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The results described in the dissertation and in this thesis
have been published (or accepted for publication) in the follow-
ing two papers: [6],[7].

Introduction

The present thesis talks about convergence of Cesaro means
with variable parameters for Walsh-Fourier series. It consists of
an introduction, four chapters, an abstract and a bibliography.
In the introduction, we present some important and well-known
notions and definitions related to the new results appearing in
the thesis. Moreover, we present some historical background.

In 1800’s Jean Baptiste Joseph Fourier began to work on the
theory of heat. In 1822, he published book with tittle of Théorie
Analytic de la Chaleur (The Analytic Theory of Heat).

A great deal of effort has been expended after this work in
this research area. It became and called Fourier theory and field
of harmonic analysis. Fourier theory gained exceptional impor-
tance in theoretical content and also enormous scope and great
relevance everywhere in applications such as electrical engineer-
ing.

One of the greatest achievements of mathematics in the twen-
tieth century is the result of Carleson. In 1966 he prved the al-
most everywhere convergence of the partial sums of the (trigono-
metric) Fourier series of a square integrable function. On the
other, hand in 1926 Kolmogoroff [5] gave the construction of
an integrable function with everywhere divergent trigonomet-
ric Fourier series. That is, if we want to have some pointwise



convergence result for each function belonging to the Lebesgue
space L' then it is needed to use some summation method. The
invention of Fejér [11] was to use the arithmetical means of the
partial sums. Among others, he proved for continuous functions
that these means converge to the function in the supreumum
norm. One year later, Lebesgue proved the almost everywhere
convergence of these so-called Fejér means to the function for
each integrable function. That is, the behavior of the Fejér
(or also called (C,1)) means is better than the behavior of the
partial sums in this point of view. This fact also justifies the
investigation of various summation methods of Fourier series.
Later on, we write about the (C,«) summation - which is a
generalization of the Fejér summation- of Fourier series. The
result of Lebesgue above for the (C,«) case (a > 0) is due to
M. Riesz [33].

Moreover, Fourier analyis has been developed on other struc-
tures too. For example, the dyadic group is the simplest but
nontrivial model of the complete product of finite groups. Rep-
resenting the characters of the dyadic group ordered in the Pa-
ley’s sense, we obtain the Walsh system.

A relatively new thing of the generalizations on the Walsh-
Paley system is the Vilenkin system introduced by Vilenkin [37]
in 1947. He used the set of all characters of the complete product
of arbitrary cyclic groups to obtain the commutative case.

In Hungary a dyadic analysis team works leaded by F. Schipp
having many results in this theory. For instance, he proved
that the partial sums of the Vilenkin-Fourier series (even in the
unbounded case) of a function in LP(G) (1 < p < 1) converge in
the appropriate norm to the function (Schipp [29], Simon [34]).



And also Young [41] from Canada .

With respect to noncommutative Vilenkin groups (complete
direct product of not necessarily Abelian groups) some studies
were appeared in [14] by Gét and Toledo. They obtained not
only negative results for this situation. They proved the con-
vergence in LP-norm of the Fejér means of Fourier series when
p > 1 in the bounded case.

Preliminaries

We follow the standard notions of dyadic analysis introduced
by the mathematicians F. Schipp, P. Simon, W. R. Wade (see
e.g. [32]) and others. The notion of the Hardy space H([) is
introduced in the following way [32]. Set the definition of the
nth (n € N) Walsh-Paley function at point x € I. the Fourier
coefficients, the Dirichlet and the Fejér or (C, 1) kernels, respec-
tively and so for the Fejér or (C, 1) means of f. the kernel of the
summability method (C, v, ) and call it the (C, o, ) kernel or the
Cesaro kernel for o, € R\ {—1,—-2,...}. Finally, an introduc-
tion to the two-dimensional Fourier coefficients, the rectangular
partial sums of the two-dimensional Fourier series, the rectan-
gular Dirichlet kernels and the (C,«,) Cesaro-Marcinkiewicz
means of integrable function f for two variables.

The Standard Notions Of Dyadic Analysis

We follow the standard notions of dyadic analysis introduced
by the mathematicians F. Schipp, P. Simon, W. R. Wade (see
e.g. [32]) and others. Denote by N := {0, 1,...},P := N\ {0}, the



set of natural numbers, the set of positive integers and I := [0, 1)
the unit interval. Denote by A(B) = |B| the Lebesgue measure
of the set B(B C I).

Denote by LP(I) the usual Lebesgue spaces and |.|[, the
corresponding norms (1 < p < c0). Set

_ )| ptl).
j._{lzn, o >.p,n€N}

the set of dyadic intervals and for given = € I and let I,,(x)
denote the interval I, (x) € J of length 27" which contains
x (n € N). Also use the notation I,, := I,,(0) (n € N). Let

T = io: an—(n-i—l)
n=0

be the dyadic expansion of z € I, where x,, =0 or 1 and if = is
a dyadic rational number (z € {Z% : p,n € N}) we choose the
expansion which terminates in 0’s.

The Notions Of the Hardy space

The notion of the Hardy space H([) is introduced in the
following way [32]. A function a € L*°(I) is called an atom,
if either ¢« = 1 or a has the following properties: supp a C
I, ||alle < |Ia|™Y, [;a = 0, for some I, € J. We say that
the function f belongs to H, if f can be represented as f =
Z?io Aia;, where a;’s are atoms and for the coefficients ()\;)
the inequality Y .o, |\i| < oo is true. It is known that H is a




Banach space with respect to the norm

1f 1 = inf A,
=0

where the infimum is taken over all decompositions
oo
f = Z Na; € H.
i=0

Definition. The nth (n € N) Walsh-Paley function at point
r el is:

wn () = [ (=)™,
j=0

where N 2 n = Y 'n;27 (n; € {0,1} (j € N)). It is known
(see [23] or [36]) that for the elements of the system (w,,,n € N)
we have the almost everywhere equality

wn (T +Y) = wn(T)wn(y),

where the operation + is the so-called logical addition on I.
That is, for any z,y € I

T+y= Z |xn - yn|27(n+1)'

n=0

Definition. The Fourier coefficients, the Dirichlet and the Fejér
or (C,1) kernels Denote by

n—1 n

R 1
= wd\, D, = § . K!:= § Dy.
fm /sz ar R 2

=0




Definition. The Fejér or (C, 1) means of f

It is also known that the Fejér or (C, 1) means of f is

n

1
AW = g ST = [ SR+ D)
_ ! i/f(a:)Dk(yan)d)\(x) (neN,yel).
n+lée ) ’ '

It is known [32] that for n € N,z € I it holds

o ifrel
Dn — bl n
2 () {0 itz

and also that

where n = Y2 n;2", n; = {0,1} (i € N).

Definition. The (C,«,,) kernel or the Cesaro kernel for «,, €
R\{-1,-2,...}

Denote by K& the kernel of the summability method (C, ;)
and call it the (C,a,) kernel or the Cesaro kernel for o, €

R\ {-1,-2,...}

1 < .
k=0



where
(an + 1)(an +2)...(a, + n)

A" = k!
It is known [44] that A%» = ST JAY" ' Afn — Afn =
—
Definition. Cesaro means of integrable function f
The (C, a,) Cesaro means of integrable function f is
I = e SO AVS0) = [ @K 0+ i)

k=0

Definition. The two-dimensional Fourier coefficients

Now, for the two variable case we have for z = (:vl,:vQ) Sy =

(yl,yQ) € I?, n = (n1,n2) € N? the two-dimensional Fourier
coeflicients

f(nl,ng) = /f(xl,xQ)wm(:El)wn2(m2)d)\(a:1,232).

IxI

Definition. Rectangular partial sums of the two-dimensional
Fourier series

The rectangular partial sums of the two-dimensional Fourier
are
niy— 1 ng— 1

n17n2f y y Z Z f klka wk1 )ka(y2>'

k1=0 ko=0



Definition. Rectangular Dirichlet kernels.

The rectangular Dirichlet kernels are

ny— 1 no — 1

Dnlﬂw (Z) = Dnl( Z Z wkl wk2 2)7

k1=0 ka=0
where (z = (21, 2%) € I?).

Definition. Marcinkiewicz mean and kernel.

We have the n** Marcinkiewicz mean and kernel

n

1
o) = Zsuf Ko(2) = = ;Dj,xz).

Thus, we get

a}bf(yl,yz): /f(xl,xz)K}L(yl+x1,y2+x2)d>\(x1,x2).
IxI

Definition. The (C, a,,) kernel or the Cesaro-Marcinkiewicz
kernel for a,, € R\ {—1,-2,...}

Denote by K& the kernel of the summability method (C, a;,)-
Marcinkiewicz and call it the (C, ay, ) kernel or the Cesaro-Marcin-

kiewicz kernel for o, € R\ {-1,-2,...}

n

1 _
K (.’L’l,l‘g> Aocn ZAzilejaj(Ith)
k=0



where
(an + 1) (ay +2)...( + k)

k!

an _
A =

Definition. The (C, a,,) Cesaro-Marcinkiewicz means of inte-
grable function f for two variables

The (C, a,,) Cesaro-Marcinkiewicz means of integrable func-
tion f for two variables are

n

1 o
o fW'y?) = > A St (0 P ()
" k=0

_ / @, 2?)Ken (y + 2ty + a?)dA (e, 7).
IxI

1 o
=i 2 [ AT Duly DL NG ).
k=011

Over all of the chapter discussing the generalized Marcinki-
ewicz-Cesaro means we suppose that monotone decreasing se-
quences (ay,) and (3,,) satisfy

aN 5 N o,
B = Qon, Wlog (1+g) SCA%” (NZ’I’L,TL,NEP)(].)

for some ¢ > 1 and for some positive constant C. We remark
o

that from condition (1) it follows that sequence (%) is quasi
monotone decreasing. That is, for some C' > 0 we have S&- <

AN
& (N >n,n,N €P).

N
Agn




Cesaro means of Fourier series with
variable parameters (C, aon)

We introduced the notion of Cesaro means of Fourier series
with variable parameters. We proved the almost everywhere
convergence of a subsequnce of the Cesaro (C, v, ) means of in-
tegrable functions. That is, 052" f — f for f € L'(I), where
I is the unit interval (representlng the dyadic, or Walsh group)
for every sequence a = (a,), 0 < v, < 1.

The main theorems of this chapter was proving:

Theorem 1. Suppose that 1 > a,, > 0. Let f € L'(I). Then
we have the a.e convergence 052" f — f.

The method we used to prove Theorem 1 is to investigated
the maximal operator o2 f := sup,,cy 052" f|. We also proved
that this operator is of type (H, L) and of type (LP, LP) for all
1 < p < oo. That is,

Theorem 2. Suppose that 1 > «,, > 0. Let f € H(I). Then
we have

lol flln < Cllflla-

Moreover, the operator o< is of type (LP, LP) for all 1 < p < oc.
That is,
lol fllp < Cpllfllp for all 1 <p < oo.

Basically, in order to proved Theorem 1 we verified that the
maximal operator c®f (o = (o)) is of weak type (L', L1).
The way we got this, the investigation of kernel functions, and
its maximal function on the unit interval I by making a hole
around zero. To have the proof of Theorem 2 is the standard

10



way after having the fact that o f is of weak type (L', L').

By using next important Lemmas:
Lemma 1. Let 1 > o, > 0, f € L'(I) such that supp f C
u), flk(u) fd\ = 0 for some dyadic interval Ij(u) (a,k €
N,u € I). Then we have

/ sup [t fldA < O|If |-
NIy (u)

n,aeN

Lemma 2. The operator o is of type (L, L*).
Lemma 3. Let 1 > «a,, > 0. The operator 2 is of weak type
(LY LY) (o2 f = sup,, log2" f] ).

Proof of Theorem 1. Let P be a Walsh polynomial, where

P(zx) = Zfial ciw;. Then for all natural number n > 2% we
have that S, P = P. Consequently, the relation 052" P — P
holds everywhere.

Now Let €, > 0, f € L' Let P be a polynomial such that
I|f — P||zr < ¢ Then

A(Tmlogs" £ = f > €) < A(mlogz" (f - P)| > g)
+A(Tm|og P — P| > g) + A(Em| P — f] > E)

agn C
< Alsup o3 (f=P)| > )+0+—HP flv < CllP- le— pl

11



Because 0% is of weak type (L',L'). So for all § > 0 and
consequently for arbitrary e > 0 we have

)\(hm|0a2”f — fl>¢) =0.

By the set inclusion
{hm\af”f f| >0} C U{hm|022”f fl> }

and by the fact that the union of each member on the right side
is a 0 measure set we have that the left side is also a 0 measure
set. Thus,

ulmlos? £ — £ > 0} = 0
hm|aa2"f— fl=0 a.e
hm\azznf fl=0 a.e
liTan(a';E”f —f)=10 a.e
o9 [ — [ a.e

That is, the proof of Theorem 1 is complete.

Proof of Theorem 2. Lemma 2 and Lemma 3 by the inter-
polation theorem of Marcinkiewicz [45] gives that the operator
o is of type (LP,LP) for all 1 < p < oc. Let a be an atom
(a # 1 can be supposed ), suppa C Ix(z), [, ad\ = 0 and

12



llallee < 2% for some k E N and z € I. Then , n < 2F implies
Spa = 0 because f[ a(t)d\(t) = 0 That is,

ola= sup |o3:" f|.
2n >0k

By the help Lemma 1 it gives

/ ofa d\ < / sup
I\I(z) I\I(z) n>2k

< Cllall, < C.

Since the operator o2 is of type (L2, L?) (i.e [|[c2f|l2 < C|/f|l2
for all f € L*(I)), then we have

lo%ally =/ ofa+/ %
I\Ia Ik(x)
k

< CH|Ix(2)|? ||0%alls < C+C27 |Ja]l, < C+C27 23 < C.

/I AT )| A

That is, |[call1 < C and consequently the o-sublinearity of o¢
gives

log flle < Y illlofaill < C YN < Cllflla

for all Z;’io Aia; € H. That is , the operator o is of type
(H, L). That is, the proof of Theorem 2 is complete.

13



Cesaro means of Fourier series with
variable parameters (C, )

We introduced the notion of Cesaro means of Fourier series
with variable parameters. We proved the almost everywhere
convergence of the Cesaro (C, c,) means of integrable functions
oonf — f for each f € LY(I), where a = (), 0 < ay, < 1.
Provided that for some restriction set (discussed below) N, g
n — 00, where K is any but fixed natural number.

Set two variable function P(n,a) := Y .o, n;2'* for n €
N,a € R. For instance P(n,1) = n. Also set for sequences
a = (ay,) and positive reals K the subset of natural numbers

NQK::{nEszgK}.

) nan

We can easily remark that for a sequence « such that 1 > a,, >
ag > 0 we have N, g = N for some K depending only on ay.
We also remark that 2" € N, g for every a = (a,), 0 < oy, < 1
and K > 1.

In this chapter C denotes an absolute constant and C'x an-
other one which may depend only on K. The introduction of
(C, v, ) means of Fourier series due to Akhobadze (although for
numerical series Kaplan published a paper in [27] 1960) investi-
gated [1] the behavior of the L!'-norm convergence of % f — f
for the trigonometric system. In this chapter it is also supposed
that 1 > «,, > 0 for all n.

The main theorems of this chapter was proving:

Theorem 3. Suppose that 1 > a,, > 0. Let f € L*(I). Then

14



we have the almost everywhere convergence o f — f provided
that Ny, gk 2 n — o0.

The method we used to proved Theorem 3 is to investigate
the maximal operator o' f := sup,,en,, , |0 f|. We also proved
that this operator is a kind of type (H, L) and of type (L?, L)
for all 1 < p < oco. That is,

Theorem 4. Suppose that 1 > «,, > 0. Let |f| € H(I). Then
we have

lo2 flln < Crlll fll| -
Moreover, the operator o< is of type (LP, LP) for all 1 < p < oc.
That is,

lo fllp < Ckep

For the sequence o, = 1 Theorem 4 is due to Fujii [12]. For
the more general but constant sequence «,, = a; see Weisz [38].

Basically, in order to prove Theorem 3 we verified that the
maximal operator o®f (o = (o)) is of weak type (L', L').
The way we get this is the investigation of kernel functions and
their maximal function on the unit interval I by making a hole
around zero. Besides, some quasi locality issue (for the notion
of quasi-locality see [32]). To have the proof of Theorem 4 is
the standard way.

|fllps forall 1 <p < oo,

By using next important Lemmas:
Lemma 4. Let 1 > a, > 0, f € L'(I) such that supp f C
I (u), flk(u) fdX = 0 for some dyadic interval Iy (u). Then we
have

/ 5 fdx < Cic |l £l
I\Ij (u)

15



where constant C' can depend only on K.

Lemma 5. The operator ¢¢ is of type (L>°,L*>®) (6¢f =
SuanNmK|&gnfD'

Lemma 6. The operators 6 and ¢ are of weak type (L', L1).

Proof of Theorem 3. The proof is quite similar to the
proof of Theorem 1 and that is why afew steps are omitted. Let
P € P be a polynomial where P(x) = Zial ciw;. Then for
all natural number n > 2¥ n € No x we have that S,P = P.
Consequently, the statement o3 P — P holds everywhere (of
course not only for restricted n € N, x). Now, let €,6 > 0, f €
L'. Let P € P be a polynomial such that || f — P||; < J. Then

A Lm o2 f — f| > )

neNq, Kk

N €
< . oy = o
)‘(nehm%;(‘% (f—P)| > 3) —{—)\(nelgn loo» P — P| > )

A(Tm P~
+AC dm [P~ f] > )

< CK||P—f||1Z

<C—K<5
€

because o¢ is of weak type (L!,L') (with any fixed K > 0).
This holds for all § > 0. That is, for an arbitrary ¢ > 0 we have

A Gn f _ fl >¢e)=0
(ne%waK'U"f fl>e€)

16



and consequently we also have

A(ﬂé&f}(hﬁf - f1>0)=0.

This finally gives
oot f— f ae. (n€Ngyk).

This completes the proof of Theorem 3.

Proof of Theorem 4. The proof of this theorem are simi-
lar to those in the proof of Theorem 2 and we skip some steps.
Inequality |[K%»| < K&, Lemma 5 and Lemma 6 by the inter-
polation theorem of Marcinkiewicz [32] give that the operator
o is of type (LP, LP) for all 1 < p < co. In the sequel we prove
that operator ¢ f = sup,en,, , [f * K| is of type (H, L).

Let a be an atom (a # 1 can be supposed ), a C Ip(z),
|alloo < 2% for some k € N and x € I. Then, n < 2¥, n € N,
implies a * K¢ = 0 because K¢ is Ay measurable for n < 2F
and flk(x) a(t)d\(t) = 0. That is,

ola= sup |op"f].
N,k n>2k

By the help Lemma 4 we have

/ olad\ =
NIy (x)

/ sup
I\Iy(z) No, gk 2n>2F

<Cic [ laly)ldNo) < Cuclalls < Crc
I (x)

/1 AR+ )| A

17



Since the operator 62 is of type (L2, L?) (i.e [|6¢f|l2 < Ck|f|l2
for all f € L*(I)), then we have

15%al)s = / 5% + / 5% < O
NI (x) I (x)

That is ||6%a|l; < Ck and consequently the o-sublinearity of ¢
gives

168 fll < D Iilllofaills < Cx Y 1xl < Okl flla
=0

1=0

for all Z?io Aia; € H. That is, the operator & is of type
(H, L). This by inequality |[Kg"| < K" and then by |o2 f|l1 <
e flllh < Ckll|f]llg completes the proof of Theorem 4.

Cesaro means of two variable
Walsh-Fourier series (C, 3,)

We formulated and proved that the maximal operator of
some (C, ,,) means of cubical partial sums of two variable Walsh-
Fourier series of integrable functions is of weak type (L', L').
Moreover, the (C, (3,,)-means 053 f of the function f € L' con-
verge a.e. to f for f € L'(I?), for some sequences 1 > 3, \, 0.

We supposed that (a;,) and (f3,,) sequences are monotone
decreasing sequences and they satisfy:

p

aN S N
= on, ——1 1+— )< N > P) =
B = ann, o log” (147, ) <OV 2 n e P) =N\ {0}

18



for some ¢ > 1 and for some positive constant C'. We remark
that from the condition above it follows that sequence (o) is
quasi monotone decreasing. That is, for some C' > 0 we have

A < C’;Tu:; (N >n,n,N €P).
The main theorem of this chapter is:

Theorem 5. Suppose that monotone decreasing sequence 1 >
B
Bn > 0 satisfies the condition Ay ABT%(N +1—n)’ < C for
2

Bn

every N> N >n > 1 and for some § > 1. Let f € LY(I?).
Then we have the almost everywhere convergence

agfff—>f.

Remark. In the proof of Theorem 5 we defined the sequence
(e, in a way that agr = By and for any 28 < n < 281 et o, =
aigr = Bi. Then the sequence () satisfies that it is decreasing

and %j&j\, log’ (1 + %) < (' for every N> N >n > 1. That
m N

is, condition above is fulfilled.

e We give two examples for sequences (3,,) like above. Ex-
ample one: B = agr = a,, = a € (0,1) for every natural
number k,n.

e Example two: Let a,, = 1/n. Then it is not difficult to
have that A% — 1 and for the sequence (a,,) CN/n >
log®(1 4+ N/n) trivially holds with some § > 1.

Proof of Theorem 5. Let P € P be a two-dimensional Walsh

polynomial, that is, P(x) = Z?j;é i jwi(rh)w;(x?).

19



Then for all natural number m > 2* we have that Sm.mP = P.

Consequently, the statement UgﬁP — P holds everywhere. This
ABn -1
follows from the fact that for any fixed j it holds i —7 — () since

on

. . Afn—s Bp2"™
for instance for j = 1 we have P ¢ B [ PR — 0.

Now, let n,e > 0, f € L'(I?). Let P € P be a two-
dimensional Walsh polynomial such that ||f — P||; < n. Then
by the already seen method we get

(hm]a nf—=fl>¢€

< A(Tm|o? (f - P)| > 6) + A(lim|o5: P~ P| >

3)

— €
A(lim | P — =
(Tm|P - /> 5)

3 C
< OHP—leg < ="

because o is of weak type (L', L'). This holds for all > 0.
That is, for an arbitrary € > 0 we have

(hm]a nf—=fl>€ =0

and consequently we also have

(hm]agnf f| >0)=0.

This finally gives 02" f — f a.e. This completes the proof of
Theorem 5.

20
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