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1 Introduction

Let n balls be placed successively and independently into N boxes. Let pu,.(n, N)
denote the number of boxes containing r balls. There are several theorems concerning
the limit laws of p,.(n, N) when the parameters belong to certain domains (see, e.g.,
Weiss (1958), Rényi (1962), Békéssy (1963), and the monograph Kolchin-Sevast’yanov-
Chistyakov (1978)). It is known that if n, N — oo in the central domain, then the limit
of the standardized p,(n, V) is standard normal. In the left-hand and in the right-hand
r-domains the limit of p,.(n, N) is Poisson distribution. Strong laws of large numbers
are obtained for p,(n, N) in Chuprunov-Fazekas (2005). Concerning the generalized
allocation scheme see Kolchin (2003).

In this paper the most general result is the inequality in Theorem 2.1. It gives an
upper bound for the Lo-distance of p,.(n, N) and its conditional expectation given the
last n — k allocations.

Then asymptotic results are considered. The most interesting case is the Poisson-
type limiting distribution. In that case we do not have one single limiting distribution.
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Instead of a limit theorem we can prove a merge theorem, i.e. we can give a family of
accompanying Poissonian laws being close to the original distributions (Theorem 2.2).

Then we obtain almost sure (a.s.) versions of the limit theorems for p,.(n, N). The
general form of the a.s. limit theorem is the following. Let Y,,, n € N, be a sequence of
random elements defined on the probability space (2, 4,P). A.s. limit theorems state
that

1 n
oo Zkﬂ didy,(w) = v, as n — oo, for almost every w €, (1.1)

where 9§, is the unit mass at point z and = v denotes weak convergence to the probabil-
ity measure v. In the simplest form of the a.s. CLT Y; = (X; + --- + X3)/Vk, where
X1, X, ..., are i.i.d. real random variables with mean 0 and variance 1, d, = 1/k,
D,, = logn, and v is the standard normal law A (0, 1); see Berkes (1998) for an overview.
Recently, several papers are devoted to the background, the general forms and certain
special cases of the a.s. limit theorem, see e.g. Berkes-Csdki (2001), Fazekas and
Rychlik (2002), Matula (2005), Hérmann (2006), Orzég-Rychlik (2007).

The present paper can be considered as an extension of some results in the paper
Fazekas-Chuprunov (2005) where a.s. limit theorems were obtained for the number
of empty boxes (see also Becker-Kern (2007)). In Section 2, we consider an appro-
priate representation of p,.(n, N) in terms of independent, uniformly distributed ran-
dom variables in order to handle the dependence structure inside the array pu,(n, N),
n,N=1,2,.... As pu,.(n, N) depends on two parameters, we consider a.s. limit theo-
rems of the form

1
D_Z(k K)eT, dridy, ) = v, as n,N — oo, for almost every we (1.2)

where T), denotes a twodimensional domain. To prove the above type theorems, we
apply a general a.s. limit theorem, i.e. Theorem 2.1 of Fazekas-Chuprunov (2005).
We quote it in Theorem 4.1. This result is an extension of known general a.s. limit
theorems. (see, e.g., Fazekas and Rychlik (2002)). We remark that multiindex versions
of a.s. limit theorems were obtained in Fazekas-Rychlik (2003). However, as the
weights there are of product type, we can not apply those results for domains like
{(k,7) : aq(k) <i < as(k), k € N}.

In this paper we use the general theorem to obtain Theorems 2.3, 2.4, 2.5, and
2.6. Among them Theorems 2.5, 2.6 concern the central domain (i.e. when 0 < ag <
n/N < as < o0) and the limiting distribution is standard normal. In Theorem 2.4 the
parameters can vary in a domain not included in the central domain but the limiting
distribution is again standard normal. The most interesting case is the Poisson-type
limiting distribution (Theorem 2.3). The limiting distribution in the almost sure limit
theorem (i.e. in Theorem 2.3) will be a mixture of the accompanying laws in the usual
limit theorem (i.e. in Theorem 2.2). In almost sure limit theory the above situation
is well-known (see Fazekas-Chuprunov (2007) for semistable laws, see also Theorems
2.10, 2,11, 2.12 in Fazekas-Chuprunov (2005) for random allocations).
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2 Main results

Random allocations. Let &, §;, j € N, be independent random variables uniformly
distributed on [0,1]. Let N € N. Consider the subdivision of the interval [0, 1) into
the subintervals A; = Ay; = [52, &), 1 <i < N.

NN
We consider the intervals A;, ¢ = 1,..., N, as a row of boxes. Random variables ¢;,
J=1,2,..., are realizations of £. Each realization of ¢ we treat as a random allocation

of one ball into the N boxes. The event {; € A; means that the jth ball falls into the
ith box. Let n € N, Ay = {1,2,...,n}.

N
mn, Ny =" > [lhgear I TZigean (2.1)

=1 |A|:7",ACA(O) ]EA jEA(O)\A

is the number of boxes containing r balls and N Oﬁ% (1 — %)n_r is its expectation.
Here C7 = (") is the binomial coefficient.
n

For n, N € N we will use the notation a = § and p,(a) = (" /r!)e™®. It is known

(see Kolchin et al. (1978), Ch.2, Sec.1, Theorem 1) that the following limit relations
(2.2) and (2.3) hold for any fixed r, ¢t and if n, N — oo such that o = o(N). For the
expectation we have

Epe(n,N) = Np,(a) + p.(a) (r — /2 — C?/a) + O (1/N) (2.2)
and for the covariances we have
cov(py(n, N), pe(n, N)) ~ No.i(a), (2.3)

where
o (@) = pr(a) (1 —pr(a) = pr(a)(a - T)Z/O‘) ,
ori(a) = —p(a)pi(a) 1+ (a = r)(a—1t)/a), if tF#r.

We shall use the notation

Dy = /D (n, N) = \/eov(u,(n, N), e (n, V).

We shall need a lower bound for ]D)(Tgv, therefore the following remark will be useful.

Remark 2.1.

1 _pr(a) _pr(a)@ Z Cr > 07

if » > 2 is fixed and « is arbitrary, or if r = 0,1 and o > g > 0. 0

As in the theory of random allocations the roles of n and N are fixed, therefore we
shall use the following notation for twodimensional indices: (n, N), (k, K) € N2,

Let
S(r) o :U’T(na N) — E/“LT(n7 N)
nN ]D)(T)
n,N
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be the standardized variable, where (n, N) € N2.

The main inequality. Let n, N,r € N, 0 < k < n. Recall that n is the number of
balls, N is the number of boxes. {; denotes the jth ball, A; denotes the ith box. We
use the notation Ay ={k+1,...,n}, k=0,1,...,n — 1. Let

N n—r
T 1 1
G=Cv=>, Y Ilhgeas I Teean —NC (1 - N) :
i=1 |Al=r,ACA() jEA J€A©\A

We see that ¢, = p.-(n, N) — Ep.(n, N), c.f. (2.1). We have

N

where
A = HjeA Iigenn HjeA(O)\A Iigenn

is the indicator of the event that the ith box contains the balls with indices in the set
A (and it does not contain any other ball). Let Fj, be the o-algebra generated by
ity En. We will use the following conditional expectations 772-(1]2) = E(n;a|Fux) and

¢F = Chy = E(Co| Frn) = Z Yoo ) —Eny) = (2.4)

i=1 |Al=r,ACA g

1 1 (r—]ANAy )
=> N A A (1 - N) T feean T Teenn -
i JEANA

JEAH\A
1 1 n—r
— 1—— .
v (%))

The following inequality will play an important role in the proofs of our theorems.

Theorem 2.1. Let 0 <k <n, 0<r <n and N be fivred. Then we have

2 1 1 n+k . 1 n—r
E(Cn_cn) SCk’O& [(1_N) o + (1_N)

where ¢ < 0o does not depend on n, N, and k, but can depend on r.

(a+1) (2.5)

Remark 2.2. In Fazekas-Chuprunov (2005) the following inequality was obtained for
the number of empty boxes. Let r = 0. Let £ < n and N be fixed. Then we have

E(G — () <k (1 - %)H (2.6)

and
(2.7)
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In Chuprunov-Fazekas (2005) a fourth moment inequality was obtained for p,.(n, V).

Limit theorems for random allocations for » > 2. First we consider the
Poisson limiting distribution. In that case we do not have one single limiting distribu-
tion in the ordinary limit theorem. Instead of a limit theorem we can prove a merge
theorem, i.e. we can give a family of accompanying laws being close to the original
distributions (Theorem 2.2). The limiting distribution in the almost sure limit theorem
(i.e. in Theorem 2.3) will be a mixture of the accompanying laws.

The following result is a version of Theorem 3 in Section 3, Chapter II of Kolchin-
Sevast’yanov-Chistyakov (1978). In our theorem the novelty is that we state uniformity
with respect to (n, N) in a certain domain, while [ remains fixed.

Theorem 2.2. Letr > 2 and | € N be fixed. Then, as n, N — oo,

P(jun(n, N) = 1) = 5 (Np)'e ¥ (1 4 o(1) (2.8)

uniformly with respect to the domain T = {(n, N) : N > n@=1/Cr=2) ]ogn}.
Now turn to the a.s. version of Theorem 2.2.

Theorem 2.3. Letr > 2, 0 < A\ < Ay < 00 be fizxed. Let T, be the following domain
in N?

k
Tn:{(k,K)ENQ:kgn, S gAQ}.

Let

1 1
W) = I A
@l 5 (A2 — Ay)logn g2 e

(k,K)ET,

Then, as n — 00,

Qn(w) = pir
for almost all w € 2, where T is a random variable with distribution
1 A1\ e
P(r=1)= —|— ] e d [=0,1,... . 2.9

Now consider the case of the normal limiting distribution.

Theorem B. Letr > 2 be fized. If n,N — oo such that Np,(a) — oo, then
S,(S)V = . O

Here and in the following v denotes the standard normal law. The proof of Theorem
B can be found in the monograph Kolchin et al. (1978), Ch.2, Sec.3, Theorem 4.

Counsider an almost sure version of Theorem B.

Theorem 2.4. Let r > 2 be fized, 0 < a1, ap < 00 and

T,={(k,K) €N : k <n,aik < K < apk® /01
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Let
1

log n

1

0 o(r
(sz): k(log s — log ar + (1/2r) log k) K Skr(@)”

Then, as n — oo, we have

QU (w) =, for almost every w € Q.

n

Almost sure limit theorems for random allocations in the central domain.
If n, N — oo such that

n
0<061§N§062<OO,

where a; and ay are some constants, then it is said that n, N — oo in a central
domain. In a central domain we have the following central limit theorem.
Theorem A. Let 0 < a3 < ag < oo. Ifn,N — oo such that a = § € [aq, s,
then ST% = . O
The proof of Theorem A can be found in the monograph Kolchin et al. (1978),
Ch.2, Sec.2, Theorem 4.

Consider almost sure versions of Theorem A. In the following theorems the domain
is narrower than the one in Theorem 2.4, but they are valid for arbitrary r > 0.

Theorem 2.5. Let r > 0 be fized, 0 < oy < g < 00 and

1
0
(log Qo — 10g Qg log n Z Z LK 5( ) (w

k<n {K a1< <a2}

Then, as n — 00, we have

Q" (w) =1, for almost every w € Q.

In the above theorem the limit was considered for n — oo (and the indices of the
summands were in a fixed central domain). The following theorem is a two-index limit
theorem, i.e. n — oo and N — oo. The relation of n and N could be arbitrary
however, as the indices of the summands are in a fixed central domain, we assume that
(n, N) is in the central domain considered.

Theorem 2.6. Let r > 0 be fized, 0 < a; < ag < 00 and

1 1
—
(logag—logal)lognz Z kK St

k<n {K:K<N,oa1<f<as}

QU (w) =

Then, as n, N — 0o so that oy < & < an, we have

n
N

ng)v(w) =, for almost every w € Q.
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3 Proof of Theorem 2.1

. k k k k k
Since Eniz‘l - Enz(A) and E(nhAl - 771(1,211)(7%2%&2 - 771(21)42) - E(Th‘lAl '77i2A2> - E(Uglil '771(2212>

for any A, Ay, we have

2
E(G = G)* = {Zj\; Z\A|=r,AgA<0) (mia = nff,))} B

N
k k
= > E(ni,a, — k) (Miaas — Miek,)
i1,i2=1 |A1‘:|A2|:'I’,A1,A2CA(O>

k k
-3 > (8Om0, ) — Bl k) |+

i1 #ig _Al ﬂAQ 75@, |A1 ‘:|A2|:T,A1 ,A2 CA(O)

k k
+ Z Z (E(ThlAl ’ ni2A2) - E(n’L(l,)Al ’ 77’52342)) +
11712 _A10A2:@,|A1|=|A2‘:r,A1,A2CA(O)

N
k k
+ E E (E<77iA1 “Midy) — E(W@(A)l ‘77§A)2)) +
i=1 | A1#As|A1]=]|Az|=r,A1,A2CA o)

N
S (B —EGE)?) | = B+ Bat By+ B
i=1 ‘A|=T‘,ACA(0)

First consider B;. Let iy # 19, AiNAs # ) and 7 € A;NA,. Then I{éjeAil}]{éjeAiQ} =0,
therefore E(n;, 4,Mi,4,) = 0. So By <0.
Now turn to Bs. Now i1 = iy, Ay # As. If j € A1\ Ay or j € Ay \ Ay, then

]{gjeAil}I{£j¢Ai2} =0 or I{&jéAil}I{ﬁjEAiQ} =0. So E(’fh’lAl : 7]2'2A2) = 0. Therefore we
have B < 0.

Now consider By. Let i, # iy and A; N Ay = (). It holds that

f k 1 ) n—2r
E(ni1A177i2A2) - E(U;leg,)%) = N2 1- N -

1— —
N

1 9 n—2r 1 2k—2r+x 2 n—k—x
= 1— = —(1-—= 1— = .
N2 N N N

Here © = |Ay N Ai| 4 |Ag) N As|, so we have 0 < z < 2r,n — k. Now let a = (1 — ),
b= (1-4). Then 0 < a < b < 1, moreover b —a = 1/N?. First consider those terms

1 < 1 >2k(2TA(k)ﬂA1||A(k)mA2|) ( ) )nk|A<k)ﬂA1|A(k)ﬁA2|
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from B, in which x = 2r. It means that A;, Ay C Ag). The number of these terms is
N(N —1)(n —k)!/(rlrl(n — k — 2r)!). The magnitude of these terms is

e (070 )

nfkakaQ(kfl) 1

1
= Nt N

(Above we applied the mean value theorem.) So the contribution of these terms is not

n—k—2r (ak o ka)

1
Nt

greater than

(n_ k)' 1 92 n—k—2r 1 2(k—1) 1
N(N -1 1——= El1l—— — = DBy.
( >’r!r!(n—k—2r)!N2” N 2

Now turn to the remaining terms of Bs, i.e. the terms with x < 2r. The number of
these terms is

2 kf 2r—1
) < NN -1 B,

rirl

n! (n—k)!
NN -1) (r!r!(n —2r) rlrl(n — k — 2r)!

(Above we applied the following fact. If 0 < b; < a; < cand a;—b; < lfori=1,2,...,s,
then [[;_;a; — [[}_; b < sle*™t.) Using the mean value theorem, we obtain for the

magnitudes of these terms that
Lo ko k 72k 2% a\2r-e

‘ 1
1 n—k—2r 1 2= 1 2k 1

N2fr
1 9 n—k—2r 1 2(k-1) 1 1 2k 1

Therefore we have

2 1 n+k—2r—2 2r—1 1 n+k—2r—2
By < By + Baa1 By < e (1 - —) kel (1 — —) k>4

(aanT o b2k727“+x nfkfx)

a

N2r N N2r N
ng,«_l 1 n+k—2r o 1 n+k
+eqmTT (1 — N) k< ca® ! (1 - N) k(a+1). (3.1)

Finally, consider By. Let ry = [{1,2,...,k} N Al =r —|AN Ay)|. We have

k
By =N § (E(mA)Q - E(WgA)V) =
|A‘=T,ACA(O)

1 1\ 1 1 2(k—r1) 1 1 n—k—(r—ry)
=N 1——) - i 1— —
G N N7 N N7 N

|A‘=T,ACA(O)




Inequalities and limit theorems for random allocations 9

min{k,r}

vy aar(L(-D) T -0 -
N Bk ANT N N7+ N a

ri=max{r—(n—=k),0}

min{k,r}

S e verertI B NS S U WY SR B

B Bk N N N N
ri=max{r—(n—=k),0}

S

kot 1 1\ 1 1\
v 1—-—— 1-— 1—— <
rl (r—mr)! N" N N™ N
ri=max{r—(n—=k),0}

r kT oo 1 1\"" 1 1 k—min{ry,k}
<N E T - (o 1 - 1= .
- Z rl (r—mr) N7 < N) ( N™ ( N)

r1=0

IN

min{k,r}

Separating the term with r; = 0, then applying the mean value theorem, we obtain

ko1 I | 1\"" 1\"
Bi<NY —— — — (1-= No—(1-= 1—(1-=) | <
1= Zﬁ! (r—rl)!NT< N> AR Nr( N) ( < N>>—

r1=1

1 n—r T k ri—1 1 o’ k 1 n—r
<kad'(1-— - — 4+ N——(1-— <
= e ( N) Z(n) r1!+ fr!N( N) -

ri=1

< ko'l (1 - %)n_ (e+ %) . (3.2)

Now, inequalities (3.1) and (3.2) imply (2.5). O

4 Proofs of the limit theorems

Proof of Theorem 2.2. Consider i.i.d. random variables 1,72, ..., ny having Poisson
distribution with parameter o. Let (y = m; + --- + nn. Consider also i.i.d. random
variables n%r), nér), e ,775\7,") having the following distribution

(" = 1) =P(y; = 1]n #7).
Let g’](g) = 775” + -+ n%). By Lemma 1 at page 60 of Kolchin et al. (1978)

R ———
Bt ) =) = ()1 —pr HERZ) B )

say. On the domain T, as n, N — oo, we have @« — 0 and p,(a) — 0. Therefore,
concerning F', we have
(Dptd—p)™" (1 —p)™
H(Np)leNer = e N

Taking logarithm, then applying Taylor’s expansion, we obtain that (1 — p,) /e VPr —
1 (as n, N — oo) uniformly in 7'
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To handle G, we need the following result (Theorem 1 on p. 61 of Kolchin et al.
(1978)). For r > 2, as m — oo so that am — oo, we have
1 (t—may)?

P(¢) =t) = T 2mei (14 0(1))

uniformly with respect to % in any finite interval. Here
r Q@ —TDPy 2 2 (r) Q (CY - pr)2
=R = = —D" = = (1—p - ),
« 771 1 o pr O-r 771 (1 _ pr)z ( p a p
Therefore
(r) 1 (n—lr—(N—l)ar)?
6 =B = n—1r) = — e (o))

By straightforward calculations we obtain G' ~ 1/4/27(N — l)a ~ 1/+/27n uniformly
in T'. Finally, turn to H. As (ny has Poisson distribution, applying the Stirling formula,
we obtain

n'" 1
H=P(yv=n)=—e"~ uniformly.
Substituting the asymptotic values of F, G, H into (4.1), we obtain (2.8). O

The proofs of our a.s. limit theorems are based on the following general a.s. limit
theorem for two-dimensional domains (see Theorem 2.1 of Fazekas-Chuprunov (2005)).
Actually the theorem is a version of Theorem 1.1 in Fazekas-Rychlik (2002). Let
{a1(k)} and {aa(k)} be given integer valued sequences with 1 < a4 (k) < aq(k) < oo,
for k € N. Let (B, ) be a complete separable metric space and let (x;, aq(k) < i <
as(k), k € N, be an array of random elements in B. Let p denote the distribution of
the random element (. Let log, v =logx, if + > 1 and log, x =0, if x < 1.

Theorem 4.1. Assume that there exist C' > 0, € > 0; an increasing sequence of positive

numbers ¢, with lim,_,, ¢, = 00, ¢py1/cn = O(1); and B-valued random elements lkji,
for kyi,l,7 € N, k<, ag(k) <i < ag(k), an(l) < 5 < as(l), such that the random

elements Cx; and C{;Z are independent for k <l and for any t,7; and

E{o(Gy, ¢ A1} < C (en/a)” (4.2)

for k < 1 and for any i,j, where 3 > 0. Let 0 < dy < log(cks1/ck), assume that
Y re d, = 00. Assume that
as(k)
dk — Zi:al (k) dkl

for each k, with nonnegative numbers dy;. Let D,, =", _, dy. Then for any probability
distribution p on the Borel o-algebra of B the following two statements are equivalent

n  ao(k)
Z Z dkil¢y(w) = M, as n — 00, for almost every w € €); (4.3)
k=1 i=au (k)

1
D,
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n (6] k)

—Z Z diiftc,, = [, as n — 00. (4.4)

" k=1 i= aq (k)

Remark 4.1. If condition (4.2) is valid only for 1 < ky < k < [, then Theorem 4.1
remains valid. O

Now we can turn to the proofs of the a.s. limit theorems.

Proof of Theorem 2.3. Let (x = pr(k, K). For k < n let = ¢ + E¢F, Where
¢¥ is defined in (2.4). We show that ¢*X satisfies the conditions of Theorem 4.1. X
and (i are independent for £k < n. By Theorem 2.1, we have

(e <k (3] <0k () <ok

because (n,N) € T,,. T herefore d, = ciis an appropriate choice for any positive

k
constant c¢. Let dyx = for (k, K') with A\; < < \y. Then

K2- 1/r — K1- 1/

1 r 1
T ST DU SR

{K S (k/Ag) T gKg(k/,\l)ﬁ}

Therefore the above choice is possible. So, in Theorem 4.1, we can put

1 T
de_zr_l(iz M)z~ (A= X logn,

Now we remark that we can apply Theorem 2.2 because the domain in that theorem is
wider that the one in Theorem 2.3. According to Theorem 4.1 we have to prove that

r— 1 g 1
F = O Togn > > Er(ur(k, K)=1)—P(r=1) (4.5)

P K < <o)

where 7 is defined in (2.9). It is easier to calculate F' in a wider domain and then
remove the surplus, that is

N(n) (n/A\1) 7 A2
Z Z e Z Z .= A- B,
1{k; My g,\Z} K=(n/\o)™1

say, where N(n) = (n/A\)7™1.
Now consider the following approximations Since a« = k/K — 0 if k, K — o0 so

that A\ < Kl—l/ < Ay, therefore e=® ~ ¢” = 1. So we have

ot o U (EY e L kY
KpT—Kﬁe —Kﬁ (g) € Nﬁ(Kl—l/r) .
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Therefore we obtain

1 1 l _Kp'r ~

. k
{k: < Ki-1/r Az}

1 1 1 k r ! 1 k s
GE ) ()

{k A< Kl— 1/1"7A}

So we have

N(n)

1 11 1
A= 11 L ke
Til(/\z—/\l)lnn;}(zl Z Kl—%( pr)e

{k: <k <o)

11 e\
~o o T e da.
Do — ) 1! /A <r!) e

For B we have
(n/A1)7= 1 K7 )\2

1
0<B<
K=(n/x0) 71 ="
as n — 00. So the limit of F' is the same as the limit of A. It proves (4.5). O

Proof of Theorem 2.4. Let r > 2 be fixed. Let (g = ng For k < n let

=Ck/ ]DDn 2, where ¢* is defined in (2.4). We show that ¢*¥ satisfies the conditions

of Theorem 4.1. C*E and (pi are independent for k < n. As r > 2, by (2.3) and
Remark 2.1, CNa"e ™ < (IDJ},)Q, where C' > 0. Therefore, by Theorem 2.1, we have

k k
E (Gan — Csji\?)Q < COE(OZT+1 +1)<c e

if (n,N) € T, y. Therefore dj, = c% is an appropriate choice for any positive constant
c. Now let

1 1 1
dkj( = — .
klogay —logay + 5- log kK
Then we have .
Z dk,K ~ E = dk .

{K:a1k<K<agk(1+2r)/(2r)}
So, in Theorem 4.1, we can put D,, = logn.

If n, N — oo so that (n,N) € T, , then Np,(a) — 00. So we can apply Theorem
B. We obtain

1
logn Z dirc sy =7
(k,K)ETn N
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as n — 00. So we can apply Theorem 4.1. O

Proof of Theorem 2.5. For r = 0 our result is Theorem 2.4 of Fazekas and
Chuprunov (2005). Now let r > 1. Let (o = SU2. For k < n let ¢HE = ¢5/DU) |
where (¥ is defined in (2.4). We will show that ¢*§ satisfies the conditions of Theorem
4.1. ¢ and (yx are independent for k < n. By (2.3) and Remark 2.1, in the central
domain CN < (Df&)z, where C depends only on «; and «s. Therefore, by Theorem
2.1, we have

dfﬁ)z < o k co k < C()OZQE

Bl =GN) <omos <eN =0

Therefore dj;, = c is an appropriate choice for any positive constant c¢. Moreover, as

k
1 1
dp, = — — =
L Z K
{K:k<g<kE}y

a2 — T al

(log ag — logay)

=

the above choice is possible. So, in Theorem 4.1, we can put D,, = (log as—log oy ) log n.
By Theorem A,

1 1
—— T :>
(log ag — log ag) logn Z Z e s T

k<n (K. alg%gag}

as n — 00. So we can apply Theorem 4.1. O
Proof of Theorem 2.6. Consider Qg") from Theorem 2.5 and fo]z]. Their difference
is
QW) — QU (w) = 1 Z Z L(g -
" nN (log ag — log ay) logn kK Sir@)

k<n {K:K>N,a1§§§a2}

As the summands are probability measures, we can confine attention to the weights.
However, a direct calculation shows that

Z Z kL < c(logay —logaq)?.

k<n {K:K>N,a1<f<as}

Therefore, when for a fixed w we have Q! (w) = 7, as n — oo, then ngz,(w) = 7, as
n, N — oo. O
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