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Abstract. In this paper we proof some results on multiplying balancing and
cobalancing numbers and (k, l)-power numerical centers.

1. Introduction

In this paper we use the well known notation the sequence R = {Ri}∞i=0 =
R(A,B,R0, R1) is called a second order linear recurrence sequence if the recurrence
relation

Ri = ARi−1 +BRi−2 (i ≥ 2)

holds, where A,B 6= 0, R0, R1 are fixed rational integers and |R0| + |R1| > 0. A
positive integer n is called a balancing number (see [3] and [5]) if

1 + · · ·+ (n− 1) = (n+ 1) + · · ·+ (n+ r)

holds for some positive integer r. The sequence of balancing numbers is denoted by
Bm (m = 1, 2, . . . ). As one can easily check, we have B1 = 6 and B2 = 35. Note
that by a result of Behera and Panda [3], we have

Bm+1 = 6Bm −Bm−1 (m > 1).

In that paper they proved that, there are infinitely many balancing numbers.
In [7] K. Liptai searched for those balancing numbers which are Fibonacci num-

bers, too. Using the results of A. Baker and G. Wüstholz [2] he proved that there
are no Fibonacci balancing numbers. Similarly in [8] he proved that there are no
Lucas balancing numbers. Using an other method L. Szalay [12] got the same
result.

In [9] Liptai, Luca, Pintér and Szalay generalized the concept of balancing num-
bers in the following way. Let y, k, l be fixed positive integers with y ≥ 4. A positive
integer x with x ≤ y − 2 is called a (k, l)-power numerical center for y if

1k + · · ·+ (x− 1)k = (x+ 1)l + · · ·+ (y − 1)l.

In [9] several effective and ineffective finiteness results were proved for (k, l)-power
numerical centers.

Later G.K. Panda and P.K. Ray (see [10]) slightly modified the definition of
balancing number and introduced the notion of cobalancing number. A positive
integer n is called a cobalancing number if

1 + 2 + · · ·+ (n− 1) + n = (n+ 1) + (n+ 2) + · · ·+ (n+K)

for some K ∈ N. In this case K is called the cobalancer of n.
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They also proved that the cobalancing numbers fulfill the following recurrence
relation

bn+1 = 6bn − bn−1 + 2 (n > 1),

where b0 = 1 and b1 = 6. Moreover they found that every balancer is a cobalancing
number and every cobalancer is a balancing number.

In [11] G. K. Panda gave another possible generalization of balancing numbers.
Let {am}∞m=0 be a sequence of real numbers. We call an element an of this sequence
a sequence-balancing number if

a1 + a2 + · · ·+ an−1 = an+1 + an+2 + · · ·+ an+k

for some k ∈ N. Similarly, one can define the notion of sequence cobalancing
numbers. In [11] it was proved that there does not exist any sequence balancing
number in the Fibonacci sequence.

As a generalization of the notion of a balancing number A. Bérczes, K. Liptai
and I. Pink call a binary recurrence R = R(A,B,R0, R1) a balancing sequence if

R1 +R2 + . . .+Rn−1 = Rn+1 +Rn+2 + . . .+Rn+k

holds for some k ≥ 1 and n ≥ 2.
In [4] they proved that any sequence R = R(A,B, 0, R1) with the condition

D = A2 + 4B > 0, (A,B) 6= (0, 1) is not a balancing sequence.
T. Kovács, K. Liptai and P. Olajos in [6] extended the concept of balancing

numbers to arithmetic progressions. Let a > 0 and b ≥ 0 be coprime integers. If
for some positive integers n and r we have

(a+ b) + · · ·+ (a(n− 1) + b) = (a(n+ 1) + b) + · · ·+ (a(n+ r) + b)

then we say that an+b is an (a, b)-balancing number. They proved several effective
finiteness and explicit results about them. In the proofs they combined the Baker’s
method, the modular method developed by Wiles and others, the Chabauty method
and the theory of elliptic curves.

In this paper we study a further generalization of balancing numbers. A positive
integer n is called a multiplying balancing number if

(1) 1 · 2 · · · (n− 1) = (n+ 1)(n+ 2) · · · (n+ r)

for some positive integer r. The number r is called the balancer corresponding
to the multiplying balancing number n. The cobalancing numbers have a similar
definition. A positive integer n is called a multiplying cobalancing number if

(2) 1 · 2 · · · (n− 1)n = (n+ 1)(n+ 2) · · · (n+ r)

for some positive integer r. The number r is called the cobalancer corresponding
to the multiplying cobalancing number n.

Using the concept of K. Liptai, F. Luca, Á. Pintér and L. Szalay [9] we can get
further generalization. Let m, k, l be fixed positive integers with m ≥ 4. A positive
integer n with n ≤ m− 2 is called a (k, l)-power multiplying balancing number for
m if

(3) 1k · · · (n− 1)k = (n+ 1)l · · · (m− 1)l.
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2. The results

Throughout the paper let p be the greatest odd prime, which is less than the
multiplying balancing number n, where n ≥ 4. In the first theorem we prove that
only one multiplying balancing number exists.

Theorem 1. The only multiplying balancing number is n = 7 with the balancer
r = 3.

In the proof we use 4 lemmas.

Lemma 1. There is no prime among the factors of the right side of the equation

1 · 2 · · · (n− 1) = (n+ 1)(n+ 2) · · · (n+ r)

Proof. Suppose that z is a prime among the factors of the right side. It is clear
that z is not in the prime decomposition of the left side of the equation (1). Hence
the prime decomposition of the right side is not the same as the left’s. Thus the
lemma is proved. �

Let us use the function α2 : N → N, α2(x) :=
∑[log2 x]

k=1

[
x
2k

]
, where x ≥ 2 and

α2(x) shows the index of the prime 2 in x!.

Lemma 2. x− log2 x− 2 < α2(x) < x

Proof.

α2(x) =
[ x
21

]
+
[ x
22

]
+
[ x
23

]
+ · · ·+

[ x
2k

]
≤ x

21
+

x

22
+

x

23
+ · · ·+ x

2k
=

= x

(
1

21
+

1

22
+ · · ·+ 1

2k

)
= x

(
1− 1

2k

)
≤ x− 1 < x

α2(x) >
( x
21
− 1
)
+
( x
22
− 1
)
+ · · ·+

( x
2k
− 1
)

︸ ︷︷ ︸
[log2 x]

=

= x

(
1− 1

2k

)
− [log2 x] = x− x

2k
− [log2 x] > x− log2 x− 2

�

Lemma 3. If n is multiplying balancing number and r is the balancer, furthermore
n > 64 then

3(n+ 1)

2
< n+ r.

Proof. From (1) it follows, that

(n− 1)! · (n)! = (n+ r)!.

If (1) is true then
α2(n− 1) + α2(n) = α2(n+ r)

Using Lemma 2 we get
n− 2 log2 n− 5 < r

We can replace log2 n with n
8 if n > 64, that is

2n− 2n

8
− 5 < n+ r
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If n > 64 we get

3(n+ 1)

2
<

3(n+ 1)

2
+

2n

8
− 6.5 < n+ r.

�

Proof of Theorem 1. Using a results of M. El Bachraoui [1] we get that, if n ≥ 2
then exists a p prime satisfying the inequality

n < p <
3(n+ 1)

2
.

Hence the right side of (1) contains a prime if n > 64. But Lemma 1 says there
is no prime on the right side of the equation. The conclusion is that, if n > 64
there is no multiplying balancing numbers. It can be checked easily if n = 2, . . . , 64
then there is only one number satisfying the equation (1). We get n = 7, that is
the theorem is proved. �

Theorem 2. There is no multiplying cobalancing number.

In the proof we use the following lemma.

Lemma 4. Using our notation the following inequalities are true

p < n < 2p ≤ n+ r < 3p.

Proof. Suppose that n ≥ 2p. The interval [p, 2p] always contains a prime, so there
is a prime greater than p and lower than n which is impossible because of the
definition of p. Hence n < 2p. On the left side of the equation (1) the index of p is
1, consequently on the right side the index of p is also 1 in the prime decomposition.
So we can write the following inequalities 2p ≤ n+ r < 3p. �

Proof of Theorem 2. Using a result of Csebisev we get that there is a prime z
between p and 2p. Because of Lemma 4 we have to analyse three cases z = n,
z > n and z < n. If z > n then the prime decomposition of the left and right side
is not the same. Now let z < n. This situation contradicts the fact that p is the
greatest odd prime which is less than n. The last case is z = n. Hence n+ r ≥ 2z
because of the prime factor z. Thus the left side of the equation (2) has as many
factor as the right side has which is obviously impossible. First and last there is no
cobalancing numbers. �

The following theorem deals with the (k, l)-power numerical centers.

Theorem 3. If n ≥ 4 then there is only one (k, l)-power numerical centers. The
only solution is n = 7, m = 11 and k = l.

Proof. First we prove that if n is a (k, l)-power numerical center for m then k = l.
Using Lemma 4 the index of p in the equation (3) is k on the left side and l on the
right side in the prime decomposition. The index of p have to be equal on the left
and right side. So k = l.

So we get that n satisfies (1) if and only if n satisfies (3). So if n ≥ 4 there is
only one (k, l)-power numerical center. It is n = 7, m = 11 and k = l.

Remark 1. If p = 2 and n = 3 we get the equation

1k · 2k = 4l.
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In this case n = 3 (k, l)-power numerical center for m = 5 and there are infinitely
many (k, l) pairs with k = 2l.

�

Acknowledgements. The author is grateful to Kálmán Liptai for his useful
and helpful remarks and suggestions.

References

[1] M. El Bachraoui, Primes in the Interval [2n, 3n], Int. J. Contemp. Math. Sci., Vol. 1
(2006), 617-621.

[2] A. Baker, G. Wüstholz, Logarithmic forms and group varieties, J. reine angew. Math.,
442 (1993), 19–62.

[3] A. Behera, G. K. Panda, On the square roots of triangular numbers, Fibonacci Quart.,
37 (1999), 98-105.

[4] A. Bérczes, K. Liptai, I. Pink., On Generalized Balancing Sequences, Fibonacci Quart.
48 (2010), no. 2, 121–128.

[5] R. P. Finkelstein, ’The House problem’, American Math. Monthly, 72 (1965), 1082–1088.
[6] T. Kovács, K. Liptai and P. Olajos, On (a, b)-balancing numbers, Publicationes Mathe-

maticae Debrecen (accepted)
[7] K. Liptai, Fibonacci balancing numbers, Fibonacci Quarterly, 42 (2004), 330–340.
[8] K. Liptai. Lucas balancing numbers, Acta Math. Univ. Ostrav 14, No 1. (2006), 43-47.
[9] Liptai K., Luca F., Pintér Á., Szalay L., Generalized balancing numbers, Indag. Math.,

New Ser. 20, No. 1, (2009) 87-100.
[10] Panda G.K., Ray P.K., Cobalancing numbers and cobalancers, Int. J. Math. Math. Sci.

No. 8, (2005) 1189-1200.
[11] G. K. Panda, Sequence balancing and cobalancing numbers, Fibonacci Quarterly, 45 (2007),

265–271.
[12] L. Szalay, On the resolution of simultaneous Pell equations, Annales Mathematicae et

Informaticae, 34 (2007), 77–87.

Institute of Mathematics and Informatics,
Eszterházy Károly College,
H-3300 Eger, Eszterházy Tér 1,
Hungary
E-mail address: szakacstam@gmail.com


