Aequat. Math. 99 (2025), 24852503
© The Author(s) 2025
0001-9054/25/062485-19

published online June 26, 2025 . .

https://doi.org/10.1007/500010-025-01180-7 | Aequationes Mathematicae
Check for
updates

On the equality of generalized Bajraktarevi¢ means under
first-order differentiability assumptions

7ZSOLT PALES AND AMR ZAKARIA

Dedicated to the 100th anniversary of the birth of Professor Janos Aczél.

Abstract. In this paper we consider the equality problem of generalized Bajraktarevi¢ means,
i.e., we are going to solve the functional equation

FED <p1(l‘1)f(501) +o 4+ Pn(xn)f(ﬂcn)> = g1 <Q1(1‘1)9(I1) + -+ an(@n)g(@n)
pl(x1)+"'+pn(xn) Q1(I1)+"‘+Qn(ﬂfn)

b
)

which holds for all z = (x1,...,2n) € I™, where n > 2, I is a nonempty open real
interval, the unknown functions f,g : I — R are strictly monotone, f(~1) and g(~1) de-
note their generalized left inverses, respectively, and the vector-valued weight functions
p=(p1,.-.-,pn) : I — R} and ¢ = (q1,...,qn) : I — R} are also unknown. This equality
problem in the symmetric two-variable case (i.e., when n = 2 and p1 = p2, ¢1 = ¢2) was
solved under sixth-order regularity assumptions by Losonczi in 1999. The authors of this
paper improved this result in 2023 by reaching the same conclusion assuming only first-order
differentiability. In the nonsymmetric case, assuming the third-order differentiability of f,
g and the first-order differentiability of at least three of the functions p1, ..., pyn, Grinwald

and Pdles proved that (*) holds if and only if there exist four constants a,b,c,d € R with
ad # be such that

af +b
d>0 =
cf+d>0, 9= v d

and  gq¢ = (cf +d)pe (ce{1,...,n}).

The main goal of this paper is to establish the same conclusion under first-order differentia-
bility.
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1. Introduction

Throughout this paper, the symbols R and Ry will stand for the sets of real
and positive real numbers, respectively, and I will always denote a nonempty
open real interval. In the theory of quasi-arithmetic means the characteri-
zation of the equality of means with different generators is a basic problem
which was completely solved in the book [9]. Using this characterization, the
homogeneous quasi-arithmetic means can also be found: they are exactly the
power means and the geometric mean. In [3] (cf. also [4]) Bajraktarevié¢ in-
troduced a new generalization of quasi-arithmetic means by adding a weight
function to the formula of quasi-arithmetic means. He also characterized the
equality of such means (called Bajraktarevi¢ means since then) in the at least
3-variable setting assuming three times differentiability. Daréczy and Losonczi
in [5], later Dar6czy and Péles in [6] arrived at the same conclusion with first-
order differentiability and without differentiability, respectively, but assuming
equality for all n € N. As an application of the characterization of the equality,
Aczél and Daréezy in [1] determined the homogeneous Bajraktarevié means
that include the means which were introduced by Gini in [7]. Losonczi in [10]
described the equality of two-variable Bajraktarevi¢ means under sixth-order
regularity assumptions and an algebraic condition which was later removed in
[11]. A new form of the result of Losonczi was established in the paper [14].
Using these results, homogeneous two-variable means were also determined by
Losonczi [12,13].

A characterization of the equality of two-variable Bajraktarevi¢ means has
been proved in [18, Theorem 7 and Corollary 8] by the authors assuming only
first-order differentiability of the generating functions of the means.

The purpose of this paper is to consider an analogous problem for n vari-
able nonsymmetric extension of Bajraktarevi¢é means (where n > 2), which
was introduced in [8]. In Theorem 12 of this paper, the equality problem of
the extended means was solved under three times differentiability conditions.
Our main result is going to reach the same conclusion under first-order differ-
entiability assumptions only.

We also mention that equality problems related to other generalizations of
Bajraktarevi¢ means were investigated and solved in the papers [15-17].

2. Preliminary and auxiliary results

Given a subset S C R, the smallest convex set containing S, which is identical
to the smallest interval containing S, will be denoted by conv(.S). For our def-
inition of generalized Bajraktarevi¢ means, we shall need the following lemma
about the existence and properties of the left inverse of strictly monotone (but
not necessarily continuous) functions.
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Lemma 1. ([8, Lemma 1]) Let f : I — R be a strictly monotone function. Then
there exists a uniquely determined monotone function f=1 :conv(f(I)) — I
such that fC1 is the left inverse of f, i.e.,

(fTPof)@)=a (zel). (1)
Furthermore, (=1 is monotone in the same sense as f, continuous,
(fo /"N =y  (yefA), (2)
and
it f@) Sy lmow f@) (). ©

Thus, if f is lower (resp. upper) semicontinuous at £~ (y), then fof(=1(y) <
y (resp.y < fo fCV(y)).

It is clear from (1) and (2) that the restriction of f(=1) to f(I) is the inverse
of f in the standard sense. Therefore, f(~1) is the continuous and monotone
extension of the inverse of f to the smallest interval containing the range of f.

Given a strictly monotone function f : I — R and an n-tuple of posi-
tive valued functions p = (p1,...,pn) : I — R, we introduce the n-variable
generalized Bajraktarevic mean Ay, : I™ — I by the following formula:

) = =Y p1(z1)f(x1) + -+ palen) f(an) = (z . n
Afyp( )_f ( pl(x1)++pn(xn) ) ( ( 1yevey n)el )7
(4)

and, to simplify the notations, we will use the following definition:

op(@) f(@r) + - A () f(2)
Ry p(x) = @) -+ pul@n) :

Theorem 2. ([8, Theorem 2]) Let f : I — R be strictly monotone, n € N, and
p=(p1,-..,pn) : I — R%. Then the function As, : I"™ — I given by (4) is
well-defined and it is a mean, that is,

(5)

min(z) < Ay ,(z) < max(z) (r=(21,...,2n) € I"). (6)

Theorem 3. ([8, Theorem 3]) Let f: I — R be strictly increasing, n € N, and
p=(p1,.--.,pn) : L — R, Then, for all x = (x1,...,2,) € I", the equality
y = Ay p(z) holds if and only if

<0 forzel, z<y,
>0 forzel, z>uy.

sz(ﬂ%)(f(z) — f(xi)) { (7)

If [ is strictly decreasing, then the inequalities (7) hold with a reversed in-
equality sign.
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Corollary 4. ([8, Corollary 4]) Let f : I — R be continuous, strictly monotone,
neN, andp = (p1,...,pn) : I — RY. Then, for all x = (x1,...,2,) € I",
the value y = Ay ,(x) is the unique solution of the equation

Zpi(wi)(f(y) — f(xi)) = 0. (8)

For the formulation of the subsequent results, we define the diagonal diag(I™)
of I by

diag(I") := {(z,...,z) eR" |z € I}
and, for a function F : I" — R, its diagonalization F* : I — R is given as
FA(x) = F(z,...,2) (x €1).

Given two functions F,G : I" — R, we say that F' and G are locally equal
on I™ (in other words, F' and G are equal near the diagonal of I™) if there
exists an open set U C I" containing diag(I™) such that F(z) = G(x) is valid
for all x € U. If the equality F(z) = G(z) is valid for all x € I", then we say
that F' and G are globally equal on I™.

Given p = (p1,...,pn) : I — R} and ¢ = (q1,...,qn) : I — R}, we will
also use the following notations:

Po :=p1+ -+ Pn, qo:=q1+ "+ Gn, and 7"03:}%0-

0
Theorem 5. ([8, Assertion (1) of Theorem 8]) Let f : I — R be a differentiable
function on I with a nonvanishing first derivative, n € N, let p = (p1,...,Dn) :

I — R} and leti € {1,...,n}. If p; is continuous on I, then the first-order
partial derivative 0; Ay, exists on diag(I™) and

A Pi
9 A S
( f,p) 0

The next result establishes a sufficient condition for the equality of n-
variable generalized Bajraktarevi¢ means. We will call this situation the canon-
ical case of the equality.

Theorem 6. ([8, Theorem 5]) Let f,g : I — R be strictly monotone, n € N,
and p,q : I — R} . If there exist a,b,c,d € R with ad # bc such that

_af+b
g - Cf + da
hold on I, then the n-variable generalized Bajraktarevic means Ay, and Ay 4
are identical on I™, i.e., globally equal on I™.

cf +d >0,

and g = (cf+d)p (9)

With the aid of the following lemma, we can reduce the regularity assump-
tions in our statements.
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Lemma 7. ([8, Lemma 6]) Let f,g : I — R be continuous strictly monotone
functions, n > 2, and p = (p1,...,pn) : L = R, ¢ = (q1,...,qn) : I — RY.
Assume that Ay, and Ay 4 are locally equal on I™. Then the following two
assertions hold.

(i) For alli € {1,...,n}, the function p; is continuous on I if and only if
the function q; is continuous on I.

(i) Assume that f,g : I — R are differentiable (resp. continuously differ-
entiable) functions on I with nonvanishing first derivatives. Then, for
all i € {1,...,n}, the function p; is differentiable (resp. continuously
differentiable) on I if and only if q; is differentiable (resp. continuously
differentiable) on I.

The following theorem is of basic importance for our investigations.

Theorem 8. ([8, Theorem 7]) Let f,g : I — R be continuous, strictly mono-
tone, n > 2 and p : I — R} be a continuous function on I. Let further
q:I—RY. Assume that Ay, and Ay, are locally equal on I™ and that there
exist a,b,c,d € R with ad # bc and a nonempty open subinterval Iy of I such
that (9) holds on Iy. Then (9) is also valid on I.

In the next result we point out that the local equality of n-variable Bajrak-
tarevi¢ means implies the local equality of k-variable descendant Bajraktarevié
means for k < n.

Theorem 9. Let f,g: I — R be strictly monotone, n > 2, andp = (p1,...,Pn);
q=1(q1,---,qn) : I = R Assume that the n-variable Ay, and Ay, are locally
(globally) equal on I™. Then, for any k € N and i1,...,ix € {1,...,n} with

i1 < - < ik, we have that the k-variable means AMm1 . y and A

5Py, 95(Qiq s Qiy,)

are locally (globally) equal on I*.

Proof. Without loss of generality, we may assume that f and g are strictly
increasing functions. Then f(=1 and ¢~ are continuous increasing functions.

By the local equality of Ay, and Ay, on I"™, there exists an open set
U C I™ containing the diagonal of I"™ such that, for all x € U, we have
Afp(x) = Ag q(2).

In what follows, for all ¢ € {1,...,n}, let e; € R™ denote the ith vector
of the standard base of R, i.e., let ¢; := (d;;)}_;, where ¢; ; stands for the
Kronecker symbol.

Let us now fix k € N and iy,...,ir € {1,...,n} with 93 < --- < i} and
define the set V' C I* by

Vi [ i }:
€|, min, yo, max yo

n k
<a< —

[t+ 16j,ia (Yo — t)} e; € U}.

1 a=

V= {(yl,m,yk) err

J



2490 7. PALES, A. ZAKARIA AEM

The interior of V (denoted as V°) is an open subset of I¥. To see that V°
contains the diagonal of I¥, let y € I be fixed. Then the vector

n
S It G50 (g1 — 1) + -+ 650, (ke — )] €5
j=1
depends continuously on (y1,...,yx,t) and it tends to the diagonal vector

(y,...,y) € U C I"™ if the variables yi,...,y, and t tend to y. In other words,
due to the openness of U, there exists a positive number r such that

n
D lt+6 =t + -+ 850,y —t)]e; €U forall (y1,...,ux,t)€(y—r,y + 7).
j=1

In particular, this inclusion holds if y—r <min(y, ..., yx) <t <max(y1,...,Yx)
<y + 7, hence, in this case (yi,...,yx) € V. This shows that (y,...,y) € I*
is an interior point of V and hence V° is an open subset of I* which contains
the diagonal of I*. In addition, if Ayfp and Ay 4 are globally equal on I™, then
U=I"and V =V° = [F

We are now going to show that the means Ay

PiqseesPiy,) and Ag,( Qiy> ,qi,‘)
O

are equal on V°. To the contrary, assume that, for some (yi,...,yx) € V°,
have
f<,1)<p¢1(y1)f(y1)+---+pik(yk)f(yk)>¢g<,1><qi1(y1)g(y1)+---+qik(yk)g(yk)>.
Piy (Y1) + - + pi, (Yr) aiy (1) + -+ iy, (y)
We may assume that
f(71)<pi1(y1)f(yl)+‘“+pik(yk)f(yk)><g(71)(%1(yl)g(yl)+“'+Qik(yk)g(yk)).
piy (Y1) + -+ piy, (Yk) @iy (Y1) + - + qip, (Yk)
The set of points where f or g is discontinuous is a countable subset of I,
therefore, there exists a point ¢t € I, where f and g are continuous and
f<_1><m1(y1)f(y1)+~~+pik(yk)f(yk)><t<g(_1)<qn(y1)g(y1)+~~+qik(yk)g(yk)>.
Piy (Y1) + -+ piy (yr) qiy (y1) + - + iy, (yr)
(10)

Due to the mean value property of the means (established in Theorem 2), it
follows that
min(yy,...,yx) <t < max(yi,...,Yx),

therefore,

N XIHQZMQQ Hle; e v,
j=1
and hence Ay ,(z) = Ay 4(x). On the other hand, the inequalities in (10) imply
that

Pir (Y1) f (1) + -+ + piy (y) f ()

¢iy (y1)9(y1) + - + i, (Yk) 9 (y)
Piy (Y1) + - + iy, (Yr) .

Gy (Y1) + -+ qiy, (yr)

< f(t), g <
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Rearranging these inequalities, we get

k k
S pi ) (F) — F) <0, S g () (9(3) — 9(8)) > 0.
a=1 a=1

Now taking into account the equalities

IR LI K-S CINRR S
T e =i (@€ {l,... k}),

it follows that
i) (Fw) — F) <0, D il (glwn) — g(0) > 0.

From these inequalities we obtain that

p1(x1)f(z1) + -+ pa(xn) f(20) qi(z1)g(w1) + - -+ qn(xn)g(zn)
) T Ao O I < @)

Finally, using again that f and g are continuous at the point ¢, we can conclude
that

(-1 (Pr@1)f(@1) + - + Pnlzn) f(zn) (-1 (@ (z1)g(@1) + - - + qn(@n)g(zn)
al P1@1) ++F pal@n) )<e<s( a1(e0) +  anlen) )

which contradicts the equality Ay ,(z) = Ay 4(). O

Corollary 10. Letn > 2, f,g: I — R be strictly monotone and p = (p1,...,pn),
q=(q1,---,qn) : I — RY. Assume that the n-variable means Ay, and Ay,
are locally (globally) equal on I™. Then, for alli,j € {1,...,n} withi < j, the

two-variable means Aj (p, ».y and Ay (g, 4,y are locally (globally) equal on I2.

3. Reduction of the equality problem

In our first result, with a certain substitution, we reduce the number of un-
known functions in the local (global) equality problem of n-variable generalized
Bajraktarevi¢ means from 2n + 2 to 2n + 1.

Theorem 11. Let f,g: I — R be continuous strictly monotone functions, n >
2andp = (p1,...,on) : I = R}, ¢ = (q1,...,qn) : I — R. Then the means
Af o, and Ag g are locally (globally) equal on I™ if and only if, the means Aiq p
and Ay, q are locally (globally) equal on J™, where the interval J, the functions
h:J—=R,and P = (Py,...,P,),Q = (Q1,...,Qn): J — R} are defined by

J = f(I), h:=gof 1 P:=pof i and Q:=qofL
(12)
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Proof. Assume that the means Ay, and A, , are locally equal on I™. Then
the equality

_ifpi()f(z) + - A palza)flza)) _ 1 @(z)g(@1) + - + gn(zn)g(@n)
/ ( p1(w1) + -+ pn(zn) ) -7 < qi(z1) + -+ gn(zn)

(13)
is satisfied for all (x1,...,x,) € V, where V is an open subset of I"™ contain-
ing its diagonal. Consider the map F : I" — J" defined by F(z1,....2,) :=
(f(x1),..., f(xy)). Then F is a continuous bijection between I"™ and J™ whose
inverse is also continuous. Therefore, U := F(V) is an open subset of J" con-
taining its diagonal. For (uy,...,u,) € U we have that F~(uy,...,u,) =

(f~Y(u1),...,f~Yun)) € V, therefore, applying (13) with (z1,...,3,) =
(f~Y(ur), ..., f 1 (uy)), we get that
(prof M(u)ur + -+ (pno f~1)(un)
(Prof=H)(ur) -+ (pn o f~1)(un)
=(gof H! <(‘Y1 o f N (ui)(go f () + -+ (gn o f~")(un)(g0 ffl)(Un))
(grof=1)(u1) + -+ (gno f~1)(un) 7
holds for all (uy,...,u,) € U. With the notations introduced in (12), the above
equality can be rewritten, for all (uy,...,u,) € U, as

Py(un)us + -+ Pr(un)un Bt (Ql(ul)h(ul) + Qn(un)h(un)>
Pi(ur) + -+ Pp(uy) Q1(u1) + -+ Qnlun) ’

Un

(14)
which shows that the means Ajq p and A g are locally equal on J". If, in
addition, the means Ay, and A, , are globally equal on I", i.e., the equality
(13) holds on V' = I", then U = J", which shows that the means Ajq p and
Ap, o are globally equal on J™.

The reversed implication can checked similarly, therefore its proof is omit-
ted. 0

In what follows, we deduce the first-order necessary condition for the equal-
ity of m-variable generalized Bajraktarevi¢ means.

Theorem 12. Let h : J — R be a differentiable function with a nonvanishing
first derivative, n > 2, let P = (P1,...,P,),Q = (Q1,...,Qn): J — RY, and
letie {1,...,n} such that P; is continuous on J. If the means Aiq p and Ap,q
are locally equal on J", then

P; i
n_o (15
Py Qo
where
Po:=P +---+P, and Qo :=0Q1+ -+ Qn. (16)

Proof. By Lemma 7, the continuity of P; implies the continuity of @);. On the
other hand, by Theorem 5, it follows that the first-order partial derivatives
0;Aiq,p and 0; Ay g exist at the diagonal points of J", and due to the local
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validity of the equality Aiq p = A @, they are equal to each other, i.e., (15)
holds. O

Remark 13. Without assuming the differentiability of h, for fixed i € {1,...,n},
u € J, we have that

Pi(u) A

= (0;A
o) (0iAn.Q)" (u)
1 <h1 <(h Qo) (u) — (h-Qi)(u) + (h- Qz)(”)) _ u)
Qo(u) — Qi(u) + Qi(v)

It is an open problem if one could derive the differentiability of A from here at
a.e. point with a nonvanishing derivative?

= lim
v—ou Y — U

Corollary 14. Let h : J — R be a differentiable function with a nonvanishing
first derivative, n > 2, let P = (P1,...,P,),Q = (Q1,...,Qn): J — R} and
assume that P is continuous on J. Suppose that the means Aiq p and Apq
are locally equal on J™. Then Q is also continuous on J and there exists a
continuous function r : J — Ry such that

Q=rP. (17)
Furthermore, the equality

h<P1(U1)U1 4.+ Pn(un)un> _ (rhPy)(uy) + -+ (rhP,)(uy)
Pi(uy) 4+ Po(un) ) (rP)(w) + -+ (rPy)(un)

holds locally on J"™ for u = (u1,...,u,) € J".

Proof. Define the functions Py and Qo by (16) and let 7 := Qo/FPy. Then, by
Theorem 12, for all i € {1,...,n}, the equality (15) holds and @); is continuous.
Therefore the equation (17) is valid and r is also continuous.

Assume that the means Aiq p and Ajp ¢ are equal over an open subset
U C J™ which contains the diagonal of J". Then (14) is valid for all u =
(u1,...,un) € U. Replacing Q;(u;) by r(u;)P;(u;) and applying the function
h to this equality side by side, we can conclude that (18) is valid for all u =
(u1,...,up) € U, ie., it holds locally on J™. O

First we establish a sufficient condition for the equality (18).

Theorem 15. If there exist four real constants a, b, c,d such that, for allu € J,

r(w)=cutd>0,  hu)= Z;‘iz (19)

and P = (Py,...,P,): J — R s arbitrary, then (18) holds for all u =
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Proof. Let u = (u1,...,u,) € J" Then

aPl (u1)ur + -+ + Pn(un)un
h(Pl(ul)u1+---+Pn(un)un> _ Pi(ui) + -+ Po(un)
Py(ur) + -+ Pn(un) CP1(U1)U1 + -+ Pu(un)un
Pi(u1) 4+ + Pn(un)
- a(P1(u1)u1 + -4 Pn(un)un) + b(Pl(QL1) + -+ Pn(un))
T e(Pr(u)ur + -+ Pu(un)un) + d(Pr(u1) + - - + Pn(un))
_ (aur + b)Pi(u1) + -+ - + (aun + b) P (un) _ (rhP1)(u1) + -+ + (rhPp)(uyn)

" (cur +d)Py(ur) + -+ (cun + d) P (un) (rPu)(ur) 4 -+ (rPa)(un)

+0b

+d

O

The first main goal of this paper is to show that if the equality (18) holds
locally in J", then, under some regularity assumptions, the functions r and h
are of the form (19) for some real constants a, b, ¢, d. To accomplish this goal,
we are going to show that r and h are twice differentiable functions and

=0 and (rh)" = 0.
The proof of this property will be split in several propositions.

Proposition 16. Let h : J — R be continuously differentiable with a nonvan-
ishing first derivative and let r : J — Ry. Let P = (Py,...,P,): J — RT.
Let i,j € {1,...,n} be distinct indices such that P; and P; are continuously
differentiable. Assume that (18) holds locally for (uy,...,u,) € J". Then r is
continuously differentiable and

(Pitw) - (Pu(w) + Py(0) + P{(w) - 3 (v) - (u =)

x (TP @) - (P @) + (4P () + () (0) - (rP3) () - (h(v) = h(w))
= (P©) - (Paw) + Py (0) + P(0) - Pi(w) - (v = )

x ((W'rP) @) - ((rP)() + (rPy) () + (PP (w) - (rPy) (v) - (h(w) = h(v)))

is valid locally for (u,v) € J2.

(20)

Proof. The local validity of the equality (18) implies that the n-variable means
Aiq,p and Ay ,p are locally equal on J". By Corollary 10, it follows that the
two-variable means Ajq (p, p,) and Ay, (,p, -p,;) are locally equal on J 2. In view
of assertion (ii) of Lemma 7, the continuous differentiability of P; implies the
continuous differentiability of rP;. Therefore, the function » must be contin-
uously differentiable. By the local equality of these two-variable means, there
exists an open subset V' C .J? containing the diagonal of J? such that, for all
(u,v) € V, we have

(Pi(U)u + P (v)v) _ (rhP)(u) + (rhF;)(v)
Pi(u) + P;j(v) (rP)(u) + (rP;)(v) -




Vol. 99 (2025) On the equality of generalized Bajraktarevi¢ means... 2495

Computing the partial derivatives of this equation side by side with respect to
u and v, for all (u,v) € V, we get

( Piwu+ Pw)o _ Pi(w) - (Pa(w) + Py(o
h( Pu(u) + w>)x

and

[ Piwu+ Py(o)v  P(v) - (Pi(u) + Py(0) + P(u) - PL(v) - (v— u)
h( Pulu) + w>)x » ,

Multiplying the left and right hand sides of the first equality by the right
and left hand sides of the second one, after cancellations, the stated equality
(20) follows. O

Proposition 17. Let h : J — R be continuously differentiable with a nonva-
nishing first derivative and let v, P;, P; : J — Ry be continuously differen-
tiable (where i,j € {1,...,n} and i # j). Assume that (20) holds locally for
(u,v) € J%. Then W'r? is a constant function on J, hence h is twice continu-
ously differentiable on J, and the equality

r(v) —r(u) _(TP)(U) (P?)(w) + (rP))(u) - (P})(v)
rwr)(u—v)  (rB)(w) - (rP;)(v) - (Pi(u) + P;(v))
_ (P (u) - (rPP)(v) + (P )() (rP)(u) 1 /"i
Pi(u) - Pi(v) - ((rPi)(u) + (rPy)(v))  w—v ], r?
L B @) - (P (W) = (rP)(w) - (r'F) (v) _/“i
(Pi(w) + Pj(v)) - (rP)(w) + (rBy)(v))  J, 72

is valid locally for (u,v) € J2.

Proof. Let V' C J? be an open set containing the diagonal of J? where (20)
holds. Then, rearranging this equality, for all (u,v) € V, we obtain

0 =P;(u) - P;(v) - (Pi(u) + P;(v) - ((rPi)(u) + (rP;)(v)) - (A7) (w) — (R'r)(v))
+ (Pj(v) - (W'rP?)(u) + P/ () - (W'rP})(©) - ((rP:)(w) + (rF;)(v)) - (v — )
+((rP) (u) - (rP})(v) + (rPy)' (v) - (rP?)(w)) - (Pi(w) + P;(v)) - (h(u) — h(v))
+ Pi(u) - Pi(v) - (rPj)(v) - (r' Py)(u) — (rP))(u) - (r' Pj)(v)) - (v — u) - (h(u) — h(v)).
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Dividing both sides of this equation by P;(u)- P;(v)-(P;(u)+P;(v))-((rP;)(u)+
(rP;)(v)) - (u—v), we get

(') (u) = (Wr)(v) _Pj() - (WrP2)(u) + P (u) - (W'rP?)(v)

“—v Fi(w) - By(0) - (Pi(w) + P5(v))
P yw>wwxw+va>w>wﬁxw.mm—hm (22)
W) (o) - ((rP) () + (rFy)(0) w=v

Pi(
(rPp)(v) - (r'Py)(w) = (rP))(u) - (' Pj)(v)
(Pi(u) + P;(v)) - ((rP;)(u) + (rP)(v))

Let w € J be fixed. Observe that the limit of the right hand side as v — u
exists. (Here we use that V' is open and contains the point (u,w).) This shows
that hA'r is differentiable and hence h' is differentiable, too. This proves that h
is twice differentiable. Upon taking the limit as v — u, we get that the equality

- (h(u) = h(v)).

2 2 2 2
W'+ by = (h'r) =h'r - A YO G i Wk i Vit

— 7h,'l"/
P,P;(P, + P)) P,P;(P, + P;)

is valid over J. Therefore,
B'r +20'r" =0,

which implies that h/r? is a constant function on J. Since r is continuously
differentiable, it follows that A’ is also continuously differentiable and hence h
is twice continuously differentiable.

Denote 7 := h'r? # 0. Then, we get that h’ = v/r?, thus the equality (22)
can be rewritten as (21) for all (u,v) € V. O

In what follows, we are going to prove that, for w € I, the symmetric
derivative of v’ at w, i.e., the limit

! t) —r'(w—t
o T ) = w =)
t—0 2t

exists and equals 0. Applying the quasi-mean value theorem of Aull [2, Theo-
rem 1] (see also [19, Theorem 6.3]) from the theory of symmetric derivatives,
it follows that 7’ is a constant function.

Proposition 18. Let v, P;, P; : J — Ry be continuously differentiable (where
t,5 € {1,...,n} and i # j) such that P;(u) # P;(u) for all w € J. Assume
that (21) holds locally for (u,v) € J%. Then r is an affine function on J, i.e.,
there exists real constants c,d such that r(u) = cu + d holds for all u € J.

Proof. Let V' C J? be an open set containing the diagonal of J? where (21)
holds. Multiplying this equality by ((rP;)(u)+ (rP;)(v)) side by side and then
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rearranging it, for all (u,v) € V, we arrive at the following equation

B (M 1) ) 4 DO (M) )

u—v r(u) U —v

_ (Pi(u)r'(v) | Pj(v)r'(u) | P/(u)P}(v) + P/(v)P}(u)

_( rw) P(u)Jer(v))Pi(u)Pj(v))
(e (23)

u—v J,

n (R(llf()uj zlz;;i)zj@ <(?"'( v)(u *uvzﬂ; r(v))r(v) /Uu r% - 1>
Pl(v u)r(v ' (u)(v —u) +r))r(w) ™
(=t 1)

J
u—v

T B + B 0)r(w)

Let w € J be fixed and substitute u := w + ¢ and v := w — ¢ into (23). First,
compute the limit of both sides of this equality as ¢ — 0. By the continuity of
the function r, we have that

1 ettt 1
m—/ = =—, (24)

.
120 2t wot ™% 7r(w)

hence both sides of the equality (23) tend to zero as t — 0. In what follows
we show that the right hand side of the equation (23) multiplied by 3; tends
to zero as t — 0. For this purpose, we compute the following three hmlts using
(24), the equality

d /ul+t 1 B d /w+t 1 /w—t 1 - 1 N 1
dt\ Syt m2) dt\ ), 2 J, r2) rw+t)2 rw-—t)?’

and L’Hospital’s Rule

—t cw—+t 1 1 w1 1
lim — <w / — — 1> = lim — (T(w +t)r(w — t)/ — — 2t>
t—02¢ 2t w—t r2 t—0 4¢2 w—t r2

. 1 , , w+t 1
:}E})g((r (w4+t)r(w—t) —r(w+t)r (w—t))/w_t o}

1 1
+T(w+t)r(w—t)<r(w+t) +r(w—t)2>_2)
_r'(w)  r'(w) i 1 /r(w—t) r(w+t)
T dr(w)  4r(w) t1—>0 8t (T(w +t)  r(w-—t) 2)
(r(w+1t) —r(w—1t))? 1 . (r(w+t)—r(w-—1t))?

=1 = 1 =0.
20 8tr(w + t)r(w — t) r2(w) 20 8t
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In a similar fashion, we also get

limi((72tr’(w+t)+T(w+t))r(w+t) /w+t 1 _1)

t—0 2t 2t w_t T2
. r(w+t)r(w+t) [fett 1 . 1 o [wHt 1

= -ty (S [T ) i (e o? [ 5 - )
' (w)

_ Tt i(Q w4 £y +t)/~w+ti (e +t)2( 1 . 1 ) 2)
T or(w) b e 7N rw Jw—t T2 +rlw r(w+t)?2  r(w—1t)?

_or(w) | (w) or(w4t)—r(w—1t) r(w+t)+r(w—1t)  r'(w) r(w)
T r(w) + 2r(w) + tlgr%] 2t ’ dr(w — t)? T 2r(w) | 2r(w)
and
ol /@t (w—t)+r(w—t)r(w—t) [ott 1
fh—ra% E 2t \/u)—t ""72 B )

Il
=g
8
TN N

’ —t —t wtt | 1 wHt ]
W/ 1 Himir(w_t)z/ 1_.,
2t Jw— T2 t—0 4¢2 Jw—t T2
L1 , wht ] 2( 1 1 ) >
= lim —( —2 —t —t = —t -2
r(w) + Py ( m(w = rw )/w_t r?2 +rw—t r(w +t)2 + r(w — t)2

r(w)  r(w) lim 1 r(w-— t)2 — r(w+t)? ' (w) _ r’ (w) r(w)

r(w) 2r(w)  t—0 8t r(w +t)2 T r(w) 2r(w) B 2r(w)
From the above three equalities and the continuity of P;, P/ and r, it follows
that the right hand side of the equation (23) at v = w+t and v := w — ¢

multiplied by % tends to zero as t — 0. Therefore, the same property is valid
for the left hand side of (23), i.e, for all w € J,

0 = lim <P"(w“) (”(“’“) —rw—t) r'(w t)>

t—0 \ r(w —t) 4¢2 2t
Piw—t)(r(w+t)—r(w—1t) r'(w+1)
+ r(w+t) ( 42 2 ))

Replacing ¢t by —t and multiplying the equality so obtained by —1, we also get
that

0= fimy (S (e e T D)
T e B )

These equalities, with obvious manipulations of the limits, imply that
0 — lim Pj(w—t) r(w—t) B
t—=0 \ Pi(w +t) r(w +1t) 4¢2 2t
+7‘(w—|—t)—r(w—t) r’(w—t))

r(w+t)—r(w—1t) r’(w+t)>

4¢2 2t
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and
L P(w—t)r(w—t) (r(w+t)—r(w—1t) r'(w+t)
0= i (Pj(w+t) r(w+t)( A2 T )
rfw+t)—r(w—1t) r'(w—1t)
* 442 2 )

Subtracting the two equalities side by side, we arrive at
0t T@ =) (Piw =) _ P(w=0)(rlwst)—rw=t) _r'w+1)
Timor(wHt) \Pi(w+t)  Pjlw+t) ’
which yields that

4¢2 2t

. +1t) — —t "(w+t
o:mﬂgw+oamfnfam+wﬂmfww“w L;w )7r%t)>
Replacing ¢ by —t and then multiplying the equality so obtained by —1, we

also get that

0 = lim (P;(w +0)P; (w — 1) = P;(w + 1) Pi(w — 1)) ("(“’ + “4;2’"(”“” —t _ T'(“;t* t )

Subtracting the second equality from the first one, we conclude that

0= }% (Pj(w+t)Pj(w —t) — Pi(w+t)P(w —t)) ' (w+t) — 7' (w —t).

2t
(25)
By our assumption, P;(w) # P;(w) holds for all w € J. Thus we have that
lim (P;(w + 1) Pj(w — ) = Py(w + ) Pi(w — 1)) = P} (w) — P?(w) #0,

therefore, the limit of the second factor in (25) exists and equals zero. This
shows that the symmetric derivative of 7' vanishes on J. By the quasi-mean
value theorem of Aull [2, Theorem 1], this implies that r’ is constant on J,
hence r is an affine function on J. O

Theorem 19. Let f,g: I — R be strictly monotone continuous functions. Let
n>2andp = (p1,..-sPn)q = (q1,---,qn) : I — R}. Assume that p is
continuous on I and there exist indices i,j € {1,...,n}, i # j and a nonempty
open subinterval Iy of I such that
(a) pi(z) # p;(x) for all x € Iy.
(b) piof~' andpjo f~1 are continuously differentiable on the interval f(Iy).
(c) go =1 is continuously differentiable on the interval f(Io) with a nonva-
nishing first derivative.
Then the following assertions are equivalent to each other:

(i) The means Ay, and Ay 4 are globally equal on I™.
(ii) The means Ays, and Ag 4 are locally equal on I"™.
(i4i) There exist a,b,c,d € R with ad # be such that the conditions in (9) hold
on I.
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Proof. The implication (i)=-(ii) is obvious. The implication (iii)=-(i) is a con-
sequence of Theorem 6. Therefore, we may restrict our attention to the proof
of implication (ii)=-(iii).

Assume now that assertion (ii) holds, i.e., the n-variable means Ay, and
Ag.q are locally equal on I™ and hence, on I} as well. Define the interval
Jo := f(Io), and the functions h, P = (Py,..., B,), and Q = (Q1,...,Qn)
on the interval Jy by (12). Then, applying Theorem 11, we get that the n-
variable means A;q p and Ay, ¢ are locally equal on J§. By our assumption (c),
h is continuously differentiable on Jy with a nonvanishing first derivative. The
continuity of p, implies that P is continuous on Jy. Thus, by the first assertion
of Lemma 7, it follows that @ is also continuous on Jy and there exists a
continuous function r : Jy — R4 such that (17) holds on Jy. By assumption
(b), we have that P; and P; are continuously differentiable on Jy. This and
the second assertion of Lemma 7 imply that ); and (); are also continuously
differentiable on Jy. Therefore, r is also continuously differentiable on Jy. In
addition, by assumption (a), we also have that P;(u) # P;j(u) for all u € Jp.

As a consequence of Corollary 10, we obtain that the two-variable means
Aia,(p,,p;) and Ay (@,,@,) are locally equal on J&. From Corollary 14, it follows

that
(Pi(U)u + Pj(v)) _ (rhPi)(u) + (rhF;)(v)
Pi(u) + P;(v) (rP;)(uw) + (rPj)(v)
holds locally for (u,v) € JZ.

Using now Proposition 16, we obtain that (20) is valid locally for (u,v) € J&.
Then, in view of Proposition 17, we get that h'r? is a constant function, h is
twice differentiable on Jy, and (21) is satisfied locally for (u,v) € JZ. Finally,
using Proposition 18, we conclude that, for some ¢, d € R, the function r is of
the form 7(u) = cu + d. Since h/r? is a constant on Jy, it follows that

(hr)" =R"r+20'v" + hr" = h"r 4+ 2h'r = 1(h’r2)' =0,
r

which shows that hr is also an affine function, i.e., there exist constants a,b € R
such that (hr)(u) = au+ b for all u € Jy. This proves that (19) is valid on Jy.
Therefore, with the substitution u := f~!(z), using also that (17) is valid on
Jo, we can obtain that (9) is valid on the interval Iy. Then, applying Theorem 8,
we can see that the equality (9) is also valid on I.

This completes the proof of the implication (ii)=(iii). O

Theorem 20. Let f,g: I — R be strictly monotone continuous functions. Let
n>3andp=(p1,....0n) = R}, ¢ = (q1,...,qn) — R}. Assume that p is
continuous on I and there exist indices i,7,k € {1,...,n} with i < j < k and
a nonempty open subinterval Iy of I such that

(a) pio [~ pjo f~! and py o f~1 are continuously differentiable on the
interval f(Ip).
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(b) go f~1is continuously differentiable on the interval f(Io) with a nonva-
nishing first derivative.

Then the following three assertions are equivalent to each other:

(i) The means Ay, and Ay, are globally equal on I".
(i) The means Ay, and Ay 4 are locally equal on I™.
(iii) There exist a,b,c,d € R with ad # bc such that the conditions in (9) hold
on I.

Proof. The implications (i)=-(ii) and (iii)=-(i) follow in the same way as in the
proof of the previous theorem.

Assume now that assertion (ii) holds, i.e., the n-variable means Ay, and
Ay 4 are locally equal on I™ and hence, on I} as well. Define the interval
Jo := f(lp), and the functions h, P = (Py,...,P,), and Q = (Q1,...,Qx)
on the interval Jy by (12). Then, using the same argument as in the proof of
the previous theorem, we can establish that h is continuously differentiable
on Jy with a nonvanishing first derivative, P and ) are continuous on Jy,
Py, Py, P, Q;, @, Q1 are continuously differentiable and there exists a contin-
uously differentiable function r : Jy — Ry such that (17) holds on Jp.

Then, in view of Theorem 9, it follows that the 3-variable means Ay (,, », p1)
and Ay (4, q;,q4,) are locally equal on I3. Let x¢ € Iy be fixed. The equalities

pi(70) = pj(x0) + P(w0), pj(z0) = pPi(w0) + pr(z0), Pr(w0) = pi(20) + pj(T0)

cannot hold simultaneously (because the sum of the left hand sides is strictly
smaller than the sum of the right hand sides). By the symmetric role of these
indices, we may assume that p;(zo) # p;(20) +pr (o). Then, by the continuity
of the functions p;, p;, pr at o, the inequality p;(x) # p;(z) + pi(z) holds for
all z belonging to a neighborhood of xy. Without loss of generality, we may
also assume that it holds for all x € Ij.

The local equality of the 3-variable means Ay ,, 1. p) and Ay (4, 4, .q,) €asily
implies that the 2-variable means Ay (p, ».4p) and Ag g ¢4, are locally
equal on I2. Observe that we can apply the previous theorem to these 2-
variable means and we have that assertion (ii) holds in this setting. Thus, the
assertion (iii) in this setting shows that there exist four constants a,b,¢,d € R
such that

b
7= i]{jr—d’ ¢ = (cf +d)pi, qj +aqr = (cf +d)(pj + pr)

hold on Iy. The equality ¢; = (c¢f + d)p; implies that Q;(u) = (cu + d)P;(u)
for all uw € Jy = f(Ip). Therefore, r(u) = cu + d for all u € Jy. This equality
together with (17) yield that, for all u € Jy,

Q(u) = (cu+ d)P(u).

Therefore, we can deduce that

cf+d>0,

q=(cf+d)p
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is valid on I and hence (9) holds on Iy. Now, applying Theorem 8, it follows
that (9) also holds on I, i.e., assertion (iii) of our theorem is valid. O
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