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Abstract. In this paper functions f : D → R satisfying the inequality

f
( x+ y

2

)

≤
1

2
f(x) +

1

2
f(y) + ϕ

( x− y

2

)

(x, y ∈ D)

are studied, where D is a nonempty convex subset of a real linear space X and
ϕ : { 1

2
(x− y) : x, y ∈ D} → R is a so-called error function. In this situation f is

said to be ϕ-Jensen convex. The main results show that for all ϕ-Jensen convex
function f : D → R, for all rational λ ∈ [0,1] and x, y ∈ D, the following inequality
holds

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) +
∞
∑

k=0

1

2k
ϕ(dist(2kλ,Z) · (x− y)).

The infinite series on the right hand side is always convergent, moreover, for all
rational λ ∈ [0, 1], it can be evaluated as a finite sum.

1. Introduction

Throughout the paper let R, R+, Q, Z and N denote the sets of real,
nonnegative real, rational, integer, and natural numbers, respectively. For
brevity, we also denote the set of rational elements of a real interval I by IQ,
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2 G. M. MOLNÁR and ZS. PÁLES

i.e., IQ := I ∩Q. In what follows, we always assume that D is a nonempty
convex subset of a real linear space X . We say that a function f : D → R is
Jensen convex on D (or midconvex on D) if

f
(x+ y

2

)

≤
1

2
f(x) +

1

2
f(y) (x, y ∈ D).(1)

From the theory of Jensen convex functions, we recall the following clas-
sical result which can be found in the monograph [18, Theorem 5.3.5.] of
M. Kuczma (see also [10], [28]).

Theorem 1.1. Let f : D → R be Jensen convex (i.e., assume that (3)
holds with ϕ ≡ 0. Then f is Q-convex, that is, for all λ ∈ [0,1]Q and x, y ∈ D,

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).(2)

A counterpart of this result is the following theorem.

Theorem 1.2. If λ ∈ [0, 1] \Q and x, y are distinct elements of D, then
there exists a Jensen convex function f : D → R such that the reversed strict

inequality is valid in (2).

Proof. Let x, y be distinct elements of D, λ ∈ [0, 1] \Q, and let H
be a Hamel base of X over Q (cf. [9]), which contains the Q-independent
vectors x− y and λ(x− y). Let A : X → R be an additive function such that
A(x− y) = 0 and A(λ(x− y)) = 1 and define f : D → R by f(u) := A(u− y).
Then, f is obviously a Jensen convex function, on the other hand,

1 = A(λ(x− y)) = f(λx+ (1− λ)y)

> λf(x) + (1− λ)f(y) = λA(x− y) + (1− λ)A(y − y) = 0,

which shows that (2) does not hold. �

The above result shows that the inequality (2) does not remain valid
for all λ ∈ [0, 1] without any further assumption on f . The continuity of f
(along the lines, i.e., the 1-dimensional affine subsets of D) is a sufficient
condition. A more powerful sufficient condition was discovered by Bernstein
and Doetsch [3].

Theorem 1.3. Let X be a topological linear space and let D ⊆ X be a

nonempty open and convex set. Let f : D → R be a Jensen convex function

which is locally bounded from above at a point of D. Then f is continuous

and (2) holds for all λ ∈ [0, 1] and x, y ∈ D.

The investigation of approximate convexity started with the seminal pa-
pers of [8], [11]. Since then, there have been several papers published dealing
with various generalizations of an approximate or a strong version of Jensen
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ESTIMATES FOR APPROXIMATELY JENSEN CONVEX FUNCTIONS 3

convexity as well as of convexity for real-valued and also for set-valued func-
tions. See, for instance the papers [1,2,4–7,12–17,19–21,23–27,29–40].

To recall a notion of approximate Jensen convexity (introduced in the
paper [22]), given a convex set D ⊆ X , we define the difference set D∆ by
D∆ := {x− y : x, y ∈ D}. Then D∆ is also a convex set which is symmetric
with respect to the origin, i.e., it satisfies D∆ = −D∆ and hence it contains
the origin of X . Let ϕ : 1

2D∆ → R be a given function, which we will refer to
as an error function. We say that a function f : D → R is ϕ-Jensen convex
on D (or ϕ-midconvex on D) if

f
(x+ y

2

)

≤
1

2
f(x) +

1

2
f(y) + ϕ

(x− y

2

)

(x, y ∈ D).(3)

Interchanging the variables x and y in (3), we get

f
(x+ y

2

)

≤
1

2
f(x) +

1

2
f(y) + ϕ

(y − x

2

)

(x, y ∈ D),

Combining this inequality with (3), it follows that

f
(x+ y

2

)

≤
1

2
f(x) +

1

2
f(y) + min

(

ϕ
(x− y

2

)

, ϕ
(y − x

2

))

(x, y ∈ D).

Therefore, we may assume that ϕ is an even function, i.e., for all u ∈ 1
2D∆,

we have ϕ(u) = ϕ(−u). If x = y, then (3) is equivalent to the inequality
0 ≤ ϕ(0), thus we may also assume that ϕ(0) = 0.

If ϕ is nonnegative, then we usually speak about the approximate con-
vexity of f . On the other hand, if ϕ is nonpositive, then the inequality (3)
implies the standard Jensen convexity of f , therefore, in this case we may
speak about strong Jensen convexity of f . A tipical choice in the setting
of strong convexity is when ϕ(u) = −ε‖u‖2 for some positive ε and X is an
inner product space.

In the case when ϕ is nonnegative, the zero function f = 0 is always
ϕ-Jensen convex on D. However, if ϕ can take negative values, then there
may not exist a ϕ-Jensen convex function over D. Motivated by this, an even
function ϕ : 1

2D∆ → R which satisfies ϕ(0) = 0 and for which there exists at
least one ϕ-Jensen convex function over D will be called an admissible error
function. In what follows, let A(D∆) denote the family of all admissible
error functions ϕ : 1

2D∆ → R.
The basic problem related to a ϕ-Jensen convex function f : D → R is

to deduce its further approximate convexity properties. More precisely, for
a given ϕ ∈ A(D∆), we search for an extended error function Φ: [0, 1]×D∆

→ (−∞,∞] such that the inequality

f(λx+(1−λ)y) ≤ λf(x)+(1−λ)f(y) + Φ(λ, x−y) (λ ∈ [0, 1], x, y ∈ D)
(4)
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4 G. M. MOLNÁR and ZS. PÁLES

be valid for all ϕ-Jensen convex functions f : D → R. If this inequality holds,
then we say that f is a Φ-convex function on D. Clearly, the extended error
function Φ: [0, 1]×D∆ → (−∞,∞] defined by

Φ(λ, u) :=











ϕ
(

1
2u

)

if λ = 1
2 and u ∈ D∆,

0 if λ ∈ {0, 1} and u ∈ D∆ or λ ∈ [0, 1] and u = 0,

∞ otherwise

is a trivial solution to this problem, because then (4) is equivalent to (3). It
is not obvious if there is an extended error function satisfying (4) which is
finite for λ ∈

{

1
3 ,

2
3

}

. To see that this is possible, let x, y ∈ D be fixed. Now

observe that 2x+y
3 is the midpoint of the segment

[

x, x+2y
3

]

and x+2y
3 is the

midpoint of the segment
[ 2x+y

3 , y
]

. Therefore, applying (3) twice in these
settings, we can get that

f
(2x+ y

3

)

≤
1

2
f(x) +

1

2
f
(x+ 2y

3

)

+ ϕ
(x− y

3

)

,

f
(x+ 2y

3

)

≤
1

2
f
(2x+ y

3

)

+
1

2
f(y) + ϕ

(x− y

3

)

.

Using the second inequality, the first inequality yields that

f
(2x+y

3

)

≤
1

2
f(x) +

1

2

(

1

2
f
(2x+y

3

)

+
1

2
f(y) + ϕ

(x−y

3

)

)

+ ϕ
(x− y

3

)

.

After simplifications, we get

f
(2x+ y

3

)

≤
2

3
f(x) +

1

3
f(y) + 2ϕ

(x− y

3

)

.

In a similar manner, we can also obtain that

f
(x+ 2y

3

)

≤
1

3
f(x) +

2

3
f(y) + 2ϕ

(x− y

3

)

.

Thus, we have proved that (4) holds with the extended error function Φ: [0,1]
×D∆ → (−∞,∞] defined by

Φ(λ, u) :=



















ϕ
(

1
2u

)

if λ = 1
2 and u ∈ D∆,

2ϕ
(

1
3u

)

if λ ∈
{

1
3 ,

2
3

}

and u ∈ D∆,

0 if λ ∈ {0, 1} and u ∈ D∆ or λ ∈ [0, 1] and u = 0,

∞ otherwise.

In the context of ϕ-Jensen convexity, under regularity assumptions that
are similar to those in the theorem of Bernstein and Doetsch, the following
result was established in [22].
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ESTIMATES FOR APPROXIMATELY JENSEN CONVEX FUNCTIONS 5

Theorem 1.4. Let X be a topological linear space and let D ⊆ X be a
nonempty open and convex set. Let f : D → R be locally bounded from above
at a point of D and let ϕ : 1

2D∆ → R+ be nondecreasing. Then f is ϕ-Jensen
convex on D if and only if, for all λ ∈ [0, 1] and x, y ∈ D,

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) +
∞
∑

n=0

1

2n
ϕ
(

dZ(2
nλ)(x− y)

)

,

where the function dZ : R → R is defined by

dZ(x) := dist(x,Z) := inf
{

|x− k| | k ∈ Z
}

(x ∈ R).(5)

The basic question concerning the above result is that what happens if
we drop the local upper boundedness assumption on f and also the mono-
tonicity property of ϕ. These questions will be addressed in Section 3 of this
paper. In Section 2, we collect some material which will be instrumental for
establishing our results.

2. Auxiliary results

Motivated by Theorem 1.4, we first establish some properties of the func-
tion dZ defined by (5) and of the map 〈·〉 : Q → N given by

〈λ〉 := min{m ∈ N | mλ ∈ Z}.

Observe that, for all n ∈ Z, x ∈ R, and λ ∈ Q the following obvious proper-
ties hold:

dZ(n± x) = dZ(x), 〈n± λ〉 = 〈λ〉 and 〈nλ〉 ≤ 〈λ〉.

For the function dZ, we have the following easy-to-see properties

0 ≤ dZ(x) ≤
1
2 (x ∈ R), dZ(x) = min(x, 1− x) (x ∈ [0, 1]).(6)

The next lemma establishes a “recursive” formula for dZ.

Lemma 2.1. For all x ∈ R,

dZ(2x) = dZ(2dZ(x)) = min
(

2dZ(x), 1− 2dZ(x)
)

(7)

=

{

2dZ(x) if dZ(x) ≤
1
4 ,

1− 2dZ(x) if dZ(x) >
1
4 .

Furthermore, for all k ∈ N and x ∈ R,

dZ(2
kx) =

(

dZ ◦ (2dZ)
k
)

(x).(8)
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6 G. M. MOLNÁR and ZS. PÁLES

Proof. We need to show the first equality in (7), the remaining two
equalities easily follow from (6). Let x ∈ R be fixed. To prove the first
equality in (7), we have to distinguish two cases.

If dZ(x) ≤
1
4 , then there exists an n ∈ N such that n− 1

4 ≤ x ≤ n+ 1
4 .

This implies that 2n− 1
2 ≤ 2x ≤ 2n+ 1

2 , therefore

dZ(2x) = |2x− 2n| = 2|x− n| = 2dZ(x).

If dZ(x) >
1
4 , then there exists an n ∈ N such that n+ 1

4 < x < n+ 3
4 .

Therefore, we have that (2n+ 1)− 1
2 < 2x < (2n+ 1) + 1

2 . Consequently,

dZ(2x) = |2x− (2n+ 1)| = 1− 2
(

1
2 − |n+ 1

2 − x|
)

= 1− 2dZ(x).

The equality (8) can be obtained by induction with respect to k. The equal-
ity holds for k = 1 according to the first part of this lemma. If it holds for
some k, then applying (7) first and then the inductive hypothesis, we get

dZ(2
k+1x) = dZ(2 · 2

kx) = dZ
(

2dZ(2
kx)

)

= dZ
(

2
(

dZ ◦ (2dZ)
k
)

(x)
)

= dZ
(

(2dZ)
k+1(x)

)

=
(

dZ ◦ (2dZ)
k+1

)

(x).

This completes the proof of the lemma. �

The following result and its subsequent corollary will play an important
role in the comparison of the various upper bounds obtained for approximate
convexity with rational convex combinations.

Lemma 2.2. Let ψ :
[

0, 12
]

→ R be bounded [continuous] and define the

function Tψ : [0, 1] → R by

Tψ(λ) :=
∞
∑

k=0

1

2k
ψ
(

dZ(2
kλ)

)

.(9)

Then f = Tψ is the unique bounded [continuous] solution of the functional

equation

f(λ) =







1
2f(2λ) + ψ(λ) if λ ∈

[

0, 12
]

,

1
2f(2λ− 1) + ψ(1− λ) if λ ∈

(

1
2 , 1

]

(10)

also satisfying the condition f(0) = f(1).

Proof. The sequence of functions λ 7→ ψ
(

dZ(2
kλ)

)

is [continuous] and

is uniformly bounded by ‖ψ‖∞ (over
[

0, 12
]

). Therefore, the series on the

right hand side of (9) is majored by the numerical series
∑∞

k=0
1
2k ‖ψ‖∞ =
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ESTIMATES FOR APPROXIMATELY JENSEN CONVEX FUNCTIONS 7

2‖ψ‖∞ < ∞. This yields that the series is uniformly convergent, whence it
follows that the sum of the series is a bounded [continuous] function, i.e., Tψ

is bounded [continuous]. Furthermore, we also have that

Tψ(0) =
∞
∑

k=0

1

2k
ψ
(

dZ(2
k · 0)

)

=
∞
∑

k=0

1

2k
ψ
(

0
)

=
∞
∑

k=0

1

2k
ψ
(

dZ(2
k · 1)

)

=Tψ(1).

If λ ∈
[

0, 12
]

, then

Tψ(2λ) =

∞
∑

k=0

1

2k
ψ
(

dZ(2
k+1λ)

)

= 2

∞
∑

k=1

1

2k
ψ
(

dZ(2
kλ

))

= 2
(

Tψ(λ)− ψ(λ)
)

,

while, for λ ∈
(

1
2 , 1

]

,

Tψ(2λ− 1) =

∞
∑

k=0

1

2k
ψ
(

dZ(2
k+1λ− 2k)

)

= 2
∞
∑

k=1

1

2k
ψ
(

dZ(2
kλ)

)

= 2
(

Tp(λ)− ψ(1 − λ)
)

.

These two equalities show that the function f = Tψ satisfies the functional
equation (10).

We now show that f = Tψ is the unique solution of the functional equa-
tion (10) satisfying also the condition f(0) = f(1).

Let B
(

[0, 1],R
)

and C
(

[0, 1],R
)

denote normed spaces of bounded and
continuous real valued functions defined on the interval [0, 1] (equipped
with the supremum norm), respectively. Then these spaces are Banach
spaces, furthermore, the functions belonging to theses spaces and satisfy-
ing the condition f(0) = f(1) form closed subspaces, which we will denote
by B0

(

[0, 1],R
)

and C0

(

[0, 1],R
)

, respectively.
We point out that the right hand side of the functional equation

(10) defines a contraction on these Banach subspaces. To see this, for a
bounded [continuous] function f : [0, 1] → R, define the transformed func-
tion Tψ(f) : [0, 1] → R by

Tψ(f)(λ) =







1
2f(2λ) + ψ(λ) if λ ∈

[

0, 12
]

,

1
2f(2λ− 1) + ψ(1 − λ) if λ ∈

(

1
2 , 1

]

.

It is easy to see that if ψ is bounded [continous], then Tψ maps the space
B0

(

[0, 1],R
)

[resp. C0

(

[0, 1],R
)

] into itself. Indeed, if f(0) = f(1), then

Tψ(f)(0) =
1

2
f(0) + ψ(0) =

1

2
f(1) + ψ(0) = Tψ(f)(1).
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8 G. M. MOLNÁR and ZS. PÁLES

If ψ and f are bounded, then Tψ(f) is also bounded by 1
2‖f‖∞ + ‖ψ‖∞,

which shows that Tψ(f) maps the subspace B0

(

[0, 1],R
)

into itself.

If ψ and f are continuous, then the continuity of Tψ(f) on
[

0, 12
)

∪
(

1
2 ,1

]

is obvious. It remains to check the continuity at λ = 1
2 .

lim
λ→ 1

2
−
Tψ(f)(λ) = lim

λ→ 1

2
−

(

1
2f(2λ) + ψ(λ)

)

= 1
2f(1) + ψ

(

1
2

)

= 1
2f(0) + ψ

(

1
2

)

= lim
λ→ 1

2
+

(

1
2f(2λ− 1) + ψ(1− λ)

)

= lim
λ→ 1

2
+
Tψ(f)(λ).

Finally, we show that Tψ is a contraction with contraction factor q = 1
2 .

To see this, let f, g ∈ B0

(

[0, 1],R
)

. Then, for λ ∈
[

0, 12
]

,

∣

∣Tψ(f)(λ)− Tψ(g)(λ)
∣

∣ =
∣

∣

1
2f(2λ)−

1
2g(2λ)

∣

∣ ≤ 1
2‖f − g‖∞,

while, for λ ∈
(

1
2 , 1

]

,

∣

∣Tψ(f)(λ)− Tψ(g)(λ)
∣

∣ =
∣

∣

1
2f(2λ− 1)− 1

2g(2λ− 1)
∣

∣ ≤ 1
2‖f − g‖∞.

These two inequalities yield that

∥

∥Tψ(f)− Tψ(g)
∥

∥

∞
≤ 1

2‖f − g‖∞,

which shows that Tψ is a 1
2 -contraction on B0

(

[0, 1],R
)

, indeed.
It is obvious that f : [0, 1] → R is a solution of the functional equation

(10) if and only if f is a fixed point of Tψ. According to the Banach Fixed
Point Theorem, Tψ has a unique fixed point, and this completes the proof
of the unique solvability of the functional equation (10) in the subspaces
B0

(

[0, 1],R
)

[and C0

(

[0, 1],R
)

]. �

The function Tψ defined in (9) is called the Takagi-type function related

to ψ. In the particular case when ψ(x) = x it is the classical continuous but
nowhere differentiable function introduced by Takagi [41]. In what follows,
we compute Tψ for the case when ψ(x) = x2. We note that this is the only
power function for which Tψ is smooth on R \ Z.

Corollary 2.3. For all λ ∈ [0, 1],

∞
∑

k=0

1

2k
dZ(2

kλ)2 = λ(1− λ).(11)

Proof. We apply the Lemma 2.2 for the function ψ(t) := t2 (t ∈ [0, 12 ]).
According to this lemma, f = Tψ is the unique solution continuous of the
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functional equation

f(λ) =

{

1
2f(2λ) + λ2 if λ ∈

[

0, 12
]

,
1
2f(2λ− 1) + (1− λ)2 if λ ∈

(

1
2 , 1

]

,
(12)

which also satisfies f(0) = f(1). To verify the equality (11), it is sufficient
to show that the function f(λ) = λ(1− λ) is also a solution to (12).

If λ ∈
[

0, 12
]

, then

f(λ) = λ(1− λ) = 1
2(2λ)(1− 2λ) + λ2 = 1

2f(2λ) + λ2,

while, for λ ∈
(

1
2 , 1

]

,

f(λ) = λ(1− λ) =
1

2
(2λ− 1)(1− (2λ− 1)) + (1− λ)2

=
1

2
f(2λ− 1) + (1− λ)2.

These two identities show that the function f(λ) = λ(1−λ) also satisfies the
functional equation (12). By the unique solvability of (12), it follows that
the equality (11) holds for all λ ∈ [0, 1]. �

In what follows, let the symbol φ denote Euler’s totient function. Recall
that, according to Euler’s celebrated result, n | (aφ(n) − 1) if n and a are
coprime natural numbers. The next statement sharpens Euler’s theorem in
some particular cases. The authors are grateful to Professor Lajos Hajdu
for providing some ideas for its proof.

Lemma 2.4. Let a, n ∈ N be coprime numbers such that n ≥ 3 is an odd

number, and let ℓ := 1
2φ(n). Then either n | (aℓ − 1) or n | (aℓ + 1).

Proof. We note that the assumption n ≥ 3 yields that φ(n) is even,
i.e., ℓ is an integer.

Assume first that n is a prime power, say n = pk, where p is an odd prime
and k > 1 is an integer. According to Euler’s Theorem, n | (aφ(n) − 1), i.e.,
n | (aℓ − 1)(aℓ + 1). The greatest common divisor of the numbers (aℓ − 1)
and (aℓ+1) is 2 if both of them are even, otherwise they are coprime because
their difference is divisible by 2.

Since p is an odd prime, then p cannot divide both of (aℓ−1) and (aℓ+1),
therefore n = pk must be a divisor either of (aℓ − 1) or of (aℓ + 1).

Assume now that n is not a power of a prime number. Then n is of
the form n = km, where k,m ≥ 3 and k,m are coprime odd numbers which
are also coprime to a. To complete the proof of the lemma, we show that k
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10 G. M. MOLNÁR and ZS. PÁLES

and m are divisors of (aℓ − 1). By the multiplicativity of Euler’s totient
function, we have that φ(n) = φ(k)φ(m). Therefore,

ℓ = φ(k) ·
φ(m)

2
= φ(m) ·

φ(k)

2
.

Thus, φ(k) and φ(m) are divisors of ℓ. This implies that aφ(k) − 1 and
aφ(m) − 1 are divisors of aℓ − 1. On the other hand, according to Euler’s the-
orem, k | (aφ(k)−1) andm | (aφ(m)−1), which then yields that k,m |(aℓ−1).
Using that k and m are coprime numbers, we can conclude that n =
km |(aℓ − 1). �

The role of the function µn introduced in the following lemma will be
clarified in Proposition 2.6 below.

Lemma 2.5. Let n ≥ 3 be an odd integer and let Mn denote the set of
those integers m ∈

{

1, . . . , n−1
2

}

that are coprime to n. Define the mapping
µn : Mn → Z defined by

µn(m) := min(2m,n− 2m).

Then µn is a bijection of the set Mn, furthermore, for all m ∈ Mn and k ∈ N,

{µk
n(m)} =

(

{

2km− in | i ∈ {0, . . . , 2k−1 − 1}
}

(13)

∪
{

in− 2km | i ∈ {1, . . . , 2k−1}
}

)

∩Mn,

and the equality m = µℓ
n(m) holds for all m ∈ Mn, where ℓ := 1

2φ(n).

Proof. If m ∈ Mn, then m is coprime to n, therefore 2m and n− 2m
are also coprimes to n. On the other hand, the inequalities 1 ≤ m ≤ n−1

2
imply that 1 ≤ min(2m,n− 2m) = µn(m) and µn(m) = min(2m,n− 2m) <
2m+(n−2m)

2 = n
2 and hence µn(m) ≤ n−1

2 . Thus, we have proved that µn(m)
∈ Mn. To see that µn is injective, assume that, for some m,m′ ∈ Mn, we
have that µn(m) = µn(m

′), i.e., min(2m,n− 2m) = min(2m′, n− 2m′). This
equality implies that one of the following equalities must be valid:

2m = 2m′, 2m = n− 2m′, n− 2m = 2m′, n− 2m = n− 2m′.

The second and third equalities contradict the oddness of n. Therefore, ei-
ther the first or the last equality must hold, which imply that m = m′. This
shows that µn is injective.

To prove the equality (13), we first verify by induction on k that

µk
n(m) ∈

{

2km− in | i ∈ {0, . . . , 2k−1 − 1}
}

(14)

∪
{

in− 2km | i ∈ {1, . . . , 2k−1}
}

.
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For k = 1, we have

µn(m) = min(2m,n−2m) ∈ {2m,n−2m} = {2m−0 · n} ∪ {1 · n−2m},

which is the inclusion (14) in the particular case k = 1.
Assume that (14) is valid for some k ∈ N. Then

µk+1
n (m) = µn

(

µk
n(m)

)

= min
(

2µk
n(m), n− 2µk

n(m)
)

∈
{

2µk
n(m), n− 2µk

n(m)
}

⊆
{

2k+1m− 2in | i ∈ {0, . . . , 2k−1 − 1}
}

∪
{

2in− 2k+1m | i ∈ {1, . . . , 2k−1}
}

∪
{

(2i+ 1)n− 2k+1m | i ∈ {0, . . . , 2k−1 − 1}
}

∪
{

2k+1m− (2i− 1)n | i ∈ {1, . . . , 2k−1}
}

=
{

2k+1m− in | i ∈ {0, . . . , 2k − 1}
}

∪
{

in− 2k+1m | i ∈ {1, . . . , 2k}
}

,

which proves the assertion for k + 1.
Since, µn maps Mn into itself, we have that µk

n(m) ∈ Mn for all k ∈ N

and m ∈ Mn, whence it follows that

{µk
n(m)} ⊆

(

{

2km− in | i ∈ {0, . . . , 2k−1 − 1}
}

∪
{

in− 2km | i ∈ {1, . . . , 2k−1}
}

)

∩Mn.

To show that here the equality holds, it suffices to prove that the set on
the right hand side of this inclusion is a singleton. Let p be an element of
the right hand side of the above inclusion. Then either p = 2km− in for
some i ∈ {0, . . . , 2k−1 − 1} or p = in− 2km for some i ∈ {1, . . . , 2k−1}. In
both cases, due to the oddness of n, it follows that p and n are coprime.
Therefore p belongs to Mn if and only if the inequalities 0 < p < n

2 holds.
In the first, resp. in the second case these inequalities hold if and only if

2k
m

n
−

1

2
< i < 2k

m

n
, resp. 2k

m

n
< i < 2k

m

n
+

1

2
.(15)

Thus, the number i has to be the unique integer in the open interval
]

2k m
n

− 1
2 , 2

k m
n

+ 1
2

[

(whose length is equal to 1). In the case when the

first inequality is valid in (15), then p is of the form p = 2km− in, in the
other case p = in− 2km. Thus p is uniquely determined and this verifies the
equality (13).

Observe that (by the definition of the totient function) the cardinal-
ity of the set Mn equals ℓ = 1

2φ(n). For every m ∈ Mn, we have that
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m,µn(m), µ2
n(m), . . . , µℓ

n(m) ∈ Mn, therefore, according to the pigeonhole

principle, there exist 0 ≤ i < j ≤ ℓ such that µi
n(m) = µ

j
n(m). Consequently,

m = µ
j−i
n (m), i.e., m = µk

n(m) for some k ∈ {1, . . . , ℓ}. We may assume that
k is the smallest such exponent. Using the inclusion (13), it follows that if
m = µk

n(m), then one of the following equalities must hold:

(2k − 1)m = in (i ∈ {1, . . . , 2k−1 − 1}),

(2k + 1)m = in (i ∈ {1, . . . , 2k−1}).

Using that m is coprime to n, it follows that m | i and either n | (2k − 1) or
n | (2k + 1).

In what follows, we are going to prove that k | ℓ. If this were not be true,
then ℓ = dk + r would hold for some d, k ∈ N with 0 < r < k. According to
Lemma 2.4, we have that either n | (2ℓ − 1) or n | (2ℓ + 1). Thus, we can
distinguish the following four cases:

Case I: n | (2k−1) and n | (2ℓ−1). Then n | (2dk−1). Thus n |
(2ℓ−2dk) = 2dk(2r−1), hence n | (2r − 1) (because n is odd).

Case II: n | (2k−1) and n | (2ℓ+1). Then n | (2dk−1). Thus n |
(2ℓ+2dk

)

= 2dk(2r+1), hence n | (2r + 1).

Case III: n | (2k + 1) and n | (2ℓ − 1). Then n | (2dk − (−1)d). Thus n |
(2ℓ + (−1)d2dk) = 2dk(2r − (−1)d), hence n|(2r + (−1)d).

Case IV: n | (2k + 1) and n | (2ℓ + 1). Then n | (2dk − (−1)d). Thus n |
(2ℓ − (−1)d2dk) = 2dk(2r + (−1)d), hence n | (2r − (−1)d).

These cases show that either n | (2r − 1) or n | (2r + 1). This implies
that

m

n
∈

{

1

2r − 1
, . . . ,

2r−1 − 1

2r − 1

}

∪

{

1

2r + 1
, . . . ,

2r−1

2r + 1

}

.

The above inclusion yields that

m ∈
(

{

2rm− in | i ∈ {1, . . . , 2r−1 − 1}
}

∪
{

in− 2rm | i ∈ {1, . . . , 2r−1}
}

)

∩Mn,

which, according to the second assertion of this lemma, implies that m =
µr
n(m). Since r < k, this contradicts the minimality of k. The contradiction

so obtained shows that k is a divisor of ℓ and hence m = µℓ
n(m). (In other

words, µℓ
n is the identical self map of the set Mn). �

In the next statement, we establish a connection between the functions
dZ and µn.
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Proposition 2.6. Let n ≥ 3 and let Mn and µn denote the set and
function introduced in Lemma 2.5. Then, for m ∈ Mn and k ≥ 0,

dZ(2
k m
n
) = 1

n
µk
n(m).(16)

Proof. We prove the statement of the proposition applying induction
on k.

The equality (16) is obvious for k = 0 because both sides are equal to m
n
.

For k = 1, we can use formula (7) of Lemma 2.1 with x = m
n
. Then

dZ(2
m
n
) = min(2dZ(

m
n
), 1− 2dZ(

m
n
))

= min(2m
n
, 1 − 2m

n
) = 1

n
min(2m,n− 2m) = 1

n
µn(m),

which yields that (16) is valid for k = 1.
Assume now that the equality (16) holds for some k ≥ 1. Then, applying

formula (8) with x = m
n

twice and the inductive hypothesis (also twice), we
get

dZ(2
k+1m

n
) = (dZ ◦ (2dZ)

k+1)(m
n
) = (dZ ◦ (2dZ) ◦ (2dZ)

k)(m
n
)

= dZ
(

2(dZ ◦ (2dZ)
k)(m

n
)
)

= dZ
(

2dZ(2
k m
n
)
)

= dZ
(

2
n
µk
n(m)

)

= 1
n
µn(µ

k
n(m)) = 1

n
µk+1
n (m).

This shows that the equality (16) holds for k + 1 (instead of k), and this
completes the induction. �

Finally, we prove a certain periodicity property of the sequence dZ(2
kλ).

Proposition 2.7. Let n ≥ 3 be an odd number, m ∈ Z be coprime to n
and let ℓ := 1

2φ(n). Then, for all nonnegative k ∈ Z,

dZ(
m
n
) = dZ(2

kℓ · m
n
).(17)

Consequently, the sequence
(

dZ(2
k · m

n
)
)

k≥0
is ℓ-periodic.

Proof. Since φ(n) is even for n ≥ 2, then ℓ is an integer. The value
of the function dZ at m

n
is rational number of the form m′

n
∈
(

0, 12
)

such
that either n | (m−m′) or n | (m+m′). Therefore, there exists d ∈ Z such
that either m = dn+m′ or m = dn−m′. Since m is coprime to n, it follows
that m′ is also coprime to m. Therefore, m′ ∈ Mn, and according to the last
assertion of Lemma 2.5, for all k ≥ 0, we have that m′ = µkℓ

n (m′).
In the case when m = dn+m′, using Proposition 2.6, we get

dZ(
m
n
) = dZ(

dn+m′

n
) = dZ(d+

m′

n
) = dZ(

m′

n
) = 1

n
m′ = 1

n
µkℓ
n (m′)

= dZ(2
kℓ · m′

n
) = dZ(2

kℓ · m−dn
n

) = dZ(2
kℓ · m

n
− 2k+ℓd) = dZ(2

kℓ · m
n
).
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In the case when m = dn−m′, using Proposition 2.6, we get

dZ(
m
n
) = dZ(

dn−m′

n
) = dZ(d−

m′

n
) = dZ(−

m′

n
) = dZ(

m′

n
)

= 1
n
m′ = 1

n
µkℓ
n (m′) = dZ(2

kℓ · m′

n
) = dZ(2

kℓ · dn−m
n

)

= dZ(2
kℓd− 2kℓ · m

n
) = dZ(−2kℓ · m

n
) = dZ(2

kℓ · m
n
).

Thus, we have proved that (17) holds in both cases. �

3. Main results

In our first result, we show that ϕ-Jensen convexity implies further con-
vexity properties for rational convex combinations of the variables.

Theorem 3.1. Let ϕ ∈ A(D∆). If f : D → R is ϕ-Jensen convex, then,
for all n, k ∈ N and x, y ∈ D,

f
(nx+ ky

n+ k

)

≤
n

n+ k
f(x) +

k

n+ k
f(y) + knϕ

(x− y

n+ k

)

.(18)

Proof. We are going to show this inequality by induction with respect
to m = n+ k.

If m = n+ k = 2, then n = k = 1 and (18) is equivalent to the ϕ-Jensen
convexity of f .

Let m ≥ 2 and assume that the inequality (18) is valid for all n, k ∈ N

such that n+ k ≤ m. Let n, k ∈ N such that n+ k = m+ 1. Then

max(n, k) ≥
m+ 1

2
≥

3

2
,

so max(n, k) ≥ 2. Without loss of generality, we may assume that n ≥ 2.
Observe that

nx+ ky

n+ k
=

m− k

m
· x+

k

m
·
x+my

n+ k
.

Therefore, by the inductive hypothesis, we can apply the inequality (18) for
(m− k, k) ∈ N2 and

(

x, x+my
m+1

)

∈ D2, and we obtain

f
(nx+ ky

n+ k

)

≤
m− k

m
f(x) +

k

m
f
(x+my

n+ k

)

(19)

+ (m− k)kϕ

(

1

(m− k) + k

(

x−
x+my

n+ k

)

)

≤
m− k

m
f(x) +

k

m
f
(x+my

n+ k

)

+ (m− k)kϕ
(x− y

n+ k

)

.
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On the other hand, we also have that

x+my

n+ k
=

1

n
·
nx+ ky

n+ k
+

n− 1

n
· y.

Notice that 1 + (n− 1) = n = m+ 1− k ≤ m. Thus, by the inductive as-

sumption, we can apply the inequality (18) for (1, n−1) ∈ N2 and
(

nx+ky
n+k

, y
)

∈ D2, and we get

f
(x+my

n+ k

)

≤
1

n
f
(nx+ ky

n+ k

)

+
n− 1

n
f(y)

+ 1 · (n− 1)ϕ

(

1

1 + (n− 1)

(nx+ ky

n+ k
− y

)

)

=
1

n
f
(nx+ ky

n+ k

)

+
n− 1

n
f(y) + (n− 1)ϕ

(x− y

n+ k

)

.

Using this inequality, (19) yields that

f
(nx+ ky

n+ k

)

≤
m− k

m
f(x) +

k

mn
f
(nx+ ky

n+ k

)

+
k(n− 1)

mn
f(y)

+
(k(n− 1)

m
+ (m− k)k

)

ϕ
(x− y

n+ k

)

.

Rearranging this inequality, we can conclude that

f
(nx+ ky

n+ k

)

≤
n(m− k)

mn− k
f(x) +

k(n− 1)

mn− k
f(y)

+ kn
(n− 1) +m(m− k)

mn− k
ϕ
(x− y

n+ k

)

.

Using that mn− k = (n− 1)(n+ k), it immediately follows that the inequal-
ity (18) holds if n+ k = m+ 1. �

In what follows, we sharpen the inequality (18) by lowering the error
function. Given ϕ : 1

2D∆ → R, we define ϕ∗ : 1
2D∆ → [−∞,∞) by

ϕ∗(u) := inf
m∈N

m2ϕ
( u

m

)

.

Lemma 3.2. Let ϕ : 1
2D∆ → R. Then ϕ∗ ≤ ϕ and, for all k ∈ N, u ∈

1
2D∆,

ϕ∗(u) ≤ k2ϕ∗
(u

k

)

.(20)
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Consequently, ϕ∗∗ := (ϕ∗)∗ = ϕ∗. In addition, if ϕ(0) = 0, then ϕ∗(0) = 0
and if ϕ is even, then ϕ∗ is also even.

Proof. The inequality ϕ∗ ≤ ϕ is obvious. To verify (20), let k ∈ N,
u ∈ 1

2D∆. Then

k2ϕ∗
(u

k

)

= k2 inf
m∈N

m2ϕ
( u

km

)

= inf
m∈N

(km)2ϕ
( u

km

)

≥ inf
n∈N

n2ϕ
(u

n

)

= ϕ∗(u),

which proves (20). In view of the inequality (20), for all u ∈ 1
2D∆, we have

that

ϕ∗(u) = inf
k∈N

k2ϕ∗
(u

k

)

= ϕ∗∗(u).

Thus, ϕ∗∗ = ϕ∗. It is obvious that if ϕ(0) = 0, then ϕ∗(0) = 0 and if ϕ is
even, then ϕ∗ is also even. �

Corollary 3.3. Let ϕ ∈ A(D∆). Then, for all n, k ∈ N and x, y ∈ D,

f
(nx+ ky

n+ k

)

≤
n

n+ k
f(x) +

k

n+ k
f(y) + knϕ∗

(x− y

n+ k

)

.(21)

Consequently, any ϕ-Jensen convex function is also ϕ∗-Jensen convex and

ϕ∗ ∈ A(D∆).

Proof. Let n, k ∈ N and x, y ∈ D. By replacing (n, k) by (mn,mk) in
(18), for all m ∈ N, it follows that,

f
(nx+ ky

n+ k

)

≤
n

n+ k
f(x) +

k

n+ k
f(y) + knm2ϕ

( x− y

m(n+ k)

)

.

Therefore, by the definition of ϕ∗,

f
(nx+ ky

n+ k

)

≤
n

n+ k
f(x) +

k

n+ k
f(y) + kn inf

m∈N
m2ϕ

( x− y

m(n+ k)

)

=
n

n+ k
f(x) +

k

n+ k
f(y) + knϕ∗

(x− y

n+ k

)

,

which shows that (21) is valid.
By applying the inequality (21) for n = k = 1, it follows that f is also

ϕ∗-Jensen convex.
If ϕ is admissible, then ϕ is even, ϕ(0) = 0 and there exists ϕ-Jensen

convex function, which will also be ϕ∗-Jensen convex. This observation
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combined with last statements of the previous lemma, yields that ϕ∗ is also
admissible. �

For ϕ ∈ A(D∆), define the extended error function E[ϕ] : [0, 1]×D∆ →
[−∞,∞] by

E[ϕ](λ, u) := sup
{

f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y)(22)

| f : D → R is ϕ-Jensen convex, x, y ∈ D, x− y = u
}

.

Since ϕ ∈ A(D∆), it follows that E[ϕ] cannot take the value −∞. Accord-
ing to this construction, E[ϕ] : [0, 1]×D∆ → (−∞,∞] is the smallest func-
tion which, for all λ ∈ [0, 1], x, y ∈ D and for all ϕ-Jensen convex functions
f : D → R satisfies the inequality

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) + E[ϕ](λ, x− y).(23)

Given ϕ ∈ A(D∆), the most important properties of the function E[ϕ]
are contained in the following result. As a consequence of it, we will see that
E[ϕ] has finite values over the set [0, 1]Q ×D∆.

Theorem 3.4. Let ϕ ∈ A(D∆). Then
(i) For all λ ∈ [0, 1] and u ∈ D∆, E[ϕ](λ, 0) = E[ϕ](0, u) = E[ϕ](1, u) = 0.
(ii) For all λ ∈ [0, 1] and u ∈ D∆, E[ϕ](λ, u) = E[ϕ](1− λ,−u).
(iii) For all n, k ∈ N and u ∈ D∆,

E[ϕ]
( n

n+ k
, u

)

≤ nkϕ∗
( u

n+ k

)

.

(iv) For all λ ∈ [0, 1] \Q and u ∈ D∆ \ {0}, E[ϕ](λ, u) = ∞.
(v) For all λ, µ ∈ [0, 1] and u ∈ D∆,

E[ϕ](λµ, u) ≤ λE[ϕ]
(

µ, u
)

+ E[ϕ]
(

λ, µu
)

.(24)

Proof. The property (i) directly follows from the definition of E[ϕ].
To prove (ii), observe that, for all (λ, u) ∈ [0, 1]×D∆,

E[ϕ](λ, u) = sup
{

f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y)

| f : D → R is ϕ-Jensen convex, x, y ∈ D, x− y = u
}

= sup
{

f((1− λ)y + λx)− (1− λ)f(y)− λf(x)

| f : D → R is ϕ-Jensen convex, x, y ∈ D, y − x = −u
}

= E[ϕ](1− λ,−u).
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In order to show that (iii) is valid, let n, k ∈ N, u ∈ D∆, and let c <
E[ϕ]

(

n
n+k

, u
)

be arbitrary. Then there exists a ϕ-Jensen convex function
f : D → R and x, y ∈ D such that x− y = u and

c < f
( n

n+ k
x+

k

n+ k
y
)

−
n

n+ k
f(x)−

k

n+ k
f(y).

According to Corollary 3.3, f is ϕ∗-Jensen convex and satisfies (21), there-
fore,

c < nkϕ∗
(x− y

n+ k

)

= nkϕ∗
( u

n+ k

)

.

Upon taking the limit c → E[ϕ]
(

n
n+k

, u
)

, the inequality in condition (iii)
follows.

To show that (iv) is valid, let λ ∈ [0, 1] \Q and u ∈ D∆ \ {0} be fixed.
Then there exists x, y ∈ D such that u = x− y. Using that ϕ ∈ A(D∆), we
can choose a ϕ-Jensen convex function f0 : D → R.

Consider X as a vector space over the field Q. Then u and λu are lin-
early independent elements of this space. Indeed, if for some nonzero pair
(α,β) ∈ Q2, we have that αu+ β(λu) = 0, then α+ βλ = 0, which is impos-
sible by the irrationality of λ. Then, according to Hamel’s theorem, there
exists a Hamel base H of X (over the field Q), which contains u and λu,
furthermore, every function a : H → R admits a unique additive extension
A : X → R. Let α ∈ R and define now an additive function Aα : X → R via
the conditions:

Aα(λu) := α, Aα(h) := 0 (h ∈ H \ {λu}).

In particular, Aα(u) = 0. Then the function fα := f0 +Aα|D is ϕ-Jensen
convex and

fα(λx+ (1− λ)y)− λfα(x)− (1− λ)fα(y)

= f0(λx+ (1− λ)y)− λf0(x)− (1− λ)f0(y)

+Aα(λx+ (1− λ)y)− λAα(x)− (1− λ)Aα(y)

= f0(λx+ (1− λ)y)− λf0(x)− (1− λ)f0(y) +Aα(λu)− λAα(u)

= f0(λx+ (1− λ)y)− λf0(x)− (1− λ)f0(y) + α.

Therefore,

E[ϕ](λ, u) ≥ sup
{

f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y) |

f : D → R is ϕ-Jensen convex
}
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≥ sup
{

fα(λx+ (1− λ)y)− λfα(x)− (1− λ)fα(y) | α ∈ R
}

= sup
{

f0(λx+ (1− λ)y)− λf0(x)− (1− λ)f0(y) + α | α ∈ R
}

= f0(λx+ (1− λ)y)− λf0(x)− (1− λ)f0(y) + supR = ∞.

To prove (v), let u ∈ D∆ and λ, µ ∈ [0, 1] and choose c < E[ϕ](λµ, u)
arbitrarily. Then there exists a ϕ-Jensen convex function f : D → R and
x, y ∈ D such that x− y = u and

c < f(λµx+ (1− λµ)y)− λµf(x)− (1− λµ)f(y)(25)

holds. By the construction of E[ϕ], we obtain that

f(λµx+ (1− λµ)y) = f
(

λ(µx+ (1− µ)y) + (1− λ)y
)

≤ λf(µx+ (1− µ)y) + (1− λ)f(y) + E[ϕ](λ, (µx+ (1− µ)y)− y)

≤ λ
(

µf(x) + (1− µ)f(y) + E[ϕ]
(

µ, x− y
)

)

+ (1− λ)f(y) + E[ϕ](λ, µu)

= λµf(x) + (1− λµ)f(y) + λE[ϕ](µ, u) + E[ϕ](λ, µu).

Using inequality (25), we obtain that

c ≤ λE[ϕ](µ, u) + E[ϕ](λ, µu).

Upon taking the limit as c → E[ϕ](λµ, u), we get that inequality (24) holds.
�

The essential properties of the set A(D∆) and the functional E : A(D∆)
→ (−∞,∞][0,1]×D∆ are collected in the following result.

Theorem 3.5. Let D ⊆ X be a nonempty convex set. Then A(D∆) is a
convex cone (i.e., A(D∆) is closed with respect to multiplication by positive
scalars and addition), which is also invariant with respect to the mapping
ϕ 7→ ϕ∗. Furthermore, for all t > 0 and ϕ ∈ A(D∆),

E[tϕ] = tE[ϕ],(26)

and, for all ϕ ∈ A(D∆),

E[ϕ] = E[ϕ∗].(27)

Proof. First we prove that A(D∆) is closed with respect to multiplica-
tion by positive scalars. Let t > 0, ϕ ∈ A(D∆). Then there exists a ϕ-Jensen
convex function f : D → R, i.e., (3) holds. Multiplying this inequality by t
side by side, we can see that tf is a (tϕ)-Jensen convex function. Further-
more, 0 ≤ (tϕ)(0) and (tϕ) is also even. Therefore, tϕ is also an admissible
error function.
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To show that (26) holds, let λ ∈ [0, 1] and u ∈ D∆, and let c < E[ϕ](λ,u)
be arbitrary. Then there exist x, y ∈ D and a ϕ-Jensen convex function
f : D → R such that u = x− y and

c < f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y).(28)

Multiplying this inequality by t side by side, and observing that tf is
(tϕ)-Jensen convex, we can see that

tc < (tf)(λx+ (1− λ)y)− λ(tf)(x)− (1− λ)(tf)(y) ≤ E[tϕ](λ, u).

Upon taking the limit c → E[ϕ](λ, u), for all t > 0, ϕ ∈ A(D∆), λ ∈ [0, 1],
and u ∈ D∆, it follows that

tE[ϕ](λ, u) ≤ E[tϕ](λ, u).(29)

On the other hand, using this inequality

E[tϕ](λ, u) = t ·
1

t
E[tϕ](λ, u) ≤ tE[1

t
· (tϕ)](λ, u) = tE[ϕ](λ, u),

which shows that (29) holds with equality. This shows that (26) is also valid.
Next we point out that A(D∆) is closed with respect to addition. Let

ϕ,ψ ∈ A(D∆). Then there exist a ϕ-Jensen convex function f : D → R and
a ψ-Jensen convex function g : D → R. It is immediate to see that f + g is
a (ϕ+ ψ)-Jensen convex function. Furthermore, 0 ≤ (ϕ+ ψ)(0) and ϕ+ ψ
is also even. Therefore, ϕ+ ψ is also an admissible error function.

In view of the last statement of Corollary 3.3, if ϕ ∈ A(D∆), then
ϕ∗ ∈ A(D∆). The inequality ϕ∗ ≤ ϕ implies that E[ϕ∗] ≤ E[ϕ]. To prove the
reversed inequality, let λ ∈ [0, 1] and u ∈ D∆, and let c < E[ϕ](λ, u) be arbi-
trary. Then there exist x, y ∈ D and a ϕ-Jensen convex function f : D → R

such that u = x− y and the inequality (28) holds. By Corollary 3.3, we have
that f is also ϕ∗-Jensen convex, hence

f(λx+ (1− λ)y)− λf(x)− (1− λ)f(y) ≤ E[ϕ∗](λ, u).

Therefore, c < E[ϕ∗](λ, u). Upon taking the limit c → E[ϕ](λ, u), it fol-
lows that the inequality E[ϕ](λ, u) ≤ E[ϕ∗](λ, u) is valid for all λ ∈ [0, 1] and
u ∈ D∆. Consequently, E[ϕ] ≤ E[ϕ∗]. Thus, the equality (27) is proved. �

In the following result we establish an upper estimate for E[ϕ](λ, u) ob-
tained in assertion (iii) of Theorem 3.4 in terms of a Takagi-type function
related to the map t 7→ ϕ∗(tu), where u ∈ D∆ is fixed.

Theorem 3.6. Let ϕ ∈ A(D∆). Then, for all λ ∈ [0, 1]Q and u ∈ D∆,

E[ϕ](λ, u) ≤
∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

,(30)
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furthermore, the series on the right hand side of (30) is absolutely convergent

and if λ = n
n+m

for some n,m ∈ N, then, for all u ∈ D∆,

∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

≤ nmϕ∗
( u

n+m

)

.(31)

Proof. First, we verify that the series on the right hand side of (30) is
absolutely convergent for all λ ∈ [0, 1]Q and u ∈ D∆. For λ ∈ [0, 1], define
the set S(λ) ⊆

[

1, 12
]

by

S(λ) :=
{

dZ(2
kλ) : k ∈ N ∪ {0}

}

.

We claim that this set is finite for all λ ∈ [0, 1]Q. If λ ∈ {0, 1}, then
dZ(2

kλ) = 0 for all k ∈ N∪{0}, whence we get that S(0) = S(1) = {0}. Thus,
we may assume that λ ∈ (0, 1)Q. In this case λ can be written uniquely in
the form λ = 2ℓ m

n
, where ℓ ∈ Z and n,m are odd coprime natural numbers.

If k ≥ −ℓ the denominator of 2kλ = 2k+ℓ m
n

is equal to n. Therefore, the

distance of 2kλ from Z is a rational number whose denominator equals n,
i.e.,

{

dZ(2
kλ) : k ∈ N ∪ {0}, k ≥ −ℓ} ⊆

{

i
n
: i ∈

{

0, 1, . . . ,
⌊

n
2

⌋}}

.

Therefore,

S(λ) =
{

dZ(2
kλ) : k∈N ∪ {0}, k < −ℓ

}

∪
{

dZ(2
kλ) : k∈N ∪ {0}, k ≥ −ℓ

}

⊆
{

dZ(2
kλ) : k ∈ N ∪ {0}, k < −ℓ

}

∪
{

i
n
: i ∈

{

0, 1, . . . ,
⌊

n
2

⌋}}

,

which shows that S(λ) is covered by union of two finite sets. Thus S(λ) is
finite as well.

Now we are able to show that, λ ∈ [0, 1]Q and u ∈ D∆, the series on the
right hand side of (30) is absolutely convergent. Indeed,

∞
∑

k=0

1

2k
∣

∣ϕ∗
(

dZ(2
kλ)u

)
∣

∣ ≤

∞
∑

k=0

1

2k
max
s∈S(λ)

∣

∣ϕ∗(su)
∣

∣ = 2 max
s∈S(λ)

∣

∣ϕ∗(su)
∣

∣ < ∞.

In what follows, we prove by induction with respect to n ∈ N that, for
all λ ∈ [0, 1]Q and u ∈ D∆,

E[ϕ](λ, u) ≤
n−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+
〈λ〉2

2n+2
max

1≤m≤〈λ〉

∣

∣

∣
ϕ∗

( u

m

)∣

∣

∣
.(32)
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If λ = n
n+k

, where n, k ∈ N are coprime numbers, then 〈λ〉 = n+ k. By the

inequality nk ≤ 1
4(n+ k)2 and assertion (iii) of Theorem 3.4, it follows that

E[ϕ](λ, u) ≤ nkϕ∗
( u

n+ k

)

≤ nk

∣

∣

∣

∣

ϕ∗
( u

n+ k

)

∣

∣

∣

∣

≤
(n+ k)2

4

∣

∣

∣

∣

ϕ∗
( u

n+ k

)

∣

∣

∣

∣

=
〈λ〉2

22

∣

∣

∣

∣

ϕ∗
( u

〈λ〉

)

∣

∣

∣

∣

≤
〈λ〉2

22
max

1≤m≤〈λ〉

∣

∣

∣

∣

ϕ∗
( u

m

)

∣

∣

∣

∣

,

which proves the inequality (32) for n = 0.
Assume that we have proved (32) for some n ≥ 0. First let λ ∈ [0, 12 ]Q

and let u ∈ D∆ be fixed. By assertion (v) of Theorem 3.4, we have

E[ϕ](λ, u) = E[ϕ](12 · (2λ), u) ≤
1
2E[ϕ]

(

2λ, u
)

+ E[ϕ]
(

1
2 , 2λu

)

.(33)

By assertion (iii) of Theorem 3.4, we have that

E[ϕ]
(

1
2 , 2λu

)

≤ ϕ∗
(

λu
)

= ϕ∗
(

dZ(λ)u
)

.(34)

In view of the inductive hypothesis, we can obtain

1

2
E[ϕ]

(

2λ, u
)

≤
1

2

( n−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
k(2λ))u

)

+
〈2λ〉2

2n+2
max

1≤m≤〈2λ〉

∣

∣

∣

∣

ϕ∗
( u

m

)

∣

∣

∣

∣

)

(35)

=
n
∑

k=1

1

2k
ϕ∗

(

dZ(2
kλ))u

)

+
〈2λ〉2

2n+3
max

1≤m≤〈2λ〉

∣

∣

∣

∣

ϕ∗
( u

m

)

∣

∣

∣

∣

(36)

≤
n
∑

k=1

1

2k
ϕ∗

(

dZ(2
kλ))u

)

+
〈λ〉2

2n+3
max

1≤m≤〈λ〉

∣

∣

∣

∣

ϕ∗
( u

m

)

∣

∣

∣

∣

.(37)

Applying the inequalities (34) and (35), the inequality (33) implies that (32)
holds for all λ ∈ [0, 12 ]Q, u ∈ D∆ and for n+ 1 (instead of n).

Now assume that λ ∈ [12 , 1]Q and let u ∈ D∆ be fixed. Then 1− λ ∈

[0, 12 ]Q. Using assertion (ii) of Theorem 3.4, and then what we have proved
in the previous case, we get

E[ϕ](λ, u) = E[ϕ](1− λ,−u)

≤
n−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
k(1− λ))(−u)

)

+
〈1− λ〉2

2n+2
max

1≤m≤〈1−λ〉

∣

∣

∣

∣

ϕ∗
(−u

m

)

∣

∣

∣

∣

≤
n−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+
〈λ〉2

2n+2
max

1≤m≤〈λ〉

∣

∣

∣

∣

ϕ∗
( u

m

)

∣

∣

∣

∣

.
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Thus, (32) also holds for all λ ∈ [12 , 1], u ∈ D∆ and for n+ 1 (instead of n).
This completes the proof of inequality (32) on the indicated domain.

Upon taking the limit n → ∞, we can conclude that the asserted inequality
is valid for all λ ∈ [0, 1]Q, u ∈ D∆.

Finally, we show that the inequality (31) is also valid. Assume that λ =
n

n+m
for some n,m ∈ N. Then (n+m)dZ(2

kλ) is an integer number for all

k ∈ N. Therefore, due to the inequality (20), we have that

ϕ∗
(

dZ(2
kλ)u

)

= ϕ∗
(

(n+m)dZ(2
kλ)

u

n+m

)

≤ (n+m)2dZ(2
kλ)2ϕ∗

( u

n+m

)

.

Therefore, using Corollary 2.3, we get

∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

≤
∞
∑

k=0

(n+m)2dZ(2
kλ)2

2k
ϕ∗

( u

n+m

)

≤

( ∞
∑

k=0

dZ(2
kλ)2

2k

)

(n+m)2ϕ∗
( u

n+m

)

= λ(1− λ)(n+m)2ϕ∗
( u

n+m

)

= nmϕ∗
( u

n+m

)

.

This completes the proof of the inequality (31). �

In our last result, we establish a closed formula for the computation of
the Takagi-type function given by the infinite series on the right hand side
of the inequality (30).

Theorem 3.7. Let ϕ ∈ A(D∆) and λ := m
2jn

, where m, j ≥ 0 are inte-

gers, n ≥ 1 is an odd integer, m ≤ 2j−1n, furthermore, m and 2jn are co-

prime numbers. Denote ℓ :=
⌊

1
2φ(n)

⌋

. Then, for all u ∈ D∆,

∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

(38)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+

j+ℓ−1
∑

k=j

1

2k − 2k−ℓ
ϕ∗

(

dZ(2
kλ)u

)

.
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Proof. If n = 1, then, for k ≥ j, the product 2kλ is an integer. Thus,
dZ(2

kλ) = 0, which implies that ϕ∗
(

dZ(2
kλ)u

)

= ϕ∗(0) = 0. Therefore,

∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

.

This shows that (38) holds in the case n = 1.
In the rest of the proof, we assume that n ≥ 3. Then ℓ = 1

2φ(n) (since
φ(n) is even for n ≥ 2). Based on Proposition 2.7, for i, k ≥ 0, we have that

dZ(
2k·m
n

) = dZ(2
iℓ · 2k·m

n
).

From this equality it follows that, for i ≥ 0 and k ≥ j,

dZ(2
kλ) = dZ(2

k+iℓλ).

In view of this equality, we obtain

∞
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+
∞
∑

k=j

1

2k
ϕ∗

(

dZ(2
kλ)u

)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+

j+ℓ−1
∑

k=j

∞
∑

i=0

1

2k+iℓ
ϕ∗

(

dZ(2
k+iℓλ)u

)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+

j+ℓ−1
∑

k=j

( ∞
∑

i=0

1

2k+iℓ

)

ϕ∗
(

dZ(2
kλ)u

)

=

j−1
∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+

j+ℓ−1
∑

k=j

1

2k − 2k−ℓ
ϕ∗

(

dZ(2
kλ)u

)

,

which completes the proof of the formula (38). �

In what follows, we present a few particular cases of the combination of
inequality (30) and the formula (38). Let u ∈ D∆ be fixed.

If λ = 1
2 , then j = n = m = 1 and hence ℓ = 0. Thus, the second sum in

(38) is empty and we get,

E[ϕ](12 , u) ≤
0

∑

k=0

1

2k
ϕ∗

(

2k−1u
)

= ϕ∗
(

1
2u

)

.
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If λ = 1
3 or λ = 2

3 , then j = 0, n = 3, m ∈ {1, 2} and ℓ = 1. Therefore,
the first sum in (38) is empty and we get,

E[ϕ]( i3 , u) ≤
0

∑

k=0

1

2k − 2k−1
ϕ∗

(

dZ(2
kλ)u

)

= 2ϕ∗
(

1
3u

)

(i ∈ {1, 2}).

It is visible that, in these two cases, the inequality (30) is equivalent to the
assertion (iii) of Theorem 3.4. On the other hand, in the particular cases
below, we obtain sharper upper estimates.

If λ = 1
4 or λ = 3

4 , then j = 2, n = 1, m ∈ {1, 3}, and ℓ = 0. In this case,
the second sum in (38) is empty and we get,

E[ϕ]( i4 , u) ≤
1

∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

= ϕ∗
(

1
4u

)

+
1

2
ϕ∗

(

1
2u

)

(i ∈ {1, 3}).

If λ = 1
5 or λ = 4

5 , then j = 0, n = 5, m ∈ {1, 2, 3, 4}, and ℓ = 2. In this
case, the first sum in (38) is empty and we obtain,

E[ϕ]( i5 , u) ≤
1

∑

k=0

1

2k − 2k−2
ϕ∗

(

dZ(2
kλ)u

)

=

{

4
3ϕ

∗
(

1
5u

)

+ 2
3ϕ

∗
(

2
5u

)

if i ∈ {1, 4},
4
3ϕ

∗
(

2
5u

)

+ 2
3ϕ

∗
(

1
5u

)

if i ∈ {2, 3}.

If λ = 1
6 or λ = 5

6 , then j = 1, n = 3, m ∈ {1, 5}, and ℓ = 1. In this case,
the both sums in (38) are nonempty and, for i ∈ {1, 5}, we obtain,

E[ϕ]( i6 , u) ≤
0

∑

k=0

1

2k
ϕ∗

(

dZ(2
kλ)u

)

+
1

∑

k=1

1

2k − 2k−1
ϕ∗

(

dZ(2
kλ)u

)

= ϕ∗
(

1
6u

)

+ ϕ∗
(

1
3u

)

.
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rems with Tabor type error terms for set-valued maps, Set-Valued Var. Anal.,
25 (2017), 441–462.
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 Lódz. Mat. ( Lódz), 559 (1989), (Rozprawy Nauk. 114).
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