On the Stability of Monomial Functional Equations

By ATTILA GILANYT (Debrecen)

ABSTRACT. In the present paper a certain form of the Hyers—Ulam stability of mono-
mial functional equations is studied. This kind of stability was investigated in the
case of additive functions by Th. M. Rassias and Z. Gajda.

1. INTRODUCTION

The first solution for S. Ulam’s stability problem concerning the functional equation
flz+y) = f(z) + f(y) was given by D. H. Hyers [6] in the following form: if X and
Y are real normed spaces, Y is complete and for a function f : X — Y the expression
fx +y)— f(z) — f(y) is bounded then there exists a unique function a : X — Y
satisfying a(x + y) — a(z) — a(y) = 0, such that the difference f — a is bounded. (Cf.
also [8].) Th. M. Rassias [9] investigated Ulam’s problem in a more general form and
proved the following: if, for a function f : X — Y, there exist a real number € > 0
and an a < 1 such that

1z +y) = f@) = Fl < el +1ly[1*) (2,9 € X),

then there exists a unique additive mapping a : X — Y for which
1f(z) —a(@)|| <dllz[* (z € X),

where § = 2/(2 — 2%). Concerning the remaining cases, Z. Gajda [2] showed that the
statement above holds for « > 1 with § = 2/(2* — 2), but it is not valid for a = 1
(see [10], [11], too). The stability of the so called square-norm functional equation in
a similar sense was studied by St. Czerwik [1].

In the present work we consider the above stability problem for monomial functional
equations. Throughout the paper A denotes the difference operator, which is defined,
for a function f, mapping from a linear space X into Y and for a positive integer n,
by

Ay f(x) = flz+y) - f(z) (2,y € X)
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and
n+1 1 AN
AT () = ALATf(2) (x,y € X).
We call f a monomial function of degree n if

Ayf(x) —nlf(y) =0 (z,y € X).
Using this termimology we prove that if n is a positive integer, a # n is a real number,

the normed space Y is complete and, for a function f : X — Y, there exists a non-
negative real number ¢ such that

1Ay f (@) =nlf )l < el +lyll*)  (z,y € X),

then there exists a real constant ¢ and a unique monomial function g : X — Y of
degree n for which
1f(2) = g()|| < cellz]|* (z € X).

Additionally, we show that a weak regularity condition for f implies that ¢ is homo-
geneous of degree n, i.e. g(tx) = t"g(x) for all t € R and x € X. Moreover, by giving
some counterexamples, we verify that the statement above does not hold in the case
when o = n. Obviously, our results for n = 1 yield Th. M Rassias’ and Z. Gajda’s
stability theorems, in the case when n = 2 they imply the stability of the square-norm
equation in the sense investigated in this paper (cf. [1]), furthermore, for a = 0 they

give the known Hyers—Ulam stability of monomial functional equations ([12], [5]; cf.
also [7]).

2. RESULTS AND PROOFS

Lemma 1. For n, A € N, A > 2 write
a(()o) a(()/\n)
A= : :
Oég(;\)fl)n e 0‘8\?)1)71
where fori=0,... ,(A=1)n and j = —i,... ,An—1i
Q) {(-U"‘j (1), fo<j<n,

i .
0, otherwise.

Let a; denote the it rowin A, (i = 0,...,(A=1)n). Furthermore, letb = (3 ...30"),

where ,
ﬂ(]) _ (_1)nix(2>a Zf)\ ‘ j;
0, ifA )
for 7 =0,..., . Then there exist positive integers Ky, ... , K1), such that

Koag+ ...+ K(/\—l)na(k—l)n =b

and
KO + ...+ K()\—l)n - )\n

Proof. Cf. [3] and [4]. O
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Lemma 2. Let X and Y be linear normed spaces, f : X — Y be a function, n be a
positive integer, and « be a real number. If there exists a non-negative real number &
such that

[Af (@) =nlf(y)l < ez +lyl*)  (z,y € X), (1)
then, for any positive integer 1, there exists a real number ¢; = c(l,n,«) for which
1f () = 1"f (@) < cellz]|* (z € X). (2)

(Here 0% =0 for a #0 and 0° =1.)

Proof. Let a # 0 and n,l € N be given and let f: X — Y satisfy (1). Our statement
is trivial for [ = 1, so we suppose that [ > 2. We define, for i = 0,... ,(l — 1)n, the
functions F; : X — Y by

Fi(z) = ALf(iz) = nlf(2) (2 € X)
and the function G: X — Y by
G(z) = ALf(0) —nlf(lz) (z€ X).
If we replace (z,y) by (0, 2), (2,2),...,((l = 1)nz, z) in (1) we get

[Fi(2)[ < (% + Dellzl|* (i=0,....(—1)n, z € X). (3)
Writing x = 0 and y = Iz in (1) yields
1G] < %ellz]|* (2 € X). (4)

With the notation of Lemma 1 for A\ = [ we have
In )
Fi(z) =Y aPf(jz) = nlf(z) (i=0,...,(—1)n,z€X)
=0

and
In
G(z) = Eﬂ(j)f(jZ) —nlf(lz) (2 €X).

By Lemma 1 there exist positive integers Ky, ... , K(_1), such that
Ko+ + Kgyn = 1"
and
G(z) = KoFo(2) + -+ Kgcp Fu—in(2) + "0l f(2) = nlf(lz) (2 € X).
Therefore, using (3) and (4) we get

n "+ Zl(lzil)n Ki<ia + 1) a
117 f(z) = f(l2)]] < — ellz[|* (2 € X) (5)
which implies our statement in the case when « # 0.
If a = 0 we get the following in a similar way

52 - a9l < Xz e x) )
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Theorem 1. Let X be a linear normed space, Y be a Banach space, n be a positive
integer and o # n be a real number. If, for a function f : X — Y, there exists a
non-negative real number € with the property

1Ay f (@) =nlf )l < e ([l + lyll*)  (z,y € X), (7)

then there exists a real number ¢ = c¢(n,«) and a monomial function g : X — Y of
degree n such that

1 (2) = g(@)|| < cefl=]|* (z € X). (8)
Moreover, there is only one monomial function of degree n, for which there ezists
a ¢ € R with this property. If, for each fized x € X, there exists a measurable,
bounded set M, C R with positive Lebesgue measure such that the function h : R — Y,
h(t) = f(tx) is bounded over M,, then the mapping g is homogeneous of degree n.

Proof. 1. At first we prove the existence part of the theorem in the case when a < n.
Let n € N, o € R, a < n be given and let f satisfy (7). By Lemma 2, for a fixed
integer [ > 2, there exists a ¢; € R such that

1 1
o fle) = f@)| < Zeelz]* (z € X).
It can be verified by induction on m and using the triangle inequality that
[m m—1
f(lmf) - f(:c)H < qel™ (Z zﬂa—")) |z]|* (2 € X, meN). (9)
7=0

Let us consider the functions g, : X — Y

gm(z) = f(llm“;x) (x € X, meN).

Because of o« < n we have .
S it —
= n— [’

thus,

7 1 e
lgx(@) = gm(@)]| < U™ Pasg—rlal® (v € X),

for k,m € N, k > m. Therefore, (gr(z)) is a Cauchy sequence for each fixed z € X.
Since Y is complete, the definition g : X — Y

9(x) = lim_gn(z) (v € X)
is correct. Assumption (7) gives
[AG, f(I72) = nlf (") | < 177 (2] + lyl*)  (z,y € X, m eN).
Dividing this inequality by [™" and taking m — oo we obtain
Ayg(x) —nlg(y) =0 (z,y € X),
thus, ¢ is a monomial function of degree n. From (9) we get

o) pw)

< e |z]|* (z € X, meN),

ln_la
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therefore,

le]* - (z € X), (10)

lofa) - @) < e

that is, (8) holds.
II. Let now n € N, a > n and we choose an arbitrary integer [ > 2. By Lemma 2,
for a function f: X — Y satisfying (7), we have

fror-r(3)] <z

< l—acls||x||°‘ (x € X).
It can be shown by induction on m that
x
s (1) - 1)

Since o« > n we have

<1 "¢e (Z lj("_o‘)) |lz||* (x € X, meN). (11)
=1

DY
= T

therefore, for the functions g, : X - Y

gm(z) =1""f (;;) (x € X, m eN),

we get

l90(2) = gm(@)]| < 1"~ Vere o] (x € X),

for all k,m € N, kK > m. Thus, (¢,(z)) is a Cauchy-sequence for each x € X, so we
define the function g : X — Y by

g(z) = lim_gn(z) (z€X).
By (7)

s () - (2)

Multiplying this relation by (™" and with m — oo we get that g is a monomial function
of degree n. Property (11) yields

1
[ f (;) — f(x)H < Clé‘la — lonHa (x € X, m eN),

< e Uzl +llyll*) - (z,y € X, m e N).

- lam

’ 1

thus,

l9(z) = f(2)|| < ae

that is, (8) holds in this case, too.
ITI. To prove uniqueness we suppose that g,g : X — Y are different monomial
functions of degree n such that

1f(z) = g@)]| < celle]|* (2 € X)

—llzl (@ e X), (12)

and
[f(z) — g(2)|| < eellz]|* (z € X)
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where ¢, ¢ € R are fixed. Using the triangle inequality we get
lg(x) = g(@)|| < (¢ +)ellz]|*  (z € X). (13)

The functions g and g are different, so there exists a y € X for which g(y) # g(y).
Furthermore, there exists a positive rational number r such that

o (et D]yl
“lgly) — gl

Since g and g are monomial functions of degree n, this inequality implies

lg(ry) —g(ry)ll > (¢ + O)elryll®
which is a contradiction to (13).

IV. Finally we prove the last statement of the theorem. Let z € X be fixed and
let M, C R denote the bounded set with positive Lebesgue measure over which the
mapping h: R — Y, h(t) = f(tx) is bounded. Let us consider a ¢ € Y* (where Y* is
the dual space of V) and we define a function ¢ : R — R by 1(t) = ¢(g(tz)). Since ¢
is linear, v is a monomial function of degree n, i. e.

AMp(t) —nlp(s) =0 (t,s € R).
Moreover,

W] < llell (lg(tz) = fE)[ + (I f(E2)]]) (¢ € Ma). (14)

By (8) we have

lg(tz) — f{tx)|| < ceK*[=]|* (¢ € M)
where K denotes a bound for M,. Furthermore, the function h is bounded over M, so
inequality (14) gives that v is bounded over M,. Thus, 1 is a real monomial function
of degree n bounded over a set with positive Lebesgue measure, therefore it has the
form ¢(t) = ¢¥(1)t" (¢t € R) (cf. [13]), which implies that g is homogeneous of degree
n. U

Theorem 2. Let n be a positive integer, € be a positive real number and let
£
27(27 4+ nl)nn

*

E =

We consider the mapping ¢ : R — R

n"e*, if t >mn,
o(x) = ¢ e*am, if —n <z <n,
(=1)"n"e*, ifx < —n,

and, for a fized integer | > 2, we define a function f : R — R by

fla) = io @(lﬂx)

(z € R). (15)

For this function we have

Ay f(@) =nlf(y <e(z* +y[")  (z,y €R) (16)
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but there does not exist a real number ¢ = c¢(n,«) for which there exists a monomial
function g : R — R of degree n such that

[f(z) —g(2)] < celz]" (z €R). (17)

Proof. Let n,l € N, I > 2, ¢ > 0 and we define ¢* € R and ¢ : R — R as above. We
have
p(x)] <ne" (z €R),

therefore, the definition of the function f : R — R in (15) is correct, furthermore

<>

Since ¢ is continuous and the convergence in (15) is uniform, f is continuous, too.

We show that f satisfies inequality (16). In the case when x = y = 0, property (16)
holds trivially. If z,y € R are fixed and 0 < |z| + |y| < 1 then there exists a positive
integer mg such that

n

nox
lmn

<2n"¢* (x €R).

1
— < x|+ |y <

[mo

lmO*l :

Therefore, [~ y| < 1 and |I™ ! (z+ky)| < nfor k =0,...,n. Since ¢ is a monomial
function of degree n on the interval (—n,n), we have

Apmyo(I™z) = nlp(I™y) =0

for m =0,...,my — 1. Thus, using the well-known identity
Awwzzmw%@w+m<wem
k=0

and the property that I™0(|z| 4 |y|) > 1 implies [[™0z|* + [[™oy|" > 271 we get

|AY f(x) = nlf(y)] RS |AL (M) — nlp(I™y)|
RSP D N EESPD

m=0
< i (2" +nln"e* i (2" 4+ nl)nme*
T i Il lylm) gz (i [Imoy )

2 (2" 4+ nl)n"e*
< 2 Tmaon S

m=

If |z] + |y| > 1 then |z|" + |y|® > 27"V therefore,

|AYf (@) —nlf(y)]
[ + |y["

< 2N (2" 4 nl)2n"e* = ¢

which proves (16).

Finally, we suppose that there exists a ¢ € R and a monomial function g : R — R
of degree n satisfying (17). Since the function f is continuous, (17) implies that g is
bounded over an interval of positive length, so it has the form

g(x) =ya2" (z€R),
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where + is a real constant. Furthermore, (17) gives
|f(z) = yz"| < celz]” (z €R),
therefore,

f(z)

xn

— |y <ee (xz€R). (18)

However, there exists a positive integer mg such that mge* > ce + |y| and for an
arbitrary x € (0, zmoL—l) we have Iz € (0,n) for m =0,...,mo — 1, thus,

)| fa) ) meterar
xrn - xn 2 Z lmnxn - Z lmnxn = Moe > C€+ h/’
m=0 m=0
which contradicts (18). O

Remark 1. The positive integer [ > 2 in the proofs of Theorem 1 and Theorem 2 can
be chosen arbitrarily. Thus, it would be enough to verify Lemma 1 and Lemma 2 for
A =2 and [ =2 and to take [ = 2 in the proofs of Theorem 1 and 2, to get our main
results. However, the proofs are not more complicated this way, so we give them in
this more general form.

Remark 2. It is easy to see that with the help of formulas (5), (6), (10), and (12) the
constants ¢ = ¢(n,a) € R mentioned in Theorem 1 can be given exactly. E.g., for an

arbitrary n € N, taking [ = 2 and using the simple property that, for A =2, K; = (T;)
(1=0,...,n) in Lemma 1 (cf. [4]) we get
20+ 20, (1) +1) 1
n! 2n — 2«

C =

for a < mn, a # 0 and
2450, (D)@ +1) 1
n! 20 — 2n
for & > n. In the cases of some special integers n these constants can be reduced. (E.g.
in the case when n=1, taking only x = y = z in (3) we get the constants ¢ = 2(2—2%)~*
and ¢ = 2(2* —2)~1.) This fact leaves the problem of the “best constant” concerning
the stability studied in the present paper open.
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