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This paper presents a control solution for the stabi-
lization of the 3-DOF RC helicopter via the combi-
nation of the TP (Tensor Product) model transforma-
tion and the PDC (Parallel Distributed Compensation)
control design framework. First we recall the nonlin-
ear model of the RC helicopter and its simplified ver-
sion, in order, to facilitate control design. Then we
execute the TP model transformation on the simpli-
fied model to yield its TP model representation, that
is a Kind of polytopic model with specific character-
istics, whereupon the PDC framework can immedi-
ately be applied. The control design considers prac-
tical control specifications such as: good speed of re-
sponse and physical constrain on the control effort to
avoid actuator saturations. We guarantee these spec-
ifications by LMI (Linear Matrix Inequality) condi-
tions developed under the PDC frameworks. Further,
we avoid the discrepancies, introduced via the sim-
plification of the model, by applying LMI conditions
specialized for robust control. By simultaneously solv-
ing these LMI conditions, we render a stabilizing non-
linear controller that achieves good speed of response
with small control effort without actuator saturations.
Simulation results are included to validate the control
design. It will be pointed out that the resulting con-
troller is equivalent with the controller successfully ap-
plied in the real control experiment of the helicopter
presented in a recent paper.

The main conclusion of this paper is, that the pro-
posed design process is systematic, non-heuristic and
straightforward, the stability proof of the resulting
controller is tractable via the feasibility test of LMIs
and, hence, exact. The whole design procedure is au-
tomatically computed via commercialized mathemati-
cal tools (MATLAB LMI Toolbox) without analytical
interaction. The computational time is about minutes
on a regular PC.
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1. Introduction

Modern control theories mainly focuses on analysis and
control design based on LMIs in LPV system representa-
tion. These control methodologies offer a well developed,
rather tractable, mathematically non-heuristic ways to de-
rive controllers. In the same time various new identifica-
tion and control design tools are emerging utilizing rep-
resentation forms far from the classical analytic formulas
(e.g. neural network, fuzzy logic, genetic algorithms etc.).
The number of papers using these techniques even in in-
dustrial applications are rapidly increasing [1-7]. How-
ever, the key problem is here to find a uniform gateway
between the well developed LPV and LMI based design
methods based on analytical formulas and the modern
identification techniques resulting in different type of rep-
resentations. As a solution this paper proposes a con-
trol methodology that is a combination of two numerical
methods such as the TP model transformation [8] and the
PDC control design framework [9].

The TP model transformation is developed to uni-
formly transform a given Linear Parameter Varying (LPV)
model (from a large class of LPV models) to TP model
polytopic form, namely, to a parameter varying convex
combination of LTT linear time invariant (vertex) systems.
It is irrelevant whether the given LPV model represents
a physical model, or is just the outcome of black-box
identification (e.g. neural net model, various fuzzy mod-
els). The TP model transformation replaces the analyt-
ical affine and polytopic decomposition techniques by a
uniform problem independent numerical method, and of-
fers options to generate various types of convex combina-
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tions which can hardly be determined or even cannot be
achieved via analytical derivations in general [10]. These
different convex combinations lead to different represen-
tation of the given model, and, hence, to different advan-
tages of the further LMI design. The resulting TP model
satisfies all the characteristics required by the PDC de-
sign framework, so as it can immediately be executed on
the resulting TP model. Recent papers further discusse
the philosophy of TP model based control from different
aspects [17-25].

The PDC framework [9] starts with a given TP model
and results in a nonlinear controller. The key step of the
PDC design is to substitute the LTI systems of the TP
model into LMI conditions selected according to various,
multi-objective, control design specifications. The solu-
tion of the LMI conditions directly leads to the controller.
The PDC framework is a numerical design procedure and
can be automatically executed on regular computers.

In conclusion the proposed combination of the these
two concepts can be automatically executed without ana-
lytical interaction one after other in a few minutes (on a
regular PC). If the LPV model is modified then the de-
sign process simply can be repeated on the same way.
Further, this design provides a straightforward systematic
procedure for nonlinear control design with guaranteed
stability and multi-objective performance. The stability
proof of the resulting controller is exact and tractable via
the LMI conditions. The prosed design can be rather
easily implemented in mathematical programming tools
(we refer to TP Tool, tptool.sztaki.hu, where a
complete MATLAB Toolbox is given for this concept).
The key idea of this design methodology was proposed in
[8]. We also refer the readers to other papers and special
conference sessions which present solutions to realistic
challenging control problems via TP model transforma-
tion and PDC [10]. Papers [11, 12] present observer and
controller designs to stabilize the prototypical aeroelastic
wing section with various control specifications.

The main objective of this paper is to investigate the
effectiveness of the combination of the TP model trans-
formation and PDC design framework through the task of
controlling a real 3-DOF RC helicopter. We consider the
following control specifications via properly selected LMI
conditions: a) we define a decay rate control (to achieve
good speed of response), b) we have practical constrain on
the control value since each propeller rotates in one direc-
tion only (this explicitly address the avoidance of actuator
saturations), c) we design robust controller to avoid the
discrepancies caused by the model simplification. This
paper shows that the resulting controller satisfies the de-
sired control specifications. We present simulation results
only, but we point on the fact that the resulting controller
is equivalent to the one derived in [13] and successfully
tested in laboratory experiment.

The paper is organized as follows: Section 3 presents
the uncertain LPV model of the 3-DOF RC helicopter.
Section 4 discuses the TP model transformation and the
PDC design with special focus on the present model of
the helicopter. Section 5 derives the TP model of the he-
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Fig. 1. RC helicopter.

licopter and shows that the equations of motion can be
exactly represented as a convex combination of four LTI
systems. This section also derives the controller via solv-
ing LMI conditions selected according to the control spec-
ifications. The detailed internal numerical results are also
presented. Section 6 presents the control results. Finally
section 6 concludes the paper.

2. Nomenclature

e O =yaw angle
o 3 = pitch angle
o yY=roll angle

o Iy g o = the moments of inertia around x, y and z axes
with respect to the gravity point of the helicopter.

e M = mass of the helicopter
e g =1is the gravity constant

e ¢,l1,[, = lengths of the body of the helicopter as
shown on the figures

« F; =lift force generated by the i-th propeller
o C; = lift coefficient

e p = air density

e 1, = length of a wing of a propeller

o 0; = angle of the i-th propeller

. C.,Cp,Cyy,Cyp, Cyy = constants consisting
M7177[ﬁ7[a7g767llal27CLap7S

3. Equations of Motion of the RC Helicopter
Dynamics

Figure 1 is a picture of a 3-DOF RC helicopter. One
can see that the degrees of freedom are reduced by fix-
ing at a (joint) point. Figs. 2, 3, 4, 5 and 6 present
the schematic drawings and the physical parameters, the
pitch, roll and yaw modes of the RC helicopter. The
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Fig. 3. Helicopter with four propellers.

derivation of the equations of motion is given in the Ap-

pendix B and also detailed in [13]. The result of the
derivation is:

(1) = Cpsiny(t) + Cur (2Q+ A8y (1) + AB3(1))
x (ABy (1) — ABs(1)) (1)
B(t) = Cpsin B(t) + Cup (2Q+ A0y (1) + Aby(1))
X (—A6,(1) +A04(r)) - )
0u(t) = Cuy (AB) (1) +AB3(1) — AB (1) — Ab4 (1)) .
(3)

3.1. Simplified Model

To facilitate the controller design we attempt to sim-
plify the nonlinear model. By considering the assumption
that AB (1) + AB5(t) and A, (¢) + Aby(¢) are small, (12)
and (13) can be approximated as

¥(t) =Cpsiny(r) +2C, Q2 (A0 (1) — Abs (1)) . (D)
B(t)=CpsinB(t) +2C,pQ (—A0 (1) + Ab4(2)) . (5)
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Fig. 5. Roll.

Fig. 6. Yaw.
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(1)
(1)
B@) |,
B(r)
o(1)

ABy (1) — A (1)
A8y (1) + A (1)
—A62<t) + A94<t)
AB, (1) +ABy(1)
A6y (1) — AGs()

—A02( ) -+ A94<t)
0

(6)
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then we arrive at the following LPV model:
x(t) =A(p@#)x@)+Bu(t) . . . . . . . . (D
where p(1) = (x1(1) (1) = (1(1) B(®)).

3.2. Involving Uncertainty

The simplification (6) of the model causes some model-
ing discrepancies, therefore the controller designed for the
simplified dynamics may not always stabilize the original
nonlinear dynamics. Thus, we give an uncertainty model
to compensate the modelling discrepancies.

From the above simplification (6) the modelling error
is

0 0 0 0
Cowr(t) O 0 0
0 0 0 0lu®). ....®
0 0 Cupu4(t) 0
0 0 0 0

The modeling error (8) can be covered by the uncer-
tain blocks of (14). The upper bounds é and p—lb of these

A <

2 2
U max + Uymax- U2max and

uncertain blocks are known in this case, i.e.,
L~ 0and |0 < £ =
Usmax denote the maximum values of |uy(¢)| and |ug(t)],
respectively. These values correspond to the saturations
of actuators (i.e., angular velocity of the propellers).

In conclusion:

Vi:A(t) =D, =E,=0 9)
wp(t) 0 0 0
0 0 0 O
SBO=1 0 0 w@ o |
0 0 0 0
0 0 0 O
Cy 0 0 O
D,=| 0 0 0 0|, Ey=1L
0 0 Cyp O
0O 0 0 O
4. Control Design Methodology
4.1. Uncertain Convex State-Space TP Model
Consider LPV state-space model:
x(t) x(1)
=S(p(r . (10
(y(l)) (p(?)) (u(l)) (10)

with input u(z), output y(¢), state vector x(z) and system
matrix S(p(¢)) that is a parameter-varying object, where
p(t) € Q is time varying N-dimensional parameter vector.
The parameter vector p(¢) is an element of the closed hy-
percube Q = [ay,by] X [az,b2] X -+ X [an,by] C RV, and
can also include some elements of x(¢) (we restrict our
discussion to cases when p(¢) does not contains any ele-
ments of u(z), see the dynamic model the helicopter). Let
the size of the system matrix S(p(7)) is O x I in the fol-
lowings.
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The convex state-space TP model (TP model for
brevity) describes the LPV state-space model for any pa-
rameter p(¢) as the convex combination of LTI system ma-
trices (a detailed discussion of tensor notations and oper-
ations used in the followings is given in [14]):

X(0)\ _ o X X(7)

(50) = & miruo) (3) -
where row vector w,,(p,) € R n=1,...,N contains co-
efficient functions wy, ;, (p,). Function w, ;(p,(t)) € [0,1]
is the j-th univariate coefficient function defined on the n-
th dimension of Q, and p,(7) is the n-th element of vector
p(t). I, (n=1,...,N) is the number of univariate coeffi-
cient functions used in the n-th dimension of the parame-
ter vector p(7). The (N + 2)-dimensional coefficient ten-
sor .7 € RIxhx-xIvxOxI ig constructed from LTI vertex
systems S; i, iy € RO*! The convex combination of the
LTI vertex systems is ensured by the conditions:

Vn € [1,N],i,pa(t) : wni(pa(t)) € [0,1]; .

. (11)

. (12)

I)‘I
Vn € [LLN], pu(t) : Y wai(pa(t)) = 1. . . . (13)
i=1
Remark 1: There are cases when the TP model (11),
with finite number of LTI components, cannot represent
the given LPV model. In such a case the TP model is
used as an approximation only. In this regards see pa-
pers [15], where the approximation trade-off property of
the TP model and the TP model transformation is inves-
tigated. In the present paper we will show that the TP
model can exactly represent the LPV model of the heli-
copter.
For further details we refer to [8, 11].
The model of the helicopter has uncertainty that is in-
volved in the LPV model as:

X(1) = (A(p(1)) +Da(p(1))Aa(t)Ea(p(1)))) X (1)
+(B(p(1)) +Dy(p(1))A, (1)Es(p(2))))ut).  (14)
A,(t) and Ay(t) are unknown uncertain blocks. D,, E,,
D, and E; are known matrices to provide the uncertain
elements.
In order to involve uncertainty, we extend the TP model
(11) with the following terms:

Doy (P(6)) = Zugn & Walpalt))x(1) . (15)

Ey(B(0) = Gugp  Walpa(0)x(0). . (16)

4.2. TP Model Transformation

The goal of the TP model transformation is to transform
a given LPV state-space model into TP model (11) and
(15,16) with conditions (12,13). The TP model transfor-
mation is capable of generating various different weight-
ing functions to satisfy further conditions, see [10]. In or-
der to have direct link between the TP model form and the
typical LMI formulations derived under the PDC frame-
work we simply transform the TP model into a typical
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polytopic form:

K0) _y ()
= Wy t Sr a7
<y<t>> LRS- ( an
where
A, B
and S;, ;,...iy are the elements of tensor . and r =

ordering(iy,ia,...,iy) (r = 1.R =T],I,). The function
“ordering” results in the linear index equivalent of an N
dimensional array’s index iy,i,...,iy, when the size of
the array is I) x I X - - - X Iy. The coefficient functions are
defined according to the sequence of r as:

wr(p(1)) = [ [wai, (Pa(1)).

4.3. PDC Framework

The PDC design framework determines one LTI feed-
back gain to each LTI consequent system of the TP model
or model (17). The PDC framework starts with the LTI
vertex systems S,, and results in the vertex LTI feedback
gains F, of the controller. F, is computed via solving the
LMI conditions defined under the PDC framework. Hav-
ing the F, the control value is determined by the same
weighting functions as used in (17):

R
u(t) =— (Zi wr(p(t))Fr> x(1). .

The LMI conditions, to be solved under PDC framework,
are selected according to the stability criteria and the de-
sired control performance. In such a way, the speed of
response, constraints on the state vector or on the control
value can be considered via properly selected LMI based
stability conditions [9].

. (18)

5. Control Design of the 3-DOF RC Helicopter

First of all, let us define the design specifications:

« We derive a robust control since the model does not
consider all real effects (for instance, the ground ef-
fect and propeller deflection are not considered in the
model).

« We derive a decay rate control to have good speed of
response.

« We have constrains on the control value (the physical
operation range of the engine of propellers).

« We assume that the initial of the state vector is un-
known.

o The design must consider the uncertain components
of the LPV model.

In the followings we derive the polytopic model (17) by
the TP model transformation, and in the second step we
apply the PDC framework.
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Fig. 7. Weighting functions w,(x;,x;) of roll angle x;(¢)
and pitch angle x3(7).

5.1. Convex State-Space TP Model of the 3-DOF
RC Helicopter by TP Model Transformation

Let the transformation space Q be set as xj(7) €
[-7m/2,m/2] and x3(t) € [-m/2,7m/2] so that Q :
[-7/2,7/2] x [-m/2,7/2]. Let the equidistant dis-
cretization hyper grid be M| x M, : 301 x 301 (the trans-
formation space is symmetric on the stabilization point,
therefore we set 301 to ensure that one discretization grid
line lies on the desired stabilization point). The TP model
transformation results in

x(1) = (i Wr(p(t))Ar> x(1) + (B+D,8,Ey ) u(t).
r=1
(19)

The weighting functions w,—; 4(p(7)) are depicted on
Fig. 7. We can observe that one LTI system dominates
in the equilibrium point and the others on the border of Q.
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The resulting LTT systems are:

0 1.0000 0 0 0

47.1020 0 0 0 0

A= 0 0 0 1.0000 0
0 0 36.1910 0 0

0 0 0 0 0

0 1.0000 0 0 0

29.9861 0 0 0 0

Ay = 0 0 0 1.0000 0O
0 0 36.1910 0 0

0 0 0 0 0

0 1.0000 0 0 0

47.1020 0 0 0 0

Az = 0 0 0 1.0000 0
0 0 23.0399 0 0

0 0 0 0 0

0 1.0000 0 0 0

29.9861 0 0 0 0

Ay = 0 0 0 1.0000 0
0 0 23.0399 0 0

0 0 0 0 0

The conclusion of this subsection is that the simplified
uncertain model of the 3-DOF RC helicopter can be ex-
actly given by a convex combination of minimum four
LTI systems in such a way that the LTI systems defines
the tight convex hull of the given LPV model. This could
be derived via analytical works, but the TP model trans-
formation uniformly (independently on the actual analytic
form of the given model) results in the polytopic decom-
position in a few minutes.

5.2. Selecting LMI Conditions According to the
Control Specifications

According to the above specifications let us select the
following LMI conditions under the PDC framework:

According to (9) we can apply the following simplified
LMI conditions for the uncertain TP model (15) to yield
robust control:

LMI conditions 1: The simplified uncertain model of
the RC helicopter has both A, = D, = E, = 0 and
B, A,, D, and E;, which do not depend on p(#) € Q. There-
fore, we recall the following decay rate condition guaran-
teeing robust stability condition:

maximize §
XM, d,

5.2.1. Constrain on the Control Value

In order to bound the control value we select the fol-
lowing LMI conditions from [9]:

LMI conditions 2: Assume that initial [|x(0)|] < ¢,
where x(0) is unknown but the upper bound ¢ is known.
The constraint |uj(t)| <uj(j=1,2,---,m) is enforced
at all times ¢ > 0 if there exist a common positive definite
matrix X and matrices M, such that

PI<X . .. ...
TRT
( X MrzE j> >0,
EM, ujI
where E; is the vector whose jth element is one and the
other elements are zero, i,e,

. (20)

1 j—1 j j+1 m
Ei=[0 - 0 1 0 - 0 ].
By wusing the matrix E;, each input variable
can be described as wuj(r) = Eju(r), where

u(t) = [un (1) ws(t) - un(0)]7-

In order to ensure the above condition for a large set of
initial states, we can set ¢ to be a large quantity even if
x(0) is unknown. However, one should note that a large ¢
could lead to conservative designs.

The controller with the desired performance is obtained
via solving the above LMI conditions 1 and 2. The solu-
tion yields feedback gains F, (r =1...R) as:

F,=M,X . . (21)

The control value is computed by (18).

In conclusion, the LMI conditions 1 and 2 guarantee
the constrain on the control value, good speed of response
and avoid input saturations. Since these conditions are
represented in terms of LMIs, the feedback gains, satis-
fying the above multiobjective specification, can be read-
ily obtained numerically, for instance in MATLAB LMI
Control Toolbox [16].

5.3. Numerical Details of the LMI Based Design

The parameters on input constraint condition are set as
follows:

E;=[1000], E,=[010 0],

E;=[0010], E4s=[000 1],

U =uU3 =09 x2xfy, W =Us=0.1x27fp.
Figure 8 depicts the change of decay rate { for dj,. The

subjectto X >0, d,>0 S, <0 LMI conditions 1 and 2 are feasible in the range from dj, =
where ’ ’ ’ 1.524 x 107 t0 3.119 x 107. For the design, we select d;, =
Z(A,,B,X,M,) 2.495 x 107, where the maximum decay rate is obtained:
S, = +20X + dbDbDZ * The resulting LTT feedback systems are:
_Eer _dbpgl Fl =
Z(A,,B,, X, M) =XAT + A, X-B,M,-M'B’. 569.3183 82.9636 —322101 —5.3726  0.3969
. 0.3337 0.0486 —0.0188  —0.0031 15.8392
for r <'s <R, except the pairs (r;s) such that Vp(r) : 3445022 50.5279  694.2790 114.5536  16.7862
wy(p(t))ws(p(t)) = 0. The symbol * denotes the trans- 03337 —0.0486 00188  0.0031 —15.8392
posed elements (matrices) for symmetric positions.
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Fig. 8. Decay rate { for dp,.
F, =
698.6409 103.1000 97.1139  18.0629 6.0978
3.4361 0.5149 1.2268 0.2340 15.9510
322.4559 52.2701 588.9798 113.3114 15.5008
—3.4361 —0.5149 —1.2268 —0.2340 —15.9510
F; =
644.6347 102.6238 125.1829 17.4642 12.2166
0.8747 0.1391 0.3364 0.0613 12.7815
315.4957 49.4383 672.3149 111.2250 14.4206
—0.8747 —-0.1391 —-0.3364 —0.0613 —12.7815
Fy =
526.2796  82.5688 —1.5450 —5.83206.8792
10.3008 1.6208 0.6431 0.028013.0706
256.3282  44.8857 578.9468 111.553312.6039
—10.3008 —1.6208 —0.6431 —0.0280—13.0706

The conclusion of this subsection is that the selected
LMI conditions are feasible, the result must guaranty the
desired performance. The control value is calculated by
(18) as:

4
u(t) =— (Zi w,(p(t))F,) x(1). .

. (22)

6. Control Results

In this section we present simulation results. We set the
initial state values as:

x(0)=1[0279 0 —0279 0 —0.349]".

Figure 9 shows the stabilization of the 3-DOF RC he-
licopter (see Fig. 1). One can observe that the decay rate
condition guaranteeing the robust stability condition (LMI
conditions 1) and the input constraint condition (LMI con-
ditions 2) are satisfied. For comparison, we design a con-
troller guaranteeing only decay rate controller [9] without
the robust stability condition. The resulting control per-
formance is presented on Fig. 10. We can observe that
the robust controller shows better performance in terms
of settling time.

Vol.13 No.1, 2009

PDC Based Stabilization of a 3-DOF RC Helicopter

xl[rad]
o o
o N >

xz[rad/s]
[<3=)
‘ ) SRS N o
b
PN

- 6 8 10 12 14 16 18 20
0.5
E o
™
x
05 i i i i ; ; ; ; ; j
2 4 6 8 10 12 14 16 18 20
_. 05
N
B o
<
x 05 I I I I I I I I I i
OQ 2 4 6 8 10 12 14 16 18 20
E -0.2///——/
1ol
x
04 i i i i i i i i i i
0 2 4 6 8 10 12 14 16 18 20
Time[sec.]
Fig. 9. Control result 1 (robust stability & decay rate).
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Fig. 10. Control result 2 (decay rate controller).

Remark 2: Since the real operation of the helicopter
has influence of ground effect and the lift power loss by
deflection of propellers in high frequency rotation which
are not involved in the model, the control performance
in real experiment may be different. At this point it is
worth mentioning that the controllers derived here and in
the paper [13] are equivalent. The maximum difference
between the outputs of both controllers differ with about
10~13 for all p(z),x(¢) (numerically checked). Thus, one
should expect the same experimental result applying the
presently derived controller as observed in the successful
laboratory experiment detailed in paper [13].

7. Conclusions

This paper examines the effectiveness of the combina-
tion of the TP model transformation and the Parallel Dis-
tributed Compensation framework in the stability control
design of a real 3-DOF RC helicopter. The paper presents
numerical simulations and notices that the derived con-
troller is equivalent with the one successfully tested in
laboratory experiment.

The main conclusion of this paper about the design
methodology is, that the whole design process is system-
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atic, non-heuristic and straightforward, the stability proof
of the resulting controller is tractable via the feasibility
test of LMIs and, hence, exact. The whole design proce-
dure is automatically computed via commercialized math-
ematical tools (MATLAB) without analytical interaction.
The computational time is about minutes on a regular PC.
It is also worth noticing here, that the same design pro-
cedure with the same numerical implementation has been
applied to other complex control problems in the related
literature as mentioned in the Introduction. This may lead
to the conclusion that the proposed design procedure of-
fers a numerical uniform solution for a class of engineer-
ing control problems.
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Appendix A.

The model constants are as follows: C, =47.102 1/ s2,
Cp =36.191 1/s%, C,r = 5.011 x 1074, C,, = 5.126 x
1074, Cuy = 1.155 x 1073, Gmax = 271y rad/s, Oimin =

0 rad/s, Q = mfy rad/s, where fyp = 30Hz which is the
maximum frequency of the propellers.

Appendix B.

The equations of motion for the RC helicopter which is
fixed at a joint point are modeled as

Me*y(t) + L(t) — Mgesiny(r)

=F (t)\/ﬁcos <tan_1 2)
—Fg(z)\/ﬁcos <tan_1£> X))

Me*B(t) +1gB (1) — MgesinB(t)

— —F(1)\/B + e cos <tan_1 %)
+F4(z)\/z§+7cos <tan_1£> 28

(Ia +411)(X(t) =1 (91(t) — 92(t)+ 93(1‘) — 94(t))
(25)
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where y(¢), B(¢) and a(t) are the angles of roll, pitch and
yaw, respectively, M is the mass of the helicopter. Iy, /g
and I, are the moments of inertia around x,y and z-axes
with respect to the gravity point of the helicopter, respec-
tively. I; is the moment of inertia of a propeller. g is
the gravity constant and e, /; and /; are lengths shown in
Fig. 3-6. F; is the lift force generated by the i th propeller.
It is described as

F(1) = 3CupS62() 6)
where Cy, is the lift coefficient, p is the air density, S is
the area of a wing of each propeller, /,, is the length of a
wing and 6;(¢) is the i th propeller’s angular velocity. We
assume from the property of the motors (of the propellers)
that 6;(¢) > 0 for all i.

From (23), (24), (25) and (26),

#(t) = Crsiny(t) +Cur (67(1) = 65(1)) . . (27)
Blt) = CpsinB(1) +Cop (~3() + 020)) . 28)
a(t) = Cuy (01(1) — 62(t) + 05(1) — B4(2)) . (29)
where C;, Cp, Cy, Cyp and C,,y are constant values which
consist of M, Iy, Ig, I, 11, 8, e, li, b, Cr, p and S. By
integrating (29) with respect to time ¢, we obtain
OC(Z‘) — OC(O) = Cuy { (91 (l‘) — 91 (0)) — (92(2‘) — 92(0))
+(93(l‘)—93<0))—(94(2‘)—94(0))} N 10
where &(0), 81(0), 6,(0), 85(0) and 6'4(0).are initial angu-
lar velocities. Assume that ¢(0) = 0. If 6;(0) = 62(0) =
03(0) = 64(0), (30) can be rewritten as follows:
Q(t) = Cuy (01 (1) — 6a(t) + 65(t) — 64(1)) . .

Assume that € is an equilibrium point of the propeller’s
angular velocity. The relation between Q and 6;(¢) is
given as

0:(1) = Q+AGi(t) . (32)

where A@;(t) is the change of the i th propeller’s an-

gular velocity around Q. From (32), A6;(t) € [6imin —

Q  Bimax — Q], where 6;ax and ;i denote the maxi-

mum and minimum values of 9,-(t), respectively, where

Oimax > Oimin > 0. We note that any Q satisfying

max BOimin < Q < min Bimax can be selected due to the
1 1

. (31)

structure of this type of helicopters with four propellers.
Using (32), the equations of motion (27), (28) and (31)
can be rewritten as follows.

(1) = Crsiny(r) + Cur (2Q+ AB; (1) + AB3(1))

x (MO (1) —Ab5(1)) . . . . .. (33)

B(t) = CpsinB(t) + Cup (2Q+ A8 (1) + A4 (1))
X (A6 (1) +A64(1)) . . . . . . (3

() = Cuy (A1 (1) + Abs(t) — AB (1) — AB4(1)) .
(35)
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