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Introduction

The continuous development and improvement in computer technology and
computational science provided solid support for mathematical models, mak-
ing them more efficient in terms of computing time and resources. Computers
help solve problems quickly and accurately, offering scientists effective ways of
treating unsolved problems or topics that are yet to be studied in depth. Due
to some basic features of the theory of functional equations, the application of
computer-assisted methods to problems related to this field started relatively
late, at the end of the 20th century.

In the 1980s, Jdnos Aczél posed the question if it was possible to develop a
computer program determining the solutions of two variable linear functional
equations using Ldszlé Székelyhidi’s method published in his paper [35]. The
first program to addressing such equations was created 30 years ago and de-
scribed in the thesis [22] (cf. also [23]; and, for more general versions, [8], [9]
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and [10]). Over the last few decades, many researchers have used computers to
study functional equations (cf., e.g., [4], [5], [6], [14], [20], [21], [24], [29], [30],
[31], [33] and [32]).

Today, symbolic calculations combined with general computer program-
ming are strong methods for exploring functional equations. We are currently
developing a software package that includes programs related to functional
equations. It comes as a natural idea to create a program capable of deter-
mining the types or classes functional equations belong to. In this paper we
present this program and its applications.

In the first part of the paper, we list the types and classes of functional
equations considered in our program. In the main section, we present our
program with a full description as well as examples of the running program.
In the last section, we show some short codes and detailed explanations to
illustrate how our program works.

1. Types of functional equations considered

In this section, we shortly describe the functional equations recognized by our
computer program.
The Cauchy functional equation

flx+y) = fx)+ fly) (1)

is fundamental not only to the theory of functional equations but in all of
mathematics. It is named after Augustin-Louis Cauchy, who was the first to
determine its general continuous solutions [11]. It had been studied earlier
by several authors, among others, by Adrien-Marie Legendre [27] and Carl
Friedrich Gauss [19]. It has been a central topic of several books on functional
equations, including [25] and [26] by Marek Kuczma. It is frequently referred to
as the equation of homomorphism or the Cauchy additive functional equation,
to distinguish it from other ‘Cauchy type’ functional equations:

e the Cauchy exponential functional equation

fla+y) = f(x)f(y) (2)
e the Cauchy logarithmic functional equation
fley) = fz) + f(y) (3)
e the Cauchy multiplicative functional equation
flazy) = f(2)f(y) (4)

(cf., [11], and [2] and [3] among others).
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The Pexider functional equations are generalizations of the Cauchy equa-
tions mentioned above, when different unknown functions are allowed on each
side of the equation ([34]):

flx+y) =g(zx)+ h(y), (5)
f(z+y) = g(z)h(y), (6)
f(zy) = g(x) + h(y), (7)
f(zy) = g(@)h(y) (8)

The following functional equation

; (;y) @+ ©)

is well-known as the Jensen functional equation. This equation characterizes
functions that preserve the midpoint operation, which is strongly related to
the concept of convexity.

The functional equation

fle+y—ay)+ fley) = f(x) + f(y) (10)
is referred to as the Hosszu functional equation. It was introduced by Miklés
Hosszi at the International Symposium on Functional Equations held in Za-
kopane, Poland, in 1967.

At the Symposium on Functional and Differential Equations held in Zawoja,
Poland, in 1971, Jan Mikusinski considered the functional equation

fe+y)lf@+y) - fly) - f(@)]=0 (11)
Later this equation was named after him.
If the function f : R — R is additive, then it also satisfies the following
equation

[f(z + )] = [f(2) + F())*. (12)
f

This immediately yields either f(x+y) = f(z)+ f(y), or f(x+y) = —[f(x)+
f(y)]- Due to its form, it is referred to as an alternative functional equation.
The functional equation

fle+y)+ fle—y)=2f(x) +2f(y) (13)
is known as the quadratic functional equation.

The d’Alembert functional equation (cf., e.g., [17], [18], furthermore, [2]
and [3]) named after the French mathematician Jean le Rond d’Alembert and
inspired by the well-known trigonometric identity cos(x + y) + cos(x — y) =
2 cos(x) cos(y) is of the form

fle+y) + fl@—y) =2f(2)f(y) (14)

The inhomogeneous linear functional equation of order 1 has the form

flax +by+c) = Af(x) + Bf(y) + C, (15)
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where a, b, A, B are real numbers such that abAB # 0. (It was considered, e.g.,
n [1], [15], [16], [25] and [28].)

The trigonometric functions f(xz) = cosz and g(x) = sina satisfy the
following functional equations

flx+y) = f(@)f(y) = 9(x)9(y), (16)

flz—y) = @) f(y) + 9(2)g(y), (17)

9(z +y) = g(2) f(y) + f(x)g(y), (18)

9(x —y) = g(@)f(y) — 9(v) f(2). (19)

Hence equations (16)—(19) are called trigonometric functional equations (cf.,

e.g., [39]).
One of the most important special families of functional equations is the
class of (two variable) linear functional equations

n+1
> filpir + qiy) =0, (20)
i=0
where n is a positive integer, po,...,Pn+1 and qo, ..., qn+1 are real numbers,
and fo,..., fny1 are unknown functions. It has been considered in several

papers and books (cf., e.g., [35], [37] and [38]). Several important functional
equations belong to this class, among others, the Cauchy equation (1), the
Pexider equation (5), the Jensen equation (9) and the quadratic equation (13)
as a special case.

Another important class of functional equations is that of Levi-Civita func-
tional equations

fle+y) = Zgz hi( (21)

where n is a positive integer, f,g;, hq, (z = 1,...,n) are unknown functions
(cf., [36], [37]). This class also contains several well-known functional equations
mentioned before. (For example, the Cauchy functional equations (1), (2); the
Pexider functional equations (5), (6); trigonometric functional equations (16),

(18).)

2. Description of the program

In this section, we describe the computer program, which determines the type
of functional equations. More precisely, we will give detailed descriptions of
three program functions fewhattype, fetype, feinfo.

Created in the computer algebra system Maple, the program is compatible
with Maple 2021 and later versions. It was developed in a collaboration among
the authors of the paper. A copy of its source can be obtained by contacting the
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paper’s first author. The program operates with formal computations, without
numerical approximations, thereby precisely determining the types or classes
of the given functional equations.

This property, using the concept of ‘mathability’ ( [7]), ‘increases the level
of mathability’ (or ‘improves the mathability’) of the underlying system (cf.,
also, [12] and [13]).

Three program functions, fewhattype, fetype and feinfo are contained in
the Maple package FunctionalEquations. Similarly to other Maple programs,
fewhattype, fetype and feinfo can be accessed with the forms

> FunctionalEquations [fewhattype](arguments);
> FunctionalEquations|[fetype](arguments);
> FunctionalEquations [ feinfo |();

or

> FunctionalEquations:—fewhattype (arguments);
> FunctionalEquations:—fetype (arguments);
> FunctionalEquations:—feinfo ();

or, if the command
> with (FunctionalEquations );
has already been called in the current running Maple session, simply with

> fewhattype (arguments);
> fetype (arguments);
> feinfo ();.

A detailed description of each function is given in the following part.

The function fewhattype.

To run this function, at least one input parameter has to be given: the func-
tional equations called fe. In addition, extra parameters funcs and vars can
be used to highlight the names of the unknown functions and the variables of
the functions contained. Thus, the input of the program should be of the form

> fewhattype(fe, [funcs, vars]);.

The list of the unknown functions funcs and the list of the functions’ vari-
ables vars have to be given as a Maple list structure between square brackets,
where all elements in the list are separated by a comma. By default,

funcs = [f,g,h,k,1];

vars = [x,y,z,u,v];.
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Hence when users provide only the argument fe, the set of the unknown func-
tions of the given functional equation has to be a subset of {f, g, h, k,}. Sim-
ilarly, the functions’ variables must be in the set {z,y, z,u,v}. If not, users
need to include additional parameters for the program to run properly.

Some examples of the correct form of input arguments are:

fl@+y) = f@) = fly) =0, funcs = [f],vars = [z, y]
or simply
fle+y) = fz) = fly) =0
m(a +b) — n(a) —n(b) = 0, funcs = [m,n],vars = [a, b].

If the input is given correctly, the program will list all types and classes to
which the given functional equation fe belongs. In the following, we present
some examples with different options and their meanings.

Assume that the package FunctionalEquations has already been called
in the current Maple session.

> fewhattype(f(x +y) — f(x) — f(y));
yields
Cauchy equation
Inhomogeneous linear functional equation of order 1

Linear type equation
Levi—Civita type equation

The program is able to simplify the given functional equation before starting
the main process to determine its types or classes. For example:

> fe:= V3.f(x +y) + V3.f(x —y) = VI2.f(x) + VI2.f(y);
> fewhattype (fe);

gives

Linear type equation

Quadratic equation.

When the unknown functions and their variables are not in the default case,
users can add extra parameters to use the program, as follows:

> fe := s(a + b) =s(a).c(b) + c(a).s(b);
> fewhattype(fe, funcs = [s, c], vars = [a, b]);
yields

Levi—Civita type equation
Functional equation for trigonometric functions,
addition formula for sine.
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The function fetype.

If users input a functional equation fe and specify a type or class of functional
equations, this function will simply return the value True or False to indicate
whether fe is the given type. Similarly to the previous program, extra param-
eters funcs and vars can be added as optional arguments to specify the list
of unknown functions and their variables. Therefore, the input of the program
should be

> fetype(fe, type, [funcs, vars]);.

Notes on the three parameters fe, funcs, and vars can be found in the previ-
ous subsection. The parameter type should be a string like given in the list of
considered types and classes of functional equations mentioned in the second
section.

For example,

> fetype(f(xy) — f(x) — f(y) = 0, Cauchy);
shows

true ;
> fetype(f(x +y) — g(x) — h(y) = 0, Cauchy);

gives
false .

The program is able to simplify the considered functional equation before
evaluating it, as follows:

> fetype (2.1 ((x + y)/2) = f(x) + f(y), Jensen);
yields
true .

The extra parameter funcs is used in the example below to show the program’s
use when the unknown function is not contained in the default set:

> fe :==m(x +y - xy) + m(xy) =m(x) +m(y);
> fetype(fe, Hosszu, funcs = [m]);
gives

true.
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The function feinfo.
The function feinfo() is used to get information about all the considered types

and classes of functional equations. When feinfo() is called, the following win-
dow will pop up

#& Functional Equations X

O Cauchy equation (O Linear type functional equation

Olpsicers 2o Levi-Civita type functional equation
VP q

() Jensen equation

(O Quadratic equation
() Hosszu equation

(O D'Alembert equation
(O Mikusinski equation

o O Functional equation for trigonometric functions
Alternative equation

(O Inhomogeneous linear functional equation of order 1

When one type or class of the functional equation is chosen, the correspond-
ing information will be shown in the right-hand side textbox. For example,
when the Cauchy equation is chosen, you will see

& Functional Equations X

(O e: at () Linear type functional equation cauchy functional equation is the functional A
equation: f(x+y) = f(x)+£(y).
Opsiderferation O Levi-Civita type functional equation . . . .
A function f : R -> R is called additive iff it
O Jensen equation satisfies Cauchy's functional equation, for all
O Quadratic equation real x, y.
O Hosszu equation
O D'Alembert equation over the rational numbers, there is a single
O Mikusinski equation family of solutions f(x) = cx, with constant c.
More generally, f(gx) = gf(x) for all rational

(O Functional equation for trigonometric functions q, and real x.

(O Alternative equation

over the real numbers, every continuous
(O Inhomogeneous linear functional equation of order 1 N e ol v

3. Explanation of the program

In this section, we show some procedure codes with detailed explanations to
illustrate how our program works.

First, it can be observed that many types of functional equations share
common terms. For example, the term f(x 4 y) appears in the Cauchy func-
tional equations (1), (2), the Pexider functional equations (5), (6), the Jensen
functional equation (9), the quadratic functional equation (13), the class of
Levi-Civita functional equations (21) etc. Similarly, the term f(zy) is present
in the Cauchy functional equations (3), (4), the Pexider functional equations
(7), (8), and the Hosszi functional equation (10).

For this reason, our program checks the presence of common terms in the
given functional equation and then determines its types or classes.
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The following procedure checks the term cf (x4 y) where ¢ is a constant in
the given functional equation. Therefore, this procedure will be called later to
check types and classes that contain the term f(x 4 y), as mentioned above.

1 checkcfxplusy := proc(fe, var)

2 local Svar, flag, nfe, i, t, Lfe, Rfe, ufunc;

3 Svar := convert(var, ‘+9);

4 flag := false;

5 nfe := fe;

6 for i to nops(nfe) do

7 t := op(i, nfe);

8 if type(t, function) and op(t) = Svar then

9 ufunc := op(0, t);

10 if not ufunc in FUNCS then

11 error "Invalid unknown functions";

12 end if;

13 Lfe := t;

14 Rfe := Lfe - nfe;

15 flag := true;

16 break;

17 elif type(t, ‘*) then

18 if type(op(-1, t), function) and op(op(-1, t)) = Svar
then

19 ufunc := op(0, op(-1, t));

20 if not ufunc in FUNCS then

21 error "Invalid unknown functions";

22 end if;

23 Lfe := simplify(t/op(1 .. -2, t));

24 Rfe := simplify(Lfe - nfe/op(l .. -2, t));

25 flag := true;

26 break;

27 end if;

28 end if;

29 end do;

30 if flag = true then

31 return 1, Lfe, Rfe, ufunc;

32 else return O;

33 end if;

34 end proc;

In this procedure, line 3 returns the sum expression of the unknown func-
tions’ variables, for example when var = [x, y] then Svar = x + y. The
program will run through all the terms in the given functional equation (line 6),
then from line 7 to line 16, checks if the term f(z+y) is there (it can be g(u+v)
or m(z + y) depending on the unknown function ufunc and the list of vari-
ables var). Additionally, if the term appears as ¢f(z+y), where ¢ is a constant,
lines 17-26 will not only recognize the term cf(z + y), but the program will
also cancel the constant ¢ out of the given functional equation (lines 23-24).
After checking all the terms contained, we have the procedure

e return O: if the term does not appear;
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e return 1, Lfe, Rfe, ufunc: term appears, where
Lfe: the appeared term,
Rfe: the rest terms of given functional equation
ufunc: unknown function in Lfe.

Similarly, the procedure checkefxtimesyorxy checks for the term f(xy) and
also the term cf(xy), where ¢ is a constant, in general. In mathematics the
expression, xy and x*y are both understood as the multiplication of two vari-
ables x and y. Therefore, two variables, Mvar1 and Mvar2 are used to ensure
the program considers all the given cases. For example, if var = [x, y] then
we have Mvarl = x*y and Mvar2 = xy.

With the same structure and technique as in the previous procedure, the
program will check each term of the given functional equation (line 41) in both
cases, with and without the constant coefficient ¢ 7 (lines 43-5) and lines 52—
63, respectively). The procedure checkefxtimesyorxy returns the same output
as the procedure checkcfxplusy.

35 checkcfxtimesyorxy := proc(fe, var)

36 local Mvarl, Mvar2, flag, nfe, i, t, Lfe, Rfe, ufunc;

37 Mvarl := convert(var, ‘x¢);

38 Mvar2 := cat(seq(var[i]l, i =1 .. 2));

39 flag := false;

40 nfe := fe;

41 for i to nops(nfe) do

42 t := op(i, nfe);

43 if type(t, function) and (op(t) = Mvarl or op(t) = Mvar2)
then

44 ufunc := op(0, t);

45 if not ufunc in FUNCS then

46 error "Invalid unknown functions";

47 end if;

48 Lfe := t;

49 Rfe := Lfe - nfe;

50 flag := true;

51 break;

52 elif type(t, ‘*) then

53 if type(op(-1, t), function) and (op(op(-1, t)) =

Mvarl or op(op(-1, t)) = Mvar2) then

54 ufunc := op(0, op(-1, t));

55 if not ufunc in FUNCS then

56 error "Invalid unknown functions";

57 end if;

58 Lfe := simplify(t/op(1 .. -2, t));

59 Rfe := simplify(Lfe - nfe/op(l .. -2, t));

60 flag := true;

61 break;

62 end if;

63 end if;

64 end do;

65 if flag = true then
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66 return 1, Lfe, Rfe, ufunc;
67 else return O;
68 end if;

69 end proc;

Let us consider all types of Cauchy equations (1)—(4) and Pexider equations
(5)—(8). Their left-hand sides are considered by the two procedures above, and
our program will check the rest of the terms, i.e., the right-hand side of the
equation to give the conclusion. The procedure for this process is as follows

70 checkrhsCauchyPexider := proc(rhseq, var)

71 local t1, t2, ufunc;

72 if nops(rhseq) <> 2 then return 0; end if;

73 if not (type(rhseq, ‘+°) or type(rhseq, ‘*¢)) then

74 return O;

75 end if;

76 tl := op(l, rhseq);

7 t2 := op(2, rhseq);

78 if not (type(tl, function) and type(t2, function)) then

79 return O;

80 end if;

81 if evalb([op(t1l), op(t2)] = var) or evalb([op(t2), op(t1)] =
var) then

82 if not (op(0, t1) in FUNCS and op(0, t2) in FUNCS) then

83 error "Invalid unknown functions";

84 end if;

85 ufunc := MakeUnique([op(0, t1), op(0, t2)]1);

86 return 1, whattype(rhseq), ufunc;

87 else return O;

88 end if;

89 end proc;.

Some conditions are checked for the right-hand side of the equation.

e Exactly two terms are contained (line 72) and the operator between them
is addition + or multiplication * (lines 73-74);

e Both terms are in the form of a function (lines 78-80) and the unknown
function’s variables are correct (lines 81-87).

The procedure:

e return 0: when the given functional equation does not belong to any of
the Cauchy equations (1)—(4) or Pexider equations (5)—(8);
e return 1, operator, ufunc: where
— operator: the operator between the terms can be addition + or
multiplication s,
— ufunc: list of unknown functions, which is important for distinguish-
ing between Cauchy types and Pexider types.

Lastly, with the procedure feinfo, we want to introduce a very surprising
element of the Maple programming language — a graphic user interface (GUI).
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An interactive window can be created with the function Maplet contained in
the Maplets:-Elements Package.

90 feinfo := proc()

91 local maplet;

92 maplet := Maplet(Window(’layout’ = ’BL1’, ’title’ =

”Functional Equations”),

93 BoxLayout[ ’BL1’ | (

94 BoxColumn(’halign '="1left 7,

95 BoxRow(RadioButton[ ’"RB1’ ] (” Cauchy
equation”, ’group’ = ’'FE’,
Evaluate(#Cauchy equation’s
information))),

96 # other RadioButtons for different types
and classes of functional equations

97 Button(”OK”, Shutdown())),

98 BoxColumn(BoxRow(TextBox["TB1’ | (””,’editable’

= ’false ’,’width’= 50)))),
ButtonGroup['FE’ | ());

99 Maplets[Display](maplet):

100 end proc;

In this procedure, simply a window pops up (line 99) which contains:

e Lines 95-96: a list of radio-buttons that allows users to choose their
interested functional equation type or class,

e Line 98: a text box showing information on the chosen functional equation
type or class,

e Line 97: a button 0K simply for shutting down the application (i.e. closing
the popped-up window).
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