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Introduction

Knowing the future is one of the main desires of humanity. It is tempting
because it is unattainable. This is the reason for my choice of research topic.
Predictions can be made in many different ways: from the crystal ball to—
well, what is the other end of the scale? I would argue that it is machine
learning: the science (and art) of enabling computers to learn from data. I
think that machines are much better in forecasting than humans.

The quickly evolving field of machine learning delivers powerful tools
for time series forecasting. Certain deep neural network architectures are
particularly well-suited to sequential data (such as time series). However,
there is a big obstacle: machine learning models (and deep learning models
in particular) are hungry for data. While many data science projects involve
large amounts of data, time series forecasting is typically not one of them.
Only time can generate new data, and we can not urge it. High complexity
may do more harm than good without sufficient data—we need to find the
right balance. This is what makes deep-learning based time series forecast-
ing an exciting field.

During my years as a PhD student, I have been working on finance-
related forecasting problems. Finance offers challenging forecasting prob-
lems, together with datasets of considerable size. Furthermore, financial
forecasts can be of great practical significance. This does not only mean that
our potential findings may be valuable, but also that the field is intensively
researched, and that there are very strong benchmarks. All these proper-
ties make finance a good area of application for our deep learning-based
forecasting efforts.

This thesis consists of two main parts: methods and results. That is,
the next chapter covers the relationship between time series forecasting and
deep learning, and the one after that presents the results of our empirical
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studies.

Publications This section lists the articles on which this thesis is based.
Some of them have been published, others are available as manuscripts.
Recurrent Neural Networks for Time Series Forecasting [Petnehazi, 2019b]
covers a large part of the methodology that was applied in our empirical
studies. Exploring the predictability of range-based volatility estimators us-
ing recurrent neural networks [Petnehdzi and Géll, 2019a] is a comparative
study on the forecastability of different volatility estimates. Volatility Fore-
casting with 1-dimensional CNNs via transfer learning [Aradi et al., 2020]
explores if jointly trained neural networks can produce competitive volatility
forecasts. Quantile Convolutional Neural Networks for Value at Risk Fore-
casting [Petnehdzi, 2019a] suggests a convolutional neural network-based
method for forecasting Value-at-Risk. Evaluating the Lee-Carter model
on Hungarian mortality data [Petnehdzi and Géll, accepted] describes an
application of the mortality forecasting Lee-Carter model, while Mortality
rate forecasting: can recurrent neural networks beat the Lee-Carter model?
[Petnehdzi and Gall, 2019b] uses recurrent neural networks to produce long-
term mortality rate forecasts for several countries of the world.



Chapter 1

Methods

Machine learning is the field that aims to enable computer programs to au-
tomatically improve with experience [Mitchell, 1997]. That is, the aim is
to build algorithms that can learn from data, without being explicitly pro-
grammed. The use of machine learning in time series forecasting is not a
novelty. Actually, most quantitative forecasting algorithms are simple appli-
cations of machine learning. (Think of autoregressive models, for example.)
However, machine learning is a large field, and some parts of it have not yet
been fully exploited by time series analysts.

This thesis focuses on the time series forecasting applications of one
particular subfield of machine learning: deep neural networks. The follow-
ing sections describe the basics of deep learning, the most suitable model
architectures for time series forecasting, and some important considerations
regarding the application of deep learning to time series.

1.1 Deep Neural Networks

Deep learning means machine learning with deep neural networks—the
whole field, with all its amazing results, is built upon the relatively simple
concept of (artificial) neural networks.

Neural networks are inspired by the brain. A neural network consists of
(artificial) neurons, which are connected. The connections transmit signals.
The neurons compute some functions of the incoming signals. The whole
point is to find appropriate weights for these connected functions, so that
the final outputs of the network are close to the desired target values.



4 Chapter 1. Methods

A simple neural network is illustrated in Figure 1.1. The circles are
the neurons (or nodes, or units). These neurons compute the weighted sum
of the input values, and apply some (activation) function to the sum. The
formula

a= f(Wz+b) (1.1

describes a neural network layer (a: activation vector, x: input values, f:
activation function, W: weight matrix, b: bias vector). During training,
we aim to find the optimal (that is, loss-minimizing) weights W. It is usu-
ally performed using the backpropagation algorithm [Werbos, 1994]. Back-
propagation computes the gradients of the loss function with respect to the
weights, using the chain rule. Having the gradients, gradient descent (or one
of its several variants) can be used to optimize the weights. Backpropaga-
tion is mathematically simple and computationally efficient—this makes the
seemingly difficult neural networks fairly simple to apply. We have to make
several choices (regarding the size of the network, the activation functions,
the optimizer, etc.) to build the model, but the training process is simple.

Deep Neural Networks Deep learning uses deep neural networks—the
(shallow) neural network in Figure 1.1 has a single hidden layer, a deep
neural network has multiple hidden layers.

While the underlying mechanisms are simple, the resulting (deep) net-
works are usually complex. There are so many weights and connections
that it is difficult to understand the reasons behind the network’s decisions.
Therefore, deep neural networks are usually considered black box algo-
rithms. It is a clear disadvantage, especially for time series forecasting,
where the interpretability of the models has a high importance.

Having multiple hidden layers rather than a single large hidden layer
(that is, using a deep rather than a shallow network) is advantageous in sev-
eral respects. For example, it can achieve similar complexity with much
fewer parameters, and it can learn hierarchical relationships. Furthermore,
there are some special deep neural network architectures that work particu-
larly well for certain types of data.

The interested reader may find a short summary of deep learning in Le-
Cun et al. [2015], a comprehensive introduction in Nielsen [2015], or a very
detailed description in Goodfellow et al. [2016].

The neural network architecture displayed in Figure 1.1 is the so-called
feedforward neural network, meaning that the signals go forward, and not
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Figure 1.1. (Feedforward) Neural Network

backward. This is the basic model, but there are further architectures, some
of which can model time series data especially well. While we could ap-
ply feedforward networks to forecasting (for example, in an autoregressive
fashion), it is more advantageous to choose a network that is inherently
well-suited to time series data. The following sections describe two such
networks: recurrent neural networks and convolutional neural networks.

1.1.1 Recurrent Neural Networks

Recurrent neural networks (RNN) are neural networks with temporal
connections—with the ability to learn not only from the current input val-
ues, but also from previous values returned from the system [Elman, 1990,
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Figure 1.2. (Simple) Recurrent Neural Network

Jordan, 1997]. This temporal nature makes them a good choice for sequence
learning problems.

A recurrent neural network architecture is displayed in Figure 1.2. It
is not much different from a feedforward network, however, it has some
temporal connections. The formula

hy = f(WZL’t +Uhi_1 + b) (1.2)

shows the maths behind a (simple) recurrent layer (¢: time, h: hidden state
vector, x: input vector, f: activation function, W, U and b: weights). It uses
both the current input x and the previous state h to compute the new state.
It is a simple and intuitive structure, which could work well with sequen-
tial data. However, in practice, it does not work well. The main problem
is that such a simple recurrent neural network can’t have a long-term mem-
ory. While it could be trained by applying backpropagation through time,
we would need a large network (with many temporal connections) in order
to have a long lasting memory. These long connections are not beneficial
for gradient descent-based optimization techniques—the vanishing gradi-
ent problem frequently occurs. So, simple recurrent neural networks can’t
be trained as easily as feedforward neural networks, and therefore they are
rarely applied in practice.

Gated Recurrent Neural Networks There is another (and somewhat
more complex) recurrent neural network structure that solves the problem of
long-term memory. The core concept is to build simple functions to manage
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the content of the memory. We want to write to the memory, read from the
memory, and sometimes delete things from the memory. These functions
are managed by so-called gates. The gates are continuous functions taking
on values from 0 to 1. 1 means that the gate is fully open, 0 means that the
gate is fully closed. However, since they are continuous, the gates can be
partially open. The gates are also differentiable so that the backpropagation
works. This is very important: the usual training procedure can be applied,
the gates can be trained together with the whole network. It means that even
though the gated structure looks a bit complex, it is as easily applicable as
any other neural network.

Essentially all commonly applied recurrent neural networks are gated
architectures. The following sections describe two popular recurrent units
of this type: Long Short-Term Memory, and Gated Recurrent Unit.

Long Short-Term Memory

Long short-term memory (LSTM) was proposed by Hochreiter and Schmid-
huber [1997]. The formulas

iy = sigmoid (Wixy + Uihy—1 + b;) ,
ft = sigmoid (Wyxy + Uphi—1 + by),
or = sigmoid (Woxy + Ushi—1 + b,) , (1.3)
¢t = ft © c—1 + iy © tanh (Wexy + Uchy—1 + be)
he = oy ® tanh (ct)

show the equations of LSTM (¢: input gate vector, f: forget gate vector,
o: output gate vector, c: cell state vector, h: hidden state vector, x: input
vector). ® denotes the element-wise product.

LSTM is an RNN cell with 3 gates. The input (i;) and the forget (or
rather remember) (f;) gates control the cell state or long-term memory (c;).
The forget gate keeps something from the previous step’s cell state, and the
input gate adds something to it. The output gate (o) produces the hidden
state or output vector (hy), which is a focused memory. That is, it decides
what to use immediately from the long-term memory.

The input, output, and forget gates use the logistic activation function

1

sigmoid(x) = T+ eapl—a) (1.4)
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(z € R), which produces values between 0 and 1.

These activations allow for the (continuous) gating mechanism. The
computation of the states involves the use of the hyperbolic tangent activa-
tion function
exp(x) — exp(—x)
exp(x) + exp(—x)
(z € R), which produces values between -1 and 1.

tanh(z) =

(1.5)

Gated Recurrent Unit

Cho et al. [2014] proposed a very similar, yet somewhat simpler architec-
ture: gated recurrent unit (GRU). The formulas

2zt = sigmoid (Woxy + Uyhe—q1 + b)),
ry = sigmoid (Wyay + Uphy—1 + b)), (1.6)
ht = Zt ® ht,1 + (]. - Zt) ® tanh (thEt + Uh(’f’t ® htfl) + bh)

show the equations of GRU (z: update gate vector, 7: reset gate vector, h:
hidden state vector).

GRU has fewer gates and weights than LSTM. There is no output gate,
so there is no control over the use of memory. The update gate (2;) is respon-
sible for both the remaining and new information in the output vector (h;).
The reset gate (r;) is placed into the candidate activation: it controls the
previous values of the hidden state vector when computing the new memory
content.

Overall, it is structurally similar to LSTM, but there are some important
operational differences, and it is somewhat smaller (and faster). Yet, just
by looking at the equations, it is very hard to argue for any one of them.
It is difficult to see if either recurrent unit would perform better than the
other for the given problem. Chung et al. [2014] empirically evaluated the
performance of LSTM and GRU on different sequence modeling tasks and
different datasets. They found that both gated units are clearly superior to
the simple recurrent unit, but it is diffcult to decide if LSTM or GRU is
better.

RNNs for Forecasting

Gers et al. [2002] used LSTM as a ‘pure‘ autoregressive model, and com-
pared it to a feedforward neural network trained on time windows. That is,
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the LSTM was given a single input at a time, while the feedforward network
saw several successive observations in each step. On time series that can be
solved by looking at the past few values, the feedforward network outper-
formed the long short-term memory. LSTM’s main strength is its long-term
memory, which was not necessary in these cases. For this reason, the au-
thors suggest to apply LSTM to time series forecasting only when traditional
approaches fail.

Guo et al. [2016] used LSTM with an adaptive gradient learning method
to forecast streamed data. Fu et al. [2016] applied both LSTM and GRU to a
challenging forecasting task that cannot be described by linenar models. Qin
et al. [2017] proposed a recurrent neural network width dual-stage attention,
that uses an encoder with input attention to select relevant features, and
a decoder with temporal attention to learn long-term dependencies. Cinar
et al. [2017] used RNN with an extended attention mechanism to forecast
univariate and multivariate time series.

Bandara et al. [2020] trained LSTM networks on groups of similar time
series specified by clustering techniques. Wang et al. [2019] applied LSTM
to probabilistic forecasting using pinball loss. Salinas et al. [2020] proposed
an autoregressive recurrent neural network model trained jointly on multiple
related time series for producing probabilistic forecasts.

1.1.2 Convolutional Neural Networks

The previously discussed basic (feedforward) network structure is also
called fully connected, which means that each neuron in one layer is con-
nected to all neurons in the next layer. Convolutional neural networks
(CNN), on the other hand, share weights in different areas of the input data.
A convolutional layer takes only a small number of weights, and slides them
through the data. This weight-sharing helps avoid overfitting, and it can find
the same patterns in different locations, which makes it particularly useful
for modeling certain types of data.

While recurrent neural networks share parameters in time, convolutional
neural networks share parameters in space. They are most often applied to
images. The spatial weight-sharing enables them to identify features regard-
less of their position (translation invariance), which has led to major break-
throughs in computer vision. Russakovsky et al. [2015] compared human
and computer accuracy on a difficult image classification task, and found
that humans need significant training to achieve competitive performance
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against a state-of-the-art convolutional neural network. The enormous suc-
cess of CNNs in image processing, however, does not mean that they cannot
be applied to other data. While two-dimensional convolutional networks
can be applied to images, one-dimensional CNNs can be applied to, for ex-
ample, time series.

In fact, the very first CNNs were used for modeling temporal data. The
so-called time delay neural networks [Lang et al., 1990] were applied to
speech recognition. Variables spatially or temporarily nearby are often cor-
related [LeCun et al., 1995]. This is why extracting local features can be
exceptionally useful. Either for images or time series.

Causal Convolutions Time series applications require causal convolu-
tions. It means that the outputs at any point in time should not depend on
future inputs. The violation of this requirement would imply a serious data
leakage.

Dilated Convolutions Simple convolutional neural networks, just like the
recurrent architectures, struggle with old memories. Here we can solve the
problem by applying convolutions with holes: dilated convolutions [Yu and
Koltun, 2015]. Dilations can make the filter larger by skipping a few steps,
that is, by dilating it with zeros. The dilation rate of the [** convolutional
layer is usually set to 2/~1, which allows an exponential growth in the recep-
tive field. By increasing the number of layers, we can exponentially increase
the size of history used for predictions.
The formula

ai=f b+ wiziy, (1.7)
=0

describes a one-dimensional convolution, the formula

a;=f|b+ ijmi+d.j (1.8)
§=0

describes a one-dimensional dilated convolution, the formula

a;=f b+ ijxi,d.j (1.9)
=0
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describes a one-dimensional dilated causal convolution (a;: ith activation,
x: input vector, s: number of shared weigths; w,b: shared weights and bias;
f: activation function; d: dilation rate)—though the exact computation de-
pends on a few parameter choices. A dilated causal convolution is displayed
in Figure 1.3.

CNNs for Forecasting

The WaveNet architecture used dilated causal convolutions for generating
audio waveforms [Oord et al., 2016]. Although not time series forecasting,
it was an excellent solution to a similar sequential learning problem, which
soon spilled over. Borovykh et al. [2017] used an adaptation of the WaveNet
for time series forecasting, and claims that it is a time-efficient alternative
to recurrent neural networks. Chen et al. [2020] used a dilated causal CNN
to produce probabilistic forecasts. Wen et al. [2017] used convolutional and
recurrent networks to produce multi-step probabilistic forecasts.

1.2 Deep Time Series Forecasting

The following subsections discuss some important considerations regarding
the application of deep learning to time series forecasting. Full-featured
time series forecasting has several requirements which are not usually ful-
filled by machine learning.
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1.2.1 Uncertainty

Unlike traditional time series forecasting, machine learning (more precisely,
supervised learning) usually aims to produce point predictions only. Deep
learning models, for example, optimize a predefined loss function—the aim
is to find values closest to the target (where the distance between the pre-
dicted and true values is measured by the chosen loss function). In this case
we try to predict a single point of the distribution, typically, the mean.

In case of time series forecasting, producing a single best guess is usu-
ally just part of the solution. The future always holds uncertainty, and our
forecasts should somehow reflect this uncertainty. This is why the package
should include interval forecasts, too.

Prediction intervals contain future values with a predefined probabil-
ity. That is, they do not give a best guess for the future value, but a highly
probable range. Prediction intervals can make forecasts more meaningful
for time series professionals. The problem is, unlike some traditional time
series models, most machine learning and deep learning models do not pro-
duce prediction intervals. They operate as black boxes—we don’t really
know how they produce their predictions, and we don’t know either how
confident they are.

Although our deep learning algorithms, by default, produce point pre-
dictions only, they may be extended to produce interval forecasts, too. The
remainder of this section describes two possible methods: bootstrapping and
quantile regression.

Bootstrapping

There is a simple yet computationally intensive method to produce predic-
tion intervals for literally any regression algorithm: bootstrapping. It was
proposed by Efron et al. [1979] for estimating the quality of estimates. We
take samples with replacement from the dataset, and make a separate fore-
cast using each sample. The variability of these forecasts gives a measure
of the confidence of the estimates.

Efron and Tibshirani [1986] argue that the bootstrap has nice properties
for estimating standard errors, and its computational intensity is less and
less a problem as computation is getting cheaper and faster. Also, bootstrap
aggregating (bagging) [Breiman, 1996] is an ensemble method [Dietterich,
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2002] which can help stabilize the predictions

. 1 Nrun A
bi = > g (1.10)
Mrun run=1

We use the following notation: g; “" is the estimate of the ¢th obervation (y;)

with the runth bootstrap sample, ¥; is the bagged estimate of y;, and 1.y,
is the number of bootstrap samples.

Most time series are not too long (small data), which makes bootstrap-
ping affordable and makes bagging reasonable. Thus, for time series fore-
casting problems, the use of bootstrapping seems perfectly applicable, using
any learning algorithm (including neural networks).

Bootstrapping was used for producing confidence and prediction inter-
vals for neural networks [Paass, 1993, Heskes, 1997, Carney et al., 1999,
Khosravi et al., 2011].

Confidence intervals measure how accurately we can approximate the
true regression, that is, the mean of the target distribution. The center of
the interval is the mean of the bootstrap estimates (1.10). It is the bagged
estimator. Using the variance (Ugi) of these estimates

1 Nrun . X
o = ———— > (" =), (1.11)
Mrun — run=1

and an appropriate conf-quantile [t.onf, conf € (0.5,1)] of the t-
distribution (with degrees of freedom equal to the number of bootstrap sam-
ples, 1y, see Heskes [1997]), we can compute the confidence interval

Cli = [9i = teons - ;s Gi + teons - O] (1.12)

Prediction intervals measure how well we can approximate the target
values. They are more useful, but they are also more difficult to estimate.
We need to estimate the noise variance (0?) of the regresssion

o ~ El(y—9)*] —op. (1.13)

The true values are denoted by y.
Thus, we need to train a separate learning model to predict the remaining
residual (r;) of observation ¢

r7 = max((y; — §:)° — 07, 0). (1.14)



14 Chapter 1. Methods

This noise is assumed more or less Gaussian [Heskes, 1997]. The model
can be trained on a separate validation set, or on the observations randomly
left out of bootstrap samples. The output activation is exponential, so that
we only predict positive variances, and the loss function is the negative log-
likelihood [Heskes, 1997, Khosravi et al., 2011]

n

L= 1Z(zn(a?)Jr 7"1'2) (1.15)
; 2)+5). .

i=1 €

The 2 variances are added together

P =

o} =0} + 0%, (1.16)
which finally yields the prediction intervals

Pl = [Qz - tconf + 0, gz +tconf : Ui]- 1.17)

Quantile Regression

Another possible approach to producing interval forecasts is to directly es-
timate quantiles of the distribution. Machine learning algorithms typically
predict the mean. However, we may be interested in other points of the dis-
tribution as well—for example, quantiles. By predicting not the mean, but
the median, we can produce more robust forecasts. (That is, a few extreme
values cannot drag it away as easily.) The median may be a better repre-
sentation of a typical value than the mean—but it is still just a single value.
We can get a much better description of the distribution by forecasting dif-
ferent quantiles. We can do this, using quantile regression [Koenker and
Hallock, 2001]. Sometimes we are not particularly curious about the expec-
tation, but rather about an optimistic or pessimistic scenario—in such cases,
we can forecast upper or lower quantiles, accordingly. Or, we can compute
the difference between the two to get interval forecasts—with much less
computation than using, for example, bootstrapping.

In deep learning, we can predict the mean by using the mean squared
error loss function

> (yi — i)

(1.18)
n
We can use the mean absolute error loss
n PR 5 .

n
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to estimate the median.
For predicting arbitrary #-quantiles (6 € [0, 1]), we can use the so-called
tilted (or pinball) loss function

0N (i—9:)+(0-1) > (v — ). (1.20)

Yi>i Yi<¥s

That is, applying deep learning models to quantile regression is just a matter
of choosing loss function.

1.2.2 Feature Engineering

This section covers two main components of feature engineering for ma-
chine learning: creating features and evaluating features. The first one
means constructing input variables that the model can easily learn from—it
is for improving the model. The second one means measuring the impor-
tance of the features—it is for understanding the model.

Feature Creation

Feature engineering is about producing input features for the machine learn-
ing model, so that it can learn conveniently. The truth is, deep neural net-
works do not reqiure much feature engineering.

On the one hand, Domingos [2012] argues that feature engineering is
key to the success of machine learning projects. If the output is a complex
function of the (raw) features, the model may not be able to learn it. For this
reason, feature construction is usually very important, and data processing
often takes more time than doing machine learning.

On the other hand, Bengio et al. [2007] argue that the goal of machine
learning is to produce methods that can solve highly complex tasks, and
this can be achieved with algorithms that can learn high complexity with
minimal human intervention. The authors claim that deep architectures can
progressively combine lower level features into more abstract representa-
tions.

Deep neural networks require less feature engineering than most ma-
chine learning algorithms. Still, some computed features may prove useful,
especially in a time series forecasting context.
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Probably the most simple and self-evident feature engineering step is to
turn our model into autoregression. That is, to use lagged values of the out-
put as input variables. While recurrent neural networks and convolutional
neural networks have an inherent ability to learn sequentiality, it may still
be advantageous to use the past few steps’ values as inputs.

While traditional time series forecasting methods usually aim to remove
the trend, and fit a model to the detrended time series, machine learning
models can learn the trend during model fitting. For example, we can learn
a (linear) trend by producing an input variable of equidistant increasing val-
ues representing the passage of time. We can also engineer features to model
seasonality. We have (at least) two options. We can encode different peri-
ods using individual dummy variables (one-hot-encoding). It is simple and
easily applicable, but it has its drawbacks. The more periods we have the
more variables we need (e.g. encoding the day of year could be pretty in-
convenient). Also, it cannot grab the cyclical nature of seasonality (i.e., the
distances of the periods). Another popular method encodes seasonality into
continuous, cyclical variables. We can transform the variables using the

sine 5
& = sin (”) (1.21)
max(x)
and the cosine )
& = cos <H> (1.22)
max(z)

(x; € R,max(z) # 0) transformations—we should use both to have each
period uniquely represented. These two simple features, together, can nicely
represent any seasonal variation (hour of day, day of week, week of year,
etc.). (These features are most applicable when there is considerable sea-
sonality in the time series. Since our applications are mostly limited to
finance, where there is typically no strong seasonality, we do not use such
constructed variables.)

Dummy variables can also be used to indicate important events (e.g.,
holidays) or conditions.

Feature Scaling

In practice, it is a common requirement to scale the features before feeding
them to the algorithm. (Not only the computed, but all features.) It makes
the training process smoother.
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Two popular feature scaling methods are min-max normalization

. z;—min(x)
T max(x) — min(x) (1.23)

(i.e., to range [0, 1]), and standardization

i = x; — mean(x)

o) (1.24)

(i.e., zero mean, unit variance).

Feature Importances

Machine learning is primarily focused on out-of-sample prediction perfor-
mance, unlike traditional statistical and time series methods, which put more
emphasis on explaining variables. Furthermore, some machine learning
models (including neural networks) are quite difficult to interpret. So, even
if we had the willingness, it would not be easy to understand the inner mech-
anisms of deep learning algorithms.

Time series analysts aim for interpretable predictions—for deep learn-
ing, this is a challenging task. We know how the network works, yet we
don’t know what it does. We can’t understand all the weights and connec-
tions.

We can get at least a partial understanding of the model by analyzing
feature importances. There are several possible measures of variable impor-
tance (see, e.g., Gevrey et al. [2003] or Olden et al. [2004]).

There is a simple and generally applicable method called mean decrease
accuracy (also called permutation accuracy). It is most often used with ran-
dom forests [Breiman, 2001], but it works with any machine learning algo-
rithm. We permute each variable, one by one, and measure the decrease in
accuracy resulting from each random permutation. The feature whose per-
mutation leads to the largest decrease in accuracy, is the most important one.
It is a simple method that can make neural networks’ predictions somewhat
easier to interpret, however, it is not perfect. Features are shuffled one-by-
one. If there are highly correlated features, permuting one of them may not
lead to as high drop in accuracy as it would deserve. Furthermore, when
we encode a single piece of information into multiple features (for example,
seasonality), it may be difficult to interpret the importances.
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For regression problems, we can replace the accuracy score with R2. It
is preferable to compute the accuracies on a validation set, rather than the
training set, so that the importances measure the features’ contribution to the
quality of out-of-sample predictions. For example, it may be advantageous
to compute feature importances with bootstrapping: in each bootstrap run,
we get a new validation set (the left-out observations), and we can compute
(and aggregate) the importance scores on a new set of randomly shuffied
values, thereby obtaining more reliable estimates.

1.2.3 Data Extensions

The main problem of deep learning-based time series forecasting is data
scarcity. Limited data is very often an issue in machine learning and, in
partcular, deep learning. Domingos [2012] argues, as a rule of thumb, that
a dumb algorithm with lots of data is better than a clever algorithm with a
modest amount of data. The data should get the job done. Ideally, we can
gather more data so that we can afford more powerful learning algorithms.
However, time series are not ideal in this respect. We can’t speed up time,
we can’t just make more observations.

Data Augmentation

The problem is not specific to time series forecasting. In computer vision,
limited data is often alleviated by data augmentation. It means increasing
the dataset by applying random modifications. That is, the algorithm is
given a slightly transformed image, which looks a little different, but still
shows the same thing. Image augmentation can range from basic geometric
transformations to neural style transfer and more [Shorten and Khoshgof-
taar, 2019].

Similarly, time series can be augmented. Wen et al. [2020] produced
a systematic review of time series data augmentation methods for deep
learning. We may apply simple methods, such as injecting Guassian noise,
spikes, or trends. Or, we can use advanced techniques, such as decompos-
ing the time series, and recombining the augmented components. Wen et al.
[2020] applied basic augmentation methods to forecasting using different
deep learning models and datasets. Overall, the performance of the meth-
ods was promising, however, certain data/model pairs produced negative
results.
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Transfer Learning

Another possible approach to extending data is, simply, using multiple
datasets. This can be accomplished by using tranfer learning: training the
model on one problem, and transferring the knowledge to another problem.
This is also best illustrated with examples from computer vision. The rea-
son for the success of (deep) convolutional neural networks is that they can
learn hierarchically: the first layers learn simple shapes, and later layers
learn more and more complex patterns. This hierarchical structure allows
for a straightforward implementation of transfer learning: grab a pre-trained
network (trained on a huge dataset), freeze the initial layers, and re-train the
final layers for the specific problem at hand. It is very useful with limited
data: even though we may have just a few examples, we can learn the om-
nipresent patterns from a much larger set of images.

Though transfer learning may apply to time series as well, it seems less
evident and less studied. But it can work. As an early example, Laptev
et al. [2018] applied transfer learning to forecasting, and achieved dramatic
accuracy improvement. The authors also claim that transfer learning can cut
costs—it may be computationally unsustainable to train separate models for
a large number of time series, but with transfer learning, we only need one.

[We chose to use a (kind of) transfer learning approach to increase our
datasets in our various experiments with deep learning-based forecasting.
Though, in a strict sense, what we did was not transfer learning. Transfer
learning (as previously described) typically trains a model, freezes the ear-
lier, and re-trains the later layes. We found that re-training the final layers
is not necessarily necessary. That is, when we forecast time series with suf-
ficiently similar behavior, it may be enough to jointly train the network on
multiple time series to achieve competitive performance. ]

1.2.4 Forecast Horizons

Producing forecasts one-step-ahead may be a straightforward task. Mak-
ing long-term, multi-step predictions can be much more difficult. Bontempi
et al. [2012] suggests 3 strategies for producing multi-step-ahead forecasts
with machine learning: the recursive strategy, the direct strategy, and the
multiple output strategy. The so-called recursive strategy makes one-step-
ahead forecasts, and uses the forecasted values recursively to produce fur-
ther predictions. It means that some forecasts are based on previous fore-
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casts, and for this reason the errors may accumulate. The direct strategy
trains a separate model for each time step in the future that we aim to pre-
dict. In this case, forecasts for different time steps are independent from
each other. The multiple output strategy produces a vector as an output, that
is, it produces forecasts for all time steps at once.

(In most of our empirical studies, we produced one-step-ahead forecasts
only. When we made multi-step-ahead forecasts, we used the recursive strat-

egy.)

1.2.5 Evaluation

Model evaluation is a key step in any machine learning project. When we
train a learning model, we want to make sure that it will work on new ex-
amples. In case of time series forecasting, we want to make sure that it will
work in the future.

Validation Sets

The performance of (supervised) machine learning models is usually evalu-
ated with cross validation. Cross validation partitions the data into training
and validation sets multiple times. That is, it randomly sets aside a propor-
tion of the data for validating a model which was trained on the rest of the
data. This validation is performed multiple times (on different validation
sets), and the results are combined. Cross validation gives a good measure
of the out-of-sample performance of the algorithms. However, applying
cross validation to time series data is problematic due to the possible depen-
dencies. Several modified cross validation methods have been proposed for
time series, and, according to Bergmeir and Benitez [2012], cross validation
can work just as well as last block evaluation (that is, validating the forecasts
on the last part of the data, which is a common choice). They performed a
thorough empirical study on stationary time series, and found that (even
standard) cross validation can produce more robust error measures than last
block evaluation. Yet, the authors only suggest the use of cross validation
with adequate control for stationarity.

(In our empirical studies, we chose to validate our forecasts on the last
part of the available time series. However, we tried to make our evaluations
more robust by producing forecasts for multiple instances, and, in some
cases, by re-running the analyzes on a completely separate time period.
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Also, we tried training forecasting models on bootstrapped subsequences
of the time series, and using the observations that were not sampled by the
bootstrap as a validation set. While it is not perfectly correct, as we may use
later observations to train the model that predicts previous observations, we
found that it can be a useful addition to last block evaluation.)

Evaluation Metrics

Model performance can be evaluated from different perspectives. Whether
we perform regression or classification, we can choose from different met-
rics to quantify the quality of the prediction. In most cases it is preferable to
use several metrics at once.

Value Forecasts In general, time series forecasting can be formulated as
a regression problem: we are predicting continuous values. Mean squared
error is often used in neural networks as loss function—since it is the objec-
tive, it is a must-have for evaluation as well. Usually, its square root, RMSE
(root mean squared error)

n

1

RMSE(y,g)=,|— i — ;)2 1.25
(v,9) = | ~ ;(y i) (1.25)

is reported. MAE (mean absolute error)
MAE(y, ) Z!yz il (1.26)

is also often reported, which is less sensitive to outliers, and may be easier
to interpret. We could also use MedAE (median absolute error)

MedAE(y,y) = median(lyr — 41|, - - - |Yn — Unl), (1.27)

which is even more robust to outliers. R? (coefficient of determination)

n )2
R*(y,5)=1— W (1.28)

is the proportion of variance explained. Unlike the just discussed error mea-
sures, in case of R squared, higher values are preferred. It usually takes
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values between 0 and 1, which is a convenient property. (It takes 1, when
the forecasts have no error, it takes negative values when we do worse than
always predicting the mean of the target values.) We can also use percentage
errors, such as MAPE (mean absolute percentage error)

o 100 S~ |y — @i
MAPE(y,§) = — Y _|=—= (1.29)
s
or SMAPE (symmetric mean absolute percentage error)
100 — Ui
SMAPE(y,§) = — Y =il (1.30)

w2yl + 1) /2

which are relative errors in a sense, and are popular for forecasting prob-
lems.

Direction Forecasts Forecasting can be transformed into a binary classi-
fication problem, when we focus solely on the direction of changes (up or
down). Thus, we can always use classification metrics to make the evalua-
tion more detailed. Accuracy is simply the proportion of correct predictions

n

- 1
accuracy(y,y) = - Z 1, _z.- (1.31)
i=1

(7 and 7 indicate the directions of changes of the true values, and the pre-
dicted directions of change.) Accuracy may be misleading when the classes
are imbalanced. (If the values of the time series increase in the vast majority
of the cases, always predicting an upward movement produces a high accu-
racy, even though the forecasts may be completely worthless.) In such cases
we may use precision

n

~ S 1. -
precision(y, ) = v inyl—llfmd gi=1
i=1"g;=1

(1.32)

and recall

x Z?—11*»—1 dgi=1
recall(j], ) = ——i—— Y2 (1.33)
Zi:l Lgi=1
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Precision is the fraction of our positive predictions that are actually positive.
Recall is the fraction of actually positive outputs that we predicted correctly.
F1 score is the harmonic mean of precision and recall

precision - recall

F1(3,9) =2 (1.34)

precision + recall’
In addition to these metrics, a confusion matrix is often produced to sum-
marize the correct predictions and the two types of errors in an easy-to-
understand format.

Interval Forecasts The indicators discussed so far evaluate point fore-
casts, prediction intervals require another set of measures. Khosravi et al.
[2011] claims that prediction intervals are frequently assessed by coverage
probabilities only, disregarding the width of the intervals, which may be
misleading—we should use further metrics. Prediction interval coverage
probability (PICP)

1 n
PICP = — Ly.crn,.u 1.35
- ZZ; yi€[Li,Us] (1.35)
is the proportion of observations that fall into the interval. (L; and U; are
the lower and upper bound of the ith prediction interval.) The value of
PICP should be very close to the (chosen) nominal confidence level. Mean
prediction interval width (MPIW)

n

1
MPIW = — U, — L), 1.36
n;( ) (1.36)

as the name implies, measures the width of the interval. Normalized mean
predition interval width (NMPIW)

MPIW
R

is the MPIW divided by the range (R) of target values. Coverage width-
based criterion (CWC)

NMPIW = (1.37)

CWC = NMPIW (1 + 1propepexp(—n(PICP — 1)) (1.38)

is a combined metric evaluating both coverage and width. It takes the
value of NMPIW when the PICP is above the nominal confidence level
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(1), and it takes larger values when PICP is below its target value. (7 is
a hyperparameter—following Khosravi et al. [2011], we set its value to 50.)
The lower CWC value the better.

Quantile Forecasts Quantile forecasting can be considered a special
case of interval forecasting: one-sided intervals. Christoffersen [1998] pro-
duced a framework for evaluating conditional interval forecasts using like-
lihood ratio tests, and applied it to Value-at-Risk forecasts. Christoffersen
[1998] proposed three tests: an unconditional coverage test, an indepen-
dence test, and a joint test of both independence and coverage. We should
test both the correct coverage (i.e., the right proportion of observations fall
into the interval), and the serial independence (i.e., the violations do not
cluster). These tests are often applied, however, Engle and Manganelli
[1999] claim that these are not sufficient to evaluate a quantile forecasting
model. Engle and Manganelli [1999] proposed the Dynamic Quantile (DQ)
test. (Let’s call the #-quantile forecast ”—V aR,” for now, since these tests
were proposed for the specific task of Value-at-Risk forecasting, which is
described in more detail later in the Applications chapter.) The DQ test uses
a Hit variable

Hity = I(y; < —VaRy) — 0 (1.39)

that takes 1 — 6 when the observation exceeds the VaR-threshold (that is,
when the true value is below the forecasted quantile), otherwise it takes —6.

The expected value of Hit is 0. Hit should be uncorrelated with (at
least) its own lagged values, the forecasted Value-at-Risk, and a constant.
The DQ test fits a linear regression

Hit=X6+u (1.40)

(X is at x ¢ matrix, where ¢ is the numer of time steps, and ¢ is the number
of input variables).

The input variables include a constant, a few lags of Hit, and the VaR
estimate. (The test can easily be extended, using further explanatory vari-
ables, for example, dummy variables indicating the years.) The null hypoth-
esis is that the parameters of the regression are zero (Hy : 6 = 0), which
can be tested with an asymptotically chi-square distributed test statistic

g/ !/ —1 !/ .
Hti[;((l)i]e)X HzthQ(q) (141)
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under Hy (< denotes asymptotic distribution).
That is, to make sure that the hits (violations) are unbiased and uncorre-
lated, we need to test if the regression has no explanatory power.

Towards Applications The following chapter presents our empirical stud-
ies in financial forecasting. These applications build heavily on the method-
ology described above. In most studies, we use either convolutional or re-
current neural networks to produce forecasts for the future. Transfer learn-
ing is applied in various forecasting problems (either risk or mortality fore-
casting), since the available datasets are rather small. Quantile regression
is applied to Value-at-Risk forecasting. We use bootstrapping and mean
decrease accuracy to validate the stylized properties of volatility. We use
recursive multi-step forecasting to produce long-term mortality predictions.
For more details of the applications, read the next chapter.






Chapter 2

Results

The following sections describe our empirical applications.

Software We built most of our forecasting algorithms in Python
[Van Rossum and Drake Jr, 1995]. It is a high-level, general-purpose pro-
gramming language, that is commonly used in machine learning projects.
One of the biggest advantages of Python is that it has a huge ecosystem of
packages, which facilitates work.

All our neural networks were implemented in Keras [Chollet et al.,
2015], which is an open-source neural network library built upon the Ten-
sorFlow [Abadi et al., 2015] machine learning platform. Keras includes
implementations of popular neural networks—feedforward, convolutional,
and recurrent architectures.

We used the scikit-learn machine learning library [Pedregosa et al.,
2011] to build alternative machine learning models, and to evaluate predic-
tions. Data preprocessing was performed using the Pandas package [Wes
McKinney, 2010]. Our figures were produced using the matplotlib plotting
library [Hunter, 2007].

The R programming language [R Core Team, 2014] was also used.

All the deep learning-based methods were implemented in Python, and
most benchmark models, too. The Lee-Carter mortality rate forecasting
model was implemented in R.

What was missing? While machine learning-based forecasting has a con-
siderable literature, the application of deep learning is still in its infancy.

27
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Recurrent and convolutional networks have gone through considerable im-
provement in recent years, and the achievements have not yet been ex-
ploited. Financial forecasting (and our areas of application, risk forecasting
and mortality forecasting, in particular), primarily relies on simpler forecast-
ing techniques. Hybrid methods are also often applied. However, fully deep
learning-based approaches are rather rarely used. As powerful sequential
learning algorithms are increasingly available, and the potential of trans-
fer learning for time series forecasting is better explored, we have research
opportunities that would not have existed a few years ago. We applied state-
of-the-art algorithms to areas of great practical importance, and proved the
methods with comparisons to traditional models—this may be the major
contribution of our research efforts. This field of research is very quickly
evolving, so whatever I state today as a missing piece in the literature, may
lose its novelty tomorrow. For example, when we applied a supposedly
novel approach to mortality rate forecasting (as it is described later in this
chapter), Richman and Wuthrich [2019] delivered a very similar approach
at about the same time.

Areas of Application The following sections describe our applications of
deep learning-based time series forecasting. The applications fall into two
main fields: financial risk forecasting and mortality rate forecasting. The
two fields are weakly related, since both are used in financial practice. The
choice of application areas was motivated by the nature of available data
and the practical importance of the potential results. Each field provides
fairly reliable historical datasets. The frequency of observations (and so the
size of available data) differs in the two fields, which allowed us to produce
forecasts in various data environments. Good forecasts, in either field, are
of great importance, which was also a major consideration in our choice.

2.1 Risk Forecasting

Unsurprisingly, finance is a popular area of application for time series fore-
casting. There are excellent datasets and there are huge rewards for correct
forecasts.

Knowing the future prices of financial assets can be priceless. How-
ever, such a precious knowledge cannot be easy to acquire. The efficient-
market hypothesis [Fama, 1970] states that prices fully reflect all available
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information. From a forecasting point of view, perfect market efficiency
would imply a guaranteed failure. It is clear that markets are not perfectly
efficient—signs of inefficiency (that is, predictability that allows for excess
returns) are often found. Malkiel [2003] argues that despite the fact that pre-
dictable patterns may be found, the investment opportunities are not robust.
Arbitrage opportunities self-destruct. Easy money is picked up quickly.

Though the recent progress of data science may deliver new opportuni-
ties and better results to asset price forecasting, we have chosen an easier
task: forecasting the risk of financial instruments.

The most general measure of risk is volatility (the degree of variation
of returns). It is most often estimated as the standard deviation of loga-
rithmic returns. Volatility measures the overall variation of returns, we may
need further metrics to quantify downside risk, that is, only the negative out-
comes. Value-at-Risk (which is a small quantile of the return distribution)
is a common choice for that. Volatility and Value-at-Risk were the subject
of our risk-forecasting studies.

2.1.1 Directional Forecasts of Range-Based Volatility Estimates

Volatility (or the dispersion of prices) is not directly observable—we need
to use estimates. The standard deviation of daily returns is a very popular
choice. It is fairly straightforward, easy to compute, freely available, how-
ever, it is just a rough estimate. By using just a single observation each
day, we disregard much of the price information. We could make an im-
provement by using intraday trading data, but it is not as easy to obtain.
Range-based volatility estimation may be the golden mean: using 4 ober-
vations per day (open, high, low and close prices). These values have been
recorded for decades, for lots of stocks, and are freely and easily available.

Range-based volatility estimators are surprisingly rarely applied. Our
goal was to make a comparison between these undeservedly unpopular
range-based esimators and the popular raw (that is, close-only) volatility
estimator in terms of forecastability.

Stylized Facts Volatility is forecastable. There are several well docu-
mented facts supporting this claim [Engle and Patton, 2001]. Volatility is
persistent: large moves and small moves cluster. It is mean reverting: there
seems to be a normal level to which it returns after high or low volatility
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periods. Positive and negative innovations can have different impacts: eq-
uity returns and volatility were found to be negatively correlated. Volatility
might be influenced by exogenous variables (e.g., other assets, announce-
ments). All these properties suggest that it is predictable—predictable but
not easy to predict. An ideal task for deep learning-based forecasting algo-
rithms.

Forecasting Volatility Volatility might be forecasted using various meth-
ods. Poon and Granger [2003] produced an extensive review of volatility
forecasting models, summarizing 93 papers: historical volatility models,
ARCH-class models, stochastic volatility models, and so on. However, neu-
ral networks-based models were excluded from the study, even though they
have various notable applications in the field.

Malliaris and Salchenberger [1996] used neural networks to forecast
implied volatilities. Donaldson and Kamstra [1996] combined time series
forecasts of volatility using neural networks. Roh [2007] proposed a hybrid
volatility forecasting model with neural networks and time series models.
Dunis and Huang [2002] used recurrent neural networks and model combi-
nation. Xiong et al. [2015] applied LSTM to forecast volatility using Google
domestic trends data.

Volatility Estimators Stock prices (S;) are usually assumed to follow a
geometric Brownian motion, which satisfies d.S; = uSydt + o S;dWy, where
W is a Brownian motion or Wiener process, y is the drift, and o is the
volatility. The aim is to estimate o.

The close-to-close volatility estimator

N n(=Lt) — (Lt

uses only the daily closing prices. It is the standard deviation of daily log-
arithmic returns. C} is the closing price of day ¢, IV is the number of days
used to make the estimate, and F' is used to scale the estimate to an arbitrary
time unit (typically, a year). It is simple and intuitive, but limited. We could
make much more precise estimates by using intraday observations, but those
are rarely available. However, we still have the often neglected open (Oy),
high (H;), and low (L) values of the daily stock prices.



2.1. Risk Forecasting 31

Parkinson [1980] proposed a volatility estimator

1 N (In(Hi))2
op = \/F\/ 1in(2) Zt}l( (7)) 2.2)

using daily high and low prices. Parkinson [1980] claims that this so-called
extreme event method is far superior to the traditional (close-to-close) esti-
mate.

Garman and Klass [1980] used all four values (open, high, low, and
close) to make a volatility estimate

(2.3)
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The proposed estimator achieved considerably higher efficiency relative to

the close-to-close estimator.
Rogers and Satchell [1991] proposed yet another formula

\F\/Ziv—l In(6H)(In( 1) = In(gh)) + In(5H) (In(5) — In(Gh)
Ors = VF N )
2.4)
which is unbiased even when there is a nonzero drift. Rogers et al. [1994]
compared this estimate to the one proposed by Garman and Klass [1980]
and found that it is only superior when there is a drift in the data.
Yang and Zhang [2000] proposed another drift-independent formula

Oyz = \/FX
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It can deal with opening jumps, and it is claimed to have the smallest vari-
ance among estimators with similar properties.

Figure 2.1 displays volatility estimates of the Dow Jones Industrial Av-
erage stock market index for a sample period.



32 Chapter 2. Results

0.9 -
— close-to-close
0.8} — Garman-Klass
— Parkinson
0.7} Rogers-Satchell |1
Y -Zh
osl ang-Zhang
0.5} “h
0.4}
0.3} f r 1
0.2 ﬂd A \\\ﬁ [ Q\/\ |
y WAA | W H VA
N i A A W‘K fW\«ﬁ ¢ \Aq |
¢ T Wb AV ILLERL WYY
0.

0 L L L L
2008-05-29  2010-05-24  2012-05-16  2014-05-14  2016-05-09
date

Figure 2.1. Volatility estimates for the DJIA index in the observed period

Shu and Zhang [2006] performed a simulation study, and found that all
these estimators work well when asset prices follow a continuous geometric
Brownian motion. With opening jumps or large drifts, however, there may
be significant differences. Shu and Zhang [2006] claim that range-based
volatility estimates are fairly robust against microstructure noise, and that
they are quite close to integrated variances computed from high frequency
intraday trading data. These findings support the use of range-based estima-
tors.

Data Our forecasting study used the price history of constituents of the
Dow Jones Industrial Average index. The dataset was obtained from Yahoo
Finance!. We used 29 of the 30 constituents, since one stock did not have a
long enough history.

Volatility estimates were computed using a sliding window of 21 days,
that is, a trading month of time.

We produced a binary variable to indicate the direction of the daily
changes of the volatility estimates, with 1s indicating upward movements.

"https://finance.yahoo.com/



2.1. Risk Forecasting 33

We used this indicator variable to produce directional forecasts.

We used the first 70% of the available data as a training set, and the
remaining 30% as a test set. That is, the first 70% of the data was used to
train the neural network models, while 30% (about the last 3 years of time)
was used to make predictions and to evaluate them.

Neural Network Architecture We used the same recurrent neural net-
work architecture throughout our experiments. The hyperparameters were
not specifically optimized, and we applied the same network to each stock
under study.

Since the daily time series of volatility estimates are very small data
for deep neural networks, we considered it reasonable to build rather small
neural network. A 2-layer LSTM was applied with 10 units in each layer.
The last LSTM layer was followed by a dense layer with a single unit with
sigmoid activation function. We used a dropout [Srivastava et al., 2014] of
.3 on the non-recurrent connections of the network. The loss function was
binary cross entropy for the directional forecasts, and mean squared error
for the value forecasts. (We built separate neural networks for the binary
and the continuous forecasting problems.)

The volatility series were unrolled for 10 steps, and these 10-step se-
quences were fed to the learning algorithm in batches of 32 elements. The
learning rate was set to .001. The training process ran for 300 epochs.

Results We produced one-step ahead forecasts for the different volatility
estimates. We defined 2 problems: predicting only the directions of volatil-
ity changes, and predicting the numeric values of the volatility estimates.
The results for the two problems are reported separately.

Direction Forecasts Our first experiment aimed to forecast the di-
rections of daily volatility changes. That is, we did not use the volatility
estimates, but only a binary variable indicating upward movements of the
volatility. A series of zeros and ones—this was our entire dataset.

The last 3 years of the 10-year dataset was used as an out-of-sample test
set. We made one-step-ahead forecasts, that is, we predicted only the next
change at each step.

A separate neural network was trained for each stock. We chose 4 evalu-
ation metrics for this binary forecasting problem: accuracy, precision, recall,
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and F1 score. The results were averaged over all stocks.

Accuracy Precision Recall F1
mean std mean std mean std mean std
close-to-close 0.51 0.02 | 052 | 0.07 | 0.31 0.25 | 033 | 0.17
Garman-Klass 0.57 | 0.03 | 0.63 | 0.05 | 0.30 | 0.10 | 0.40 | 0.10
Parkinson 0.57 | 0.02 | 0.63 | 0.04 | 032 | 0.09 | 042 | 0.08
Rogers-Satchell | 0.55 | 0.03 | 0.61 0.04 | 026 | 0.10 | 0.35 | 0.10
Yang-Zhang 0.57 | 0.02 | 0.63 | 0.05 | 0.29 | 0.09 | 0.39 | 0.08

Table 2.1. Evaluation metrics for one-day-ahead direction-of-change fore-
casts

Table 2.1 shows the results of this first experiment. The close-to-close
estimator produced an accuracy just above .5, while all other estimators
achieved .55 or higher. Although the accuracy of the range-based estima-
tors seemed promising, F1 scores were poor. F1 is the harmonic mean of
precision and recall. Precision is the fraction of true upward movements
among our predicted upward movements. Recall is the fraction of true up-
ward movements that we predicted correctly. Table 2.1 shows that the recall
of the algorithm was very poor—it had difficulties identifying upward move-
ments in the volatility estimates. The algorithm was downward-biased. This
is an undesirable property, since upward and downward changes are about
equally likely. (Unless it would be more important to identify drops than
rises, but it is clearly not the case with volatility forecasting.) In order to
increase recall, we modified the threshold of the binary classification.

Accuracy Precision Recall Fl1
mean std mean std mean std mean std
close-to-close 0.50 | 0.02 | 0.50 | 0.01 0.88 | 0.16 | 0.63 | 0.06
Garman-Klass 0.58 | 0.03 | 0.59 | 0.03 | 0.49 | 0.09 | 0.53 | 0.06
Parkinson 0.58 | 0.02 | 0.60 | 0.03 | 046 | 0.09 | 0.51 | 0.06
Rogers-Satchell | 0.57 | 0.02 | 0.58 | 0.03 | 0.45 | 0.10 | 0.50 | 0.07
Yang-Zhang 0.58 | 0.02 | 059 | 0.03 | 047 | 0.10 | 0.52 | 0.07

Table 2.2. Evaluation metrics for predictions with .45 probability threshold

We changed the default probability threshold from .5 to .45, in order to
get more postive outcomes. Table 2.2 summarizes the results. The recall
values increased, as expected, and so did the F1 scores. Producing more ups
did not cause a decrease in overall accuracy—all range-based estimators
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produced higher accuracies with this setting.

In order to optimize the results further, we tried to exclude uncertain de-
cisions. Since the neural network does not produce a binary outcome, but a
probability, we can modify the threshold value so that it makes a choice only
when it has enough confidence in the decision (that is, when the probability
is far from .5). We chose to exclude predictions between .4 and .5 probabil-
ity, and classify above .5 predictions as upward and below 0.4 predictions as
downward changes. (The thresholds were chosen arbitrarily, based on our
previous findings.)

Accuracy Precision Recall F1
mean std mean std mean std mean std
close-to-close 051 | 0.11 | 051 | 0.11 | 093 | 0.20 | 0.66 | 0.13
Garman-Klass 061 | 0.03 | 0.63 | 0.04 | 050 | 0.11 | 0.55 | 0.07
Parkinson 061 | 0.03 | 0.63 | 0.05 | 045 | 0.11 | 0.51 | 0.08
Rogers-Satchell | 0.59 | 0.03 | 0.62 | 0.05 | 046 | 0.15 | 0.52 | 0.12
Yang-Zhang 0.62 | 0.03 | 0.63 | 0.04 | 048 | 0.12 | 0.54 | 0.09

Table 2.3. Evaluation metrics for confident predictions (P>.5 or P<.4)

As displayed in Table 2.4, this new strategy made considerably fewer
predictions, but in these cases it achieved about 60% accuracy for the range-
based estimators, while the close-to-close estimator remained around 50%.

close-to-close

Garman-Klass

Parkinson

Rogers-Satchell

Yang-Zhang

0.28

0.66

0.67

0.54

0.64

Table 2.4. Average proportions of confidently predicted directions

Table 2.4 shows the proportions of cases when the forecasing algorithm
made a decision. It seems that lower accuracies came with lower confidence.
Our forecasting algorithm made fewer predictions for the hard-to-predict
close-to-close estimator.

Our results show that it may be easier to forecast the directions of
changes in range-based volatility estimates, than those in the raw close-to-
close estimate. Even though all estimates move fairly close together (in case
of the DJIA index, as displayed in Figure 2.1, all pairwise correlations are
above .95), we found a remarkable difference in the forecastability of the
direction of changes.
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Value Forecasts Our second experiment aimed to forecast the values
of the volatility—not only the directions but the numeric estimates. That is,
we replaced the binary forecasting problem with a continuous one.

Table 2.5 shows the results of this regression problem. RMSE (root
mean squared error), and SMAPE (symmetric mean absolute percentage
error) were used as evaluation metrics—we measured both absolute and rel-
ative errors.

These forecasts show less visible differences in predictability. The
close-to-close estimates produced the largest SMAPE and second largest
RMSE, so it still seemed that the range-based estimates are more pre-
dictable.

RMSE SMAPE
mean std mean | std
close-to-close | 0.0185 | 0.0047 | 7.03 | 1.66
Garman-Klass | 0.0141 | 0.0055 | 5.14 | 1.76
Parkinson 0.0131 | 0.0043 | 5.01 | 1.27
Rogers-Satchell | 0.0155 | 0.0070 | 5.07 | 1.84
Yang-Zhang 0.0194 | 0.0046 | 5.28 | 0.99

Table 2.5. Evaluation metrics for value forecasts of the volatility estimates

Forecasts With Enhanced Estimators We applied a few reasonable
enhacements to the estimators, and reproduced the forecasts.

We used adjusted closing prices in the volatility formulas, so that we
account for dividends and stock splits that happen after-hours.

There are slight differences in what the different estimators estimate
exactly. While (2.1) and (2.5) produce estimates over the whole day;
(2.2), (2.3) and (2.4) consider the trading period only. So, the previously
given volatility estimators should be modified so that they are comparable
[Molnér, 2012]. We have implemented these modifications.

Tables 2.6 and 2.7 show the results. The directional forecasts show sim-
ilar but less clear patterns compared to the original estimates. However,
the values of our enhanced range-based estimates seemed essentially unpre-
dictable as most of them produced about 10 times higher average errors than
the close-to-close.
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Accuracy Precision Recall F1
mean std mean std mean std mean std
close-to-close 0.51 0.02 | 0.50 | 0.01 0.83 | 0.09 | 0.63 | 0.02
Garman-Klass 0.51 004 | 045 | 0.03 | 0.55 | 0.21 0.48 | 0.10
Parkinson 0.56 | 0.06 | 044 | 0.04 | 042 | 020 | 041 | 0.11
Rogers-Satchell | 0.54 | 0.04 | 045 | 0.03 | 047 | 0.16 | 045 | 0.08
Yang-Zhang 0.50 | 0.02 | 0.50 | 0.02 | 0.82 | 0.11 | 0.62 | 0.04

Table 2.6. Evaluation metrics for one-day-ahead direction-of-change fore-
casts of the modified volatility estimates (.45 threshold)

RMSE SMAPE
mean std mean | std
close-to-close | 0.0183 | 0.0044 | 6.80 | 0.99
Garman-Klass | 0.2786 | 0.1009 | 44.18 | 6.88
Parkinson 0.4190 | 0.1722 | 50.85 | 8.80
Rogers-Satchell | 0.3815 | 0.1511 | 48.06 | 9.38
Yang-Zhang 0.0276 | 0.0070 | 11.88 | 3.64

Table 2.7. Evaluation metrics for value forecasts of the modified volatility
estimates

Summary and Conclusions Since the volatility of financial asset prices
is claimed to be more or less predictable, we aimed to compare the pre-
dictability of different range-based volatility estimates using a long short-
term memory recurrent neural network.

We dare not make many conclusions, since we got different results using
the basic and improved estimators.

It seems that the range-based estimates can be forecasted to some de-
gree. The different range-based estimates generated forecasts of similar
quality, and they outdid the raw close-to-close estimates—at least, using
the original volatility estimators. Once we applied a few reasonable modi-
fications to make them more precise and comparable, we got less clear and
sometimes contradictory results.

Our forecasting model was not optimized, since we did not aim to mea-
sure the degree of predictability, but to make a comparison between the
different estimates. We used small data which is not too good for our neural
network-based forecasting. Future research could explore volatility esti-
mates computed from intraday (high frequency) trading data.



38 Chapter 2. Results

2.1.2 Volatility Forecasting with Transfer Learning

Our study on range-based volatility estimates used separate neural networks
to forecast every single series of estimated volatility. Since we used daily
price observations, and most stocks had no more than a few decades of his-
tory, we had very small data. Neural networks have lots of parameters, and
are very flexible, hence using small datasets is not beneficial. The trained
models can be very unstable. Averaging over multiple models could bring
some stability, but it would be much better to exploit the full potential of
these powerful algorithms.

There is a pretty straightforward way to increase the size of the dataset:
we could use multiple stocks to train a single model. It may sound strange
at first, but this idea enjoys great popularity, and has a wide range of appli-
cations in certain areas of machine learning.

Sirignano and Cont [2019] used LSTMs to forecast high frequency trad-
ing data. They found that a universal model (trained jointly on all stocks)
outperforms asset-specific models. This hold even for assets which are not
part of the training dataset. The authors claim that it is evidence of a univer-
sal and stationary price formation mechanism.

If we can find generality in asset prices, we must find it in volatilites as
well. The previously described stylized facts state that there are quite some
general properties of asset volatilities. It suggests that knowledge gained
from the volatility history of one asset could help predict the future volatil-
ity of another. Following this conjecture, we built a general volatility fore-
casting model using a deep neural network.

Data For this experiment, we downloaded the 10-year (2009-2018) daily
price history of hundreds of assets. We chose to explore the constituents of
the S&P 500 stock market index. The price data was obtained from Quandl.

We used the standard close-to-close volatility estimator (2.1), since it is
the most commonly used formula. That is, we computed 21-day moving
standard deviations of the daily logarithmic returns. These volatility esti-
mates were annualized (multiplied by the square root of 252).

Having removed stocks with too many missing observations, 440
volatility time series remained. We split each one to 64-step overlapping
subseries. These 64-step sequences were fed to the algorithm as inputs.

Zhttps://www.quandl.com/data/WIKI
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The subsequent, 65th value was used as the target. The dataset was jointly
standardized, that is, we used the mean and standard deviation of the entire
dataset to scale the values.

We randomly chose the following 10 stocks to evaluate our forecasts:

¢ Fidelity National Information Services, Inc. (FIS)
* Branch Banking and Trust Company (BBT)

* Regeneron Pharmaceuticals, Inc. (REGN)

¢ Thermo Fisher Scientific Inc. (TMO)

* Entergy Corporation (ETR)

* Agilent Technologies, Inc. (A)

* Deere & Company (DE)

* Kimberly-Clark Corporation (KMB)

* Bank of America Corporation (BAC)

* International Paper Company (IP)

Neural Network Architecture We used a one-dimensional dilated causal
convolutional neural network. One-dimensional, since we have a single time
dimension. Dilated, so that our model can learn from distant points in time.
And causal, that is, it always learns from the past.

The network has 6 dilated convolutional layers with exponentially in-
creasing dilation rates. (The [*” layer’s dilation rate is 2~ '.) Each layer has
8 filters with a kernel size of 2. We used the relu activation function in each
layer.

The model was trained with the adadelta [Zeiler [2012]] optimizer, for
300 epochs.

Results We used the 10 randomly selected stocks to test our forecasting
models. Two different convolutional neural networks were applied to fore-
cast the chosen volatility series. The first one learns from the volatility his-
tory of the chosen stock only. We call this the individual model. The other
one learns from all stocks’ data, except the chosen 10 stocks—it learns from
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more than 400 times as much data, but it knows nothing about the asset that
it aims to forecast. We call this the joint model. We also used a simple
ARIMA model as a benchmark.

We used the first 70% of the available 10-year data to train the models.
The rest was used to evaluate the forecasts. One-step-ahead predictions were
produced: we only forecasted the volatility estimate of the following day.

Table 2.18 displays the results. We used two metrics (root mean squared
error, and symmetric mean absolute percentage error) to evaluate the value
forecasts, and two metrics (accuracy, and F1 score) to evaluate the direction
forecasts. The results were averaged over the randomly chosen 10 stocks.

The individual CNNs’ performance was rather poor. Our neural network
is probably way too complex to be trained with a single stock’s data. A
single time series is insufficient to find proper values for the parameters of
the network. The weak forecasting performance is no surprise.

We used an automatically parameterized autoregressive integrated mov-
ing average model as a benchmark. The order of differencing was chosen
with successive KPSS tests [Kwiatkowski et al., 1992], then grid search
was used to choose the number of autoregressive and moving average terms
(between 0 and 3) based on AIC [Akaike, 1974]. This method was strongly
inspired by the automatic ARIMA model in the forecast package of R [Hyn-
dman et al., 2007].

The ARIMA model did not deliver very accurate forecasts either. The
regression metrics (RMSE, SMAPE) were somewhat lower than in case of
the individual CNN, but classification metrics (accuracy, F1) are even more
discouraging.

The joint CNN model produced the best result according to both regres-
sion and classification metrics. It is remarkable, since we did not optimize
the network’s hyperparameters. While we applied a popular automatic pro-
cedure to find reasonably optimal parameters for the ARIMA model, we
chose the parameters of the CNN model arbitrarily. We could have used a
similar grid search-based method to optimize the size and parameters of the
neural network, too. However, we thought that an unoptimized model could
deliver more general and more reliable results.

The unaveraged root mean squared errors are displayed in Figure 2.2.
The unaveraged accuracy scores are displayed in Figure 2.3. We should
prefer lighter cells in the former plot, and darker cells in the latter. The
figures show that the results are fairly consistent—the joint convolution net-
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CNN Individual | ARIMA | CNN Joint
Value Forecasts

RMSE 0.0283 0.0261 0.0154

SMAPE 9.6324 4.9468 3.9358
Direction Forecasts

Accuracy 0.5333 0.5161 0.6262

F1 0.5379 0.4182 0.6835

Table 2.8. Evaluation metrics averaged over stocks

work performed best for almost all stocks, regarding both metrics.

The mean difference between the RMSE scores are 0.01285 (CNN In-
dividual — CNN Joint), and 0.0107 (ARIMA — CNN Joint). While the as-
sumptions underlying a paired sample t-test are not necessarily satisfied,
we report some statistics that describe the significance of the differences.
The standard errors are approximately 0.0018, and 0.0042. The t-value for
the difference between the individual CNN errors and jointly trained CNN
errors is 7.1113, while the t-value for the difference between the ARIMA
and joint CNN is 2.5657. In case of accuracies, the same differences are
t-values of —8.4483, and —9.538, respectively. Though the assumption of
independence may not be satisfied, and we report the t-values for illustra-
tive purposes only, we think that they are fairly indicative of the superior
performance of the transfer learning approach.

Summary and Conclusions Since asset prices (and, especially, the
volatility of price changes) seem to have general formation mechanisms,
we built a jointly trained neural network to forecast volatilities.

We used a one-dimensional causal dilated convolutional neural network.
When trained individually, it did not produce good results. However, trained
jointly on hundreds of volatility series, the model clearly outperformed the
individually trained network and the ARIMA benchmark.

The transfer learning approach took advantage of the increased data, and
worked well, even though it was tested on stocks which were not part of the
training set. It delivered clearly and consistently better predictions for both
the value and the direction forecasts.

The results suggest that transfer learning can contribute to volatility
forecasting. Daily price observations do not produce enough data for ap-
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FIS - 0.0296 0.0238 0.0121 0.06
BBT 0.0333 0.0196 0.0179
REGN - 0.0237 0.0118 0.0141 0.05
T™O 0.0391 0.0387 0.0216
ETR-  0.0143 0.0232 0.0093 0.04
A 0.0395 0.0617 0.0182
0.03
DE-  0.0292 0.0139 0.0155
KMB-  0.0129 0.0151 0.0092
-0.02
BAC 0.0387 0.0334 0.0235
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, , ) -0.01
CNN Individual ARIMA CNN Joint

Figure 2.2. RMSE scores of different volatility forecasts for the 10 ran-
domly chosen stocks
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Figure 2.3. Accuracy scores of different volatility forecasts for the 10 ran-
domly chosen stocks

plying complex machine learning models. However, using the proposed
approach, it seems probable that deep learning can keep up with traditional
approaches in volatility forecasting.

2.1.3 Inspecting the Stylized Facts of Volatility

All our volatility forecasting studies were built on the claim that there are
certain general properties that make volatilities more predictable than, for
example, returns. In the following, we describe an experiment, where we
focused less on forecast accuracy and more on interpretation. Based on
the stylized facts, we’ve built a forecasting model using multiple input fea-
tures, with the primary purpose of measuring the features’ contribution to
the model’s performance.

Our goal is not only to make predictions, but also to investigate the
presence of the well-known properties of volatility. We aim to measure
what features can help predict the future values of volatility.
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Data We aim to forecast realized volatilities computed from intraday price
observations. So far, we have used volatilities computed from daily price
observations—using high frequency data, we can get better estimates. Re-
alized volatility is the sum of realized squared returns over a fixed time
interval. Andersen and Terdsvirta [2009] claims that, although in theory we
could get arbitrarily good estimates by increasing the sampling frequency,
ultra-high frequency sampling can bias realized volatility estimates due to
market microstructure noise (price rounding, bid-ask bounces, etc.). Ander-
sen et al. [2001] used 5-minute observations for actively traded exchange
rates, as a reasonable compromise. We, too, use S-minute prices here to
compute the realized volatility of the stock market index futures contract
under study.

We chose to forecast the volatility of the E-mini S&P 500 futures con-
tract. Andersen et al. [2018] analyzed intraday variations, and claim that the
choice of E-mini is advantageous for various reasons. It is traded through
a single electronic trading system, which operates almost continuously dur-
ing weekdays, and it has a large daily turnover, and is extremely liquid.
We computed volatility as the daily sum of squared 5-minute logarithmic
returns.

Different features are applied to forecast the one-day-ahead volatility
of the E-mini S&P 500. We use the (current) volatility itself as an input
variable. We also use the daily return, the daily trading volume, and an
external variable: the Google Trends of the keyword “s&p 500”. These
time series are plotted in Figure 2.4.

Google Trends are normalized search volumes for different keywords,
as published officially by the search engine. Search trends quantify the
time-varying interest of people in different topics. We have downloaded
the Google Trends of the keyword “s&p 500”. Though it is not a specific
product or company, the search interest in the S&P 500 may be a good proxy
for the overall interest in the stock market. Indeed, we may see in Figure
(2.4d) that there was a remarkable jump in search interest during the early
spread of the coronavirus.

Weekends and trading holidays were excluded from the dataset. A loga-
rithmic transformation was applied to the target variable, in order to make it
less skewed (Figure 2.5). All features were scaled using min-max normal-
ization (1.23).
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Figure 2.4. Input features used in the (realized) volatility forecasting neural
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Neural Network Architecture The network consists of one LSTM layer
with 4 units, followed by a dense layer with one unit and a linear acti-
vation. The model is trained on 16-step sequences (given in 32-element
batches), which are randomly sampled during bootstrapping. The loss is
mean squared error, optimized with the Adam optimizer. The training lasts
for 300 epochs.

Results We run the LSTM multiple (=100) times on bootstrap sampled
subsets of the volatility series.

Producing bootstrap samples is advantageous in, at least, three aspects.
First, we can make an ensemble forecast by aggregating the predictions of
the different bootstrap samples. Second, we can produce prediction inter-
vals, that is, we can measure the uncertainty in our forecasts. Third, we can
use the bootstrap left-out observations for evaluation purposes, and compute
permutation-based feature importances.

Point Predictions The point predictions are not very accurate. Our
forecasts did not manage to follow the volatility jump during the first wave
of COVID-19. It is not surprising, since it was unprecedented—the maxi-
mum volatility in the training period was nowhere near close.

Table 2.9 shows that the bagged predictions produced lower errors than
the averaged errors of the individual forecasts, especially in the test period.

We have computed directional accuracies for the test period (Table
2.10). These too are better for the bagged predictions.

’ individual forecasts | bagged forecasts ‘
validation set

RMSE 0.000127 0.000127

SMAPE 36.416580 35.681638
test set

RMSE 0.000702 0.000528

SMAPE 45.609503 43.161287

Table 2.9. Evaluation of the point predictions
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individual forecasts | bagged forecasts
accuracy 0.650271 0.665971
precision 0.643829 0.654206
recall 0.595265 0.619469
Fl1 0.614486 0.636364

Table 2.10. Directional accuracies in the test period
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Figure 2.6. Interval forecasts of the realized volatility of E-mini S&P 500
futures

Interval Predictions In Figure 2.6, the solid black line shows the true
volatility, the solid grey line shows the bagged forecast, and the shaded gray
area shows the prediction interval. We produced 90% prediction intervals
assuming that the noise is more or less normally distributed—it was clearly
not a reasonable assumption. The lower end of the symmetric interval is
often too low. (Negative values are not very informative. Constructing bet-
ter, and preferably asymmetric, prediction intervals may be the subject of
further research.) The coverage (PICP) of the interval in the test period is
89.375% (Table 2.11), which is fairly close to the target value. The intervals
are considerably wider in turbulent periods of the stock market.

Feature Importances The primary purpose of this analysis was to
examine the existence of the stylized properties of volatility. It seems that
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PICP MPIW | NMPIW CwC
0.893750 | 0.000647 | 0.079123 | 0.187270

Table 2.11. Evaluation of the interval predictions for the test period

we can produce more or less accurate forecasts of the volatility by using
a flexible learning model and input variables that are claimed to be related
to volatility. But we also need to measure the contribution of the different
input variables to the overall forecasting performance. It would be easy for
simple models, but it is very difficult for deep neural networks. Still, there
is one thing we can do: quantifying feature importances.

Variable importances can be considered an ultimately simplified model
interpretation. Though we don’t know what exactly the features do, at least,
we know how much.

Mean decrease accuracy (that is, the decline in performance due to
random permutation of input features) is an easy-to-implement importance
measurement method. We have computed mean decrease accuracy in each
bootstrap run, with both value (R?) and direction (accuracy) forecasts on
both the bootstrap left-out validation set and the separate test set (Figure
2.7).

In each case, feature importances were normalized (divided by the sum).
The order of importance is the same, with one exception: the value forecasts
in the test set expressed quite different behavior. The Google Trends data
seems to be misleading in the test period (at least, considering the value
forecasts). The results of the 4 computations are summarized in Figure 2.8.

Not surprisingly, realized volatility is the most important predictor. That
is, the previous values of the output contribute the most to the forecasting
performance. Return also seems to be an important predictor of volatility.
Volume does not seem to have that much importance, though it got positive
scores in three out of four cases. The Google Trends data seems to be not
only useless, but harmful.

Summary and Conclusions We produced one-step-ahead point and inter-
val forecasts of the realized volatility of the E-mini S&P 500 futures contract
using multiple input variables in a recurrent neural network, with the aim of
validating the existence of the well known stylized facts of volatility.

We found that historical values of volatility and return are, indeed, good
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predictors. Volume does not seem to be as important. The external variable
that we used (the search interest in S&P 500) happened to have an adverse
effect on our forecasting model.

2.1.4 Value-at-Risk Forecasting With Quantile Convolutional
Neural Networks

It is natural to use return volatility as a measure of risk. However, we
can (and should) have further definitions of risk. One possible objection
to volatility is that it measures the variability of price movements in both
directions. However, we may be more interested in the risk regarding just
one direction. The so-called downside risk is the risk associated with losses
only. In the following, we are going to focus on one possible measure of
downside risk: Value-at-Risk.

Value-at-Risk Value-at-Risk estimates a realistically worst-case scenario:

something that is so bad, that anything worse happens with a probability

less than a (specified) small value [Shin, 2010]. It is a possible, but not very

probable worst case. VaR is a quantile of the loss distribution. Though VaR

is a bad return (i.e., a loss), it is usually reported as a positive number.
Mathematically, the Value-at-Risk

VaRg(X)=F (1 —0) = —inf{z € R: 60 < Fx(x)} (2.6)

of a return distribution X is the quantile function of —X at the confidence
level 1 — 6.

Forecasting Value-at-Risk There are different ways to estimate and
forecast Value-at-Risk. For example, we can estimate (and forecast) return
variance, and compute the quantiles with some distributional assumptions.
Traditional volatility forecasting models, such as ARCH/GARCH [Engle,
2001], are often applied. However, methods that require distributional as-
sumptions have a drawback: they require distributional assumptions. Wrong
assumptions can lead to poor estimates. One possible improvement is to re-
lax the assumptions, so that we can choose any distribution [Hull and White,
1998]. Or, we can get rid of the obligation to choose a distribution, and use
a method that works anyway—for example, quantile regression.
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The CAViaR model of Engle and Manganelli [1999] used quantile re-
gression to produce Value-at-Risk forecasts. Taylor [2000] used a quantile
regression neural network. Xu et al. [2016] applied a quantile autoregression
neural network (QARNN). Yan et al. [2018] used long short-term memory
to produce forecasts of VaR.

ARCH-type models In the following, ARCH-type volatility forecasting
models are briefly described. A detailed discussion of the topic is not in-
tended, the interested reader may follow the references. Autoregressive con-
ditional heteroscedasticity (ARCH) models are commonly used to model
and forecast financial volatility. ARCH processes were proposed by Engle
[1982]. An ARC H(q) models the time series of variance (0,52) as a function
of the past ¢ squared errors (e?)

q
ol =w+ Y e}, 2.7)
=1

where w, and «; are parameters. The error is assumed to follow a zero-mean
normal distribution. Generalized autoregressive conditional heteroskedas-
ticity models generalize ARCH models—they assume that the error vari-
ance follows an autoregressive moving average model. A GARCH (p,q)
[Bollerslev, 1986] models the variance with q lags of the squared error terms
and p lags of the variance itself

q P
ol =w+ Z el .+ Z Bio?_;, (2.8)
i=1 i=1

where w, «;, and [3; are parameters.

ARCH and GARCH models are well described in Brockwell et al.
[2016]. There are many further ARCH-type models, however, Hansen and
Lunde [2005] compared 330 models in terms of their out-of-sample fore-
cast performance, and found no evidence that more sophisticated models
outperform the popular GARC H(1, 1) model.

ARCH-type models can be used to produce VaR-forecasts. Kuester et al.
[2006] compared the one-step-ahead out-of-sample forecast performance of
several models. They found that the great majority of GARCH models out-
perform unconditional models, while they found none of the CAViaR mod-
els to work very well. For this reason, we used a GARCH model, too, as a
benchmark to the quantile regression-based forecasting techniques.
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Data The dataset for this study was obtained from Kaggle®. It includes
daily price observations for stocks listed on NASDAQ, NYSE, and AMEX.
100 randomly chosen stocks were analyzed using a 10-year period (from
2009-01-01 to 2018-12-31), using about the last 3 years as a test set. Value-
at-Risk was forecasted from the daily logarithmic returns.

Neural Network Architecture A one-dimensional dilated causal convo-
lutional neural network is applied with a quantile loss (1.20). (The value
of 0 is set to 0.05, 0.01, and 0.001 for the different VaR confidence levels.)
The network has causal convolutional layers with exponentially increasing
dilation rates. Each one has 8 filters with a kernel size of 2. The causal
convolutional layers are followed by another convolutional layer with only
1 filter with a kernel size of 1. The causal convolutional layers use relu
activation, while the final convolutional layer uses linear activation.

The inputs to the network are 128-step sequences of daily logarithmic
returns, while the outputs are the same sequences shifted by 1 step. The
data was standardized using the mean and standard deviation of the entire
dataset.

The adadelta [Zeiler, 2012] optimizer was used, and the models were
trained for 128 epochs.

Results The VaR-forecasts of the proposed neural network are compared
to 3 benchmark forecasts: a constant quantile estimate, a linear quantile
regression (an autoregressive model with 4 lagged input variables), and a
GARCH(1,1) model with normal distribution. Two differently trained ver-
sions of the convolutional neural network were compared: one trained on
one stock at a time, and another trained on all available training data. Each
model was used to produce VaR predictions with 3 different confidence lev-
els (95%, 99%, and 99.9%).

The Dynamic Quantile (DQ) test is used to evaluate the forecasts, using
a constant, 3 lags of the Hit variable (1.39), and the current VaR forecast
as input variables. (The DQ test is described in the Evaluation section of the
Methods chapter.)

The results are shown in Tables 2.12, 2.13, and 2.14. Except for the
99.9% confidence rate, the rejection rates of the DQ test with two different

3https://www.kaggle.com/qks1lver/amex-nyse-nasdaq-stock-histories
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significance levels (0.01 and 0.05) for the 100 stocks in the study, are re-
ported, together with the averages, medians, and standard deviations of the
realized VaR exceedances, and the average forecasted VaR values. (The re-
jection rate of the DQ test means the proportion of stocks for which the null
hypothesis of the test was rejected at the given significance level.)

Exceedances DQ Test Rejections VaR
Mean | Median SD 0.01 0.05 Mean
Constant 0.0399 | 0.0358 | 0.0291 | 0.5300 0.6600 0.0727
GARCH 0.0347 | 0.0338 | 0.0134 | 0.2100 0.4100 0.0739
QR 0.0409 | 0.0344 | 0.0293 | 0.6200 0.7200 0.0689
QCNN 0.1269 | 0.1245 | 0.0362 | 0.7400 0.8000 0.0423
Joint QCNN | 0.0433 | 0.0444 | 0.0101 | 0.0500 0.1600 0.0583

Table 2.12. 95% VaR forecasts

Exceedances DQ Test Rejections VaR

Mean | Median SD 0.01 0.05 Mean
Constant 0.0084 | 0.0061 | 0.0117 | 0.3800 0.4100 0.1935
GARCH 0.0133 | 0.0119 | 0.0066 | 0.1400 0.2000 0.1039
QR 0.0097 | 0.0066 | 0.0125 | 0.5400 0.5900 0.1852
QCNN 0.0599 | 0.0576 | 0.0280 | 0.9500 0.9600 0.0676
Joint QCNN | 0.0115 | 0.0119 | 0.0056 | 0.0900 0.1600 0.1023

Table 2.13. 99% VaR forecasts

Exceedances VaR

Mean | Median SD Mean
Constant 0.0023 | 0.0007 | 0.0052 | 0.3764
GARCH 0.0060 | 0.0053 | 0.0041 | 0.1375
QR 0.0041 | 0.0013 | 0.0075 | 0.3630
QCNN 0.0249 | 0.0212 | 0.0186 | 0.1079
Joint QCNN | 0.0023 | 0.0013 | 0.0026 | 0.2062

Table 2.14. 99.9% VaR forecasts

The quantile convolutional neural network trained on individual stocks
did not perform well. It produced way too large VaR exceedance rates. The
other methods delivered exceedance rates close to the targeted values. In
most cases, the jointly trained convolutional network managed to produce
reasonably accurate exceedance rates with lower average VaR values than
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other methods. It is a desirable property, since it may allow for more effi-
cient risk management. The DQ test is rejected for fewer stocks in case of
the jointly trained network than the benchmark models, and the exceedance
rates has the least variation for our proposed model. All these results show
that the one-dimensional dilated causal quantile convolutional neural net-
work can produce competitive forecasts of Value-at-Risk.

Summary and Conclusions A new method was proposed for Value-at-
Risk forecasting. It is a one-dimensional convolutional neural network
trained to forecast quantiles. When trained jointly on multiple stocks’ re-
turn series, it produced better forecasts than the benchmarks.

The results show that convolutional neural networks can make good
quantile forecasts, and that, taking advantage of transfer learning, deep neu-
ral networks can contribute to VaR-forecasting.

2.1.5 Summary of Risk Forecasting Studies

We used deep learning to produce value and direction forecasts of various
estimates of the unobservable volatility. We used our forecast to compare
the predictability of the different estimated volatility series. We also used a
transfer learning approach to train a volatility forecasting model on multiple
assets’ data, and have shown that it can improve upon asset-specific models.
We tried to lighten up the black box of deep learning, and study the stylized
facts of volatility. We proposed a new method for Value-at-Risk forecasting,
using deep (transfer) learning and quantile regression, and we got fairly
promising results.

2.2 Mortality Forecasting

In a strict sense, the prediction of mortality rates is not a financial forecast-
ing problem, however it is closely related, since it has important actuarial
applications.

In case of financial risk forecasting, we had difficulties applying deep
learning models to datasets with daily observations. With mortality fore-
casting, we have an even more difficult case. We have no better than annual
observations, and (for most countries) mortality rates have been recorded
for less than a century. That is, considering a single series of mortality rates,
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we have very small data—not something that allows for using deep learning
models. However, we have many similar series. Female and male mortality
rates are recorded separately, and they are broken down by age groups. That
is, we have mortality rate time series for all ages (from 0 to 110+ years) and
for both sexes. And we have data from various countries. In this respect,
it is not that small data. We may use a joint deep learning approach—Ilike
we did with stock volatilities or VaR—if all these mortality rate series show
sufficiently similar behavior. If joint training works, deep learning methods
may be competitive, otherwise there is no reason to apply neural networks
to mortality rate forecasting.

2.2.1 Lee-Carter Model

The Lee-Carter model [Lee and Carter, 1992] is a standard long-term mor-
tality rate forecasting method that uses age-specific mortality rates to fore-
cast age-specific mortality rates. That is, it forecasts a matrix of mortality
data—in a sense, this itself is a joint forecasting approach. Yet, it is simple
and intuitive.

The Lee-Carter model estimates the logarithm of the mortality rate m ;
of age group x at time ¢

In(mgt) = az + byky + €x¢. 2.9)

The vector of average age-specific mortality rates is denoted by a,, k; is a
mortality trend, that is, the general change of mortality in time, b, measures
how the mortalities of different age groups change with changes of the mor-
tality trend, while e, ; is the corresponding error term. In order to have a
unique solution, we need two constraints: » . b, = 1land ) , k; = 0.

We can formulate this as a least squares problem, that is, we need to
minimize the squared error between the true log-mortality rates and our es-
timates

Z Z [ln(mm,t) — Az — bac : kt]Q . (2.10)
T t

The estimates of a, are the mortality rates averaged over time

1
ia = Et:m(mx,t). (2.11)
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The estimates of b,

7 Ua: 1
by = —=——"—, (2.12)
ZIE Ux71
and the estimates of k;
ki =ViaD11 ) Usa (2.13)

are obtained from the singular value decomposition (SVD) of the centered
log-mortality matrix M, ; = In(mg) — a.

SVD factorizes the (centered) log-mortality rates in the form of M =
UDVT. The original Lee-Carter model uses only the largest singular value
(D1,1) to estimate the parameters. Time series forecasting methods can be
used to produce estimates of the future k; values. ARIMA models are of-
ten used to make these forecasts. The original Lee-Carter article [Lee and
Carter, 1992] proposed a random walk with drift model. Once we have pre-
dictions of k; for the future, we can use them together with the a, and b,
values to forecast mortality rates

Marit = explig + by - kryy), t=1,2,.... (2.14)

The Lee-Carter model was developed for US mortality rates, but it is
now used for many countries.

Applying the Lee-Carter model to Hungarian Mortality Rates While
the above-discussed Lee-Carter model is popular and widely applied, it does
not necessarily produce uniformly high quality forecasts for all countries.
The original (and fairly simple) approach may prove to be insufficient for
countries that experienced some kind of mortality shock. This is the case
for post-socialist countries, and especially for Hungary, where mortality
rates expressed strange historical patterns. Large political changes impose
great costs on the society (even when the change is positive)—the former
communist countries experienced a mortality crisis that claimed 10 mil-
lion lives between 1990 and 2000 due to acute stress experienced by the
weakest parts of the population [Cornia and Paniccia, 2000]. The crisis
was relatively quickly solved in central European countries. In Hungary,
male life expectancies decreased since the mid 1960s. The trajectory of
Hungarian mortality statistics deviated from that of most developed coun-
tries, where life expectancy typically increased 0.2-0.3 year annually in that
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period [Bélint and Kovacs, 2015]. Other East-Central European countries
experienced stagnating or moderately increasing life expectancies. That is,
Hungarian mortality rates are a special case, which is well-documented in
mortality forecasting literature. For example, Scheiring et al. [2018] pro-
duced a systemic review of 29 articles on the social determinants of the
puzzling mortality history of Hungary.

Baran et al. [2007] used the Lee-Carter model to produce forecasts of
Hungarian mortality rates. They found that the original model is hardly ap-
plicable, however, a few modifications allow for successful application: us-
ing only post-1989 data and a higher order generalization of the Lee-Carter
model, they managed to produce reasonable forecasts. We tried to repro-
duce the forecasts to see if they worked and if the modifications are still
necessary, and to produce new forecasts for the future.

The higher order Lee-Carter estimates are produced by keeping more
than just one singular value from the SVD [Booth et al., 2001]. That is, we
model not one but multiple mortality trends (k;)

In(mayy) = ag + bVED + 6@k + b8P 4 e, . (2.15)

These different trends can be forecasted separately, using time series meth-
ods. By using multiple trends, we allow for more flexibility, and we may
expect it to work better for peculiar mortality rates than the original model.

In case of Baran et al. [2007], the original model resulted in increasing
morality rate estimates for middle aged men. Even the higher order models
produced increasing estimates, which was not reasonable for a well devel-
oping country. Therefore, Baran et al. [2007] chose to drop all mortality
rate observations before 1989, and used the remaining few years to fit the
model. The resulting model produced more reasonable forecasts.

We used the (now available) longer period for two purposes: to eval-
uate the accuracy of the previous forecasts, and to produce new forecasts
for the future. The dataset was downloaded from the Human Mortality
Database (HMD), mortality.org [University of California, Berkeley (USA),
and Max Planck Institute for Demographic Research (Germany)]. HMD
collects original mortality data from national statistical offices, with the aim
to provide researchers easy access to comparable mortality statistics. Hence,
the dataset we obtained from mortality.org relies on the same source of data
as Baran et al. [2007], the Hungarian Central Statistical Office.

The results of the evaluation are displayed in Table 2.15, the figures
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of the forecasts are available in Figure 2.9. The errors justify the use of
the reduced dataset—the model that did not use data from the socialist era
produced clearly more accurate forecasts.

Metric | 1950-2003 model | 1989-2003 model
RMSE 0.0071 0.0040
SMAPE 24.35 17.47
MedAE 0.0058 0.0028

Table 2.15. Evaluation metrics for 2004-2017, averaged over all ages (root
mean squared error, symmetric mean absolute percentage error, median ab-
solute error)

Thus, we only used mortality rates from 1989 to refit the model, but
we had twice as much data as Baran et al. [2007]. Figures of the Lee-Carter
parameters are displayed in Figures 2.10 and 2.11. We used the Box-Jenkins
method to find time series models to forecast the mortality trends (k;). We
used the Ljung-Box test [Ljung and Box, 1978] to test if the k; values exhibit
serial correlation, the results are shown in Table 2.16. The autocorrelation
and partial autocorrelation plots are displayed in Figure 2.12.

k(l) k<2) k.(3) k‘(l) k(Q) k(3)

male male male female female female
Q 97.224 7.4648 | 15.72 102.49 5.072 6.7178
p—value | 2.22¢71% | 0.681 | 0.1079 | < 2.2¢76 | 0.8863 | 0.7518

Table 2.16. Ljung-Box test results

In case of k£ and k), we could not reject the null hypothesis that the
data are independently distributed. That is, the higher order trends can be
considered white noises for both female and male mortality rates. It means
that we can model Hungarian mortality rates with a single trend, so we can
use the original Lee-Carter model, there is no need for the extension. Fur-

thermore, we found that k}le)ﬂlale can be described by an ARIMA(0,1,0) with
drift—the same model that was originally used in the Lee-Carter model for
the United States. However, we found an ARIMA(1,1,0) with drift model
more suitable for female mortality rates. Having performed Ljung-Box test
for independence, and Shapiro-Wilk test for normality, we can assume that
the residuals of both models behave as white noise. The residuals’ normal

QQ plots are displayed in Figure 2.13. The fitted time series models are the
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Figure 2.10. Age specific mortality from the Lee-Carter model (a)

following (standard errors in parentheses):

o kfemale = 24842 (0.4004) + k[T — 0.7975 (0.1421) x
(kg:eanale B k{fglale) + 5g‘emale,

o kmale = 25842 (0.6348) + kmale 4 gmale,

Mortality rate forecasts for the 2018-2047 period are displayed in Figure
2.14.

The main findings of our experiments with the Lee-Carter model are that
we confirmed that using only the period after the regime change is beneficial
for model fitting, and that we have shown that the original Lee-Carter model
is becoming applicable as mortality rates are normalizing.

Applying the Lee-Carter model required us to reduce the dataset size.
We also tried the other direction: increasing the dataset (and model com-
plexity, as well). This approach is described in the following section.

2.2.2 Mortality Rate Forecasting with Recurrent Neural Net-
works

We performed a large-scale mortality rate forecasting study using neural net-
works. The time series of mortality rates are very short—this is why simple
approaches (such as the Lee-Carter model) are often preferred. However,
if there is some generality in mortality rates, we may apply some kind of
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Figure 2.13. Normal QQ plots of residuals

transfer learning, and use a larger and more diverse dataset to fit flexible
models.

We used a (long short-term memory) recurrent neural network archi-
tecture to forecast mortality rates in different countries, and compared its
performance to the Lee-Carter model. We used the last 10 years of available
mortality data to evaluate the forecast performance.

Jointly Training Recurrent Neural Networks Mortality rates are ob-
served annually, this is why the available time series are very short—in
many cases, less than 100 observations. There is no reason to apply so-
phisticated machine learning models to such small data. In order to do so,
we need to transfer knowledge from other time series.

Essentially, the Lee-Carter model can itself be considered as an exam-
ple of transfer learning. (At least, with a little exaggeration.) It assumes
that there is a general trend in mortality rates that can be used to forecast
the mortality rates of different ages. We obtain knowledge of the mortality
trend from the history of an entire population, and transfer that knowledge
to the individual time series of mortality rates by age. The Lee-Carter model
assumes that there is some general trend in the mortality rates in different
age groups. We need a similar assumption of generality, in order to apply a
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jointly trained machine learning model.

The Lee-Carter model learns a common trend across different ages. This
is a well-proven idea, but we can go way further. We can train an even more
general mortality rate forecasting model. We could use not only observa-
tions from different age groups, but also from different sexes. Female and
male mortality rates show similar patterns, but may have experienced dif-
ferent shocks, so knowledge extracted from one may help forecasting the
other. We could also use mortality rates from different countries. It seems
possible that we could learn from the mortality rate history of one nation to
forecast that of another.

We trained long short-term memory networks purely on mortality rates.
That is, we did not use country, sex or age specific data or indicators, only
the time series of mortality rates.

Neural Network Architecture As in most of our studies, we did not op-
timize the hyperparameters of the neural network, we just aimed to find a
resonable size and reasonable settings. We used a one-layer neural network
with 8 LSTM units, followed by a dense layer with a single unit with linear
activation. The mortality rate series were unrolled to 16 timesteps, and were
fed to the algorithm in 128-item batches. The cell states and hidden states
of the network were reinitiated in each batch.

The dataset was standardized (the overall mean was subtracted from
each value, and the differences were divided by the overall standard devia-
tion of the training set). The network was trained with the Adam optimizer
[Kingma and Ba, 2014] with a learning rate of 0.001, for 300 epochs.

We produced 10-year recursive forecasts: single-year forecasts were fed
back to the network to generate the subsequent prediction.

Data The datasets for the study were obtained from mortality.org [Uni-
versity of California, Berkeley (USA), and Max Planck Institute for Demo-
graphic Research (Germany)]. We downloaded historical mortality rates for
40 countries, however, we had to exclude 5 countries with too little data
or too many missing observations. We used all available mortality rates of
the 35 remaining countries. The length of available mortality history varies
greatly from country to country. Some countries have no more than a few
decades of recorded mortality rates, while others have observations back
from the 19th century. The most recent observations may also differ, since
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the datasets of different countries are updated at different times. The coun-
tries and the time periods of the available mortality rates are displayed in
Table 2.17. We used all but the last 10 years of available mortality rates for
training the models, the last 10 years were used for evaluation.

Results We produced multi-step out-of-sample forecasts for the 10-year
evaluation period for each country, with different forecasting models: our
proposed LSTM model (trained on different subsets of the data), and the
benchmark Lee-Carter model.

We used various evaluation metrics: root mean squared error (RMSE),
mean absolute error (MAE), median absolute error (MedAE), symmetric
mean absolute percentage error (SMAPE), mean error (ME). We aimed for
a thorough comparison.

Our first LSTM-based forecasting attempts outperformed the bench-
mark Lee-Carter model in terms of absolute errors (e.g., RMSE), but clearly
underperformed it in terms of relative errors (SMAPE). The reason is that
the LSTM produced poor forecasts in the low-mortality (i.e., young) age
groups. Since the network was trained with mean squared error loss func-
tion, it disregarded the age groups that could not contribute much to the
overall loss, even with relatively high errors. In order to avoid this unde-
sirable behavior, we transformed the target variable, so that the network
forecasts not the mortality rates, but their natural logarithms. (Some mor-
tality series contained zero values, so we clipped the values at a lower limit
of le-12.) The Lee-Carter model also models log-mortality rates, so this
transformation makes the models even more comparable. The evaluation
was performed on the inverse (i.e., exponential) transformed values, that is,
the true and forecasted mortality rates.

The results of the evaluation are displayed in Table 2.18. Heatmaps
of the errors are displayed in Figure 2.15 (by age), and Figure 2.16 (by
country).

All LSTM models were trained using data from all age groups. Our first
models used training data from only one country. That is, separate models
were trained for each country. (Each forecasting model learned only from
the mortality history of the given country.) These models are called LSTM
Country. The Lee-Carter model was trained separately for each country,
using all available data.

On average, LSTM Country outperformed the Lee-Carter model ac-
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country code | first year | last year
aus 1921 2014
aut 1947 2017
bgr 1947 2010
blr 1959 2016
can 1921 2011
che 1876 2016
cze 1950 2016
dnk 1835 2016
esp 1908 2016
est 1959 2017
fin 1878 2015
fra 1816 2016
gbr 1922 2016
grc 1981 2013
hun 1950 2017
irl 1950 2014
isl 1838 2016
isr 1983 2016
ita 1872 2014
jpn 1947 2016
Itu 1959 2017
lux 1960 2014
lva 1959 2017
nld 1850 2016
nor 1846 2014
nzl 1948 2013
pol 1958 2016
prt 1940 2015
rus 1959 2014
svk 1950 2017
svn 1983 2017
swe 1751 2017
twn 1970 2014
ukr 1959 2013
usa 1933 2016

Table 2.17. Countries and time periods used in the neural network-based
mortality forecasting study. The countries are identified by the same country

codes at mortality.org.



2.2. Mortality Forecasting 69

cording to all metrics. The mean error is positive for both the LSTM and
the LC model, so it seems that the forecasts are slightly positively biased.
(This bias, too, is larger for the LC model.) The LSTM produced lower
RMSE values in all age groups, and in 27 countries (77% of all coun-
tries). Even though we modeled log-transformed values, the SMAPE still
remained lower for the younger age groups. However, it also applies to the
Lee-Carter model, as is shown in Figure 2.15. The LSTM produced better
SMAPE values for 97 ages (87% of all), and for 33 countries (94%).

We have computed the correlations between the error (RMSE) and the
length of available mortality rate history (years) in the given country. In
case, of the LSTM model, we found a negative correlation (-0.25), while in
case of the LC model, we found a positive correlation (0.15). Though these
values are not particularly large in absolute terms, it suggests that the neural
network works better for countries with more recorded mortality rates (i.e.,
with more data). It is not surprising, since neural networks require large
amounts of training data—preferably, much more than what was available
in these experiments. This conjecture leads us to two conclusions. First,
whether or not the LSTM outperforms the LC in this study, the former holds
more promise for the future (at least, for the distant future). Second, it seems
reasonable to try expanding the dataset (for example, by jointly training the
model on data from multiple countries).

We trained a Long Short-Term Memory model on all countries’ data
(called LSTM World). It was a bold move. By jointly training the model on
multiple countries’ data, we can substantially increase the size of the train-
ing set, which is clearly preferable. However, it makes our dataset more
heterogeneous. Even though mortality rates show similar patterns in differ-
ent countries, they are also highly dependent on local conditions (such as the
political environment). We couldn’t know in advance if it would improve the
model. The differences in the countries could mess the model up and lead to
poor predictions, or the increased dataset together with LSTM’s flexibility
could extract better patterns and deliver better forecasts. The latter proved
to be true.

LSTM World produced better errors than either the LC or the LSTM
Country model. (Except for the mean error, which was lower for LSTM
Country.) In terms of RMSE, LSTM World outperformed LSTM Country
in 28 countries (80%), and 103 age groups (93%).

For training our final model, we have expanded the dataset even further:
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Figure 2.15. Errors by age from different forecasing models

beyond the total, we used the female and male mortality rates too. This
model is called LSTM Coed. (Still, forecasts were only produced for the
total population, so that they are comparable to the previous predictions.)
This improved most errors (compared to LSTM World), however, it pro-
duced higher relative errors (the SMAPE is higher than that of the LSTM
Country model). According to RMSE, LSTM Coed outperformed LSTM
World in 26 countries (74%), but only in 24 ages (22%).

metric LC LSTM Country | LSTM World | LSTM Coed
RMSE | 0.0115 0.0076 0.0058 0.0055
MAE | 0.0109 0.0069 0.0051 0.0047
MedAE | 0.0108 0.0067 0.0049 0.0045
SMAPE | 24.85 18.02 15.82 20.76
ME 0.0085 0.0027 0.0037 0.0026

Table 2.18. Averaged evaluation metrics

Some example forecasts are displayed in Figure 2.17, for 2 arbitrarily
chosen countries, and 3 arbitrarily chosen ages. The forecasts typically fol-
low similar directions, but there are some notable differences and patterns.
One of the example countries is the United States—the country for which
the Lee-Carter model was originally developed. While it may not be evident
from the plotted forecasts, Figure 2.16 shows that the LC model worked rel-
atively better in the United States than in most countries. It suggests that,
although it is widely applied, the Lee-Carter model may not necessarily be
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Figure 2.16. RMSE by country from different forecasing models
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just as competitive everywhere. The other example is (the above discussed)
Hungary, with its strangely evolving mortality rates. Figure 2.17c clearly
shows how the Lee-Carter model failed for Hungary’s middle-age popula-
tion, while the LSTM models produced fairly reasonable forecasts.

Improving the Benchmark Our results, so far, have shown that the
LSTM model can outperform the Lee-Carter model fairly consistently, par-
ticularly when it is trained jointly on multiple countries’ mortality rate his-
tory. However, we only used the original (basic) Lee-Carter model as a
benchmark. It has several extensions and modifications, which may work
better in certain cases. In order to better evaluate the competitiveness of our
recurrent neural networks, we tried to improve the benchmark Lee-Carter
model.

One possible extension of the model is to keep multiple trends—it was
discussed in the previous section, see (2.15). The original Lee-Carter model
keeps only the largest singular value from the SVD to find a single trend.
This is a strong simplification: while the model is fairly interpretable and
intuitive, it ignores some information—and in some cases, it may ignore
too much information. By keeping multiple trends, we allow for a better
fit, which may be beneficial in some cases. Naturally, when we build a
model with multiple trends, we need multiple separate time series models to
forecast them.

We chose to use a third order Lee-Carter model, that is, we used 3 trends.

Another modification (and possible improvement) is the choice of time
series model. The original Lee-Carter model [Lee and Carter, 1992] used a
random walk with drift model to forecast k;. It may be the best choice for
forecasting the mortality trend of the United States, but it is not necessarily
the best choice for all countries. It seems reasonable to revise the choice of
time series model for each country. Furthermore, when we extend the Lee-
Carter model to account for multiple trends, we need to find appropriate
time series models for the new components as well.

Though we constrained our time series models to the ARIMA-family,
it seemed a tedious work to manually optimize the parameters for each k;
series in our study. We used an automated method to choose the model
parameters [Hyndman et al., 2007]. It is available in the forecast package
of R. This method uses successive KPSS tests for choosing the order of
differencing, and a step-wise algorithm to choose the number of AR and
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Figure 2.17. Example forecasts for two arbitrarily chosen countries
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MA terms based on AIC. The chosen ARIMA models are available in Table
2.19.

We used 3 extensions of the Lee-Carter model. The first one uses auto
ARIMA (LC Auto). The second one uses multiple trends (LC Higher). The
third one uses both (LC Auto Higher).

Table 2.20 shows the performance of the improved benchmark models.
The automatic ARIMA models brought only slight improvements to the er-
rors. However, the third order model performed considerably better than the
basic Lee-Carter model. (It still underperforms most LSTM models, but the
difference is much smaller.)

Summary and Conclusions We applied a Long Short-Term Memory re-
current neural network to mortality rate forecasting, and compared its per-
formance to the well-known and well-proven Lee-Carter model. Applying
LSTMs to mortality rate forecasting is not a straightforward task, since we
have very small datasets. Hence we have trained our recurrent neural net-
works jointly on multiple time series: the mortality rates of different ages,
different sexes, and different countries.

We produced forecasts for 35 countries and 111 age groups using a
rather simple neural network architecture, and evaluated the predictions on
the last 10 years of available mortality rates. The LSTM models made more
accurate forecasts than the Lee-Carter model, especially when trained glob-
ally. (That is, jointly trained on multiple countries’ data.) Using the separate
mortality rates of the 2 sexes did not bring a clear additional improvement.
Our LSTM models had less advantage over some extensions of the Lee-
Carter model.

Our study has a few shortcomings. We only considered the out-of-
sample forecasting performance of the models, ignoring model complex-
ity. While the basic Lee-Carter model underperformed the neural networks
in accuracy, its simplicity and interpretability is a clear (but unmeasured)
benefit. Another shortcoming is that we used a single forecast horizon (10
years). The models may perform better or worse in the more distant future.

Our approach could be improved in different ways. We used a simple
recurrent neural network with LSTM units, with no systematic hyperparam-
eter optimization. More sophisticated recurrent neural network architectures
could be applied, and convolutional networks could also be used in a similar
manner. Another (im)possibility for improvement is using more data. (Even
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metric LC LC Auto | LC Higher | LC Auto Higher
RMSE | 0.0115 | 0.0113 0.0078 0.0079
MAE | 0.0109 | 0.0107 0.0071 0.0072
MedAE | 0.0108 | 0.0107 0.0070 0.0071

SMAPE | 24.85 24.85 17.28 17.97
ME 0.0085 | 0.0083 0.0033 0.0035

Table 2.20. Averaged evaluation metrics (Lee-Carter variants)

our largest mortality dataset is very small for neural networks.) However,
it is not easy, since we used the largest available mortality database. So we
should wait, and, sadly, die, in order that neural networks can make very
accurate mortality rate predictions for our descendants.

2.2.3 Summary of Mortality Forecasting Studies

We evaluated the Lee-Carter model’s forecasting performance with Hun-
gary’s (rather strange) mortality rates, and we used the algorithm to produce
new forecasts for the future. We found that the previously proposed modifi-
cations to the model were reasonable, and led to better results than the origi-
nal model. We also found that in recent years, the original Lee-Carter model
is getting better applicable. In a larger-scale study, we proposed a deep
learning-based forecasing model, and compared its out-of-sample forecast
performance to that of the Lee-Carter model. We found that using a jointly
trained learning model, and mortality data from multiple countries, the deep
learning-approach can deliver superior results, even having considered ex-
tensions of the Lee-Carter model.



Summary

The aim of this thesis was to combine methods from time series analysis
and deep learning, retaining the benefits of both.

Time Series Forecasting with Deep Learning The first chapter describes
the methodology of deep learning-based time series forecasting. The first
part of the chapter covers the mechanisms behind deep neural networks to-
gether with two architectures that are particularly well-suited to time series
forecasting (recurrent and convolutional networks). The second part of the
chapter discusses the most common requirements of time series forecasting
projects, and some practices that can help deep learning meet the expecta-
tions.

Neural Networks The term “deep learning” covers machine learning
methods using multi-layer neural networks. Two particular neural network
architectures have inherent ability to learn sequential data. Recurrent neural
networks (RNN) build memory, and use their previous states to make pre-
dictions. Convolutional neural networks (CNN) use slided shared weights to
find local patterns. Gated recurrent units (LSTM, GRU), and dilated causal
convolutional neural networks have delivered state-of-the-art solutions for
various sequential learning problems, but are not yet fully exploited for time
series forecasting.

Deep Time Series Forecasting Traditional machine learning fails to
satisfy certain requirements of time series forecasting. One such require-
ment is the quantification of uncertainty. The single goal of supervised
learning is to make accurate point predictions, to get as close to the tar-
get values as possible. Accordingly, deep neural networks typically produce
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point predictions only, without any measure of confidence. This deficiency
might be remedied by using bootstrapping or quantile regression to produce
prediction intervals. Another unmet requirement is interpretability—neural
networks are particularly difficult to interpret. While a complete understand-
ing of the networks’ operation seems unattainable, the importance of input
features can be quantified, and may be quite valuable. The size of available
time series data is often a difficulty, since deep learning algorithms need
large amounts of data. This might be addressed by using transfer learning,
that is, by acquiring knowledge from multiple time series. Time series fore-
casting also has some peculiar requirements regarding feature engineering
and model evaluation. All these considerations are discussed in the first
chapter, and are applied in the second.

Applications The second chapter describes our applications of the
methodology. Our studies can be divided into two main categories: financial
risk forecasting, and human mortality rate forecasting.

Directional Forecasts of Range-Based Volatility Estimates Volatil-
ity is unobservable, so we need to estimate it somehow. Range-based volatil-
ity estimates are rarely used despite their advantageous properties. Since, in
theory, stock price volatility is forecastable, we aimed to compare the degree
to which the different volatility estimates can be predicted. We primarily
aimed to make and compare directional forecasts. We used a neural net-
work with long short-term memory units to forecast whether the volatility
estimates increase or decrease from one day to the other. Having analyzed
29 frequently traded stocks, and having compared the forecasts on a 3-year
period, we found that the directions of range-based volatility changes are
clearly more predictable than those of the close-to-close volatility. However,
considering value forecasts and some modified estimators, the differences in
predictability are less clear.

Volatility Forecasting with Transfer Learning Stock prices express
common properties, which allows for building learning algorithms that can
learn multiple assets’ price history. We aimed to study if a jointly trained
neural network can produce better volatility forecasts than the individually
trained models. (Here we defined volatility as a moving standard deviation
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of the returns.) We used a one-dimensional dilated causal convolutional neu-
ral network that was trained on the volatility history of hundreds of stocks,
but not the stocks that we aimed to forecast. That is, the forecasting model
did not know anything about the assets that it was applied to forecast. This
jointly trained model was compared to individually trained convolutional
neural networks and ARIMA models. Our proposed transfer learning ap-
proach produced clearly better results than the benchmark models, consid-
ering either value or direction forecasts. The results show that jointly trained
neural networks can work very well for volatility forecasting, which allows
for much better applications of deep learning in the field.

Inspecting the Stylized Facts of Volatility The stylized facts claim
that volatility is related to returns, volumes, and even to certain external
variables. We tried to investigate if the claimed relationships exist. We used
a long short-term memory neural network with multiple explanatory vari-
ables. The models were trained on bootstrap sampled subsets of the time
series. Bootstrapping allowed us to produce more stable forecasts, to mea-
sure the uncertainty of the predictions, and to quantify feature importances.
We found that volatility and return are important predictors of future volatil-
ity. Trading volume had less importance in our forecasting model.

Value-at-Risk Forecasting With Quantile Convolutional Neural
Networks We used a jointly trained one-dimensional dilated causal con-
volutional neural network to forecast Value-at-Risk. (Value-at-Risk is a
quantile of the return distribution: it is a loss that is only exceeded with
a predefined small probability.) We used the pinball loss function to fore-
cast quantiles using the raw returns as input variables. We produced one-
day Value-at-Risk forecasts for 100 US stocks with 3 different confidence
levels. Several benchmark models were used: individually trained convo-
lutional neural networks, linear quantile regressions, GARCH models, and
constant quantile estimates. While various methods produced fairly accu-
rate exceedance rates, the proposed quantile convolutional neural network
typically delivered lower Value-at-Risk estimates. The dynamic quantile
test also showed that the QCNN’s forecasts were superior to the baseline
models.
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Mortality Rate Forecasting with Recurrent Neural Networks We
applied the jointly trained deep learning approach to mortality rate forecast-
ing, as well. Since the recorded time series of mortality rates are short, and
generally long-term forecasts are required, it is a challenging task. While the
individual time series are short, there are multiple similar time series, and for
this reason, even traditional approaches use multiple series for model train-
ing. The widely applied Lee-Carter model aims to find a general mortality
trend across different age groups. We proposed a recurrent neural network-
based forecasting model that, similarly, learns from the mortality rates of
different ages, but can also be extended to learn from the mortality history of
both sexes or different countries. We produced 10-year recursive forecasts
for 35 countries, and compared the predictions of the Lee-Carter model and
the neural networks using various regression metrics. The recurrent neural
network expressed superior forecasting performance, especially when it was
trained on all countries’ data. The proposed model outperformed the basic
Lee-Carter model by a large margin. Some extended Lee-Carter models
produced more competitive, but still worse forecasts than most neural net-
works. The results show that, even though mortality rate datasets are small,
complex deep learning models can produce valuable forecasts.

Conclusions The aim of our research was to bridge the gap between deep
learning and time series forecasting, and to prove the methods with useful
applications. We produced various financial forecasting studies using recur-
rent and convolutional neural networks. Deep learning-based forecasting is
not a novelty, but it is not very common either, since there are some diffi-
culties regarding, for example, the size of data or the interpretability of the
models. We tried to show that these difficulties can be overcome, and we
managed to deliver competitive (or, at least, promising) forecasts for various
tasks and datasets. We hope that the models and methods that we used will
be useful, and that we have managed to contribute to this interesting field of
research.
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P

A disszertaci6 és az azt megel6z6 kutatdmunka célja az volt, hogy egyesitse
az idGsorelemzés €s a mélytanulds modszereit, megtartva mindkét teriilet
eldnyeit.

Idosor-elorejelzés mélytanulassal Az els§ fejezet a mélytanulas-alapi
iddsor-elérejelzés modszertandt ismerteti. A fejezet elsé része bemutatja a
mélytanulas mogott meghtizédé mechanizmusokat, illetve két architekturat,
melyek kiilondsen jol alkalmazhatk idésorok elbrejelzésére (rekurrens és
konvoliciés halézatok). A fejezet masodik része az idSsor-elorejelzési
projektek leggyakoribb elvardsait tdrgyalja, illetve olyan eljardsokat,
melyek segitségével a mélytanuldsi médszerek jobban megfelelhetnek a
kovetelményeknek.

200

Neuralis halézatok A “mélytanulds” elnevezés olyan gépi tanuldsi
mddszereket takar, melyek tobb rétegii neurdlis hdl6zatokat haszndlnak. Van
két olyan specidlis halézattipus, melyek eredendSen jol tudnak modellezni
szekvencidlis adatokat. A rekurrens neurdlis hal6zatok (RNN) memoriat
épitenek, és a kordbbi statuszaikat is hasznaljak dontéseik meghozataldhoz.
A konvolicids neurdlis hdlézatok (CNN) cstsztatott megosztott sulyokat
haszndlnak a helyi mintazatok felismeréséhez. A kapuk 4ltal vezérelt rekur-
rens egységek (LSTM, GRU) és a dilatdlt kauzalis konvoliciés neuralis
halézatok versenyképes eredményeket szallitottak kiilonféle szekvenciélis
tanulasi feladatok esetén, azonban az idésor-elSrejelzés teriiletén még nem
lettek teljes mértékben kiakndzva a mddszerekben rejld lehetSségek.
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Mély iddsor-elorejelzés A hagyomdnyos gépi tanuldsi megoldasok
tipikusan nem felelnek meg az id6sor-elérejelzés bizonyos elvardsainak.
Az egyik ilyen elvaras a bizonytalansag szadmszerdsitése. A feliigyelt
tanulds egyetlen célja az, hogy pontos pont-predikcidkat készitsen, vagyis
hogy a becslések minél kozelebb legyenek a célzott értékekhez. En-
nek megfelel6en a mély neurdlis hdlézatok 4ltaldban csak pontbecsléseket
készitenek anélkiil, hogy szdmszertisitenék a dontéseikben rejlé bizonyta-
lansagot. Ez a hidnyossag kezelhetd bootstrapping vagy kvantilis regresszio
alkalmazésdval, mely mdédszerek segitségével intervallum el6rejelzéseket
készithetiink. Egy tovabbi probléma az értelmezhetdség: a neurdlis
halézatok kiilondsen nehezen interpretdlhatok. Habar elérhetetlen célnak
tlinik az, hogy tokéletesen megértsiik a hal6zatok miikodését, a bemeneti
véaltozok fontossdgét tudjuk szdmszerdsiteni, és ez mar dnmagdban sokat
javithat az értelmezhetdségen. Az elérhetd adatok mennyisége szintén
egy gyakori probléma, hiszen a mélytanulé algoritmusok tanitdsdhoz nagy
mennyiségli adatra van sziikség. Itt az 4tviteli tanulds nyujthat segitséget,
vagyis egy olyan eljards, ami egyszerre tobb idésor adataibdl képes tanulni.
Az id6sor-elbrejelzésnek vannak tovabbi sajatossdgai, melyeket figyelembe
kell venniink példdul a véltozok tervezése vagy éppen az eredmények
értékelése sordn. Ezeket a szempontokat tirgyalja a disszertacié elsd és
alkalmazza annak masodik fejezete.

Alkalmazasok A masodik fejezet azokat az elemzéseinket mutatja be,
melyekben az elézbekben ismertetett médszertant alkalmaztuk. Az e-
lemzések két kategéridba sorolhatdk: pénziigyi kockdzat elGrejelzése, és

mortalitasi ratdk elérejelzése.

Terjedelemalapd  volatilitas-becslések  valtozasi  iranyanak
elorejelzése A részvényéarfolyamok volatilitdsa (elméletileg)
elorejelezhets. A volatilitds azonban nem megfigyelhetd, valamilyen
médon becsiilniink  kell. A terjedelemalapt volatilitds-becsléseket
ritkdn alkalmazzadk, eldnyds tulajdonsdgaik ellenére. Azt vizsgdltuk,
hogy a volatilitds kiilonboz6 becslései milyen mértékben igazoljdk az
elorejelezhetdséget.  Elsdsorban a valtozdsok iranyanak elSrejelzésére
fokuszéltunk. Egy neurdlis hdlézatot alkalmaztunk LSTM egységekkel
annak eldrejelzésére, hogy a volatilitids-becslések értéke novekszik vagy
éppen csokken egyik naprol a masikra. 29 gyakran kereskedett részvényhez
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készitettiink elSrejelzéseket egy 3 éves id6szakra, €s azt talaltuk, hogy a
terjedelemalapt becslések jobban elérejelezhet6k mint a klasszikus, csak
zaré arfolyamokat haszndlé becslés. Azonban (észszerden) moddositott
becsléseket vizsgdlva vagy a volatilitds értékét el6rejelezve mar sokkal
kevésbé tapasztaltuk ezeket az eltéréseket.

Volatilitas-elorejelzés atviteli tanulassal A részvényarfolyamok mu-
tatnak olyan kozds tulajdonsdgokat, melyek alapjan érdemes lehet tobb
részvény arfolyamtorténetét egyiittesen hasznélni algoritmusok tanitasahoz.
Azt tanulmanyoztuk, hogy egy egyiittesen tanitott neuralis halézat képes
lehet-e jobb eredményeket széllitani mint az egyedileg tanitott modellek.
(Itt a volatilitdst a hozamok egy mozgd szoérdsaval becsiiltiik.) Egy di-
menzids dilatdlt kauzdlis konvoliciés neurdlis hdldzatot tanitottunk tobb
szdz részvény volatilitds-torténetét felhasznalva, kihagyva azonban azokat
a részvényeket, melyek eldrejelzésével probalkoztunk. Vagyis az elbrejelzd
algoritmus a tanitds sordn nem is taldlkozott azokkal a részvényekkel,
melyeket el6rejelezni volt hivatott.  Ezt az egyiittesen tanitott mo-
dellt vetettiik 0ssze egy egyedileg tanitott konvoliciés haldzattal és egy
ARIMA modellel. Az atviteli tanuldsos megkozelités egyértelmiien jobb
eredményeket hozott mint az dsszehasonlitdsul hasznilt médszerek, mind
a volatilitas iranyanak, mind a volatilitas értékének el6rejelzésében. Az
eredmények azt mutatjdk, hogy az egyiittesen tanitott neurélis hal6zatok
jo volatilitas-elérejelzéseket készithetnek, ez pedig lényegesen bovitheti a
mélytanulds alkalmazdsi lehetSségeit a teriileten.

A volatilitas stilizalt tényeinek vizsgalata A stilizdlt tények sze-
rint a volatilitds kapcsolatos a hozamokkal, kereskedési volumenekkel,
és bizonyos kiils6 tényezdkkel is. Azt prébdltuk vizsgdlni, hogy az
allitélagos kapcsolatok valdban léteznek-e. LSTM hélézatot hasznaltunk,
tobb bemeneti véltozéval. A modelleket bootstrap mintavételezett részein
tanitottuk a volatilitds id6sordnak. A bootstrapping segitségével stabil-
abb elbrejelzéseket tudtunk késziteni, mérni tudtuk a predikcidk bizonyta-
lansagit, és szdmszertisiteni tudtuk a valtozék fontossagat. Ugy talaltuk,
hogy a volatilitds és a hozam fontos elérejelzoje a jovobeli volatilitdsnak. A

kereskedés volumenét kevésbé taldltuk fontos tényez6nek a modellben.
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Value-at-Risk  elOrejelzése  kvantilis  konvoliciés  neuralis
halézatokkal Egy egyiittesen tanitott egy dimenzids dilatalt kauzalis kon-
volicids neurdlis hdl6zatot hasznaltunk a Value-at-Risk el6rejelzésére. (A
Value-at-Risk a hozameloszlds egy kvantilise: egy olyan veszteség, aminél
nagyobb veszteség csak egy elére megadott alacsony valdszintiséggel
kovetkezik be.) A flipper” veszteségfiiggvényt haszndltuk, hogy
elorejelezhessiik a vizsgdlt kvantilist, a nyers hozamokat hasznilva be-
meneti valtozoként. Egy napos Value-at-Risk el6rejelzéseket készitettiink
100 egyesiilt dllamokbeli részvényhez, 3 kiilonbdz6 konfidencia szinttel.
Tobbféle elorejelzéssel versenyeztettiik a javasolt modellt: hasznaltunk
linedris kvantilis regressziét, egy GARCH modellt, egy konstans kvantilis
becslést és egy egyedileg tanitott konvolicids haldzatot is. Bar tobb modell
is meglehet&sen pontos tillépési ardnyokat produkalt, a javasolt kvantilis
konvoliciés neurdlis halézat tipikusan kisebb Value-at-Risk értékeket pro-
dukalt. A dinamikus kvantilis teszt szintén azt mutatta, hogy az egylittesen
tanitott halézatunk jobb eldrejelzéseket produkdlt mint a tobbi vizsgalt
modell.

Mortalitasi ratak elorejelzése rekurrens neuralis halézatokkal Az
egylittesen tanitott mélytanuldsi megkozelitésiinket alkalmaztuk mortalitdsi
ratak elbrejelzésére is. Ez egy nehéz feladat, hiszen a nyilvantartott
mortalitdsi ratdk id8sorai rovidek, és altalaban hosszitdvi eldrejelzések
készitése sziikséges. Habar az egyedi id6sorok révidek, tobb hasonld
iddsor 4ll rendelkezésre, igy mar hagyomanyosnak mondhaté mdédszerek
is haszndlnak egyszerre tobb id6sort a modellek illesztéséhez. A széles
korben alkalmazott Lee-Carter modell egy altalanos mortalitdsi trendet
keres az adatokban, ami érvényes minden korcsoportra. Mi egy rekur-
rens neurdlis hédlézatot haszndltunk, ami hasonl6képpen tobb korcsoport
mortalitasi adataibdl tanul, de kiterjeszthetd a két nem, illetve kiilonbdz6
orszagok adatainak hasznélatdra is. 10 éves rekurziv elbrejelzéseket
készitettiink 35 orszdgra, és Osszehasonlitottuk a Lee-Carter modell és a
neurdlis halézat predikciodit tobbféle mérdszam hasznalataval. A rekur-
rens neurdlis halézat jobbnak bizonyult, kiilondsen amikor az sszes orszag
adatain tanitottuk. A javasolt modell jelentGsen jobban teljesitett az alap
Lee-Carter modellnél. A Lee-Carter modell néhany kibdvitett valtozata mér
versenyképesebbnek bizonyult, de még azok is alulmultdk a legtébb neurélis
hal6zatunkat. Az eredmények azt mutatjdk, hogy bar a mortalitdsi ratdk
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kevés adatot képeznek, a komplex mélytanuldsi médszerek sikerrel alkal-
mazhatdk és hasznos elérejelzéseket készithetnek.

Kovetkeztetések Kutatdsaink célja az volt, hogy athidaljuk a mélytanulds
és az idGsor-elorejelzés teriiletei kozott 16vd szakadékot, és hogy
a mobdszerek mikodSképességét hasznos alkalmazdsokkal igazoljuk.
Kiilonféle pénziigyi eldrejelzéseket készitettiink rekurrens és konvoldcios
neurdlis hélézatok alkalmazdsdval. A mélytanulds-alapd el6rejelzés nem
Ujdonsag, de nem is nagyon elterjedt, hiszen vannak hatraltaté tényezdk,
mint példaul az adatmennyiség vagy éppen a modellek értelmezhetdsége.
Azt probéltuk megmutatni, hogy ezek a nehézségek orvosolhatdk, és
sikeriilt versenyképes (vagy legalabbis biztatd) eredményeket szallitanunk
kiilonbozd eldrejelzési feladatokhoz.  Reméljiik, hogy a modellek és
modszerek hasznosnak fognak bizonyulni, és hogy sikeriilt hozzajarulnunk
ennek az érdekes kutatdsi teriiletnek a fejlodéséhez.
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