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G R W N e

Abstract: Fractional calculus, which deals with the concept of fractional derivatives and integrals,
has become an important area of research, due to its ability to capture memory effects and non-local
behavior in the modeling of real-world phenomena. In this work, we study a new class of fractional
Volterra—Fredholm integro-differential equations, involving the Caputo-Katugampola fractional
derivative. By applying the Krasnoselskii and Banach fixed-point theorems, we prove the existence
and uniqueness of solutions to this problem. The modified Adomian decomposition method is used,
to solve the resulting fractional differential equations. This technique rapidly provides convergent
successive approximations of the exact solution to the given problem; therefore, we investigate
the convergence of approximate solutions, using the modified Adomian decomposition method.
Finally, we provide an example, to demonstrate our results. Our findings contribute to the current
understanding of fractional integro-differential equations and their solutions, and have the potential
to inform future research in this area.

Keywords: Katugampola operator; uniqueness of solutions; Banach space; integro-differential equations;
existence theorem; Adomian decomposition; fractional operator; fixed point

MSC: 34A12; 34B18; 34A12; 47H10

1. Introduction

Fractional calculus is a branch of mathematics that has gained significant attention in
recent times, due to its wide range of applications in various fields. It deals with the concept
of fractional derivatives and integrals, which are generalized versions of the standard
notions of derivatives and integrals. These tools are useful for describing phenomena that
exhibit memory or non-local behavior, such as those described by differential equations
with power law kernels or fractional order operators. In [1,2], a generalized Riemann—
Liouville fractional integral and corresponding fractional derivatives were introduced,
which generalized the Riemann-Liouville and Hadamard integrals. The properties of
the Katugampola fractional derivative (KFD), and its potential applications to quantum
mechanics, were studied by Anderson et al. in [3]. Janaki et al. established the existence and
uniqueness of solutions to impulsive differential equations with inclusions in [4], and also
established conditions for the existence and uniqueness of solutions to a class of fractional
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implicit differential equations with KFD, in [5]. Vivek et al. recently investigated the
existence and stability of solutions to impulsive type integro-differential equations in [6],
and in [7], the existence and Ulam stability of solutions for impulsive type pantograph
equations were studied. Fractional differential equations have been widely applied in
various fields, due to their ability to capture memory effects often observed in real-world
systems. Examples of phenomena that have been modeled using these equations include
anomalous diffusion, viscoelastic behavior, and the spread of epidemics. The following
articles [8-10] and their references discuss a number of interesting and new findings on the
existence of various types of FDEs.

Recently, Basim [11] investigated the following Caputo fractional Volterra—Fredholm
integro-differential equation

{ DY w(s) = g(3) + Thw(s) + Thw(sx), € h=[0,1],
w(0) = wp +y(w),

where 0 < v < 1, CD5+ is the Caputo fractional derivative of order v, g : i — R, y :
C(h,R) = R, x1, x2 : i x h — R are continuous functions, and N1, \; : R = R, j=1,2
are Lipschitz continuous functions. In short, they put

() = [ 7068 M(@(@)dE,

and
1

Ty (5) = /0 X2 (6, E) Na(w(&))de.

Here, we confirm that the objective of the present study is to investigate the unique-
ness and existence of the solution, by applying Banach’s and Krasnoselskii’s fixed-point
theorems (FPTs), after which, we use the method of modified Adomian decomposition
(MADM) for the Caputo-Katugampola fractional Volterra—Fredholm integro-differential
equation (CK fractional VFIDE), which is given by

{ CDyfw(s) = g(5¢) + hw(s¢) + Thw(x), » € h = [0,1], 1)
w(0) = wy +y(w),

where 0 < v < 1, CDSf is the CK fractional derivative of order v, with a parameter
6, g:h—= R y:CHR) - R, x1,x2 : h xh — R are continuous functions, and
N, N2 :R—=R,j=1,2are Lipschitz continuous functions. In brief, we put

() = [ 7068 M(@(@)dE,

and
oeo() 1= [ k2l N (@)

Amongst the other fractional derivatives, this new fractional differential operator (Caputo-
Katugampola fractional derivative CDg;f ) is advantageous, because it combines and unites
the Caputo and Caputo-Hadamard fractional differential operators, and preserves some basic
and fundamental properties of the Caputo and Caputo-Hadamard fractional derivatives;
therefore, the Caputo—Katugampola fractional derivative is a generalization of the follow-
ing fractional derivatives: standard Caputo (¢ — 1) [1]; Caputo-Hadamard (¢ — 0T) [12];
Caputo-Liouville (¢ — 1,a — 0) [1]; Caputo-Wey (¢ — 1,4 — —o0) [13].

Additionally, numerous studies have been conducted, using George Adomian’s ap-
proach of Adomian decomposition (AD), to estimate the solution to this type of equa-
tion [14], and other numerical methods (see, for instance, [15-24]). The style and simplicity
of the AD approach make it attractive. The answer is given as a series, where each equa-
tion may be calculated with ease, using Adomian polynomials that are appropriate for
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nonlinear components (see [14,25-29]). In [30], Wazwaz introduced the MADM, which
entails splitting the first term of the series into two second terms, one of which is kept, to
define the second term of the series. This approach’s primary goals are to perform fewer
operations, and to accelerate convergence on the precise solution to the stated problem. For
instance, we quote [31] when discussing the application of the MADM. Many authors have
used fixed-point methods to study findings on the presence of solutions to CK fractional
differential equations: recent papers can be found at [32-34]. In this paper, we establish the
existence and uniqueness solution of problem (1), using a contemporary methodology. We
arrive at a few prerequisites that are necessary for fractional integro-differential equations
with non-local conditions to obtain solutions. To acquire a rough solution, the MADM is
utilized. The FPTs of Krasnoselskii and Banach are also used, to assess our findings.

1.1. Significance of This Paper

It appears that the issues indicated by the fractional operator are more difficult than
those indicated by the ordinary operator. Some authors have recently considered the
applications of fractional derivatives in a variety of scientific fields, such as the fractional
Volterra-Fredholm integro-differential equation, the fractional quadratic integral equation,
and mechanical applications. Among these are numerous works on numerical techniques
for a specific class of fractional differential equations and other types of equations, such
as [11,35,36].

1.2. Structurization of the Paper

The remainder of the paper is structured as follows. In Section 2, we review some
fractional calculus notations, definitions, and lemmas that are relevant to our research. In
Section 3, we provide an important lemma that enables us to convert the fractional Volterra—
Fredholm integro-differential equation defined in Equation (1) into an equivalent integral
equation. This section also contains the primary existence and uniqueness results for the
problem (1), attained by applying the Krasnoselskii and Banach fixed-point theorems. In
Section 4, we discuss the modified Adomian decomposition method, and prove that the
series generated by this method converges to the exact solution of the problem. A numerical
example is presented, to demonstrate the result, in Section 5. Concluding remarks are
presented in Section 6.

2. Preliminaries

Denoting C(, R) as the Banach space of all continuous functions on 1. For z € C(%, R),
we have
1zllc = sup|z(5)] : € h}.

»€Eh

Fora <b,c € R and 1 < p < oo, define the function space

1
. .
X(a,b) = dz:h R |z = (/ |%fz(%)|i’d;)” <o,
¢ a

for p = oo,

zllxp = ess sup [[2z(5)]].
a<x<T

Definition 1 ([37]). Letv > 0,¢ > 0,c € Rt and z € X¥ (a,b). Then, the definition of the
Katugampola fractional integral of order v with parameter ¢ is given by

120 = [ ’f(; (== ”g)”zw)dn.
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Now, when ¢ = 0, we arrive at the standard Riemann—Liouville fractional integral, which is used to
define both the Riemann—Liouville and Caputo fractional derivatives [1,2]. Using L'hospital rule,
when ¢ — 0%, we have

61 /.6 po\V1
lim / 1 <% 77) z(n)dn

¢——0% 9

1 x5 — 17t
= ¢-1 Ui
g [ dmr ()

- ()

This is the well-known Hadamard fractional integral.

Definition 2 ([38]). Letn—1<v<n,(n=[v]+1),¢>0,c € RT andz € X (a,b). Then,
the definitions of Katugampola and the CK fractional derivative of order v, with a parameter g, are
given by

and
Dyz() = T)7 7 2 (30),

respectively, where zgn) (50) = (%1_‘3 %) nz(%). For example, if we take z(3c) = »" where T € R,

then the generalized derivative of the function z(s¢) can be found as follows:

(c+1)" UN

DV;Q T _
at = IKl—vd% (%wﬂ_nmﬂy” an-

To evaluate the inner integral, we use the substitution u = to obtain

%ngl ’

b },](; Td %(§+1)(1_V)+T 1 ug%
| e = o sy

AT /l . -y
0

c+1
_ %<€+l><l—v>+fB( . T+g+1)
B c+1 g+l )

where B(-,-) is the Beta function.

Lemma 1 ([39]). Let z € C"[a,b], ¢ > 0, Then
c — gk k_(n)
(zﬂf D'g) 2() = 2(2) = 1 % (e — ) 5 (@),

Lemma 2 ([37]). Letv,d,B > 0and z € X! (a,b). Then:
1. If is bounded on the function space XE (a,b);
2. I Iffz(%) = I:fﬁ’gz(%);

TV ( #o=at 5_1: () ( s5—at vto-1
at c T'(6+v) 8 :

S

3. Existence Result

We start by assuming the following:
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(Hy) Let M (w(5)), Na(w(3¢)) be continuous nonlinearity terms, and there exist constants
Lpn > 0and £y, > 0, such that

[Nj(wi(50)) = Nj(wa ()] < byjlwr = wal, j=1,2, Vwr, w2 € R;

(Hy) Thekernels x1 (32, ¢) and x1 (5, {) are continuous on /i X 1, and there exist two positive
constants, x7 and x3, in i x 1, such that

s
Xi = sup/ Xj(5,8)]dE < o0, j=1,2;
sen /0

(H3) g:% — Ris continuous on 1;

(Hy) y: C(h,R) — Ris continuous on C(%), and there exists a constant 0 < ¢, < 1, such
that
\y(w1(%)) —y(wz(%))| < €y|w1 — a)2|, Vw1, wy € (C(h,]R), » € h.

Problem (1) and the integral equation are equivalent, according to the next lemma.
The proof for this lemma is disregarded, as it resembles some traditional arguments that
are known from the literature.

Lemma 3. The function w € C(h,R) is the CK fractional VFIDE's (1) solution if and only if w is
the integral equation’s solution, which is given by

» 245 — v—1
w(x) = wo+y(w)+r(1v)/o 17‘51<gg’7g) g(n)dn

+F(l”) /0% 7 (%gg—qg>v1 {/0}7 x1(17, N1 (w())dg
- /01 X2, @Nz(cv(é))d@}dq.

Our first result relates to existence based on the Krasnoselkii’s FPT [40].

Theorem 1. If conditions (Hy)-(Hy) are met, then there is at least one solution on fi to the problem
defined in Equation (1) if

2]2:1 E/\fj%;'F
A= (gy + m <1 2)
Proof. Think about the ball:
Sy ={w e C(LR): [w|, < 7} CC(HR). ®)

Apparently, S, is a subset that is closed, convex, non-empty, and of C(7,R). Select -y
in a way where y > 7 1\12\1 ,where A <1,

g + Lja A

Ay =
27 =Hot ¢Twv+1) 7

)

Mg = sup,.co1)18(3)|, po = wo| + py, py = [y(0)|, pay = [N1(0)], and pp;, := [N2(0)].
Using Lemma 3, we can express the equivalent fractional integral equation for the
problem defined in Equation (1) as an operator equation in the following form:

w=Tiw+Tw, weS,CChR), (5)
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where Ty and T, are two operators on S, defined by

e = g [ () T o omeo

+ [ et N (@),

and

» 25 — v—1
(Taw) o) = o +yl0) + s [0 () st

Applying the conditions of Theorem 2, we can find the fixed point of the operator
Equation (5), in the following way:

Step 1: We claim that Tyw + Trw € S, for each w,@ € S,. By (Hj), and for any
w,® € S,, we have

(Ni(w()| < [Nj(w(s)) = Nj(0)] + [N;(0)]
< Uy llwlle + [Nj(0)]
< n;y + g, forall (j=12),
and
y(@()) < [y(@(>)) —y(0)] + [y(0)]
< bylofe+1y(0)]
< byt

Letw,@ € S,. Then,

[(T1w) (5) + (T20) ()|

1 o s — s\
< 1 I > {/ DN d
S " 1 (1, 0)M (@)
1
+ [ xaln DN (@) b
1 0 B %g _ 11g v—1
@)+ — [ gt (I d
Hwol + [y )IJrr(V)/0 U ( c ) g(n)dy
e+ Th (v y + g ) ]
< vg
< potlyrt ¢'T(v+1) o
which implies
ITiw + To@||
n Mg+ 212:1 e ’ 2,2':1 EnvX}
= o ¢'T(v+1) Vg T(v+1)
< M+My <y
Consequently,

Tiw+ Thw € SV'

Step 2: We demonstrate that T is a contraction on S,,.
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Let w,w* € S,. It follows from (Hy) that

[Tow — Tow ||, = §1é};szw(%) — Thw(x)| = SléI;W(W(%)) —y(w* ()]

byllw = @l

IN

This implies that T is a contraction mapping, as ¢, < 1.

Step 3: We claim that T is completely continuous on S.,, which we will prove in three
stages.

Stage 1—we prove that Ty is continuous. Let (wy) be a sequence, such that w, — w
in C(h,R). Then, for any s € i, and for every wy,, w € C(,R), we deduce

|[(T1wn) (5) = (Tyw) ()]

L e (e ( ' -
< o o (EEE) ([ imen @) - M@
1
+ [ a1V (€) ~ Mol @)1dE )
212:15/\@?(}‘
< ml\wn—ﬂlw
As wy - wasn — oo, ||Tiw, — Tiw|, — 0, as n — oo, this shows that T is continuous
on C(h,R).
Stage 2—from Step 1, we observe that
|(T1w) ()]
1 x 35 —ps\Vt
- o At/ o
< M (FEE) ([ o olve)
1
+ [ ean, I (@) 12 dy
) Zle(%'wrwj)x}‘%gv
- ¢'T(v+1) )
Thus,
i (vy + s ) X
ol < T )Y

¢'T'(v+1)
This proves that (T1S) is uniformly bounded.

Stage 3—we show that (T;S,) is equicontinuous. Let w € S, . Then, for s, € T
with s7; < 265, we have

|(T1w) (522) — (T1w) (5a)]

0 5 v—1
r(lv)/o ’7“<2g’7g> (/0’7|X1(77r€)||/\/1(w(€))|d€

= [ el 0N @ @)l )an

P %g_ v—1
r(lv)/o ﬂg_1<1g;7€> (/017|X1(77r€)||/\/1(w(§))|d§

+ /Olmw,m|Nz<w<5>>|d5)d’7’
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[(T1w) (522) — (Thw) (51) |

o }ﬁ‘, v—1
Nl)( Lo (29’7g> i n 01N (@) dzdy
- 5 v—1 5 v—1
[ <2g’7g) - <1€’7€> ‘ /O”mw,m|N1<w<§>>|d5dn>

v %Q, v—1
er(11/) (/%1 Ug-1<2g’7g> /O"m(q,g)||Nz(w(C))\dCd17

v—1 v—1
+ /%1 77€_1 %g — 77g _ %% — ’7€
0 G 9

which implies

* 0 25— v—1
(M) om) — (T} (o) < WM( [ (A)

IN

e, C)IlNz(W(C))IdCd77>

T'(v) » G

v—1 v—1
0 G c
v—1
(s + N )X5 [ (72 [ 25—
T L c i

v—1 v—1
0 G 6

< (Enr x| EnY )X
- ¢'T(v+1) ¢'T(v+1)
><<(%§_ %)V +ﬁ*%—g+ (%g_ %)V>
v v v v
2 *
< 22]':1 (EM’Y_FFN})Xj (J{G _ Q)v
- ¢'T(v+1) 2 T

which tends to zero, as s — 711 — 0. Thus, TS, is equicontinuous. Consequently, by the
Arzela—Ascoli alternative, the operator T is continuous and completely continuous. Thus,
by Krasnoselskii’s FPT, T; has a fixed point w in S, which is a solution of the problem (1).
End the proof. O

In the following result, we provide the uniqueness of the solution of our problem (1),
and its proof is based on Banach’s FPT [40].

Theorem 2. Suppose that (Hy)-(Hy) hold. If
A <1, (6)
then there is a unique solution to the problem defined in Equation (1) on h.

Proof. Using Lemma 3, we can express the equivalent fractional integral equation for the
problem defined in Equation (1) as an operator equation in the following form:

w=Yw, weC(hR),
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such that the operator Y : C(,R) — C(h, R), is defined by

2 45 — v—1
(o)) = @ytw)+ gy [ () gt

T o G R G NN

+ [ el DM@ )y

for all s € h. Let w, w* € C(h,R). Then, for each > € h, we have

Yoo () - Yo' ()

< [y(w() — y(w* ()]
g [ (2 ) ([ 5 DM (@) — Ny’ @)1 )y
e [ ngl(”g ”g) ([ 3 Wal(@) - Natew' 0)) g )
< lyllw — w0t + /ngl(”g ) B X1 lw — w™[[odry
o e 1( gg”g) gl o ludy
< (o+ BN 0 j6 - ar,,

¢'T(v+1)

which implies

Z] 1 ./\/X
Yo = Yw*||, < (ﬂy m W — @l

The inequality (6) shows that Y is a contraction mapping on C(#,R). As a result of Banach’s
FPT, Y will have a unique fixed point that is the solution of the problem (1). O

4. Approximate Solution

In this section, we use the fractional AD technique to derive an approximate solution
to the CK fractional VFIDE that is defined in (1). We start by recalling the classical AD
technique, which represents the solution to the problem as a series:

[e¢]
w=Y_ wy, ()
n=0
and the nonlinear terms N3, N, and y are decomposed as

lezAl’lr NZZZBnry:ZDn/ (8)
n=0 n=0 n=0

such that each of A;, B, and D, are called as Adomian polynomials for every non-negative
and non-zero integer 1, where this implies that

w:w(/\):ZAnwn:W0+Awl+/\2w2—|—~~—|—)\kwk+... 9)
n=0
N1 = Ni(A Z/\”A = Ag+AA; +A2Ap + -+ AFAL 4 - - (10)

n=0
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NZ*NZ Z/\n Bo+ABl+Asz+~~-+AkBk+... (11)
y:y(/\):ZAnDn:D0+)\D1+)\2D2+-~+/\ka+... (12)

n=0
Using the previous formulas (9), (10), (11), and (12), we can conclude that

- g o ' -
An = ! W(N]]ZO)\]CU]> ,

- A=0

1| 4t .
Bn:n! W(-/\/Z];)/\]wj) ,

=0

- 3[fgm)

where wy, wy, wy, ... are repeatedly specified by

and

wo(5) = wo + Iy (g(>))
wWiy1(2¢) = Dy + Igf (fo% X1 (5, &) Ardg) 13)
+TyE (fy 2%, )Bed ), k= 1.

Now, we use the modified AD method, and the scheme (13) yields

wo(5) = wo + Ry(%), )
w1(3) = Ry(3¢) + Do+ L/ (5 x1(52, &) Aodg)
+ 255 (fy X224, 8)Bodg), (14)
wiey1(5¢) = D+ Iy (g x1 (2, &) Agdg)
+10% (o 22034, 8)Bidg), k= 1.

We will now turn our attention to the convergence of the solution, using the modified
Adomian decomposition method.

Theorem 3. Suppose that (Hy) — (Ha) and (2) are all satisfied, if the solution w(5c) = ¥ o wj(>)

and ||w|| < oo of the Caputo—Katugampola fractional Volterra—Fredholm integro-differential equa-
tion converges, it will converge to the true solution of the equation (1).

Proof. We omit the proof because it is similar to the proof provided in other works, such
as[15]. O

5. An Example

Example 1. Take into consideration the following integro-differential equation with the CK frac-
tional derivative,

c %% _ 3 (5, 1 3
{ Dyfw) = 5\t +2 ) T il + i 1)
—I—g fo (143 —n)w(n)dny + 2—70f0 e=*w?(n)dy,

with the non-local condition,
w(0) = zw(}), (16)
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where

1 1 1 1
Vo= e= 5 w0 =0, y(w(x) = gely),

() = 3 5%%+%% _|_L3+L

s = Jr\ T r(@8) ' ()

(8) = (+2—0) xa(8) = eb "

X1\7, - 5 % , X2\, — 20
Clearly, L, :€N2:1,€y:%.
pg = sup [g()] = I8l

»€[0,1]

3 5 1 1
- o) et

_ 3y/m+40600
134407
and

. 1

X1 = gsup | |1+% §|dé—*
%eh

X; = sup/ 'eé V’dé-—supe / ’e‘:‘dé‘
%Eh »€Eh 0
7

- 20(1_2)
Hence,

Z] 1 NX]
A= <£y+gvr(+1) ~ 0.65670 < 1.

As a consequence of Theorem 2, the problem (15)—(16) has a unique solution in [0, 1].

Applying the operator L} 23 to both sides of Equation (15), we get

1 1 Ll 3 533 1 3 »
N Al (ﬁ<rm+”> r®) r<9>>

_'_I%'% 1/%(1+ _)()d +I%/% 1/1 n—sx 2( )d
005 | (e malndn ) + Te5 55 [ e w )y ).
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Suppose

R(%)

where

and

_ I%% 3 5%% 1 P P23

- e\ R\t T ) T T Ty
3 5 (gw8,3 3 (723,%) (s

= rrop (@) e+ Jn(3 e

15 5
Ri(») = —= 1 #3,
TV () here
ERRIC I r(10) g T(4) L
e ()rerd (D)o
15 (i) 5
wo(r) = Ri(x) = —= T 3,
MORGNG
Ralo) + 2 (5 [0+ 50— m) oty )
(L [ e monin) +Due
3 T3 2 r(10) L T(4) L
T)re (Drerd)  (3)Terg

+
Ol\rl\ —

+

&
CJDFNM
Q=
7 N N
8l ~
S— .
Q
3
X
e
S
—
=
S—
Qu
=
"
+
Q|
e
S
—
W |
SN—
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which gives

wy(») = #3 +

6. Conclusions

In this work, we examine a fractional Volterra—Fredholm integro-differential equation,
involving the Caputo-Katugampola fractional derivative, as shown in Equation (1). We
derive a representation of the solution to this equation, and establish the convergence of
approximated solutions and the existence of solutions using classic fixed-point theorems,
such as Banach and Krasnoselskii, in addition to the fractional AD technique. We also
provide an example, to demonstrate the relevance of these results.

Overall, the study of fractional differential equations has become an important area
of research, due to their ability to capture memory effects and non-local behavior in the
modeling of real-world phenomena. These equations have a wide range of applications in
fields such as physics, engineering, and biology, and further research is necessary, to fully
understand and utilize their potential in understanding complex systems. In conclusion,
our work adds to the current understanding of fractional integro-differential equations and
their solutions.
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