Let (F, fi., G, gr) be a solution of equation (1) such that each
of its coordinate functions is differentiable on its domain, assume that g1, gs :
I — R are strictly monotone in the same sense, and let U € Ap with U # 1.
Then there exists a constant B € R such that

90<u—2H}) (wl(u) - 1/’2(0)) =0, (u,v) € 1 (U™) x g2(U™) (7)

holds true with

o(t):=G'(2t) — B and  i(s) = gl o g ' (s) (8)
fort € 3(g1(U*) + g2(U*)) and s € g (U*), k=1,2.
Proof. By Corollary 3.3, there exist constants A, B, b, 3 € R such that

T+y 1
F(T5Y) = 5 (Ar + Ay) — b= G(91(2) + 02() — Bor (@) — Baa(y) —
for all z,y € U*. Differentiate this equation with respect to = and with respect

to y, separately. Then

S (T5Y) -S4 =G () + 029) ) (2) — B (o),

2 2
%F’(m ; y) —~ %A =G (91(2) + 92(v)) 95(y) — Bgs(y)
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follows for =,y € U*. The left-hand sides are identical, so we immediately get
that

G (g91(x) + 92(y)) g1 (x) — By ()
=G (q1(2) + 92(v))95(y) — Bgp(y),  x,yeU"

Putting u := g1(z) and v := g2(y), and applying the definitions in (8), we
obtain equation (7). O

In 2002, Daréczy and Péles studied equation (7) under the assumption
that ¥, and ¥, are equal to a function ¢, which is a sum of a continuous
function and a derivative. Moreover, they assumed that ¢ can be expressed as
1) 4+ « for some constant o € R.

To address the equality problem of quasi-arithmetic and Cauchy means,
the first author and Péles in 2019 considered a special case of (7), again assum-
ing ¥ = 12 and a closed zero set for . We note that the condition concerning
the zero set is satisfied if, for example, ¢ is continuous, or strictly monotone,
or merely injective.

Keeping the condition on the zero set of ¢, the solutions to the general
equation (7) were described in [11] by the first author in 2024.

Finally, the second author [20] described the solutions for measurable
functions ¢ and obtaining a result analogous to [11] in the case where ¢ is a
derivative. The following theorem originally appeared in the paper [20] of the
second author. For the sake of simpler phrasing, in the following theorem and
in the two subsequent corollaries let I1,Is C R be nonempty open intervals
and S := %(Il + IQ)

Theorem 3.5. Let (p,1,1%2) be a solution of the functional equation
r+y
o(FF2) Wr@) =) =0, (@y) €L x b (9)
such that ¢ has a primitive function on S. Then exactly one of the following
statements s true.

(1) The function ¢ is identically zero on S or there exists a constant D € R
such that ¥y (x) = Ya(y) = D for allz € I) and y € I>.

(2) There exist constants D, E € R and, fori = 1,2, there exist extended real
numbers a;,b; € RU {—o00, 400} such that inf I; < a; < b; < supl; and
for the open intervals

U, :=] inf I;,a; and Vi =] b;,sup I; |
the following assertions are fulfilled:

o U; # I, and V; # I; for any indexi=1,2;

o Uy,U; are both nonempty or Vi, Vs are both nonempty;

o Yi(x) =Ya(y) =D for all (z,y) € Uy x Uz and Y1 (x) = a(y) = E
for all (z,y) € V1 x Vo ;

e  is identically zero on % (K1 + 1)U % (I1 + K3) where K; :=1I; \
(U; UV;) is a nonempty subinterval which is closed in I;, i = 1,2.
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(3) There exist a constant D € R and an index j € {1,2} such that;(z) = D
for all z € I; , while there exists a finite or countable collection of disjoint,
nonempty open intervals U, C I; (i #j andn=1,...,N where N € N
or N = o) with the following properties:

N N
UUn#L  and 4i(2) =D forall z € | J Uy,
n=1 n=1

moreover
e(t) =0 forallt € ;((Iz\gl Un> + Ij>.

Conversely, if for the functions 1 : I = R, 9o : Is - R and ¢ : S — R one
of the three cases above holds, then the triplet (p,11,12) is a solution of (7).

Corollary 3.6. Let S C R be bounded from above and (p,1)1,12) be a solution
of (7) such that ¢ has a primitive function on S. Then at least one of the
following assertions is true.

(i) There exists p € S such that p(z) =0 for allp <z <supS.
(i) There exist ¢ € I, g2 € Is and E € R such that Y (x) = E for all
qr < x < sup .

Proof. Under our conditions, for the functions ¢, 1»; and 3, we have the
possibilities (1), (2) or (3) of Theorem 3.5.

Possibility (1) trivially implies the validity of (i) or (ii), so in that case
we are done.

Assume that (2) of Theorem 3.5 holds. If V; and V5 are nonempty, then
(ii) holds with ¢y := by and ¢a := by. If V, is empty for some i € {1, 2}, then,
particularly, U;, is non-empty. In that case (i) holds with p := inf % ((Iio\Ui0)+
Igfio) .

Suppose finally that (3) of Theorem 3.5 holds. For simplicity, assume that
j = 1.If (i) is true, then we are done, hence we may also assume that (i) does
not hold. Observe that, by our assumption on S, we must have sup I, sup I €
R. Let xp € I; be any element with supl; — zg < diamls and let ug :=
%(xo + sup I3). Then we must have an element uy < vg < sup S such that
©(vg) # 0. Now consider the interval H := (2v9 — Io) NI C 1.

It is obvious that ¢ is identically D on H. Indeed, let z € H be any. Then
x € I; and there exists y € I, such that vy = %(:1: + y) holds. Substituting x
and y into our equation (9), we obtain that ¢(vo)(11(x) — ¥2(y)) = 0. This
implies that ¢ (x) = ¥ (y) = D.

Then, on the one hand, it is easy to see that diam(2vg — I5) = diam/s.
On the other hand, inf(2vg — I3) > 2ug — sup Iy = xy. Consequently, sup H =
sup I;. Therefore (ii) holds true with ¢; := inf H and with any fixed g2 €
1. U
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Corollary 3.7. Let S C R be bounded from below and (p,11,12) be a solution
of (7) such that ¢ has a primitive function on S. Then at least one of the
following assertions is true.
(i) There exists p € S such that p(z) =0 for all inf S < x < p.
(i) There exist g1 € I1, g2 € Iy and D € R such that ¢¥p(z) = D for all
inf I, <z < q.

Proof. Naturally, the proof parallels that of Corollary 3.6. O

3.2. Complementarity Results

In Section 2 (cf. Remark 2.3), we already mentioned that the behavior of the
function F', in a certain sense, is closely related to that of the functions g; and
g2. Roughly speaking, as long as one of them is affine, the other can be chosen
freely. In the following, we examine this relationship over subintervals. It turns
out that as soon as F’ ceases to be affine, the functions g; and g become affine,
and vice versa. We begin by focusing on the function F'.

Proposition 3.8. Let (F, fx, G, gr) be a solution of the equation (1), such that
each of its coordinate functions is differentiable and g1 and go are strictly
monotone in the same sense. Let further U € AR with U # 1.

(1) If inf U € I, then there exist constants D, 01,02 € R with D # 0 such that
Ag (D, 61) N Ag, (D, d2) contains an open neighborhood of inf U.

(2) If supU € I, then there exist constants E e1,e2 € R with E # 0 such
that Ag, (E,e1) N Ag, (E, €2) contains an open neighborhood of sup U.

Proof. Let F(x) = Az + b if x € U for some constants A,b € R. We note that
F(z) = Az + b holds for x € cl;(U) as well. Assume that p := inf U € I holds.
The case supU € I can be handled in a similar manner of reasoning.

In the first step, we construct a left-sided open neighborhood L of p on
which g1 and go are affine with the same non-zero slope. On the one hand, in
view of Proposition 2.1, there exist constants B, 5 € R such that G(u) = Bu+4
for all u € g1(U) + g2(U). On the other hand, by Proposition 7, we get that

(“52) () = o)) =0, (w,v) € u(U") x ga(U),  (10)

holds with
p(t)=G'(2t) =B ift € §(g1(U*) + g2(U*)) and  i(s) = g 0 gy ' (5)
if s € gr.(U™),

where U* := Ugyt NUyes. Due to our assumption U # I, the inclusion U C U* is
strict. From this point on, we assume that g; and gy are strictly increasing. The
strictly decreasing case can be handled similarly, with obvious modifications.

We claim that there is no open subinterval W C U™ of positive length
with inf I < inf W =: £ such that supW = p and ¢(¢) = 0 whenever ¢t €
2(91(W) + g2(W)). If this were not the case, then we would have G’(t) = B
for all t € g1 (W) + g2(W). Consequently, there would exist 3* € R such that
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G(t) = Bt + p* if t € g1(W) + g2(W). Utilizing the facts that W is bounded
from above, and U is bounded from below, we obtain that

sup (g1(W) + g2(W)) = g91(p) + g2(p) = inf (g1 (U) + g2(U)).

Since G is continuous at the point ¢1(p) + g2(p), it follows that 8* = 8. Thus
we obtained that G(u) = Bu + 8 holds whenever u € ¢1(J) + g2(J), where
J := conv(U U {£}). Combining this with the fact that (5) of Proposition 3.2
holds over J, by Proposition 2.5, we obtain that ¢ = inf U, contradicting the
fact that W was a nonempty open interval.

In the next step, let Iy := g1 (U~ NU*) and Iy := go(U~ NU™). In light of
the above, if we apply Corollary 3.6 for S := %(Il + I5), then we obtain that
case (ii) of Corollary 3.6 must be valid. Thus there exist ¢; € I1, g2 € I and
D € R such that

D =y (u) = g}, 0 g ' (u), qr < u <suplp = gi(p).
Note that the strict monotonicity of g; implies that D # 0. Thus g; (z) = D
whenever g,gl(qk) < x < p, and hence there exist constants d;,d> € R such
that gx(x) = Dx + 0y, if gk_l(qk) < x < p. Moreover, because of the continuity
of g1 and g¢o, we also have gi(p) = Dp + dx for k = 1,2. Thus let

L:=]g; " (q1),p]N] g5 " (g2),p] CU".

In the second step we show that the above left-sided open neighborhood
L of p can be extended to the right side of the point p as well. This continuation
of L will be denoted by R.

Let r := 2p — max (g; '(q1), 95 ' (g2)) = 2p — inf L. We show that ¢} and
g% equal identically D on the interval R :=]p,r [N U*. Differentiating equation
(1) with respect to its second variable, for z € R and y € L, we get that

L (FEY) 4 ) = DG (01(x) + 92(0).

Therefore, if we differentiate (1) with respect to its first variable, by D # 0, it
follows that

+y
(D= gi (@) F'(“52) = 261(0) f5(v) - 2D (@)
is valid for x € R C U* and y € L C U*. Then, using formula (5) of Proposi-
tion 3.2 over U*, we can simplify the above equation to

(D—gi(w))(F'(x;y> A):O, (z,y) € R x L.

Consequently, if there was a point xg in R for which g} (z¢) # D then
F would be affine on the interval J(zo + L). Its supremum M is nothing
else but %(xo + p), hence p < M. For its infimum m, the inequality m < p is
equivalent to oy < r, which is true. The inequalities m < p < M contradict the
maximality of U. Summarizing the above, we have thus obtained that LU R €

Ag, (D, d1).
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The statement concerning go follows analogously by exchanging the role
of the variables x and y in the above reasoning. O

We now formulate the counterpart of the above proposition as well.

Proposition 3.9. Let (F, fx, G, gr) be a solution of the equation (1), such that
each of its coordinate functions is differentiable. Let further Uy, € Ay**(D, Ok)
for some constants D, 61,02 € R with D # 0. Finally assume that U := Uy N
Uy # 1.

(1) Ifinf U € I, then Ap contains an open neighborhood V' of inf U for which
1(inf U +supU) < supV

holds true.
(2) If supU € I, then Ap contains an open neighborhood V' of supU for
which
infV < $(inf U + sup U)
holds true.

Consequently, if inf I < infU and supU < supl, then F is affine on the
subinterval U.

Proof. The proof will be carried out only for the case p := infU € I. The
remaining case sup U € [ is to be treated similarly.

By inf U = max(inf Uy, inf Us), there exist an index ko € {1,2} and a
sequence (x,) : N — I'\ {p} be such that z, — p from left as n — oo and
that g; (w,) # D for all n € N. In view of Proposition 2.4, there exists C' € R
such that f; , (y) = C' whenever y € U. Thus, differentiating equation (1)
independently with respect to each of its variables, for fixed n € N and for any
y € U, we obtain the system

%F’(z";— y) + fho (@) = G (o (n) + 9310 () Gy ()
%F’(%Tﬂ) + C = DG (gro (zn) + 93—k (1))

Then, using that D # 0, an obvious computation yields that

F/(l'n + y) _ 20920 (zn) — 2Dfl/co (zn)
2 B D —g;. (n) ’

Consequently, for any fixed n € N, the function F' is affine on the open subin-
terval U, := (2, + U) C I.

On the one hand, z,, < p = inf U for all n € N, hence inf U,, < p for all
n € N. On the other hand, it is easy to see that diam(U,) = idiam(U) for
all n € N. Hence we must have an index ng € N such that p € Uy if k > ny.
Without loss of generality, we can assume that p € U, for all n € N.

ye U
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Since the family {]p,sup U, [: n € N} is a chain of open intervals, there
exist constants A,b € R such that F(x) = Az + b whenever z €| p,supU, |
and n € N. Consequently, F(x) = Az 4+ b holds if

x € U p,supU, [=] inf U, $(inf U +supU) [ .
neN

Then there uniquely exists V' € AR (A,b) with ] inf U, 1 (inf U +supU) [C V.
By Proposition 3.8, it also follows that inf V' < inf U must hold. Consequently,
V' is an open neighborhood of inf U.

Finally, if inf I < inf U and supU < sup I, then inf U,sup U € R. Let u :=
1(inf U +supU). In view of statements (1) and (2) of our current proposition,
there exist constants Ai, Ao, by, by € R such that, for x € U, we have

Flx)=Aiz+b ifz<u and F(z)=Asx+ by ifx>u.

By the differentiability of F' at u, we get that Ay = F'(u) = Az, and hence
by = by follows as well. O

Corollary 3.10. Let (F, fi, G, gi) be a solution of equation (1) such that each of
its coordinate functions is differentiable, F is partially affine, and g1 and go are
strictly monotone in the same sense. Then there exist constants D, 1,02 € R
with D # 0 and U € Ag, (D, 01) NAg, (D, d2) such that

infU =inf I or supU =supl.

Proof. Let J € Ap** be any. By our assumption J # I, thus we may assume
that p := inf J € I. Then, by Proposition 3.8, there exist constants D, 1, 0o €
R with D # 0 such that Ay, (D, 61)NAg, (D, d2) contains an open neighborhood
P of p. For k = 1,2, let Uy, € Ay*(D,dx) be the unique interval for which
P C Uy, holds. Let finally U := U; N Us. Then U € Ay, (D, 61) N Ag, (D, d2).
If U = I, then our statement follows easily. If U # I, then, by Propo-
sition 3.9, we must have either inf U = inf I or supU = sup I, otherwise J
would be extendable. g

3.3. Main Result of the Partially Affine Case

Before we formulate the main result of Section 3, we prove a lemma concerning
the sets defined in (4).

Lemma 3.11. If H C I is a nonempty subinterval, then
H-+H"CH+ 1 (11)
Proof. If at least one of the sets H~ or H™ is empty, then H~ + H™ is empty,

hence in that case the above inclusion trivially holds. Assume that none of the
sets H™ and H™ is empty. Then H # I and we have

inf(H+ 1) =inf H +inf H~ <supH +inf H~ =inf(H~ + H")
and
sup(H™ + H") =inf H + sup H" <sup H +sup H" = sup(H + I).
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Having intervals on both sides of (11), these yield the validity of our state-
ment. g

To simplify the formulation of the proof of our main theorem, we intro-
duce the following notation. Assume that g; and g are differentiable on I.
For a given constant D € R with D # 0, let £(D) stand for the intersection
of the intervals U; € Ag® and Up € AR for which inf Uy = inf Uy = inf I
and ¢j(x) = g5(y) = D hold for all x € U; and y € Us, provided that such
intervals exist. Otherwise L(D) is empty.

In a similar manner, R(D) stands for the intersection of the intervals
Up € Aj® and Uy € A for which supU; = sup Uz = sup ! and gi(z) =
g5(y) = D hold for all € Uy and y € Us, provided that such intervals exist.
Otherwise R(D) is empty.

Now we can formulate the main result of the current section.

Remark 3.12. To avoid misunderstandings regarding the notation used in the
next theorem, we would like to clarify the following. If a 4+ or — symbol appears
in the superscript of a subinterval K of I, then definition (4) must be applied.
If a real number carries a + or — in its superscript, this indicates that the
corresponding coefficient (more precisely, the associated representation of the
function in question) is active or valid over the sets K+ or K, respectively.
This will be, incidentally, also evident from the formulation of the theorem.
Finally, K will stand for the arithmetic mean (K + I).

Theorem 3.13. Let (F, fi, G, gr) be such that each of its coordinate functions
1s differentiable, F' is partially affine on I and that g1,g2 : I — R are strictly
monotone in the same sense. Then (F, fi, G, gr) solves equation (1) if and
only if there exist an interval K C I of positive length, which is closed in I
and constants A, B,C~,Ct, D=, Dt € R and o, Bk, v s W » 05 » 0% € R with

1 1
D Dt #£0, C*+ §A = BD* and ~F + 30 = B+ 6, (12)
such that
o 0o sog, 010 P() + a5 s o
ko 2D~ D~ ’
gr(s) =D s+ 0, (13)

ifs€e K~ andu € g1 (K~ )+ g2(K ),

F(z)=Az+a, fi(z)=—-1F(2)+ Bgr(z)+6r and G(u) = Bu+f3
(14)

ifr € K and u € g1(K) + g2(K), and

w—5+) ct

—_ t + _ + +

gr(t) = DTt + 4 (15)
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ifte Kt and w € g1(K) + go(K™), where
B =P+ B, Y=+ and =67 465,
furthermore
G(v) = Bv + 3, veq(H)+g2]), (16)
where H,J € {K~, K, K*} with H # J.

Proof. First we deal with necessity. By Corollary 3.10, it follows that there
exist constants D=, DT € R with D~DT # 0 such that at least one of the
open intervals £(D™) and R(D7) is not empty. Consequently,

K =1\ (L(D")UR(D™))

is a closed subinterval of I which may be empty, but is certainly not equal to
I. Tt is easy to observe that K~ = L(D~) and K™ = R(D™) hold.

Now we prove that K cannot be a singleton, that is, of the form {p}. If
it was, then p = sup K~ = inf K would follow. Thus both of K~ and K+
are nonempty and hence there exist constants 6, ,d;,6;,05 € R such that
g1(r) = D™+ 6] and go(x) = D~ 2+ 5, if v € K~ and g1(y) = DYy +6;
and go(y) = DTy + 64 if y € KT. Due to the continuity of the functions
in question, these formulas remain valid at the point p, from which, by the
differentiability property, it follows that D~ = D* =: D. Hence §; = 4,
and 6, = 0 also hold true. Consequently we have g;(z) = Dz + &; and
g2(z) = Dz + §y whenever x € I, contradicting that inf/ < inf K™ and
sup K~ < sup /. In light of this, we can distinguish the following main cases.

Case 1. If K is empty then K~ = KT = [ and D~ = Dt =: D follow.
Moreover K and g1 (K)+go(K) are also empty. Furthermore there exist 01, 65 €
R such that ¢g1(z) = Dz + 01 and go(z) = Da + 99 if © € I. Then, applying
Proposition 2.4 under U = I, we get that there exist C' € R and 1,72 € R such
that (15) and (15) hold with C~ = C+ = C, v{ =~ =171, 75 =75 = 72,
YT =T =71 + 799, and 6~ =6 = §; + bs.

Case 2. Assume that K is a closed subinterval of positive length. Since
K # I, we may also assume that p := inf K = sup K~ belongs to I. The case
sup K € I can be handled in a completely analogous manner. Then K~ is not
empty. Applying Proposition 2.4 on K, we obtain that there exist constants
C~ eRand 7,75 ,07,05 € R such that (15) holds with v~ =~ + 75 and
0~ =901 +4,.

Due to K~ = L(D™) and applying Proposition 3.9, there exists an open
neighborhood U C I of p such that F' is affine on U. We may assume that
U € A%**. Note that, in view of statement (2) Proposition 3.9, we have

1 __

i(ian—l—p) = inf K. (17)
Now we assert that K C U. This is trivial if supU = sup I holds. Thus

we may and do assume that supU < sup . Then, to prove inclusion K C U,

1
infU < i(ian7 +supK ™) =
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it is enough to show that sup K < supU. Assume that this is not the case,
that is, we have supU < sup K. The interval U was maximal and, by our
assumption sup U < sup I, condition U # I follows. Thus, by Proposition 3.8,
we get that there exist open neighborhoods Vi € AF™ and Vo € AJ™ of
sup U such that g; and go share the same nonzero slope on the intersection
V:=ViNnV,. By K~ = L(D7), we must have sup K~ < inf V', which implies
that inf I < inf V. If we had sup V' € I then, by Proposition 3.9, we would have
UUV € Ap contradicting U € AR**. Consequently we have supV = sup/
and hence V C K*. By our assumption sup U < sup K, it follows that V N K
is not empty. This leads to the contradiction

PAVNKCK'NK =10,

which shows that K C U is indeed valid.

Now we are going to prove that K C U holds too. Depending on whether
K™ is empty or not, we can distinguish two further subcases.

Case 2.1. If KT is empty, then sup K = sup . Consequently we have
sup K = sup I, furthermore, by K C U, we have supU = sup /. Combining
this with inequality (17), the inclusion K C U follows.

Case 2.2. If KT is not empty, then by Proposition 2.4 we get that there
exist C* € R and 7{",75", 61,05 € R such that (15) holds with v = ;" + 75
and 8% = 67 + 65 . If supU = sup I, then our statment is trivial. Therefore
assume that sup U < sup I. Hence there must exist an open neighborhood V' of
sup U on which g1 and g are affine functions with a common non-zero slope.
Since

sup K~ =p=inf K <sup K <supU,

it follows that sup V = sup I, hence supU € K. By statement (1) of Propo-
sition 3.9 and inequality (17), we get that

_ — 1 1
infU <inf K <supK = i(supK—i—supI) = i(ian"’—i—supK"’) <supU.

Thus K C U and hence, by Proposition 2.1, there exist constants A, B € R
and «, (1, B2 € R such that (14) holds with 8 = (31 + [fs.

Now we can turn to the verification of the restrictions on some constants
listed in (12). The validity of condition D~ D™ # 0 was concluded in the very
first step. If either K~ or KT is empty then the corresponding constant can
be considered as any nonzero number.

If K is empty, then let A,a € R be arbitrarily fixed and then define
B:= 5(C+ 3A) and B, == vx — a — 25(C + 1 A), where C, D, and &,
were introduced in Case 1. Then the second and third identities in (12) also
are valid. If the intersection K~ N K is not empty, then the formulae in (15)
and (14) are active and imply that

(C‘—i—%A—BD‘)x—i— (7,;+%a—35,;—ﬁk) -0, zeK NK.
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This yields that the first half of the second and third identities in (12) are
valid. The second half can be obtained using the nonempty interval K+ N K
in the same way provided that it is not empty.

Finally we focus on assertion (16). By symmetry considera-
tions, it is obviously sufficient to deal with the cases (H,J) €
{(K7,K),(KT,K),(K~,K")}. Furthermore, the proofs for (K—,K) and
(KT, K) are completely analogous. Therefore we perform the proof only for
the cases when (H,J) = (K—,K) or (H,J)=(K~,K™).

Let (H,J) := (K, K). If one of K~ or K is empty, then g1 (K~ )+ g2(K)
is empty and there is nothing to prove. Therefore we may assume that none
of them is empty. Let v € g1(K~) + g2(K) be any point. Then there exist
r € K~ and y € K such that v = gi(z) + ga(y). Then, considering that
1K~ 4+ K) C 3(I + K) =K, equation (1) reduces to

1 1
(C7 + §A>x +v; + 504 + Bga(y) + B2 = G(v).

Applying %A +C~ =BD™ and y; + %a = Bd; + (1, we obtain that
G(v) = BD x+ Bé] + Bga(y) + B=B(D "z + 6] +g2(y)) + 8= Bv+f.

Let (H,J) := (K—,K"). Again, we may assume that none of them is
empty. Let v € g1(K~) + g2(K) be any. Then there are x € K~ and y € K+
such that v = g1 (#) + g2(y). By Lemma 3.11, it follows that £(K~+KT) C K.
Therefore equation (1) can be written as

A
5(w+y)+a+0‘x+’yf+0+y+7; = G(v).

Applying the identities in (12), we obtain that
G(v)=BD z+ Bé; + BDTy+ BS5 + 3= Bv + f.

Now we can turn to the sufficiency. Let x,y € I be any points. Without
loss of generality, we may assume that z < y. If x,y € K~ or 2,y € KT, then,
by Proposition 2.4, the functions listed in (15) or (15) solve equation (1) with
arbitrary function F. Hence we may assume that x < sup K and inf K < y. If
x,y € K, then by Proposition 2.1 the functions listed in (14) solve equation
(1) with arbitrary functions g; and go. Therefore assume that sup K < y or
x < inf K holds. We are going to focus on the case when z < inf K, that is,
when x € K. The proof for the case sup K < y is completely analogous.

Assume that y € K. Then y € K and 1(z +y) € (K~ + K) C K hold.
Starting from the left hand side of equation (1), we get that

F(E5Y) + fule) + faly) = (C7 + G A)a 497 + sa+ Boaly) + By
= BD~x+ Bd; + Bga(y) +
= B(g1(z) + 92(v)) + 8= G(91(z) + 92(¥)),
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where in the last step we have taken into account that g1 (x)+g2(y) € g1(K )+
g2(K). Hence in this case the equality is satisfied.

Assume that y € K. Then §(z+y) € 3(K~+K™), thus, by Lemma 3.11,
we have %(x +y) € K. Therefore, starting again from the right hand side of
equation (1), we obtain

Tty (-1 + 1 -t
F(55) + 1@) + faly) = (0 +54)0+ (O + 54)y+a+97 +9
= BD x+ BDVy+ Bé; + BsS + 3
= B(gl(fl?) +g2(y)) +8= G(gl(I) +92(y))a
where in the last step we applied the fact that gi(x) + g2(y) € g1(K™)
+g2(K+). O

Ezxample 3.14. To end this section we explicitly formulate a particular par-
tially affine solution. For this purpose, in Theorem 3.13 we have to specify
the interval K and all the constants. In the following example let I =]0,4],
K = [2,4], thus K~ =]0,2[, K* = 0 and K =]1,4[. Moreover, A = 4,
B=3C =D =1la=0/=08=v =7 =9 =06 =0 while
C*+, D, v, 6 are arbitrary such that (12) holds. Thus

2x2 +2 ifo<z <1, x ifo<a <2,
F(w>={ fk(x)={

Az ifl<ax<4; 322 —22+3  if2<z <4

x ifo<x<2, L4+u+2  ifo<u<?2,
ge(z) =197 , : G(u) =142 :

77 +1 if 2 <x <4 3u if 2 <u < 10.

One can easily check that these functions are exactly once continuously differ-
entiable.

4. Solutions, where F' is Nowhere Affine

In the sequel we would like to determine the solutions of equation (1) in the
only remaining case where we assume that F' is not affine on any nonempty
open interval L C I. It is easy to see that gj(x) # 0 and g5(x) # 0 for every
z el

Proposition 4.1. Let (F, fi, G, gr) be a solution of the equation (1), such that
each of its coordinate functions is differentiable. Suppose that Arp = 0. Then

g1 (x) #0 and g5(x) # 0 for every x € I.

Proof. We only show that ¢} (z) # 0 for all « € I, the proof of the other claim
is analogous. Differentiating (1) with respect to x, we obtain

lF/(ngy) + fi(z) = G (g1(z) + 92(v)) - 91 (=)

2
for all z,y € I. Now if ¢{(zo) = 0 for some 2 € I then F’ (2&5) = —2f{(z)
for all y € I. Therefore (xo + I) € Ap, which is a contradiction. O
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So from now on, we may divide by the derivatives g; and g¢5. From (1),
we deduce (see [10, Theorem 2.]) that the system of two functional equations

{w (Z£2) (41 (@) + ¢ () = Wi (z) + W1 (y)
o (52 (@) — ta(y)) = Wa(x) — Waly),

holds for the functions

zyel  (18)

1 1 1 fi f5
= —F =+ (=D, T=-L ()2 k=12
YT v 9 =) 95 9 =1) 95

(19)

Furthermore, by putting y = z, clearly U1 = ¢ -4 in the first equation. Thus
our aim is to solve the functional equation

4 <m ;L y) (¥1(2) +1(y)) = p@)n(@) +o(n(y),  wyel, (20)

while assuming that there exist differentiable functions F,¢;,92 : I — R de-
fined on an open interval () # I C R such that 0 ¢ g{(I) U g4(I) and ¢ = +F’
and ¢ = i — i , moreover Ar = (), i. e. I is not affine on any nonempty open
subinterval of I. Obviously, this condition is equivalent to the fact that ¢ is
not constant on any nonempty open subinterval of I. This natural assumption
will appear in Theorem 4.4.

The most general setting in which equation (20) is solved is that ¢ is
continuous while the set of zeros of 1 fulfill a technical assumption which is
weaker then continuity. The details can be found in [12]. It turns out that we
have two kinds of solutions. Either ¢ is constant on open subinterval of I and
11 is zero on another subinterval of I. Or ¢ is strictly monotone, 1 is different
from zero everywhere, moreover ¢, 1, are infinitely many times differentiable.
In our context, solutions of the first type are limited to the case when 1 is
identically zero on I (and ¢ is arbitrary).

Our idea is to show that if ¢, 11 are constructed from derivatives having
the properties mentioned above, and the pair (¢, 1) is a solution of (20) then
11 is identically 0 or ¢ and v are both continuous functions. This would mean
that [12, Theorem 11.] can be applied in order to characterize the solutions.
The proof of our first main theorem in this section requires some fundamental
but non-trivial observations related to measure theory. Therefore we formulate
a lemma which will play an essential role during the proof. The Lebesgue
measure on R will be denoted by p.

Lemma 4.2. Let A1, Ao C R be two sets with positive Lebesque measure and
let D C R be a dense subset of R. Then there exists d € D such that

(2

ﬂAg) > 0.



Improved Regularity for a Composite Functional Page 23 of 35 28

Proof. As a consequence of the Lebesgue Density Theorem, there exist density
points in A; and As . In particular, there exist ap € Ay and £ > 0 such that

for the interval Vj, := [ax, — €, a, + €] we have
W (Vk N Ak) 3
R N A )
2e 4

Consequently, p (Vi\A1) < 5. Since D is dense, there exists d € D such that

|“1—2+d —az| < §, hence @ C V4 is fulfilled. Some easy calculations show
that
A d ANV d
M( 1+ QA2> >N<(11)+m*’42>
2 2
Vi+d i\A4 d
(B ) ()

=u(VzﬂA2)—u(<V2\Vl2+d> ﬂA2>
. <(V1\A1)+d mAz)

: V12—|—d) _M((Vl\Azl)er)

>u<va2>—u(v2\

O

If I C Ris an interval, h : I — R is a function then the subset where h
does not vanish will be called the support of h and we denote it by supp h:

supph = {zx € I : h(z) # 0}.

The next proposition contains most of the preliminary results which will make
it possible to solve equation (20) under reduced regularity.

Proposition 4.3. Suppose that the functions p,11 : I — R solve the functional
equation

4 (m JQF y) (V1(@) + 1 () = p@)1(x) + eW¥a(y),  zy el

Let us also suppose that there exist differentiable functions F,g1,g2 : I — R
1

such that 0 < g{(z) - gh(x) for all x € I moreover p = LF’ and ¢, = é o

Then ,11 have the following properties:
(i) If 0 £ L C I is an open interval, ¢ € R is an arbitrary number, and

p({reL:pa)#ch)=0
then o(x) = ¢ for all x € L.
(i1) If 0 £ L C I is an open interval and p (suppy N L) =0 then 1(z) =0
forall x € L.
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(iii) If x,y € I such that 1 (x) > 0 and 11 (y) < O then there exists
z €]min(z,y), max(z,y)[ such that 11(z) = 0.

(iv) Let x,y € I such that ¥1(x)1(y) > 0 and let J C R be an interval con-
taining at least one point. Suppose that p(z), p(y) € J. Then ¢ (%ﬂ) eJ
as well.

Proof. Part (i): It is well known, that if the derivative of a differentiable func-
tion is zero almost everywhere then the derivative is zero everywhere (cf. [18,
Theorem 7.21.]). The assumption in (3) is that the derivative of the function
F(zx) := $F(x) — cx is zero almost everywhere on L. But then F'(z) = 0 for
all z € L. That is, p(z) = ¢ for all x € L.

Part (ii): Observe that ¢ (x) = 0 means ﬁ - % = 0. Multiplying

by ¢} (x)gh(x) this is equivalent to

0= g5(z) — g1(2) = (92 — 91)’ ().
Thus the assumption of (7) means that the derivative (go — g1)’ is zero almost
everywhere on L. As before, this implies g(z) = g} (z) for every x € L, so
Y1(x) =0 for every x € L.

Part (iii): Now 1(x) > 0 means ﬁ - ﬁ > 0. Multiplying by

g1 (x)gh(x) > 0 this is equivalent to
0 < g3(x) = g1(x) = (92 — 91)' (x)-
Similarly, ©;(y) < 0 is equivalent to
0> g5(y) = 91(y) = (92 — 91) (y).
However, a derivative is a Darboux function. In particular, there exists
z €] min(x,y) , max(z,y) [

such that (g2 — g1)" (2) = 0, but once again, this is equivalent to 1, (z) = 0.
Part (iv): Clearly, it is enough to prove the statement for intervals of the
following type:

J€{}—OO,CM[,]—O0,0[] ,]Oz,+OO[, [a,—i—oo[},

where « is a given real number. Indeed, every interval J # R can be writ-
ten as the intersection of two intervals of the above kind, while for J = R
the statement is trivial. We detail the proof only for the first case, the other
three are analogous. Assume that p(z) < a and ¢(y) < o. Now we have two
possibilities. Either ¢y (x), 1 (y) are both positive, or they are both negative.

If ¢y (2) > 0, ¥1(y) > 0 then p(z)Y1(2) < abi(z) and p(y)v1(y) < arhi(y).
Hence

¢ (F51) 160+ 01(0) = plo)r @) + ) (o)
< (&) + b (9) = o (1 (&) + 1 (0)
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Dividing by the positive number (1 (z) + ¥1(y)) we get that ¢ (%ﬂ) < a.
In the other case, when ¥1(z) < 0, ¥1(y) < 0, we have p(x)i1(x) >
o (z) and 9(y)y(y) > i (y). Hence

. (”C ‘ y) (1(2) + 1 (9)) = (e hn (@) + o(y)r (1)

2
> arpr(z) + a1 (y) = a (Pi(z) +1(y)) -

Dividing by the negative number (¥1(z) 4 ¥1(y)) we again arrive to ¢ (£4%) <
a. So the proof is done for J =| — 0o, a[. Following the previous remarks, the
completion of the proof for the general claim is left to the reader. O

Our most important result of this section is the following statement.

Theorem 4.4. Suppose that the functions @, : I — R solve the functional
equation

i <x ; y) (1(2) +91(y) = p(@)r(z) + oY) (y),  zyel.

Let us suppose that there exist differentiable functions F,g1,g2 : I — R such
that 0 < g{(z) - gh(x) for all x € I moreover p = 3F' and 11 = gi, — é . Let
us also assume that there is no nonempty open interval L C I such that ¢ is
constant on L.

Then either 1y is identically zero, or 0 & 11 (I) and v,y are continuous

functions.

Proof. In order to make the proof easier to comprehend we divide the reasoning
into four parts.

Part 1.) In the first step we prove that if there exists an open interval
() # L C I such that ¢;(x) = 0 for all z € L then v (z) = 0 must hold for all
z € I as well. Otherwise, there would exist yo € I\ L such that ¥;(yo) # 0.
Then, for all z € L, equation (20) yields

(m J;y()) ¥1(%0) = ¢(Y0)¥1(Yo)-

Here we can divide by 1 (yo) # 0 and get that ¢ (£52) = ¢(yo). That is, ¢
would be constant on the interval % which is excluded by the assumptions.
Thus ¢ (x) =0 for all x € I.

Part 2.) Therefore, from now on, let us consider the case that supp i1
is dense in I. In fact, much more is true. Let us observe that for any open
interval () £ L C T the set supp; N L has positive measure, that is,

p({z € L:1(z) #0}) > 0.

Otherwise, assertion (ii) of Proposition 4.3, would imply that 1|, = 0 con-
tradicting the fact that supp; is dense.
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Part 3.) In the next part we will prove that if ¥ is not identically zero
then the set of zeros of 1; cannot be dense in I. Let us assume the contrary,
namely that

Z :={x e€l:9¢1(x) =0} is dense in I.

As we have seen in Part 1, for all x € Z and for all y € supp; we have

w<x+y>wuw<ﬂw¢aw. (21)

2

If we divide by 11 (y) # 0, we get that ¢ is constant on the set % with value
©(y). Now we distinguish two cases:

Case 1. Suppose that u(Z) > 0. Consider a partition of I consisting
of pairwise disjoint intervals such that all of them has the same length v <
@ . Because of the o-additivity of the measure, there is an interval L in this
partition such that inf I < inf L =: o, 8 :=supL <supl and u(LNZ) >0
(otherwise u(Z) < % would hold). The conditions for «, 5 imply that the
inclusion

Lo :=]2a— 3,28 —alC T

holds as well. Furthermore, in Part 2 of the proof we have established that at
least one of the sets

N={zeL:¢i(x) <0} and P={z e L:¢i(z) >0}

has positive measure. We consider the case p(N) > 0, while u(P) > 0 can
be handled analogously. Now let us apply Lemma 4.2 for the sets L N Z and
N which have positive measure, and for the dense set D := (supp ¥y N Lo) U
(R\Lg). According to that, there exists yo € D such that
(LNZ)+yo
P\
Since L is the middle third of the interval Ly, it is clear that yy € supp¥1NLg .
By equation (21), we have that ¢ is constant with value ¢(yo) on the positive
measure set Cy = % N N. Now let us apply assertion (iv) of Proposition 4.3
with the singleton interval J = {¢(yo)}. Consequently, ¢ is constant with value
©(yo) on the set % But the Theorem of Steinhaus [19] claims that %
contains an open interval. So ¢ is constant on an open interval, however this
contradicts the assumptions of our theorem.
Case 2. Thus in the second case we have to consider u(Z) = 0. Let
0 # J C R be an arbitrary interval such that p (¢~*(J)) > 0. Similarly as in
the previous case, there exists a nonempty open interval | o, 5 [= L C I such
that p (¢~ *(J)N L) >0 and
Lo :]2a—ﬁ,2ﬁ—a[c 1.
What is more, since p(Z) = 0, at least one of the sets
Ny:=¢o YJ)NLNN and Py:=¢ Y(J)NLNP

N >0
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has positive measure where N = {ze€L:¢(x)<0} and P =
{z € L : ¢y (x) > 0}. We discuss the first possibility, when p (¢! (J)NLNN) >
0, the other one is analogous. Just as in the previous case, applying assertion
(iv) of Proposition 4.3 for J, we get that 2282 C o =1(.J). Due to the Theorem
of Steinhaus, there exists a nonempty open interval M C w C o Y(J)NL.

Let us emphasize that J C R was arbitrary. Hence, if J C R is another

interval such that JN.J = ) but p (go’l(J) N L) > 0 then there exists another

nonempty open interval M C ¢ 1(J)N L. Obviously, MNM = 0. Since Z and
supp ¢ are dense in I, there exists © € ZN Ly and y € supp ¥y N M such that
£ € M. Equation (21) yields

¢<x3y> =¢(y) € J.

That is, % e MNM = (), a contradiction. Summarizing these observa-
tions, two disjoint intervals cannot have preimages in L with positive mea-
sure simultaneously. In particular, for every a € R, the measure of the set

0 YL (] = 00,a]) is either 0 or p(L). Defining the real number
c:i=inf{a€R:pu(e "L (] —00,a])) >0}

it is clear that (¢! (¢)) = p(L). According to assertion (i) of Proposi-
tion 4.3 this implies that ¢ is constant on the whole interval L which is again
impossible.

This contradiction concludes the third part of the proof.

Part 4.) In the final part we deal with the only remaining situation,
namely when Z is not dense. Let K denote an arbitrary nonempty open
subinterval of supp ;. According to claim (%ii) of Proposition 4.3, ¢, does
not change its sign on K. Suppose that v := ¢(x) = ¢(y) for some points
x,y € K, x # y. Then we shall apply claim (iv) of Proposition 4.3 for J = {v}
in order to see that ¢ ~!(v) is closed under taking the arithmetic mean, so it
must be dense in [z,y]. On the other hand, at least one of the sets

Vi={tez,y:pt)>v} and V_:={te€[z,y]:plt)<v}

must have positive measure, otherwise ¢ would be constant on |,y [ (see (i)
in Proposition 4.3). For instance, if (V) > 0 then claim (iv) of Proposi-
tion 4.3 implies that V*;VJF C V4. Due to Steinhaus’ Theorem, this average
set contains an interval. But this contradicts the fact that ¢ ~1(v) is dense in
[, y]. This means that ¢ is injective on K.

In the next step let us check that ¢ is nowhere zero. Let us suppose
its contrary, namely that K # I is a maximal open interval in supp ;. Since
K # I, there exists z € (I\K)N Z and y € K such that 2}¥ € K. Now
equation (21) implies ¢ (Z‘;y) = ¢(y) which contradicts the injectivity of ¢ on
K. Thus I = K, so supp¥; = I and ¢ is injective.
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Using that ¢ is a derivative, it follows that ¢ is a Darboux function. To-
gether with the injectivity this implies that ¢ is continuous (see [6]) and strictly
monotone. Finally, after fixing an arbitrary yo € I, rearranging equation (20)
and expressing 1; we obtain

©(yo)v1(yo) — @ (252 ¥1(yo)
¢ (52) — o(x)
for all € I. The strict monotonicity of ¢ ensures that this formula indeed

makes sense. Moreover, the continuity of ¢ clearly implies that v is continuous
as well. g

P1(z) =

This theorem makes possible to determine the solutions of the system of
functional equations (18). With the help of Theorem 4.4 we are able to utilize
the results in the literature concerning the equations of (18) under the weaker
regularity assumptions in our setting.

Theorem 4.5. Let F f1, fo, 91,92 : I — R be differentiable functions such that
g1 (x) - gh(x) > 0 for every x € I and F is not affine on any open subinterval
0 £ L C I. Suppose that the functions

Ll PN S _ kf2 _
solve the system of functional equations (18), namely
{ @ (554) (W) + () = Va(2) + L1 (y)
(%5Y) (a(@) — ¥a(y)) = a(z) — Va(y),

Then Uy = -1y, moreover there exist constants a,b,c,d,v, \,v € R such that
ad — bc # 0 and exactly one of the following seven cases holds:
(1.1) v <0 and for all x € I

p(x) = esin(xz) + dcos(rz) Y1 (x) = asin(kz) + beos(kx) # 0,

z,y € 1.

asin(kzx) + beos(kx) ’ (22)
Y2(x) = —acos(kz) + bsin(kx) + A, Uy (z) = —ccos(kz) + dsin(kz) + v; or
(1.2) v=0 and for allx € T
cr+d
p(r) = . P1(x) =azx +b#0,
1 1
Po(x) = icwcz +br+ A, Uy(x) = §cac2+dx+u; or
(1.8) v >0 and for allx € I
_ csinh(kz) + dcosh(kx) o
p(z) = a sinh(sz) 1 bcosh () Y1 (x) = asinh(kz) + bcosh(kz) # 0,
Y2(x) = acosh(kz) + bsinh(kz) + A, Wy (x) = ccosh(kz) + dsinh(kz) + v; or
(24)

(2) P1(x) = Ti(x) = 0, Yo(x) = a # 0 and Vy(x) = b for all x € I,
moreover ¢ is arbitrary; or
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(8.1) v <0 and for allx € I

csin(kx) + d cos(kx)

wlw) = asin(kz) + beos(kz) ' (@) = 1(2) =0,
Pa(x) = —acos(kz) + bsin(kz) + X, Uy (z) = —ccos(kr) + dsin(kz) + v; or
(25)
(8.2) v=0 and for allx € I
d
o) = S22, $1(@) = Uy (2) = 0,
ar +b 26)
1 1 (
o(x) = 5&332 +br+ A, Uy(x) = icm2+dx—|—u; or
(3.8) v>0 and for allx € T
_ csinh(kz) + dcosh(kz) - -
wla) = asinh(xz) + bcosh(kx) ’ ¥1(2) = Ta(z) =0,
Ya(z) = acosh(kz) + bsinh(kz) + A, Wy(z) = ccosh(kz) + dsinh(kz) + v;
(27)

where k = \/|y|. Conversely, if U1 = ¢-1; then in each of the above cases the
functions o, ¥y, ¥ solve the system (18).

Proof. First of all, ¥; = ¢ -1 follows from the first equation after putting
x = y. Let us observe that for ¢ and 1; the assumptions of Theorem 4.4 are
fulfilled. Hence either v is identically zero or v does not vanish anywhere
and ¢, ¥ are continuous functions.

The case of 0 ¢ 11(I). Here the exact form of ¢ and 1y, appearing in
cases (1.1)-(1.3), follows from [10, Theorem 4]. Then, due to the continuity of
©, [10, Theorem 5] can be applied for the second equation of (18). This implies
the formulas for ¢2 and U5 in cases (1.1)-(1.3). The coeflicients appearing in
these formulas must be the same a,b,c,d,~, k values as in the formula for ¢
because ¢ is the common function in the two equations of (18).

The case of ¥ = 0. This assertion means ﬁ - ﬁ =0forall z el
That is, g} (z) = g5(x), hence there exists ¢; € R such that g2(z) = g1(z) + 1
for all # € I. Thus the main equation (1) can be written in the form

F <CC-2HJ> + fi(x) + foly) = G(g1(z) + g1(y) + 1) s zyel

Swapping the variables z and y and subtracting the two equations we arrive
to

F(552) + A+ 20) = F (S5 + A6+ hle), sl

Consequently, f1 — f2 is constant, so there exists ca € R such that fa(z) =
f1(x) + ¢o for all z € I. In particular, we have
1 2 2f1
T S | O N T )
2 91 9
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Thus we only need to focus on the second equation of the system (18). We are
going to utilize one of the key observations of [13] and transform this equation
in a specific manner.

For any h > 0 let us define the set

In={zel:z—helandaec+hel}.
Moreover, let Hy := {h > 0: I # 0}. According to [13, Theorem 2|, for all
h € Hp, the functions ¢|7, and wgl] : I, — R defined by

gl](x) = a(x + h) — Ya(x — h), x €l

solve the functional equation
@(-’Wry) (1/}2 (z )+w[h]( )) <,0(CC)7,/J[ ]( )+ oly )ﬂﬁ[h](y), vy el

(28)

Let us observe that the assumptions of our Theorem 4.4 are fulfilled for ¢

and wgh]. For ¢ this is obvious, while on the other hand, wgb] is indeed the
difference of the reciprocals of two appropriate derivatives. More precisely, for

any h € Hy let us consider the functions ggh], ggh] : I, — R defined by
1 1
7'(@) = ggi+h) and gl(2):= Jg(x—h)  wely.

I I
Then (ggh’]) (z) - (gé’”) (x) > 0 for all z € I, as g} is nowhere zero, so it has
the same sign everywhere. Moreover

2 2 1 1
éh](x) — — = — x€lp.

gileth) gl =m (Y @) () @)

Hence we can now apply Theorem 4.4. Firstly, for any fixed h € Hy, the

function wéh] is either identically zero on I, or nowhere zero on I, .

Case 1. There exists ¢ € Hy such that for all 0 < h < ¢ the function
wgh] is identically zero on I . We will show that in this case g} is a constant
function. For this purpose let x,y € I be two arbitrary points such that z < y.
Let us pick a positive integer m € N such that

hg = y—r < ¢ would hold.
2m
Let us consider the points
zpi=x+(2k—1)-ho forallk =1,2,...,m

Then z; = + ho and z,, =y — ho. Thus 21, 2, € I, hence z;, € I, holds as
well for every k = 1,..., m. Therefore
(o] 1 L
0=1 ZK) = — forall k=1,2,....,m
2 ) = b e —ho)
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Equivalently,
g1 (x + (2k = 2)ho) = g (zr — ho) = g1 (2 + ho)
= g} (x + 2kho)
is true for all k = 1,...,m. This means
g91(x) = g1(x + 0ho) = gy (x + 2ho) = --- = gy (x + (2m — 2)ho)

= g1(x +2mho) = g1 (y).

But x < y were arbitrary points of I, so g; attains the same value everywhere.
Hence g} is a constant function, so there exists a € R such that ¢, = % =a.
Hence Uy(z) = Wa(y) for all z,y € I and therefore there exists b € R such
that Wy = b. This yields the possible solution (2) in our theorem.

Case 2. From now on, we may assume that 15 is not a constant function.
When the previous case does not hold, there exists a sequence of positive
numbers (h,) : N — Hy such that h, — 0 and, for all n € N, the function
¢£h"] is not identically zero on the open interval Ij, . Applying Theorem 4.4
for the equation (28) we can instantly establish that wéh"] is nowhere zero on

I}, , moreover ¢, ~and wéh"] : I, — R are continuous functions. Using that
h, — 0, we shall immediately conclude that ¢ is continuous on the entire

interval
I=|J1I,.
neN

In other words, ¢ = %F " is a continuous function. Hence the solutions of the
second equation of (18) can be determined applying [10, Theorem 5]. According
to that, three different situations may occur (since the possibility of ¥» being
constant on I or ¢ being constant on an open subinterval is excluded). These
solutions, described in [10, Theorem 5], are listed in cases (3.1)—(3.3) of our
theorem.

In order to see that in each of the seven cases the appearing functions
are indeed solutions of (18), let us first observe that in case (2) both equations
are trivially satisfied. For cases (1.1)-(1.3) we may use the sufficiency parts of
[10, Theorems 4 and 5], while for cases (5.1)-(1.3) we may use the sufficiency
part of [10, Theorem 5] to check that these are indeed solutions. O

Remark 4.6. Determining the unknown functions F, fr, G, gx in (1).

At this point the solutions of the system of auxiliary equations (18) are com-
pletely characterized. From the definitions (19) of the functions ¢, 1, ¥y it is
easy to express F', g}, f1., using 1o — (—1)F¢p; = % # 0. Namely,

2 , Uy — (—1)k0,y

k:ma k=5 k=1,2.

F/:2<p7 g _wQ_(_:[)kwl’
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Calculating F| g and fi is now a matter of integration. When it is done, the
only remaining unknown function G' can be expressed from the main equa-
tion (1).

This process was carried out in Section 4 of the paper [10] where the so-
called regular solutions of (1) are discussed. Our objective here is to conclude
that the solutions of (1) under our simple differentiability condition coincide
with the class of solutions obtained in [10] under stronger assumptions. A
regular solution in that setting means that F| fi, G, gr are continuously differ-
entiable and the auxiliary functions defined in (19) solve (18).

The calculations for deriving F), fi, G, gi. from ¢, ¢y, Uy, are rather lengthy
and they are predominantly based on identities concerning trigonometric and
hyperbolic functions and their integrals. Considering that the list of final so-
lutions (F, fi, G, gx) is several pages long in itself (without the proofs), we do
not intend to repeat them here. But for the sake of completeness, we provide
the references and thoroughly check that their assumptions are fulfilled.

o If the solution of the auxiliary system of equations (18) has the form (2)
in Theorem 4.5, then ¢ = g4 is constant and f{ = f} is constant as well.
Now the solutions of (1) can be described applying Proposition 2.4 for
the interval J = I. Let us recall that in this situation F' can be arbitrary
(however, of course, we have assumed that F' is nowhere affine).

o If the solution of the auxiliary system of equations (18) has the form (1.1)
or (8.1) in Theorem 4.5, then we can apply [10, Theorem 16]. Indeed, the
assumption of that theorem is fulfilled, because 1 is not constant on any
open subinterval while ¢ is a so-called trigonometric fraction.

o If the solution of the auxiliary system of equations (18) has the form
(1.2) or (3.2) in Theorem 4.5, then we can apply [10, Theorem 17]. The
assumption of that theorem is indeed fulfilled, because 15 is not constant
on any open subinterval while ¢ is a so-called linear fraction.

o If the solution of the auxiliary system of equations (18) has the form
(1.8) or (3.3) in Theorem 4.5, then we can apply [10, Theorem 19]. The
assumption of that theorem is indeed fulfilled, since 15 is not constant
on any open subinterval while ¢ is a so-called hyperbolic fraction.

Theorems 16, 17 and 19 in the paper [10] provide necessary and sufficient con-
ditions, therefore they provide the complete characterization of the solutions
of (1) in the case when F is nowhere affine.

5. Open Questions Concerning our Equation

As we have mentioned in the Introduction, our main equation (1) is a refor-
mulation of the invariance problem of generalized weighted quasi-arithmetic
means. The functions F, fi, G, gr are constructed from the generator func-
tions of the means in the invariance problem and their inverses. Those genera-
tors are assumed to be strictly monotone and continuous. Hence the ultimate



Improved Regularity for a Composite Functional Page 33 of 35 28

goal would be to solve equation (1) under the natural regularity assumptions,
namely the continuity and strict monotonicity of the six unknown functions.
However, at this point, it is still an open problem to determine the solutions of
(1) only assuming the differentiability of some (but not all) unknown functions.

In the derivation of our equation, its domain is originally given by the
Cartesian product of the images of a given interval by two generator functions,
which are not necessarily identical (for precise details, see the paper [10].).
In both the present paper and the earlier work [10], we assumed that these
images coincide; a condition that is, in fact, rather unnatural. Consequently,
the question of what the solutions of the equation

F(m;ry> + fi(@) + f2(y) = G(g1(z) + 92(v)), zeJyandy € Jo

may be, in the case where the open intervals Jy and Jo are different, remains
open.
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